Math 104
Answers for Midterm Exam 2
March 14, 2007

1. Evaluate the integral.
[
———dx
0o vVad+1

A) 8/9 B.) 4/3 C.) 52/9 D.) 22 E.) &2 F)v6—1

Answer. We first use u-substitution, namely v = 2°+1, so du = 3z*dz, and $du = z*dx.
This yields

= o € )(?1//22)”_ Vit O= Va0

Now we consider the limits of integration. We have

2 2
2
/ ‘ de = =Va3 +1
0o vat+1 3

So the correct answer is B, namely, 4/3.

2

== (Vi \/03+1>:§(3—1)=§

CADI[\.’)

=0



2. Evaluate the integral.

1
/ x sinh z dzx
0

A)O

B.)1

C.) sinh 1

D.) cosh1

E.) cosh1 —sinh 1
F.) sinh 1 — cosh 1

Answer. We use integration by parts, writing © = = and dv = sinhz. This gives us
du = dx and v = cosh z. So we have

/x sinhz dx = zcoshz — /coshxdx = xcoshz —sinhz + C
So we conclude

1
/ z sinhzde = (zcoshx — sinh )|}, = (1 cosh 1—sinh 1)— (0 cosh 0—sinh 0) = cosh 1—sinh 1
0

=0 —

So the correct answer is E, namely, cosh 1 — sinh 1.



3. Evaluate the integral.
4
/ V—x2 + 6x — 8dx
3
A)O B.) 7/6 C.) n/4 D.) 7/3 E.)7/2 F)x
Answer. We first complete the square. We have

2 —6x+9 = (z —3)*

Subtracting “1” on both sides yields
2> —6r+8=(z—-3)° -1

and thus
—2°4+6r —8=1— (v —3)?

Therefore

/mdgc:/mdx:/mdu

where ©w = z — 3 and du = dx. Then we can use u-substitution, writing v = sinf and
du = cos 8 df. We obtain

/\/1—u2du:/\/1—sin29 cos@d@z/\/co:ﬁ@ COS@d@Z/COSQHdQ
Using a half-angle identity, we have
, 1 1 1 1, .
cos” 0 df = §<1+C0829)d37:§ 9—1-5811129 +C’:§(sm (u) + sinf cosf) + C
We know sinf) = ¥ =z — 3,50 cosf) = V1 —u? = /1 —(x —3)%. So

(smfl(x )+ (e -3 (z— 3)2)

N | —

(sin™'(u) + sinfcosf) =

DN | —

We conclude

4

/34¢mdx:%(sml<x_3>+<x_3> = @o9)

So the correct answer is C, namely, 7/4.



4. Evaluate the integral.

1,2

-1
/ZE2 dx
o T4+1

A)O B.)1 C)1-7% D.) —1/2 E)1+7% F.)1/4
Answer. We first use long division, which yields
?—1 2
241 241

and therefore

x?—1 2 .
/x2+1dx:/<1—$2+1) de =x —2tan™ (z) + C

So we conclude

L2 -1 . B .
/0 x2+1dI:(l—2tan 1(1))—(0—2tan 1(0)):1—5

So the correct answer is C, namely, 1 — 7.



5. Evaluate the integral.

of
|
[
>
|
=
+
ol

A) 28 B.) 25 C.) B D) -224 1 E.)

™
1
Answer. We write

/ tan* (%) / tan' (2z) sec(2x) dz

cos?(2x)

Then we use a u-substitution, writing v = tan (2z) and du = 2sec?(2z) dz, so 3 du =

sec?(2x) dx. So we have

1 j tan®(2
/tan4(2x) sec’(2x) dr = 3 /u4 du = % O — anlé z) C
/7r/6 tan*(22) . tand(2z)|™° Ctan’(n/3)  tan®(0) (V3P 93
o cos?(2z) 10 |, 10 10 10 10
9v3

So the correct answer is A, namely, 55°.



6. Evaluate the integral.

2 —_—
/ :EQ ! dz
1 **+x
A)In3 B.) In$ C.)In$ D.) In2 E.) In4 F.)In9

Answer. We use partial fractions. We write

r—1 _A+ B A(x+1)+Bx
z(z+1) = z+1  z(r+1)

sox—1=A(x+1)+ Bz = (A+B)z+A, and thus A = —1 and B = 2. So -2~ = =142

z(z+1) z+1°
It follows that [ z(’fr—jrll)dx = [Zde+2 [ =5dr=—In|z]+2In|z + 1] + C. In summary,

—1
/ T dr=—Infe[+ 2]z + 1|+ C
e +x

We conclude

2
1
/ ’ dr=(—In2+2mn3)—(—In1+2In2) = —-3In2+2In3 = In(9/8)
1

2+

So the correct answer is A, namely, In 2.



7. Determine whether the integral is convergent or divergent. Evaluate the integral, if the

integral is convergent.
o)
v
/0 (22 4 4)

A)O B.)1/2 C.)1/4 D.)1/8 E.)1/16 F.) The integral diverges

Answer. We first use u-substitution, namely u = 2? +4, so du = 2z dz, and %du = xdz.
This yields

v 1 (1 1\ (u! 1 1
T == Zdu=(2) (2 _ - -
/(x2—|—4)2 e e (2)(-1)+C 2w YT Tt

Now we consider the limits of integration. We have

o) b
1
" dr=1 - dr=1lm ————
/0 @242 T ein ), @242t T e 2022 1 4)

=0

Equivalently,

o e IS

So the correct answer is D, namely, 1/8.



8. Find the length of the curve

1 1
y:Z—lx2—§lnx, 1<x<e.

_I_

+
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2= (b= )50 (#)" = (o = £ =

Answer. We notice that -

gives us

dy\? 1, 1. 1 1, 1 1 1 1)
1 _— :]_ — —_ = _— = — — _— = — R
- <da:) +4x 2+4x2 1" +2+4x2 2x+2x

Thus, the arc length is

° dy 2 ° /1 1)? ‘1 1 2 1
_ — - — 21
L /1 1+(x> dz /1 (2:764—235) dx /12:r—|—2xd:v <4+2nx

Simplifying, this yields

I _ e2+11 1+111 _€2+1 1_e2+1
I R A W H Sl e R S

. 2
So the correct answer is C, namely, 5 + i.

e

z=1



9. Find the area of the surface obtained by rotating the curve
Yy = 3 , 0<z<1

about the z-axis.

) £ (10v/10 — 1)
) Ar(1+V?2)
)5 (2v2-1)

Answer. We notice that % = 322, so 1 + (%)2 =1+ 92%. So the surface area is

1
/ 21 + 9zt dx
0

Using u-substitution with u = 1492 and du = 362* dz, we have 5z du = 2 dz, so we obtain

3/2

/27rx mdx——/\/_dU— —) (u

_ 1 4\3/2
3/2)+C 27( +92%)° + C

So the surface area is

1
/27rx V1+ 924 de = 7(1+9 4)3/2

=0

- 217(1()@— 1)

So the correct answer is D, namely, 7-(10v/10 — 1).



10. The length of a phone call in minutes is an exponential random variable with probability
density function
0 ift<o0,
t) =
f() {%e—t/m lftZO,

with the time ¢ measured in minutes.
Find the probability that a phone call is longer than 10 minutes.

A)1/e B.) 1/10 C.) 9/10 D.) 5 /10 E.) e~ /10 F.)1—e 1/10

Answer. The probability that a phone call is longer than 10 minutes is

e U100 gt
e
/10 10

We use u-substitution, writing u = —¢/10, so du = —% dt, and —du = 1—10 dt. We obtain

1
/Toe_t/lodt:—/e“du:—e“+cz_e—t/10+0

So the desired probability is

=1 —t/10 —t/10|*° ; —t/10 —-10/10 -1
/ 10¢ Mgt = —e™Y |t:10 = <tlir£10 —e Y/ ) — (—e / )=e¢'=1/e
10

So the correct answer is A, namely, 1/e.

10



