Math 241 Practice Final Answers

1) True False

1.
2.

7.
8.

True. Period 27:

False.

True.

False.

False.

False. It does not satisfy the Cauchy-Riemann Equations.
False. The radius of convergence is 5.

True.

2) Short Answer

1.
2.

12.

. Essential.

0. The function is analytic.

7. All the Fourier coefficients are zero except for 7, the coefficient on
cos 2.

V2.

3.



1. The integrand has simple poles at z = ¢, —i. Both poles are inside the

contour C. 2y 2y . -
z — - -
R 3 ) — = — = — .‘
S(Zr1) = 3 2% 2
22 —4 (—i)? — 4 -5 5
sz —9 9 2

So
Answer:

22 —4 5. 5.
/022+1dz:27m(§z—§z):0

. The integrand has a pole of order 2 at 2. The pole is inside the contour

C.
Res(iz, 2) = lim i[(z —2)? < ] = lime” = €2
(z —2)? =2 dz (z—2)2 22
So
Answer:

/C (2572)2 dz = 2mi(e?) = 2¢2mi.

. The integrand, which we think of as

sin z

Zcosz’ has simple poles at 0 and

all odd multiples of 7. The poles inside C' are 7, 37”, and 57” Note that

z = 0 is a removable singularity and hence its residue is 0.

( sin z 7r) 1 2
cS —) = = ——
zcosz' 27 00— (%) T
sinz 37 —1 2
R e
es(zcosz7 2 ) 0—(3)(-1) 3
Similarly Res(222 31) — — 2 So
Answer:
t 2 2 2 304+ 10+6 92
/ ane dz = 2mi(—+ —+ —) = —QmL ==
c ™ 3T Om 157 15




1. f(2) has three different Laurent expansions about z = 1. One good in
|z — 1] < 1 one good in 1 < |z — 1| < 4 and one good in |z — 1| > 4.

2. Using partial fractions you find

U=
U=

f(z) =

Recall 1 = >~ jw" good for |w| < 1. So

z—|-3 -2

(e} [e.e]

1 1 1 1 1
- = ) ) == ) () )"

4+ (z—1) 401+ 23) 4; 4 ; 4
Similarly ﬁ =3, _(i)nﬂ for [w| > 1. So

1 — 1 _ _ > _(2_1)—(n+1) _ i(z_m—(n-i-l)
e TG
Thus
Answer:

n=0 n=0
5)
9 3
b, = —/ (3x —4)sin —axdx
3 Jo
2 3 9
=3 <—%(3x —4) cos n%x%— 23 — —3sin n%x) K
2, 15 —12 2
=-(—(-1)"+0+ ——-0) = —5—(12+ (-1)"15)
35 nmw nmw 3nm
So the Fourier sine expansion is
Answer: .
Z 5 —(124 (~1)"15)sin %ﬂx

6) 1. Make the substitutlon z=¢e%sodr = idz and cosz = %(z + %) Thus
if C' is the unit circle our integral becomes




The integrand has simple poles at z = 24 /3, but only 2 — v/3 is inside the
contour C'. Thus

1 1 1 e
——dz =2m(Res( ————-2-V3) =271 ————— = ———.
/022_42—1—1 @ =2mi(Res( 5y, 2-V3) "2 -V3) -4 B
Thus
Answer:

m Ty 2T

VRS

2. According to a theorem from class we know the value of this integral is
the value of limg . fCR Zf—il dz where CFg is the upper half circle of radius
R about the origin plus the part of the x-axis necessary to make a closed
curve. By the Residue Theorem this integral is simple 27 times the sum of
the residues of the singularities of the integrand in the upper half plane. The

singularities of the integrand are at the 4" roots of unity, that is :l:g + z?

2i(—

The ones in the upper half plane are ig + zg Since these singularities are
simple poles we can compute that the residues are

Res(iz2 V2 4+ \/7) 2 | (@ +i§)2 1
9 5 )= z_‘/_ z— - . = =
AHU2 2 B (E ) A+
4 8 8
Similarly
2 2 2 2 2
Res( - —£+z\/_) _£_2£
24417 2 8 )
Thus
Answer:
© 2 2 P 2 5
/ T = 27r2'[(£ — zi) + (_£ _ zi)] _ V2

7) Take the Laplace transform of both sides to get
L{y" =5y +4y=0}=0

SO
s — sy(0) — y'(0) — 55y + 5y(0) + 49 = 0



(s> = Bs+4)j =2

2 21 21
Y= @ hs+4 3s—4 3s—1
Thus 5 ] 5 ]
A Ly S Y S G S Y L
o) = £} = 2e ) e
So
Answer: 5 5
y(t) = §e4t - get.

8) 1. Let f(z) = u(z,y) + iv(z,y) be an analytic function. The real part of
fis u(z,y).

Ugg + Uyy = (tg)a + (“y)y = (Uy)m + (_Ur)y = Upy — Uy = 0,

where the second equality follows from the Cauchy Riemann equations.

2. The function u(z,y) = xy—1 is clearly harmonic. If v(x,y) is its harmonic
conjugate then v, = u, = y and v, = —u, = —=z. Integrating the first
equation with respect to y gives

1

v(z,y) = 53/2 + g(z).

Thus v, = ¢/(z) but this must be —z so g(z) = —32* + ¢. So

Answer:

1
o(y) = 57 — 2% + )

9) The equation becomes
X'"T —2XT"+7XT' + XY =0.
Dividing by XT' and rearranging we get

X" 1
7 - T(2T” - 7T,) - ]_

Since each side is a function of a different variable they must both be constant.
Let the constant be k. So we get equations for X and 7"

X" kX =0



21" = 7T — (k+1)T =0
The boundary conditions for u imply X (0) = 0 and X (7) = 0. As we have
seen many times this leads to solutions
X, (2) = sin(nTWx).
Plugging into the equation for T' give
T, (t) = ape™’ + b, nt

T4/ 4948(1=(7)?) and X, — T—y/49+8(1—(55)?)

where A, = 1 1
when n > 6 we get

when n < 6 and

To(t) = aneitsin Nt + byeit cos Nl

/— nmwy2_
where \! = 49+Si( 7D Thus the solution to the PDE that can be
written as the product to X (z) and T'(t) are

Answer:

u(z,t) = sin(n%rx)(ane)‘”t + bpe™t)  forn <6

n
u(z,t) = sin(%x)(anezt sin At + bpei’ cos \'t)  otherwise

10) 1. Since f(z) has an isolated 0 at zy we can look at its Laurent expansion

about zg
o

f(z) = Z an(z — 20)".

n=—oo

A piece of this expansion looks like

1 1
+a_ 11— +CLO+CL1(Z—Z()) +CL2(Z—Z())2+...

...+a_2m z— 7

If we differentiate the series for f we get the series for f’, a part of which is

1 1
m m—‘—afl—FQaQ(Z—ZQ)—F....

So we see the coeflicient on the ﬁ term in the Laurent expansion of f/(z)
is 0.

...—2(1,_2 —a_1



2. Again we can write the Laurent expansion of f(z)

1 N 1
O
(z —z9)™ (m=1)

f(z) =an

(z — 20)lm — 1)+”'a_lz—zo

+agtai(z—z9)+. . ..

Now factor a (z — z9) ™™ out of the right hand side to get

f(2) = (z—20) ™ (a—m+a—(m-1)(z—20)+. . . a—1(z—20)™ " +ag(z—20) " +a1 (z—20) " +. . ).

The stuff in the parenthesis defines an analytic function g(z) (since there
is no principal part to the Laurent expansion). So we have written f(z) =
(z — 20) "™g(z). Also note ¢g(0) = a_,, # 0 since 2y was a pole of order m of
f(2).

Now f'(z) = =m(z — 20) ™" 'g(2) + (2 — 20)"¢/(2) s0

f'(z) _ =mlz—2) " g(2) + (2= 20) "g'(2) _ —mg(2) + (2 — 20)9'()
f(2) (z—20)7"g(2) (2 — 20)9(2) '

So we see f( ) has a simple pole at zy (note the numerator is not 0 at zg and

the denominator has a zero of order 1). Thus

['(2) 20) = —mg(z) + (0)9'(z0) _
fz)7 9(20) + 0g'(20))

11) We are looking for a power series solution y(z) = > " ja,z™. So ¢/ (z) =

oo i napx™t =3 (n+ 1Dayp2™ and ¥ (x) = Y oo n(n — 1aa™? =
> o(n+2)(n + 1)ayse2™. Thus the equation is

Res(

[e.e]

v +2y +y= Z[(n +2)(n+ 1)apse + 2(n+ 1)ay41 + aylz”™ = 0.
n=0

So

Answer:
an, —2(n+ 1)ay1

(n+2)(n+1)

Ap42 =




