Math 241 Practice Midterm Answers

1) True False
1. True.
2. False.
3. False. For example u(zx,t) = 5.
4. True.

5. False. The integral fooo e’ ~stdt does not converge since the integrand
does not go to zero as t goes to oo.

2) Short Answer
1. 2f(w) — §(w).

. . . _ 2
2. 1. Since solution is of the form u(x,t) = 3>  an,e "™ cos nra all
2 ’ n=0
terms go to zero but n = 0 term so lim;_,. u(z,t) = a¢. The a,’s are
) 0
the Fourier cosine series coefficients of x so ag = %

3. Hyperbolic.
4. s?F(s) —s—1.

5. u(z,y) = zy. You can solve this by guessing or by integrating.

3) The general solution to such a problem is

[ee]
_9n27r2t . nm
u(z,t) = g ape” TS -,
n=1

where the a,, are the Fourier sine series coefficients of 10 sin 57z. Thus

{10 n =10
Ay —

0  otherwise.

So our solution is



Answer:
_995m2t .
u(z,t) = 10e2*™ ' sin 5

4) Plugging u(r,t) = R(r)T(t) into the equation gives
(R(rT (1) + R ()T(0) = BT (1)

So

R'(r)  R'(r) _ T"(t)

R(r)  rR(r) a2T(t)
Since each side of this equation is a function of a different variable we must
have each side being a constant, say k. Thus we have

rR"(r)+ R'(r) = krR(r)

T"(t) = ka®T(t)

So our ODE’s are
Answer:

rR'(r)+ R'(r) — krR(r) =0, T"(t)— a®kT(t) =0

5) Using the chain rule we have

0 ou ov
% (u,v) = fu% + fv%

and%zQzand@:Oso
i ox

0 1
[ _= 2 == 2 5 .
axf(u,v) x fu(u,v) u? f,(u,v)
Similarly
0 ou ov
8_yf(uav) - fuﬁ_y + fvﬁ_y
andg—Z:Oandg—Z:—y%so

9 fuyv) = — 2 fo(u,0) = —of(u,0).
Oy y

Thus we have




Answer:

Je+ fy = QU%fU - szv

6) f(0) = 4cos® 0 = 2cos20 + 2, so
b, =0

2 n=0,2
Ay = .
0 otherwise
Thus our answer is

Answer: u(r,0) = 2 + 2r% cos 20

7) (a) Applying the Fourier transform to both sides of the PDE we get
—a?wi = Gy
The general solution to this equation is
w(w,t) = ¢ (w) sin awt + co(w) cos awt.
Fourier transforming the initial conditions gives
i(w,0) = f(w), (w,t) = §(w).
So ¢o(w) = f(w) and ¢;(w) = g(w . Thus we have

. g(w)

u(w,t) = —=

(w, ) wa

Applying the inverse Fourier transform to this equation yields

1 [ /(. i t ,
u(z,t) = %/ (f(w) cos awt + g(w) Sme;w ) e " dw

sin awt + f(w) cos awt.

1 [ A |
u(x,t) = %/ cos awt f(w)e™ " dw

1 o] iawt +€—z’awt R

= —f(w)e_iwxdw

zawt zawt)f( ) —zwxdw)

X
/ F(w)e—ula=at) dw+/ Fw)e-iwatan dw))



Now o= 7 fw)e™™¥ dw = f(y) so letting y = x=+at and we see = [ f(w)e~iw@=an) gy —
f(x £ at). Thus the above equation becomes

w(z, ) = %(f(a: —at) + f(z +at)).

8) The general for of the solution is

u(z,t) = Z sin nrx(a, cos anmt + b, sin anmt),

n=1

Where the a,’s are the Fourier sine series coefficients of (1 — z) and b,’s are

—— times the Fourier sine series coefficients of 0. Thus b,, = 0 and

1
ap = 2/ (1 — x)sin nmx dx

0
2z

n 1 CoS NTT — sin nrxr — ——— cos nax)|
- 2((4;5 — %) — o )? ()’ )Mo
= (TL?T)?’(1 - (_1)”)7

where the second equality is by integration by parts. Thus when n is even

—Oandwhenn—Qk—lWehaveanzw So

Answer:

Z oo 1 _cos ((2n — 1)art) sin ((2n — 1)mz)

n=1

L L
F’(t):/ 2u(x, t)uy(z, t) da::/ 2ku(z, t)up.(z, t) dz
0 0
L
:2ku(x,t)uz(a:,t)|0L—/ 2ku?(x,t) d
0

= 2k(u(L, t)u,(L,t) — u(0,t)u,(0,t)) — /OL 2ku?(x,t) d

L
= —2]{:/ u?(z,t)dr <0
0



where the equality on the second line is by integration by parts and the
equality on the third line is by the boundary conditions. Thus F'(t) is a non
increasing function of ¢, that means that F'(t) < F(t;) for ty > t1, but this
is exactly what we were trying to show.

10) Using the chain rule

0 0 , 0 o
%u(x,t) = %f(x —ct) = f'(z — ct)a—x(a: —ct) = f'(z —ct).
Similarly
82 "
@U(%ﬂ = [z —ct),
and
82
@U(QE, t)=cAf"(x — ct).

So the PDE becomes
AEf'(x —ct) = af"(x — ct) — bf(x — ct).

Tidying up a bit gives

Answer:

f(x—ct)= f(x —ct)

c2—a

Now thinking of f as a function of y we solve f” = C;baf. Note —ba < 0 so

— ponn
the solution is

) [ b
f(y) = ¢1sin 02_ay+CQCOS 2V

So our solution to the PDE is
Answer:

b

cz—a

u(z,t) = ¢ sin (x — ct) + cycos




