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1) True or False: (1 point each) Circle T for True and F for False.

1. The Laplace transform of a function f(t), t ≥ 0, is defined by

L{f(t)} =

∫

∞

0

e−stf(t) dt.

T F

2. A partial differential equation without boundary and initial conditions
always has a unique solution.

T F

3. For any fixed x, the temperature u(x, t) of a bar with insulated ends
always tends to zero, as t → ∞.

T F

4. The functions v(x, y) = xy and w(x, y) = x2 − y2 solve the partial
differential equation uxx + uyy = 0.

T F

5. The Laplace transform of the function f(x) = ex2

is well-defined.

T F



2)Short Answer: (1 point each)

1. If f(x) and g(x) have Fourier transforms f̂(w) and ĝ(w) then what is
the Fourier transform of 2f(x) − g(x)?

Answer:

2. Let u(x, t), 0 ≤ x ≤ 1, t ≥ 0, satisfy the one-dimensional heat equation
with boundary conditions ux(0, t) = 0, ux(1, t) = 0, and initial condi-
tion u(x, 0) = x, 0 < x < 1. For all 0 < x < 1, what does u(x, t) tend
to as t → ∞?

Answer:

3. Is the equation uxx−3uxy +uyy +7ux+8uy +u = exy elliptic, hyperbolic
or parabolic?

Answer:

4. If f(t) has Laplace transform F (s) and f(0) = f ′(0) = 1 then what is
the Laplace transform of f ′′(t)?

Answer:

5. Find a solution u(x, y) to the partial differential equation uxy = 1.

Answer:



3) (5 points) Find a solution to ut = 9uxx which satisfies the boundary
conditions u(0, t) = 0 = u(2, t) and the initial conditions u(x, 0) = 10 sin 5πx.

Answer:



4) (4 points) Consider the PDE

a2

(

urr +
1

r
ur

)

= utt.

Looking for a solution of the form u(r, t) = R(r)T (t) use the separation of
variables technique to find the ODE’s that R(r) and T (t) must satisfy. (Do
NOT try to solve these equations.)

Answer:

5) (3 points) Consider the function f(x, y). Express fx + fy in terms of
the new coordinates u and v where

x = u
1

2 , y =
1

v

Answer:



6) (3 points) Let r and θ denote polar coordinates on the plane. Then
solution u(r, θ) to ∇2u = 0 in the disk of radius 1 which satisfies the boundary
conditions u(1, θ) = f(θ), 0 ≤ θ < 2π, can be written as

u(r, θ) = a0 +

∞
∑

n=1

(anrn cos nθ + bnrn sin nθ).

Assume that f(θ) = 4 cos2 θ. Find u(r, θ).

Answer:



7) Consider the problem

a2uxx = utt, −∞ < x < ∞, t > 0

u(x, 0) = f(x), ut(x, 0) = g(x).

(a) (3 points) Using the Fourier transform show that

u(x, t) =
1

2π

∫

∞

−∞

(

f̂(w) cos awt + ĝ(w)
sin awt

wa

)

e−iwx dw.



(b) (3 points) If g(x) = 0 show the solution from above becomes u(x, t) =
1

2
[f(x + at) + f(x − at)].



8) (5 points) Solve
utt = a2uxx, 0 ≤ x ≤ 1

u(0, t) = 0, u(1, t) = 0

u(x, 0) = x(1 − x), ut(x, 0) = 0

Answer:



9) (4 points) Let u(x, t) solve ut = kuxx, on 0 ≤ x ≤ L and t ≥ 0, where
k is a positive constant. Also suppose ux(0, t) = 0 and ux(L, t) = 0. With
out using the explicit form of the solution to such a problem derived in class
show that for all t1, t2 such that t2 ≥ t1 ≥ 0,

∫ L

0

(u(x, t2))
2 dx ≤

∫ L

0

(u(x, t1))
2 dx.

HINT: Consider F (t) =
∫ L

0
(u(x, t))2 dx.



10) (2 points) Consider the equation utt = auxx−bu, where b, a are constants.
If we look for a solution to this equation of the form u(x, t) = f(x− ct) then
derive an ODE that f must satisfy.

Answer:

Bonus Problem(+1 point) Find all such solutions to the equation when c ≥√
a.

Answer:


