PLANAR OPEN BOOK DECOMPOSITIONS AND CONTACT
STRUCTURES

JOHN B. ETNYRE

Abstract. In this note we observe that while all overtwisted contact st ruc-
tures on compact 3{manifolds are supported by planar open bo ok decompo-
sitions, not all contact structures are. This has relevance to the Weinstein
conjecture [1] and invariants of contact structures.

1. Introduction

In [14], Emmanuel Giroux showed that all contact structures on compact 3{
manifolds come from open book decompositions via the Thursin-Winkelnkemper
[27] construction. That is, given any contact structure on M there is an open
book decomposition ofM such that is transverse to the binding of the open book
and can be isotoped arbitrarily close to the pages. This fundmental breakthrough
has provided the basis for a much greater understanding of edact structures, see
[4, 8, 9, 25], and 3{manifold topology, see [20, 24].

A rst obvious question concerning the connection between pen book decom-
positions and contact structures is what is the minimal genws of a page of an open
book decomposition that supports a given contact structure It is interesting to
observe that any 3{manifold has an open book decomposition with planar pages
(that is, the pages areS? with a nite number of disjoint open disks removed) [26].
Even given this it seems unlikely that every contact structure can be supported by
a planar open book. However, for overtwisted contact structires we have:

Theorem 3.5. Any overtwisted contact structure on a closed 3{manifold issup-
ported by a planar open book decomposition.

Thus there is no homotopy theoretic obstruction to a contactstructure admitting
a planar open book, but there are nonetheless obstructionsTo state them we rst
recall that given a 4{manifold with boundary X we can consider its intersection
form ox on Hz(X; Z): We denote by b, the maximal dimension of a subspace of
H2(X; Z) on which gx is  de nite and we denote B(X) the dimension of the
subspace on whichgx is degenerate.

Theorem 4.1. If X is a symplectic lling of a contact 3{manifold (M; ) supported
by a planar open book decomposition theb; (X ) = BJ(X) =0 and the boundary of
X is connected. Moreover, ifM is an integral homology sphere then the intersection
form on X is diagonalizable.

We now give several simple applications of this theorem.
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Examples 1.1. Let (M; ) be a contact manifold obtained by performing Legen-
drian surgery on a Legendrian link in S with one component having Thurston{
Bennequin invariant larger than 0, then (M; ) is not supported by an planar open
book decomposition.

Examples 1.2. In [21], McDu gave the rst examples of a symplectic manifold
(X;! ) with two convex boundary components. For example, take theunit disk

bundle in the cotangent bundle of a surface of high genus, parrb the symplectic

form so that the O-section is symplectic, and let ;! ) be the complement of a
symplectic neighborhood of this perturbed section. It is nd hard to check that both

boundary components ofX are convex. Let (M; ) be either boundary component
(X;! ) then (M; ) cannot be supported by a planar open book.

Examples 1.3. Let (X;! ) be the symplectic manifold obtained by plumbing to-
gether symplectic disk bundles overS? with Euler number 2 according to the

Eg graph. The boundary of X is convex and topologically the Poincae homology
sphereP: Let be the tight contact structure induced on P by (X;! ): According
to Theorem 4.1, (P; ) cannot be supported by a planar open book decomposition
since the intersection from ofX is non-diagonalizable.

It would be very interesting to nd obstructions to a contact structure being
supported by a planar open book that were more intrinsically 3{dimensional. In
particular, an obstruction that could be used to show some no- llable contact
structures are not supported by planar open books. It would dso be interesting
to nd bounds on the minimal genus of a supporting open book fo a contact
structure. It is still conceivable that all contact structu res are supported by open
book decompositions with genus one pages.

Given a contact form  for the contact structure on M the Reeb vectoreld v
is the unique vector eld satisfying (v )=1and , d =0: Recall the well known
(extension of the) Weinstein conjecture [28] asserts any Reb vector eld v for
has a closed periodic orbit. This conjecture was proven of ancontact structure
on S® or on any reducible 3{manifold by Hofer in [18]. That paper also establishes
the conjecture for all contact structure that are virtually overtwisted (that is have
a nite cover that is overtwisted). Abbas, Cieliebak and Hofer have a program for
proving the Weinstein conjecture based on open book decomgdions. Currently [1]
they can prove the Weinstein conjecture is true for any contat structure supported
by a planar open book decomposition. While this greatly enlages the class of
contact structures for which the Weinstein conjecture is krown the above examples
and Theorem 4.1 show there are contact structures for whichtie conjecture is still
not yet known.

In Section 2 we recall the necessary background about open bk decomposi-
tions, contact surgeries and symplectic surface bundles.nlthe following section we
establish Theorem 3.5 concerning open books for overtwistiecontact structures.
In Section 4 we derive obstructions for a contact structure b be supported by a
planar open book.

Acknowledgments: | am grateful to Kai Cieliebak and Helmut Hofer for their
inspiring questions about open books and contact structure and their encourage-
ment with this project. | thank Ko Honda for several enlighte ning conversations
and helpful comments on the paper. | am also grateful to BurakOzbagci who pro-
vided many helpful comments on the rst draft of this paper and to Andy Wand
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fully acknowledge partial support by an NSF Career Grant (DMS-0239600) and
FRG-0244663.

2. Open book decompositions and contact structures

In this section we recall various facts about open book decopositions, contact
surgeries and symplectic surface bundles.

2.1. Open book decompositions and contact strucutres. Recall anopen book
decomposition of a 3{manifold M is a triple (B; ; ) whereB is alink in M such
that M nB bers over the circle with ber and monodromy so that is the
identity near the boundary and each ber of the bration is a S eifert surface forB:
By saying is the monodromy of the bration we mean that M nB = [0;1)=
where and (L x) (0; (x)): The bersinthe bration are called pagesof the open
book and B is called the binding. Note, given a di eomorphism of a surface that
is xed near the boundary we may form it's mapping torus and glue in solid tori to
get a closed three manifold having an open book decompositio: So sometimes
we will designate an open book decomposition simply by without reference to the
binding B: (The main di erence here is whether we are thinking of the op& book
as inside a pre-existing 3{manifold or whether we are de nirg the 3{manifold by
the open book.)

Two open books for a manifoldM are said to beequivalentif there is an ambient
isotopy of M taking the binding and pages of one to the binding and pages othe

other. Given an open book B; ; )for M; let °be with a 1{handle attached.
Let be an simple closed curve in °that intersects the co-core of the attached
1{handle exactly once. Set °= D ; whereD s a right/left handed Dehn

twist along : The mapping torus of ©has torus boundary components each with
a canonical product structure S*  S? where the rst S! bounds the bers in the
bration of the mapping torus. Let M °be the mapping torus with S D? glued
to each boundary component so that the product structure (ard ordering of the
S! factors) is preserved. LetB° be the cores of the added tori. One may check
that M %is di eomorphic to M and thus (B% % 9 is another open book forM: If
D* was used B% % 9 is called the positive stabilization of (B; ) otherwise it is
called the negative stabilization

A contact structure on M is compatible with, or supported byan open book
(B; ; ) of M if B is transverse to and on the complement of B the contact
planes can be isotoped to be arbitrarily close to the pages of the ope book
(while keeping B transverse). Thurston and Winkelnkemper [27] showed that ay
open book supports a contact structure. It is not too hard to e that if two
contact structures are supported by an xed open book then they are isotopic as
contact structures. One may also check thatif 8; ; )is compatible with a contact
structure then so is any open book obtained from B; ; ) by positive stabilization.
Giroux made the following fundamental observation (for a discussion of the proof
see [7, 16)).

Theorem 2.1 (Giroux [14]). Every contact structure is supported by an open book.
Moreover, if two open books support the same contact structel then they each may
be positively stabilized some number of times so that the opdooks are equivalent.
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Suppose Bi; 1; 1) and (By; 2; 2) are open book decompositions supporting
the contact manifolds (M1; 1) and (M3; 2); respectively. Let ; a properly embed-
ded arcin i: The Murasugi sum of B1; 1; 1) and (B2; 2; 2)is obtained as fol-
lows: let 1 bethesurface 1[ r,=r, 2WhereR; is arectangular neighborhood
of jin ;andR;isidentied to R, in such away that @R\ @ 1= @RN@ 2:
Each of the i's can be extendedto ;  »: The Murasugi sum in now de ned to
be the open book obtained from ;  5:

Lemma 2.2. If (B1; 1; 1) and (B2; »2; 2) are open book decompositions sup-
porting the contact manifolds (M1; 1) and (M2; »); respectively, then the Murasugi

sum of (B1; 1; 1) and (B2; 2; 2) is an open book decomposition supporting the
contact manifold (M1; 1)#( M2; 2):

2.2. Contact Surgeries. Let (M; ) be a contact manifold andL M a closed
Legendrian curve. LetN (L) be a standard tubular neighborhoodof the Legendrian
curve L: This means the neighborhood has convex boundary and two patil di-
viding curves (see [10]). Choose a framing fok so that the meridian has slope 0
and the dividing curves have slopel . With respect to this choice of framing,a 1
contact surgeryis a 1 Dehn surgery, where a copy ofN (L) is glued to M nN (L)
so that the new meridian has slope 1. Even though the boundary characteris-
tic foliations may not exactly match up a priori, we may use Giroux's Flexibility
Theorem [12, 19] and the fact that they have the same dividingset to make the
characteristic foliations agree. This gives us a new manitd (M % 9: It is common
to call 1 contact surgerylLegendrian surgery For a detailed discussion of contact
surgery see [2]. The following is a well known theorem, seerf@xample [9].

Theorem 2.3. Suppose thd is a Legendrian knot in the contact manifold(M; );

is supported by the open bookB; ) and L is contained in a page of the open book.
The contact manifold obtained from(M; ) by 1 contact surgery onL is equivalent
to the one compatible with the open book with monodromy D

2.3. Symplectic surface bundles. In this paper a symplectic bration over St
will mean a 3{manifold M that bers over the circle together with a closed 2-form
I which is positive on each ber. The kernel of! denes a line eld | that is
transverse to the bers of the bration. An orientation on M and on the bers
induces an orientation onl and thus we can x a ber ¢ of the bration and use
| to de ne a return map Hw y: o! o called the holonomy of the symplectic
bration. If we normalize ! so that it integrates to 1 on each ber of the bration
then the holonomy determines M;! ) up to ber preserving di eomorphism. It is
also important to notice that the holonomy determines a symgectic neighborhood
of (M;! ) or more precisely we have the following lemma.

Lemma 2.4. Suppose(Xi;!i) is a symplectic 4{manifold andf; : M ! X; is
an embedding of a bered 3{manifold into X; for i = 0;1: Supposef; ! ; de ne
symplectic brations on M with the same holonomy. Thenfo(M) and f1(M) have
symplectomorphic neighborhoods.

We will also nd the following lemma useful.

Lemma 2.5. Suppose the holonomy of the symplectic bration(M;! ) is a Hamil-
tonian di eomorphism. Then there is a symplectic form on X = D?; such
that @X; )=( M;! ); where is the ber of the bration.
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We now have the fundamental result of Eliashberg [4].

Theorem 2.6. Suppose(M; ) is a contact 3{manifold and ! is a closed 2{form
on M that is positive on : Furthermore suppose(B; ) is an open book supporting
. Use the pages of the open book to de ne a framing on the compars of the
binding B: Let X be the 4{manifold obtained fromM [0; 1] by attaching 2-handles
to M f 1g along B with framing 0. The manifold X is oriented so that @X=

( M)[ M% whereM %is the bered three manifold obtained by O{surgery onB in

M: Then X admits a symplectic form  such that jy = ! and jwo denes a
symplectic bration on M ¢

3. Overtwisted contact structures

In order to prove all overtwisted contact structures are supported by open books
we need a few preliminary observations.

Lemma 3.1. Suppose(B; ) is an open book for the 3{manifoldM: Let 1;:::; «
be curves on a page of the open book that generate the homolofiyhe page. Then
the homology ofM is generated by 1;:::; «:

The proof of this lemma is an easy exercise that is left to the eader. Recall that
given an oriented Legendrian knotL then there is a positive L, and negative L
transverse push o, [5, 10]. Moreover, there is a positiveS; (L) and negativeS (L)
stabilization of L; de ned by \adding down or up zig zags". (This is completely
accurate for Legendrian knots in the standard contact stru¢ure on R® represented
by their front projection. For Legendrian knots in a more general contact structure
one must take a little more care in the de nition [10].)

Proposition 3.2 (Ding, Geiges and Stipsicz [3]) Let L be a Legendrian knot in
a contact 3{manifold (M; ): Let L°be a parallel copy ofL that has been stabilized
positively (respectively negatively) twice. LetT belL. (respectivelyL ). The con-

tact structure obtained from by performing a Lutz twist alongT is isotopic to the

one obtained from by performing +1 -contact surgery along bothL and L%

The proposition was rst hinted at in Proposition 4.3 of [9]. It was explicitly
stated and given a nice proof by Ding, Geiges and Stipsicz [3]Here we sketch a
somewhat di erent proof.

Sketch of Proof. Note that both surgeries take place in a solid torus. So we wil
restrict our attention to a neighborhood of L. Let N be a standard neighborhood
of a Legendrian knotL: That is @ Nis convex with two dividing curves of slopel :
Given that restricted to N is tight, this uniquely determines a contact structure
on N (see [13, 19]). We can writeN as N; [ N°where N; is a solid torus with
convex boundary having two dividing curves of slope % and N°= N nNjy: There
are actually three ways of splitting N like this. They come from stabilizing the core
Legendrian knot in L twice positively, twice negatively or once positively and ace
negatively. See [10]. Now splitN ®into two piecesN, [ N3 where N3 is a vertically
invariant neighborhood of @Nthat is contained in N°and N3 is the complement
of this neighborhood. One may easily check that a Legendriamlivide on N3\ N>
is Legendrian isotopic toL: Also N; is a standard neighborhood of a Legendrian
knot obtained from L by stabilizing twice. That is, with the appropriate choice of
Ni; N; is a standard neighborhood ofL% For this and the following facts about
contact structures on toric annuli and Legendrian knots se€10].
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We can identify slopess 2 R[flg of linear foliations on T2 with their respective
angles, [s] 2 R= Z. In order to distinguish the di erent amounts of twisting, w e
will choose a lift s 2 R instead. There exists an exhaustion ofN by concentric
T2 with linear foliations where the angles of the foliation on the tori monotonically
increase over the interval ;; ) as the T2 move towards the core ofN:

We can think of L as sitting in N3 as a Legendrian divide on a convex torus
in N3: One may check that performing +1-surgery onL gives a tight minimally
twisting contact structure on N3: Moreover, the dividing curves on both boundary
components still have in nite slope. (The product structur e on the T2 | has
changed though.) The contact structure, after surgery onL; on N = Ni[ N2[ N3
is tight and we can nd concentric T2 where the characteristic foliation are linear
and run over the interval (g; ): Performing +1-surgery on LO yields a contact
structure on N with twisting from ( 5; ): Thus the result of performing the +1-
contact surgeries onL and L% is equivalent to replacing the contact structure on
N that twists over ( »; ) by one that twists over ( »; ): But this is exactly the
change that happens when one does a Lutz twist on a transvergeush o of the
core ofN:

In our discussion below it will be useful to see how to stabilze a Legendrian knot
on a page of an open book so that the stabilized knot is also on page of an open
book.

Lemma 3.3. Let (B; ; ) be an open book decomposition supporting the contact
structure on M: Supposel is a Legendrian knot in M that lies on a page of the
open book. If we positively stabilizgB; ; ) twice as shown in Figure 1 then we
may isotop the page of the open book so th&. (L) and S (L) appear on the page
as seen in Figure 1.

S (L)

S (L)

Figure 1. A neighborhood of a piece oL in ; left.(L is oriented
so it points towards the left.) The twice stabilized open bod,
right.

This Lemma is relatively easy to prove, see [7].
We rst prove our main theorem for the special case ofM = S3:

Lemma 3.4. Any overtwisted contact structure on S® is supported by a planar
open book decomposition.

Proof. We simply need to exhibit a planar open book forS? realizing each homotopy
class of plane eld. Using the notation of [2] (cf [15]) the homotopy classes of plane
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elds correspond to half-integers. That is given a plane eld on S3 let (X;J) be
an almost complex 4-manifold with @X= S® and the set of complex tangencies
to the boundary. Then we associate the invariant

ds = 2063 3 (X) 2 (X))

One may compute (see [2]) that the indicated contact surgees in Figure 2 represent
two overtwisted contact structures on S® with dz equal to % and %; respectively.
From Lemma 3.3 one may easily see that the two contact structees in Figure 2

<3 <E3

Figure 2. Surgery diagrams for overtwisted contact structures
with d; = 3; left, and d3 =  3; right.

are supported by the open books shown in Figure 3. Note thesera both planar

@

Figure 3. The bers of open book decompositions for the contact
structures in Figure 2. The monodromies come from Dehn twist

about the dotted curves in the picture. All Dehn twists are right

handed except for the Dehn twist about the outer most curve in
both pictures which is left handed.

open books. The invariant dz is additive under contact connected sum, so by
taking the connected sum of these examples we can realize anyertwisted contact
structure on S2: These connected sums can be obtained by Murasugi summing the
corresponding open books (see Lemma 2.2). Since Murasugimnss can be performed
in a way so that the genus of the bers adds, we see that we havelgnar open books
supporting all overtwisted contact structures on S3:

We are now ready for the main theorem of this section.
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Theorem 3.5. Let (M; ) be an overtwisted contact 3{manifold. Then there is an
open book(B; ) for M that supports and has planar pages.

Proof. Two plane eld are homotopic if and only if their ( %) Euler classesd, and
their three dimensional invariants ds are the same (see [11] for a description of this
using the notation we use here, also see [15]). We show thatlauch invariants can
be realized on a manifold by overtwisted contact structuressupported by planar
open books. Thus Eliashberg [6] tells us that all overtwisté contact structures will
then be realized by planar open books.

It is well known, see [26], that any three manifold M has an open book with
planar leaves 8; ; ): The associate contact structure may or may not be over-
twisted, but all overtwisted contact structures can be obtained from it. We begin
by showing that any possibled, can be realized by an overtwisted contact structure

curves on that generate the homology of the page. We know tha the ; generate
the homology of M by Lemma 3.1. If we orient ;; make it transverse (respecting
this orientation) and perform a Lutz twist on ; then one may compute that the
di erence betweend, for the two contact structures is Poincae dual to the homol-
ogy class given by ;: Thus by performing Lutz twists along the ;'s with various
orientation (and transverse realizations) we can realize ay possibled, by an over-
twisted contact structure. Using Proposition 3.2 we may obtain all invariants d;
by overtwisted contact structures by performing various catact surgeries on Leg-
endrian realizations of the ;'s and their stabilizations. We can Legendrian realize
any ; on the page of our open book. To realize all the possible stalation of |
that we will need we must positively stabilize the open book éur times for each ;:
(Two stabilizations of the open book to realizeS2 ( ;) and two to realize S?( ;):)
We can do this keeping the open book planar. Now all the Legen@an knots on
which we need to do contact surgeries can be Legendrian reaéd on the pages of
the open book. Performing a 1 contact surgery on one of these Legendrian knots
will yield a new open book whose monodromy is the old monodrogncomposed with
a Dehn twist along the knot in the page. Moreover, this open bo& supports the
contact structure obtained from by the contact surgeries which were performed.
Thus we have realized all possible invariantsd, by overtwisted contact structures
supported by planar open books.
Now recall that the invariant ds is additive under contact connected sum. Thus

to realized any pair (d2; ds) by an overtwisted contact structure supported by a
planar open book we rst take (M; 9 realizing the appropriate d, invariant. Then
there is a contact structure %on S® such that % %on M realizes @,; d3): Since

%and ©are both supported by planar open books, we can perform the Miasugi
sum in such a way that the resulting open book is also planar. fus we have a
planar open book supporting the contact structure %

4. The genus of open books

Theorem 4.1. If X is a symplectic lling of a contact 3{manifold (M; ) supported
by a planar open book decomposition theb; (X ) = BJ(X) =0 and the boundary of
X is connected. Moreover, ifM is an integral homology sphere then the intersection
form on X is diagonalizable.

Proof. Let (X;! ) be aweak lling of (M; )and assume is supported by the planar
open book B; ; ): For now assume the boundary oiX is connected. Theorem 2.6
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and Lemma 2.4 say we may attach 2{handles toX alongB M; with O framing

measured with respect to the bers of the open book, so that tie new 4{manifold X °
has a symplectic structure! °such that ! §x = ! and the new boundary component
of X%isM0%= 52 S!andS? f pgis symplectic for eachp 2 S!: That is ! ° gives
S?  S! the structure of a symplectic bration.

Let C be S2 D? and! . the symplectic form on C coming from Lemma 2.5
such that @C;! )= (M%! Yy 0): (Note we can apply the lemma since any sym-
plectomorphism of S? is Hamiltonian.) Thus using Lemma 2.4 we can construct
the closed symplectic 4{manifold W; )=( M%!1 [ (C;!.): Clearly S= S? f pg
is a symplectic sphere inW with square 0. Thus a theorem of McDu [22] implies
that (W; ) is the blow up of a ruled surface. The cocore of a 2-handleH attached
to X in forming X °can be glued to thefqg D? in C to form a topological sphere
SOwith square k and intersecting S geometrically one time. If By is the component
of the binding B that H is attached to then k depends on the Dehn twists in the
monodromy that are parallel to B;: Thus by adding positive Dehn twists to the
monodromy if necessary we can assume tha is even. Now there is a spheres®
in the homology classS° %S that has self intersection 0 and intersectsS exactly
one time. Thus a neighborhoodN of S| S%is a punctured S?> S? in W: McDu 's
result now implies that W = S2 S?# .CP’: Moreover X W is disjoint from

N so we may embedX in # nﬁz and since this manifold has a negative de nite,
diagonalizable intersection form we see thato, (X) = B(X) = 0 and if M is a
homology sphere then the intersection from onX is diagonalizable.

Now if the boundary of X was not connected then we can nd symplectic caps for
the other boundary components [4, 8]. That is, for each extreboundary component
M; of X we can construct a symplectic manifold C;;! i) suchthat @¢= M, and
(Ci;!i) may be glued to (X;! ) along M; to form a new closed symplectic manifold
with one less boundary components. Moreover, examining theonstruction in [8]
one can easily arrange that; (C;) > 0: Thus after capping o the extra boundary
components of ;! ) we have a lling of (M; ) with one boundary component and
b, > O contradicting the rst part of our proof.
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