CONVEX SURFACES IN CONTACT GEOMETRY: CLASS
NOTES

JOHN B. ETNYRE

Abstract.  These are notes covering part of a contact geometry course.
They are in very preliminary form. In particular the last few sections
have not really been proof read. Hopefully | will be able to co me back to
these notes in the near future to improve and extend them, but | hope
they are useful as is. Section 8 have not been written yet. Sedion 7
currently contains no proofs and section 1 contains only the statements
of necessary results.
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1. Characteristic Foliations

Theorem 1.1. Let be an embedded surface iM 3 and ; contact struc-
tures on M;i =0;1; suchthat , = : Then for any neighborhood of
there is a smaller neighborhoodJ of and an isotopy {: M ! M such
that

(1) o=idwm;

(2) tis xedon and

Q) ( 1ju) (o ;uy)) = 1

Theorem 1.2. LetM = [0; 1] for a surface : If two contact structures
induce the same characteristic foliations on all the surfaes f tg; for
t 2 [0;1]; (and are the same in a neighborhood o® [0;1] if @ 6 ;) then
they are isotopic rel. @M:

Theorem 1.3. Let F be a singular foliation on an oriented surface : Then
F is the characteristic foliation induced on  for some contact structure if
and only if all the singularities of F have non-zero divergence.

Theorem 1.4. Let P be aC! property of a singular foliation on a surface
and let be a surface embedded in a contact manifolM; ): Then by a
C! small isotopy of we can arrange  to satisfy P:

Lemma 1.5. Let L be a Legendrian arc in a surface (M; )andx a
point on L that is a singular point of :If crossesT alongL atx ina
right handed way (respectively, left handed way) ther is a sink (respectively,
source) if it is a positive singularity and a source (respedwely, sink) if it is
a negative singularity.
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2. Introduction to Convex Surfaces
2.1. Contact vector elds.

De nition 2.1.  Given a contact manifold (M; ); a contact vector eld v
is a vector eld whose ow  preserves :

If is a contact 1-form for the v is a contact vector eld for if and
only if
Lv =0;
whereg: M I R is a function on M: This is easily seen since
Ly = @tt Jt=0
and the ow of v preserves ifandonlyif ; = g:
Given the contact form there is a unique vector eld X that satis es
(X )=1; x d =0:
This vector eld is called the Reeb vector eldof : One easily computes
Lx =d(x )+ x (d)=0
This the Reeb eld X is a contact vector eld. Moreover, the condition
(X ) =1 implies that the vector eld is transverse to

Exercise 2.2. Show a contact vector eld v is a Reeb eld for some contact
1-form for if and only if v is transverse to :

Exercise 2.3. Show a contact vector eld v is always tangent to if and only if
it is O:
Lemma 2.4. Given a contact manifold (M; ); let be a contact 1-form for
. A vector eld v is a contact vector eld if and only if there is a function
H:M ! R such that
(v)= H; and

vd =dH (dH(X )):
Exercise 2.5. Show that given a function H the equation in the lemma uniquely
de ne a contact vector eld.

Hint: Let v=w+ fX ; wheref is a function and w is a vector eld in : Note the
rst equation determines f: Use the second equation to ndw:

Remark 2.6. This lemma says that any locally de ned contact vector eld
can always be extended to a globally de ned vector eld.

Proof. Assumev is a contact vector eld. Set H = (v): We know
g =Ly =dy + yd = dH+ ,d:
Thus
vd =dH + g:
Plug X into this equation to see thatdH(X )= g (X )= g:Hence
vd =dH (dH(X )):
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For the other implication one may easily compute thatL, = (dH(X ));
and hencev is contact.

Given a contact vector eld v for a contact manifold (M; ) the charac-
teristic hypersurface of v is

C=1fx2Mjv(x) 2 «o:

We will call a contact vector eld generic if the function (v) is transverse
to 0.

Lemma 2.7. For a generic contact vector eld v the characteristic hypersur-
face is a nonsingular hypersurface. Moreovew is tangent to C and directs
the characteristic foliation.

Proof. With the notation above C = H (0): Genericity implies 0 is a regu-
lar value of H and henceC is a surface. RecallLy, = g for some function
g:Nowif x 2 C;w2 TxC\ 4 and v 6 0 then

d y(viw)=Ly (W) dy (wy=g (w)+ dH(w)=0:

Thus v;w 2 «;andd (v;w) =0 implies that v is a multiple of w: Now if
v =0 then

g x=(Ly )x=(dy )x= dHx=0
for vectors tangent to C: Thus =0 on vectors tangent to C: (Or g(x) =0
but then dHx = 0 contradicting genericity.) Therefor singularities in C
occur at zeros ofv:

2.2. Convex surfaces.

De nition 2.8. A surface in a contact manifold (M; ) is a convex sur-
face if there is a contact vector eld v that is transverse to

Lemma 2.9. A surface is convex if and only if there is an embedding
R! M suchthat ( f O0g)= and () is vertically invariant
(that is invariant in the R direction).

Proof. If is convex let v be the transverse contact vector eld. SetH =

(v) for some contact 1-form for : Cut o H so that it is zero outside a
small tubular neighborhood of (and nonzero in this neighborhood). Let
v0 be the vector eld generated by this new function. The ow of VO gives
. (Note, we needed to cut ofH so that we did not have to worry about
the ow not existing for all time or having periodic orbits.) Conversely, if
t is the coordinate on R then @@t is a contact vector eld for that is
transverse to

Using the coordinates coming from this lemma there is a contet 1-form
for such that
= + udt
where is a 1-form on and u is a function on : Note:
(1) =ker( ):
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2 \C=1fx2 jux)=0g
(3) for to be a contact form we need
~d A(d +dunrdt)+ udtrd
( “du+tud )~dt> 0

Lemma 2.10. Let be a surface in a contact manifold(M; ); i the in-

clusion map, and a contact 1-form for : Set =i : The surface is
convex if and only if there is a functionu: ! R such that
(1) ud + ~du>0:

Proof. If is convex we know such a u exists from above. If such au exists
then on R we can consider the contact structure ker( + udt): The
characteristic foliation on f Og is the same as the one on M: Thus
by Theorem 1.1 we know there is a contactomorphism from a neigpborhood
of f 0Ogto a neighborhood of : Push the vector eld @@tto M using the
contactomorphism. This is a contact vector eld transverse to

We will now \dualize" this construction. Let ! be a volume form on
de ne a vector eld w on as by

W+

Note: w is in the kernel of sow directs : That is w is tangent to the
foliation at non singular points and is zero at singular poirts. If is convex
we know

Adu+ud > O
Ndu+ u(diviw)!> 0

du(w)! + u(div, w)! > O:

The last line follows becausedu” ! =0 (since this is 3-form on a surface)
and hence 0 = ,(du” ! )= du(w)! du” (w!): Thus
(2 du(w) + u(div, w) > O:

Remark 2.11. The set of functionsu on a surface that satisfy Equation (1),
or dually Equation (2), form a convex set. Di erent choices o u correspond
to di erent choices of vertically invariant vector eld tra nsverse to

Shortly we will see that convex surface are very common. Forlie moment
lets see that there are surface that are not convex.

Example 2.12. Let (r; ;z ) be cylindrical coordinates on R® Consider the
contact manifold M = R3=  where is generated byz 7! z+ 1 and

= ker(dz + r?d ): Let T = f(r; ;z)jr = cg: Then the characteristic
foliation on T; is linear. If is as above it is easy to see thad =0: Thus
if T¢ is convex we need to nd a functionu : Tc! R such that du(w) > 0;
where w is pointing along the foliation. Thus u must be decreasing along
the ow lines. But this is not possible.
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De nition 2.13. Let be a surface andF be a singular foliation on : A
multi-curve is said to divide F if
(1) n = + ;
(2) s transverse toF; and
(3) there is a volume form! on and a vector eld w on so that
@ Lw!'> Oon ;
(b) w directs F; and
(c) w points transversely out of  along

Exercise 2.14. Show that if ; and , both divide F then they are isotopic
through dividing curves.

If in( M; )isconvexthen near write a contact formfor as + udt:
The multi-curve = fx 2 ju(x) = 0g (this is the intersection of with
the characteristic hypersurface) is called thedividing set of .

Theorem 2.15 (Giroux 1991, [8]). Let be an orientable surface in(M; )
with Legendrian boundary (possibly empty). Then is a convex surface if
and only if has dividing curves. Moreover, if is convex  will divide

Proof. Suppose is convex. Let be the dividing set of :Let + udt
be a vertically invariant contact form for  in a neighborhood of : We have
= u Y0), thusitis clearthat 4 =u ([0;1))and =u (1 ;0]
are the components of n : Moreover, if is not transverse to  then
there would be a vector v tangent to and at some point. Thus
v2ker;du(v)=0and ,( ~du+ud )=0 at this point (recall u=0on
), contradicting the contact condition. (Note: we did not have to assume
that the contact vector eld is generic. So even though the claracteristic
hypersurface might not be cut out transversely, we still mug have cut
out transversely.) We are now left to check condition (3) of the de nition
of dividing curve. The form ! °= A du+ ud is a volume form on : Let
w be the vector eld determined by ,! °= : Then a simple computation
yields div, o(2w) = L Since divi fv = fdivy v we see that div 1 ow >
0 on : Now let A be a small tubular neighborhood of so that the
characteristic foliation on A is by arcs transverse to@An (@ \ A): Let
=\ ( nA):On ©let! by 2!2Thisde nesa (properly oriented)
volume form on nA for which diviw> 0on ©°: We are left to extend
! over A sothat div,w> 0 on

Exercise 2.16. Show! can be so extended.

Hint: We have an explicit model for w in A: Write down any volume form on A with
the desired properties and show that it can be patched into! near the boundary
of A preserving these properties.

Now assume divides : We want to show that is convex. Let gbea
small tubular neighborhood of in so that the characterist ic foliation on
o0 IS by arcs running across o: (Note each component of ¢ is an annulus
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or strip and it's core is transverse to  thus it is possible to nd ¢:) Let
O= \(n g:0n 9 %let = ,: On %letu= 1:Thuson

01 © one easily checks that
3) udiviw du(w) > 0:

Or in other words, + udt; is a contact formon ( ¢ [ °) R: Of course

= ! iswell de ned on all of : We just need to extendu over ¢ so that
Equation (3) is satis ed on all of : To this end slightly enlarge o to
so that § is still foliated by arcs transverse to the boundary and o is on

the interior of  : Let h = div, w: Parameterize an arcA in the foliation of

G
0 0 1
_ N—
S

Figure 1. The region §: is the dotted line.

8 as a ow line of w: Denote the parameterization asf : [0;1]!  o: Also
denote uja by u: Thinking of u as a function on [Q 1] we seeu(0) = 1 and
u(l) = 1 To extend u over J satisfying Equation(3) we need to solve the

equation:

du )
uh a> 0:

We can solve this with a function of the form
R
u(t) = g(tye o O,
where g(t) satis es g4t) < 0; gnd

0 - < —Rt—eolh(t) neart =0
g : ﬁ% neart =1:
eo

It is easy to nd such a g: Thus we have extendedu over one arc in :

One may easily see that we can consistently extend over all arin this way.
This extended u by construction satis es Equation (3) and hence we have
a vertically invariant contact form on R: In addition, the characteristic
foliation on f Ogis the same as : Thus a neighborhood of f 0gin
R is contactomorphic to in M: Using this contactomorphism we see

iS convex.
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Example 2.17. The unit 2-sphere in R® with the contact structure =
ker(dz + r2d ) is convex.

Figure 2. Convex 2-sphere.The thick dashed curve is the
dividing curve.

Example 2.18. Let M = R3= where (; ;z) (r; ;z +1) have the
contact structure induced form Example 2.12. ConsiderT, = f(r; ;z) :
r = cg for a xed c so that the slope of the characteristic foliation is g: As
discussed in Example 2.12T. is not a convex torus. Pick two orbits B and
Cin(Ty) :We haveTcn(B[ C)= A1 Ay whereA; is an annulus. Push
A1 towards the z axis slightly and push A, slightly away from the z axis.
One may easily see that the characteristic foliation is as sbwn in Figure 3.
This foliation clearly has the dividing curves as shown in the gure. Note
we easily could have arranged that our convex torus had r2 periodic orbits
and 2n components to the dividing curve.

.

Figure 3. Non-convex torus, left, is perturbed into a convex
torus right.

A singular foliation F is called almost Morse-Smaleif
(1) the singularities are non degenerate,
(2) each close orbit is non degenerate (that is the Poincaereturn map
is not degenerate), and
(3) there are no ow lines running from a negative singularity to a pos-
itive singularity (this could only happen by having a connedion be-
tween two saddle singularities).
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Exercise 2.19. Show that if there is a ow line from a negative singularity to a
positive singularity then the surface cannot be convex.

Hint: Assume the surface is convex. The contact form can be witen + udt: At
the negative singularity u must be negative at the positive singularity u must be
positive.

Theorem 2.20 (Giroux 1991, [8]). If is almost Morse-Smale then is
convex.

Proof. We will show that such a has dividing curves. Along each close
leaf put an annulus with boundary transverse to : Around each elliptic
singularity put a small disk with boundary transverse to  : Along the
stable (unstable) manifolds of a positive (negative) hypebolic singularity
put a band. Let be the union of the regions just described associated
to singularities and periodic orbits. (One should check that hese unions
de ne disjoint sets.) One may choose a volume form on  that agrees
with the orientation induced from and so that a vector eld w directing
the characteristic foliation of has divergence. To do this note the
divergence near the singularities and periodic orbits is idependent of the
volume form. Now on .; say, we know the divergence is positive near
the singularities and periodic orbits. Note that if ! 9= €' ! then div, ov =
div v+ df (v): Thus if one chooses a functiorf that is zero on the elliptic
singularities and periodic orbits, K on the hyperbolic singularities and X
near the boundary of . ; then once can arrange divov > O:

Note %= n( 4] ) is a surface with a non singular foliation which
is transverse to the boundary and without closed leaves (anditting on an
orientable surface). Thus the components of ©are annuli or strips foliated
by arcs. The vector eld directing the foliation on  ®has  divergence near
the boundary components touching : Itis each to extend the volume form
over 9so that the divergence is 0 only near the core of each annulus.

Though this theorem su ces for most applications, there is a stronger ver-
sion. An oriented singular foliation is said to satisfy the Poincae Bendixson
property if the limit set of each ow line (in either positive or negative
time) is a singular point, periodic orbit or a union of singular points and
connecting orbits.

Theorem 2.21 (Giroux 2000, [10]). Let be an oriented surface in(M; )
with Legendrian boundary such that satis es the Poincae-Bendixson
property. Then is convex if and only if all the closed orbits are non-
degenerate and there is no ow from a negative to a positive sgularity.
Exercise 2.22. Prove this theorem.

Hint: It is not too hard to show that the conditions in the theo rem are necessary for
convexity. The proof of su ciency is almost identical to the proof of Theorem 2.20.

2.3. Flexibility of the characteristic foliation.

Theorem 2.23 (Giroux 1991, [8] for the closed case; Kanda 1998 [7] in gen-
eral). Any closed surface in a contact manifold (M; ) is C! -close to a
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convex surface. Any surface with Legendrian boundary satiging tw( ; )
0 for all boundary components may beC® small perturbed near the bound-
ary and then C! small perturbed on the interior so as to become convex.

Proof. The closed case is clear by Theorem 1.4, since (almost) Mor&male
foliations are generic. So consider with boundary. Let be a boundary
component of and N a neighborhood of that is contactomorphic to a
neighborhood of they-axis in R3= ; where (x;y;z) (x;y +1;2z); with the
contact structure ker(dz ydx): The intersection \ N maps to an annulus
A in N® The curve A\ @N wraps around @N some number of times. Let
N%pe a smaller neighborhood of they-axis and let A° be a \uniformly
twisting”" annulus in N %that twists around @ N°the same number of times
as A twists around @N Note the signs of the singularities of A° along
alternate and can be assumed to be non-degenerate. Now coruteA% @ N©
to A\ @Nto get an annulus A% Note A%is isotopic to A in N& ReplaceA
by A%kthis is our C? isotopy of near . Now repeat for the other boundary
components.

Recall Lemma 1.5 says that ifx is a singularity along the y-axis and
is twisting past A%in a right handed way then x is a positive (negative)
singularity of A%if and only if it is a sink (source) of the ow along : The
opposite is true if is twisting past A%in a left handed manner. Thus if
tw(; ) > 0 then there is no way we can make convex! If the twisting
is non positive then we can perturb the characteristic foligion to be almost
Morse-Smale on the rest of and thus make convex.

Example 2.24. One may achieve the following foliation near the bound-
ary of a convex surface. Such a foliation is called thestandard foliation
near the boundary of a convex surface. LetA = S' [0;1] be a neigh-
borhood of a boundary component in : On A R with coordinates
x;y;t; with 0 x 1 the coordinate onS*; consider the contact structure
= ker(sin(2n x )dy + cos(2n x )dt): The foliation on A = A f 0Og is as
shown in Figure 4. In particular it has 2n lines of singularities, at x = %
called Legendrian divides The other curves, lines with y constant, in the
characteristic foliation are called ruling curves. We can perturb A so that
the characteristic foliation is like this on St [0; %] and on the rest of A the
Legendrian divides end in \half-elliptic" or \half-hyperb olic" points. See
Figure 4.
Exercise 2.25. Show how to perturb A so to achieve the above foliation.

Hint: consider the y-axis as a model of the Legendrian divide irR® with the contact
structure given by dz  ydx:

Theorem 2.26 (Giroux 1991, [8]). Given a compact surface and a con-
tact manifold (M; ) let i : I M be an embedding so thai() is a
convex surface in(M; ); if is not closed then assumd() has Legen-
drian boundary. Let F be a singular foliation on  such that F is divided
by = i ( ): Then given any neighborhoodJ of i() in M; there is an
isotopy s: ! M;s 2 [0;1]; such that
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Legendrian Divides

Ruling Curves

LI EHS AN - L4 FH A EHA _/;

Figure 4. The standard foliation on A, top. In this gure
the top and bottom are identi ed to form an annulus and the
left edge is : The \half-elliptic" and \half-hyperbolic" point,
bottom.

(1) o=

(2) sis xedoni ( );

3) () U for all s;

(4) () is convex with dividing set ;

®) (1) = afF):

Proof. Let : R! M be a vertically invariant neighborhood of i() in
U M; sothat ( f 0g) = i() : We will construct the desired isotopy
in X = R thenuse tomapitto M:

Since divides both and F there is a neighborhoodA of in so
that both and F foliate A by arcs transverse to@An (@ \ A): Let

= \( nA)andX = 9 R:ByRemark2.11 and the discussion
in the proof of Theorem 2.15 we can nd volume forms! ;; vector elds w;;
and functions u;;i =0;1; so that o= y,! 0+ Updtis a contact 1-form for
0= (), 1= wy!1tupdtisacontact formonX thatinduces F as the
characteristic foliation on f Og;andsothatui= l1lon ©:

We concentrate on X, (the same arguments apply toX ). Note ! ; =
f! o; for some positive functionf: We have

f divey ywq =div (fw1);

Thus w9 = fw, dilates ! g on $: Now setws = (1  s)wd + swp;s 2 [0; 1]:
All the vector elds ws dilate ! g on 9: Thus the 1-forms ¢ = ws! o+ dt
are all contact forms onX9:
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We have a family of 1-forms s on X2 [ X9 which we will extend over
A R:Let B be a small neighborhood ofA in :0On Xp=B R we have
functions us de ned near @Bn(@ \ B): They are all equal to 1 according
as the boundary componentis in ©: We can also de ne the vector elds ws
on B R as a linear combination ofwy and w; as above. Notews always
generates a foliation by arcs transverse t@ B(@ \ B): We may now extend
the ug's acrossB as in the proof of Theorem 2.15. We can in addition ensure
that us is 0 on for all s: We now have a one parameter family of contact
forms ¢ and vertically invariant contact structures ¢ =ker ¢ on all of X:
Moreover, ( f Og) ,= ;( f Og),=F;and R is the characteristic
hypersurface for alls:

We apply Moser's method, as in Theorem 1.1. One may check thasince
all the  are vertically invariant, the vector eld that generates th e ow in
Moser's method is also vertically invariant. With this observation it is easy
to see that the ow generated by this vector eld satis es all the collusions
of the theorem.

Example 2.27. Recall form Examples 2.18 we have convex tori with

dividing curves, and 2n periodic orbits of slopeg: Using Theorem 2.26 we
can arrange that the characteristic foliation on the torus is as shown in
Figure 5. That is there are 2n lines of singularities (n lines of \sources" and
n lines of \sinks") with slope g called Legendrian divides Between each
two adjacent dividing curves there is a line of singularities. Moreover, the
rest of the foliation can be assumes to be by lines of slopgwheres is any

rational number not equal to g: These curves are calleduling curves.

7777

s

Figure 5. Two convex tori with the same dividing curves.

A particularly useful way of thinking about this theorem is as follows.
Say a properly embedded grapiG in a convex surface with xed dividing
set is non isolating if G\ transversely and every component of nG
intersects

Theorem 2.28 (Honda 2000, [3]) Let be an embedded convex surface in
a contact manifold (M; ): Let G be a properly embedded graph which is non
isolating. Then there is an isotopy of ; rel boundary, as in Theorem 2.26
to a surface °so that G is contained in the characteristic foliation of ©
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Proof. According to Theorem 2.26 we only need to construct a singula
foliation on that contains G and is also divided by : To this end let
o be a component of n (G| ): Assume ¢ is in 4 so that all the
elliptic points in a foliation must be positive. The boundary of ( contains
simple closed curves and arcs (the arcs form circles too butat smooth
circles). Each can either bein ;G or @ : Along the boundary components
coming from  we have the foliation owing out. Along an circle boundary
component coming fromG let the foliation be the circle with the ow near
by owing away from the circle. Along a boundary component cansisting of
arcs all coming from G let the foliation have positive elliptic points at the
vertices and a positive hyperbolic point on the interior of each edge. Finally
consider a boundary componentc that is made up of arcs fromG and
At each vertex between arcs ofG put a positive elliptic point and on the
interior of an arc from G that has both end points on other arcs fromG or
both end points on arcs from  put a positive hyperbolic point (with the
arc being the stable manifolds of the singularity). Any other arc from G
just leave as a non singular Legendrian arc. See Figure 6. Ifoy had any
\elliptic vertices" use positive hyperbolic singularitie s to \shield" it from the
inside of o See Figure 6.

G

Figure 6. Possible foliations near the boundary of o: In
the bottom right is an example with an elliptic vertex that
needs to be \shielded" from the rest of g:

We have now de ned the foliation in a tubular neighborhood A of @ o:
Moreover the ow is transverse to the boundary of $= onA and along
some boundary components is owing out, we denote thesé® ; and along
others it is owing in, we denote these @: The non isolating condition
implies that @ is non empty. Thus embed the surface J in R® between
the hyperplanesfz =1gandfz = 0g so that @ isin fz =0g and @ is
in fz = 1g: One can in addition insure that the z coordinate thought of as
a hight function on  § is Morse and has no minima and only one maxima
if @ is empty and no maxima if @ is not empty. The gradient ow of



CONVEX SURFACES IN CONTACT GEOMETRY: CLASS NOTES 15

this hight function gives a foliation of § that extends the foliation on A:
Note there is at most a single elliptic point that is a source. The other
singularities are all hyperbolic and one may always arrangghem to have
positive divergence. Thus we have constructed a foliation © ¢ that has
strictly positive divergence. Continuing on the other pieces of n(G[ )
will eventually yield a foliation on that is divided by and hasG as a
union of leaves.

Corollary 2.29 (Kanda 1997, [6]). Let C be a simple closed curve in a
convex surface that intersects the dividing curves transversely and non
trivially. Then may be isotoped so thalC is a closed leaf in the charac-
teristic foliation.

Now that we know we can have closed curves in the characterigt foliation
of a convex surface we wish to see how the contact planes twislong the
surface. Recall ifL is a Legendrian curve on a surface thentw(L; )
denotes the twisting of the contact planes along L measured with respect
to the framing on L given by

Theorem 2.30. Let L be a Legendrian curve on a convex surface; then
1
tw(L; )= E#( L\ );

where# means the number of point in the set. If is a Seifert surface, the
the above formula computes the Thurston Bennequin number &f Moreover,
in this case one has

rw= +) ()

Proof. Let v be a contact vector eld for such that the characteristic
hypersurfaceC of v satis es = C\ : The twisting of relative to is
the same as the twisting of relative to v (sincev is transverse to ). We
claim that always \twists past” v in a left handed manner. Indeed letN
be a small tubular neighborhood of : SoN = D and we can x the
product structure so that the tips of v trace out the curve f pgon @N
wherep is a point in @D:Now can be represented by the 1-form + udt;
where is a 1-form on and u is a function on : Note in this set up v is
@@t' Let's sayx isapointon :Thus u(x) =0: Let wy direct the ow of the
characteristic foliation along and let w, be another vector inT such that
fwy; wog is an oriented basis for and (wy) =1: Considerw = hw, + @@t
so that w 2 : Near the dividing set, w gives the framing onN coming from
: Now
( +udt)(w)= h+u=0;

soh = u: Thus at all intersection points of  with the curve on @N
coming form v and the curve coming form intersect. Moreover they inter-
sect in a point with orientation  (i.e. twists past v in a left handed way).
Thus each intersection of with contributes a % to tw(; ) :

Now for the rotation number computation.



16 JOHN B. ETNYRE

Exercise 2.31. Show that r( ) is the obstruction to extending an oriented tan-
gent vector eld along to a non zero section of j : Thatis if s is a section of j
that extends an oriented tangent vector eld to  then r( ) is the signed count of
the image ofs with the zero section in :

Hint: Consider the situation when r( ) = 0 rst, then assume the characteristic
foliation of is generic and calculate the contribution of e ach singularity in to

r¢ ):
As a corollary to the above exercise it is easy to see that
r¢)=r+ r;
wherer = €™ h!" + 2(e@ h@); and €™ is the number of interior
elliptic points in  ; h'" is the number of interior  hyperbolic points and
similarly e@ and h@ are the numbers of respective singularities along the
boundary of
We rst note that 1
=r + Sth( ):
() St )

Indeed, double , along @ \ +; that is take two copies of . and glue
them along the tb( ) arcs in @ + coming from the boundary of : One gets
a surface %suchthat ( 9 =2 ( +) tb(): Now ( 9 =2r, (note
@ Yis transverse to the characteristic foliation). Thus we hawe the desired
equality. But now

f()=re r = (4 ()
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3. Tightness and Convex Surfaces

3.1. Giroux's Criterion. Giroux has shown us how to tell if a vertically
invariant neighborhood of a convex surface is tight or not.

Theorem 3.1 (Giroux's Criterion) . Let be a convex surface iM; ): A
vertically invariant neighborhood of is tight if and only if 6 S? and
contains no contractible curves or = S? and is connected.

Proof. We rst assume 6 S? and there is a simple closed curve

that bounds a disk D in : Let DY be a slightly larger disk containing D
and notintersecting n: If n 6 ; then we may apply the Legendrian
realization principle, Theorem 2.28, to isotop inside a vertically invariant
neighborhoodto °so that @is a Legendrian curve in °: By Theorem 2.30
we have that D%is an overtwisted disk.

If n =; choose ahomotopically non trivial curvecin that is disjoint
from : We may apply the Legendrian realization principle to realize c as
a circle of singularities in the characteristic foliation of : We now study
a neighborhood N of c: We can assume thatN is contactomorphic to a
neighborhood N © of the y-axis in R®= ; where (x;y;z) (x;y +1;2);
with the contact structure = ker(dz ydx) with \ N mapping to the
A = xy plane\ N® Now replaceA  with AC%shown in Figure 7. Denote

Figure 7. The annulus Ais obtained from the curve in the
xz-plane shown here cross the-axis.

the new surface ® One may easily see thatA® has three parallel circles of
singularities and that there are two dividing curves in A2 Thus o has more
than one component. Moreover Cis in a vertically invariant neighborhood
of : Thusif Chas an overtwisted vertically invariant neighborhood then
so does : But we may use the argument above to construct an overtwisted
disk near ©

If = S?and is disconnected then we can construct an overtwisted
disk as above. If  is connected then the vertically invariant neighborhood
of can be identi ed with the neighborhood of the unit sphere in R® with
the standard tight contact structure. Thus the contact stru cture on the
neighborhood is tight.
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Now suppose 6 S? and has no component bounding a disk. LetU
be a vertically invariant neighborhood of : Let €= R? be the universal
cover of : Since no componentof boundsadiskin ;  will lift a union
of properly embedded lines and arcs irf: Let V be the universal cover ofU:
This is simply the vertically invariant \neighborhood" of €: We claim that
the pull back contact structure on V is tight. To see this let G be a graph in

that realizes the 1-skeleton of : Clearly G is non-isolating so we may use
Theorem 2.26 to isotope to °so that G as a Legendrian graph in °and
U is a vertically invariant neighborhood of °too. (We now rename © )
Let €& be the graph lifted to €: If there is an overtwisted disk in V then
it lies over some diskD in €and we can assume the diskD is a union of
regions in € n@: Thus we have @Dis Legendrian. The diskD is convex and
its dividing curves are a union of arcs (no closed disk since is a union of
lines and intervals).

Exercise 3.2. Show there is a diskD?in S? whose intersection with the equator
has the same con guration as p: See for example Figure 8.

Figure 8. The dividing curves on D; left, and the disk D°
S?; right.

Of course the unit S in the standard tight contact structure on R® has the
equator as its dividing set soD% gz is the same asD\ : Now on S? we
can draw the foliation F that on D°agrees with the characteristic foliation
on D and on S?nDYis the foliation constructed in the proof of Theorem 2.28.
Since this foliation is divided by g2 we can use Theorem 2.28 to realize it
in a vertically invariant neighborhood N = S? R of S? in the standard
tight contact structure on R3: Thus the contact structure on N is tight.
Now the contact structure on D® R and D R are contactomorphic, but
this contradicts the fact thatin D R we assumed there was an overtwisted
disk.

3.2. Bennequin type inequalities. We are now ready to demonstrate the
rst connection between topology and tight contact structu res.
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Theorem 3.3. Let (M; ) be a tight contact 3-manifold. Any embedded
closed surface 6 S2in M satis es

je( )[D j 0

where e( ) is the Euler class of the contact structure. If = S? then

e( )[D=0 :

Remark 3.4. There is a similar inequality for the Euler class of a taut
foliation (actually one just needs a Reebless foliation), ee [].

Remark 3.5. The inequality in this theorem implies that only nitely man y
homology classes irH?(M ;Z) can be realized as the Euler class of a tight
contact structure, in marked contrast to the situation for o vertwisted con-
tact structures where any (even) homology class is the Eulerclass of an
overtwisted contact structure.

Exercise 3.6. Prove this Remark.

Hint: Recall that any element in H,(M; Z) can be realized by an embedded surface.
Pick a basis ofH2(M; Z); realize them by surfaces and then think about what the
inequality says.

Proof. Given 6 S?in M use Corollary 2.20 to make it convex. Since
is tight is a union of S''s that do not bound disks in : As usual write
n = 4\ . Clearly

O= )+ ()
since ( )=0: As in Exercise 2.31 one may easily check that

e)O= (+) ()

Subtracting the rst equation form the second yields

e( )() O= 2(0)

Thus e( )() () : By adding the equations together one may simi-
larly show e( )() () ; establishing the desired inequality.

If = S?weknow n s the disjoint union of two disks thus e( )() =
0:

Now for the famous Bennequin inequality.

Theorem 3.7. Let (M; ) be a tight contact manifold andK a knot in M
bounding the embedded surface: If K is a transverse knot then

sl(K) 0 :

If K is a Legendrian knot then

tb(K) + jr(K)j 0 :
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Proof. AssumeK be a Legendrian knot. We will prove tb(K) + r(K)

() but a similar argument establishes tb(K) r(K) () : We may
assume that tb(K) 0: Indeed we may negatively stabilizeK enough times
so that tb(K) 0O (recall each stabilization decreasesh(K ) by 1). Since we
are using negative stabilizationstb(K ) + r(K') is unchanged. Thus proving
the inequality for the stabilized knot will imply the inequa lity for the original
knot.

Sincetb(K) 0 Theorem 2.23 says we can isotop so that it is convex.
By Theorem 2.30 we knowr(K)=( 4) ( ): We claim that

tb(K)+ ( )+ ( )= ():

To see this note that there are preciselytb(K ) arcs in  ; denote their union
a;andso (n 5= () tb(K): But we also know that ( n j) =
(n )= ( +] )= ( +)+ ( );since all the components of

not in 4 are circles. Thus we have established the above inequality.

Note there are at most th(K) disk components in n . Thus there
are at most tb(K) disk components in .: So ( +) equals the number
of disk components plus the Euler class of the other componén The Euler
class of these other components in non-positive. Thus we havshown

tb(K) ( +):
Now we have
tbh(K)+ r(K) th(K)+ r(K) 2tbh(K) 2 ( +)

th(K)+ r(K) 2 ( +)
tb(K)+ (+) () 2(+)
tb(K) (+) ()= 0:

To prove the inequality for transverse knots we need Lemma & below.
With this lemma in hand let K be a transverse knot andL a Legendrian
knot such that its positive transverse push o L. is transversely isotopic to

K: From earlier we knowsl(K) = tb(L) r(L): Thus we getsl(K) )
from the previously established inequality for Legendrianknots

Lemma 3.8. If T is a transverse knot then there is a Legendrian knot
such that its positive transverse push o L. is transversely isotopic toT:

Proof. Any transverse knot T has a neighborhoodN contactomorphic to
a neighborhoodN © of the z-axis in R3= ; where (x;y;z) (Xx;y;z +1);
with the contact structure = ker(dz+ r2d ): Let T, = f(r; ;z) : r = ag:
There is ak such that for a < k the torus T is in N Moreover there is
an a < k such that (T,) is a foliation by curves of slopenl for some large
negative n: Let L be a leaf in this foliation. Clearly L is Legendrian. Let
A be an annulus insideT, that has one boundary component onL and the
other on the z-axis. One may easily check that the foliation is as pictured
in Figure 9 so, by de nition, the z-axis, which we can think of asT; is the
positive transverse push o of L:
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~1 . P

T

Figure 9. The torus T4 near the z axis, left, and the annulus
A; right.

Theorem 3.9. Let 1 and » be two tight vertically invariant contact struc-
tures on R: The contact structures are contactomorphic if and only if
there is a di eomorphism : ! taking the dividing curves , induced
on = f Og by 1 to the dividing curves , induced by ;:

Theorem 3.10. Let 1 and ; be two overtwisted vertically invariant contact
structures on R: The contact structures are contactomorphic if and only
if
_ 2 2\y.
(5 (H= CH 2

where n = | b
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4. Distinguishing contact structures and the first
classification results

The power of convex surfaces is contained largely in Theoren2.26 in
conjunction with the ability to transfer information from o ne convex surface
to another one meeting it along a Legendrian curve.

Lemma 4.1 (Kanda 1997, [6]; Honda 2000, [3]) Suppose that and Care
convex surfaces, with dividing curves and © and @ ° is Legendrian.
letS= \ @%and S°= O\ @ ® Then between each two adjacent points
in S there is one point in S® and vice verse. See Figure 10. (Note the sets

Figure 10. Transferring information about dividing curves
from one surface to another. The top and bottom of the
picture are identi ed.

S and SCare cyclically ordered since they sit on@ 9

To prove this lemma one just considers a \standard model". Mae specif-
ically, consider R®= ; where (x;y;z) (x;y;z +1); with the contact struc-
ture = ker(sin(2nz )dx +cos(2nz )dy: Let = f(x;y;z) : x =0g and

0= f(x;y;2) :y=0;x 0g: Note both these surface are convex and the
boundary of Cis a Legendrian curve in : In Figure 10 we see the situation
for n = 2: The choice ofn in this model is clearly determined bytw(@ ¢ 9:
Lemma 4.1 clearly follows form considering this model.

Exercise 4.2. Show that the situation described in Lemma 4.1 can always be
modeled as described above.

Using this model it is also easy to see how to \round corners”.

Lemma 4.3 (Honda 2000, [3]) Suppose that and ©are convex surfaces,
with dividing curves and ¢ and @ °= @ is Legendrian. Suppose
and Care modeled as above with = f(x;y;z) : x =0;y 0g, then we
may form a surface ©from S = \ Cby replacing S intersect a small
neighborhoodN of @ (thought of as thez-axis) with the intersection of N

with f(x;y;z) : (x )2+ (y )%= 2g For a suitably chosen; °will
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be a smooth surface (actually jusiC?, but it can then be smoothed by &1
small isotopy which of course does not change the charactstic foliation)
with dividing curve as shown in Figure 11.

4 /s
/S b - - = - = 1
s
4 /s
/S b - - = - = 1
s
4 s

Figure 11. Rounding a corner between two convex surfaces.

Remark 4.4. Note this lemma says that as you round a corner then the
dividing curves on the two surfaces connect up as follows. Ming from
to Othe dividing curves move up (down) if %is to the right (left) of

4.1. Neighborhoods of Legendrian curves. We can now give a simple
proof of the following result which is essentially due to Malar-Limanov [14],
but for the form presented here see Kanda [6]. Though this therem seems
easy, it has vast generalizations which we indicate below.

Theorem 4.5 (Kanda 1997, [6]) SupposeM = D? S!andF is a singular
foliation on @Mthat is divided by two parallel curves with slop% (here slope
% means that the curves are homotopic tm[@F f pg]+[fqg S'] where
p2 St and g2 @B3). Then there is a unique tight contact structure onM
whose characteristic foliation on @Mis F:

Proof. To see existence simply consider a standard neighborhood af Leg-
endrian knot or similarly consider the tori T, in the proof of Lemma 3.8.
Suppose we have two tight contact structures ¢ and ; on M inducing F
as the characteristic foliation on @M:We will nd a contactomorphism from
o to 1 (in fact this contactomorphism will be isotopic to the identity). Let
f: M! M betheidentity map. By Theorem 1.1 we can isotopf rel. @Mto
be a contactomorphism in a neighborhood\ of @M:Now let T be a convex
torus in N isotopic to @M:Moreover we can assume that the characteristic
foliation on T is in standard form. We know the slope of the Legendrian
divides is % and we choose the slope of the ruling curves to be 0. LeD
be a meridianal disk whose boundary is a ruling curve. We can @rturb D
so that it is convex and using Lemma 4.1 we know that the dividng curves
for D intersect the boundary of D in two points. Moreover, since there
are no closed dividing curves orD (since the contact structure is tight, see



24 JOHN B. ETNYRE

Theorem 3.1) we know that p consists of one arc. We may isotod (D)
(rel. boundary) to D° so that all of this is true for D° with respect to 1:
Now using Theorem 2.26 we can arrange that the characteristi foliations on
D and D%agree; and further, we can isotopf (rel. N) so that f takes D to
D%and preserves the characteristic foliation onD: Thus another application
of Theorem 1.1 says we can isotof so as to be a contactomorphism on
NO= N [ U; where U is a neighborhood ofD: Note that B = M nN?0is
a 3{ball, so Theorem ?? tells us that we can isotopf on B so that it is a
contactomorphism on B too. Thus f is a contactomorphism on all of M
and we are done with the proof.

4.2. The classi cation of tight contact structures on T3. Recall for
each positiven we have the following tight contact structures on T3 = R3=

; where is the equivalence relation generated by unit translation h each
coordinate direction: |, = ker(cos(2 nz ) dx + sin(2 nz ) dy): We will refer
to \directions" in T3 by their corresponding directions in R>:

Theorem 4.6 (Kanda Giroux). The contact structures |, are distinct.
This theorem follows immediately from the following lemma.

Lemma 4.7. Identify H1(T3) with Z3 by picking as a basis the loops in
each of the coordinate directions. Any Legendrian knotL in (T2; ,) (with
tw(L) 0) isotopic to the linear simple closed curve in the homology lass
(a;b;9; where a; b; care all prime to one another, satis es

tw(L) njcj;
where the twisting ofL is measured with respect to any incompressible torus
containing L: Moreover, there is a linear Legendrian knot with tw(L) =
njg:

Remark 4.8. For j¢ & 0 the assumption that tw(L) O is not necessary
because if there were a Legendrian knot as in the lemma withw(L) > O
then one could stabilize the knot until it had twisting 0. Mor eover, one can
show that the hypothesis that tw(L) O is never necessary but it requires
extra work and we do not need that result for the proof of Theorem 4.6.

Exercise 4.9. Show that the assumption that tw(L) 0 is not needed.
Hint: If this is di cult read the rest of this section rst.

Proof. We begin by considering the case wheré& is in the homology class
(0;0; 1): AssumelL is a Legendrian knot isotopic to the linear simple closed
curve in the homology class (00;1) with tw(L) = n + 1 (note if the
inequality in the lemma is violated we can always nd such a Leendrian
knot by stabilization). Let A be the T2 in T3 corresponding to the xz-
plane and let B be the torus corresponding to theyz-plane. There is a
nite cover of T2 that unwraps the xy directions (but not the z direction)
in T3 in which there are lifts E; & and B of L;A; and B so that E is
disjoint from &[ B: Note tw(E) (measured in the cover) is equal totw(L):
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Furthermore & and B are convex each having @ dividing curves running

in the (1;0;0) and (0; 1;0) direction, respectively. Let S be the manifold

obtained by removing small vertically invariant neighborhoods of & and &

and rounding the resulting corners. ClearlyS = D? St and using the edge
rounding lemma (Lemma 4.3) we see that there are two dividingcurves on
S with slope :

Exercise 4.10. Prove this.
Hint: consider how the dividing curves intersect a meridianand a longitude on S:

By Theorem 4.5 there is a unigue tight contact structure on S: Note E is
the core of S and with respect to the product structure on S the twisting of
E is one greater than the slope of the dividing curves. In the sandard tight
contact structure on S® let S°be a standard neighborhood of the Legendrian
unknot U with tb(L) = 1: Since there is a di eomorphism from S to S°
taking the dividing curves on S to the dividing curves on S°we know (again
by Theorem 4.5) the contact structure on S is contactomorphic to the one
on S® Now E is a Legendrian knot in S with twisting number equal to 0:
But in S?2 this is an unknot with tb = 0 and hence violates the Bennequin
inequality (Theorem 3.7). Thus our hypothesizedL cannot exist.

For the case @;b; 1) we need the following lemma, which we prove later.

Lemma 4.11. Let A 2 SL(3;Z) and A : T3! T2 be the induced dif-
feomorphism of T3: Assume A preserves thexy-plane in T3 then 4 is
isotopic to a contactomorphism of ,:

Given this lemma we can clearly apply a contactomorphism to T3; )
taking (a;b; 1) to (0;0; 1) and thus this case is reduced to the rst case
considered above.

Now consider the case with &;b;Q; and jcj > 1. Let L be a Legendrian
knot isotopic to a linear simple closed curve in the homologyclass @;b; 9:
Denote by : T3 ! T3 the jg fold covering map of T2 that unwraps
the z-direction. Clearly n = njg- Let B be a lift of L: It is easy to

see thattw(E) = tw(L) (recall the twisting is measured with respect to any
incompressible torus containing the Legendrian knot and tle incompressible
torus can also be lifted to the cover, see Figure 12). So we hav

tw(L) = tw(E) njcj:

Exercise 4.12. In all the above cased nd a Legendrian knot realizing the cor
responding upper bound.

We are nally left to consider the case (a; b;0): It is easy to see that for any
such homology class there is a constark such that the torus f(x;y;z)jz =
kg in T3 is foliated by (a;b) curves. Thus any leaf in this foliation is a
Legendrian simple closed curve withtb =0:
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Figure 12. On the left is the knot L sitting in the xz-plane
(or an isotopic copy of it). On the right is the two fold cover
of the xz-plane. Note there are two lifts of L we have chosen
one to beE: As always, dashed lines are dividing curves.

Proof of Lemma 4.11. Under the hypothesis that A preserves thexy-plane

we can write 0 1
a b e

A=@c d fA;
0 0g
whereg(ad bg =1: Note this impliesg= 1 and we assumey=1: The
other case is handled similarly. Now let

al) AU 5 g 2:R):t 2 [0:1]

c(t) d(t)
be a path a matrices from the identity matrix to
a b
c d

In addition let e(t) and f (t) be two functions on the unit interval starting
at e and f, respectively and engling at 0. Finallylset
a(t) b(t) et)
A(t)= @c(t) d(t) f(DA;
0 0 g
and note that A(t) is a path of matrices in SL(3; R) from the identity to A:

The matrices A(t) do not necessarily induce di eomorphisms of T3 but we
can pull back the 1-form onR?3 de ning , with A(t) to get

t = [a(t)cos(n z ) + c(t)sin(2n z )] dx
+[b(t)cos(2n z ) + d(t)sin(2n z )] dy
+[e(t)cos(n z ) + f (t)sin(2n z )] dz:
Note all these forms are invariant under the unit translations in the coordi-

nate directions. So they all de ne 1-forms onT3: Also, ¢ is the 1-form
dening nand ;= ,: Thuswe have a one parameter family if contact
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structure from , to 5 n: Thus using Moser's theorem (Theorem??) we
can nd an isotopy of A so that it preserves ,:

We are now ready for the classi cation of contact structureson T3 up to
contactomorphism.

Theorem 4.13. If is any tight contact structure on T3 then it is contac-
tomorphic to | for exactly onen:

Proof. We are given a contact structure on T3: We would like to nd two
incompressible tori Tg and T1 such that

(1) T; is convex fori =0;1,;
(2) To\ T1 = L a Legendrian simple closed curve and
3 2tw(L)=# +7,fori=0;1L

If we nd such tori the we can construct a contactomorphism to (T3; ,);
wheren = tw(L): Indeed, from Theorem 2.30 we see thatw (L) = %#( T\

L) so each component of T, intersects L once. Leth; be the homology
class ofL on T; and h?the homology class of a component of 1, ; then h;; hi0
form a basis forH(T;): Thus we can nd a di eomorphism f from T2 to
T3 = R3= taking L to the z axis, hy to the homology class of thex-axis
and h; to the homology class of they-axis. By isotoping f we can assumd

takes the dividing curves on Ty to the dividing curves on the xz-plane (we
are giving T3 = R3= the contact structure ,) and the dividing curves on
T; to the dividing curves on the yz-plane. There is a further isotopy off so
that f takes the characteristic foliations of To and T; to the characteristic
foliations on the xz and yz-planes, respectively. Thus we can isotof to be
a contactomorphism on a neighborhood offo [ T;: Now the complement of
this neighborhood is a solid torusS:

Exercise 4.14. Show that there are two dividing curves on @Sand the have
slope +:
Hint: Work in R3=

We can now use Theorem 4.5 to further isotopf so that it is a contacto-
morphism from (T3; ) to (T3; ,):

To nd the tori Tp and T1 let T be a convex incompressible torus in
T3 with the minimal number of dividing curves among all such tori. (T
will have 2 dividing curves, but we only know this a postiori.) Let L° be
a Legendrian knot isotopic to a linear simple closed curve am intersecting
T transversely one time. We moreover assume that the lexicogphically
ordered pair (ﬁ;tw(LO)) is maximal (but tw(L% non positive) among all
convex tori isotopic to T and Legendrian knots isotopic toL% Let and

9be two linear non-homologous simple closed curves i which each have
homological intersection with a connected component of + equal to 1. (We
of course choose and °to be non-homologous.) Using Theorem 2.28, we
can Legendrian realize [ ConT:
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Exercise 4.15. There is a convex torusS (respectively S9 that contains L°and
(respectively 9 as Legendrian arcs. Moreover, we can assume tha\ T =

;S\ T= CandS\ s°= L%

Hint: This argument is identical to the one used in Theorem 223. Basically nd

nice strips containing the arcs that could be convex. Then etend them to a torus

in any way you can. Then C! perturb this torus away from the strips to make it

convex.

If the dividing curves of S are not homotopic to S\ T (or similarly for S°
and be then S and T will be the desired tori Tg and T1: Indeed, note that
the number of dividing curves onS and T are the same, since

1 1
w()= S# s\ ) 3# s

and 1 1
tW( )= E#( T\ ): é# T:

However, we chosel so that # 1 is minimal thus we must have # 1 =
# s: Moreover the above inequality must be an equality and thusS and T
satisfy all the conditions necessary forTy and Ti:

Since we are done unless the dividing curves & are homotopic to S\ T
(and similarly for S° and T9 we will assume that is the case from this
point on. We now claim that S and S° can be taken to beTy and Ty:
To see this we only need to verity property (3) To this end we rst note
that homologically each dividing curve in s (and so) intersects L° one
time, because the dividing curves are homotopic toS\ T: We now claim
that the actual number of intersection points between each dviding curve
in s (and so) and L%is one, for if this were not the case then there
would be and arccin sn( s\ L9 that cobounded a disk D in SnL°
with an arc on L% See Figure 13. Thus there is a simple closed curve®

Figure 13. Dividing curves on S that intersect L%more than once.

on S that intersects g two fewer times than L% and is homotopic to LG
By the Legendrian realization principal (Theorem 2.28) we @n assumel %
is a Legendrian simple closed curve on an isotoped copy &: Moreover,
Theorem 2.30 says thattw (L% = 3#( s\ L9 > I#( s\ LYY= tw(L9
contradicting the choice of L% if L%intersects T once. The only way for L%
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to intersect T more than once is forD to intersect : If this happens let

%pe pushed across the diskD: We can Legendrian realizeL°q and
tw( 99 >tw ( ): Now if T?is a copy of T containing the Legendrian curves

0\  Othen the fact that # 1 is minimal among tori isotopic to T; each
curve in 1 intersects %once andtw( % > tw ( ); implies tois parallel to

99 In addition, since tw( 9 is unchanged we must have # to=# 1: Thus
the pair L°and TO contradict the choice of L° and T: This contradiction
implies that each curve in g intersects L% once, and hence one may easily
verify property (3) of the tori T and Ty for S and S®

From the above proof one may easily obtain the classi cationof tight
contact structures up to isotopy.

Theorem 4.16. There is a one to one correspondence between tight contact
structures on T2 and

f(A;k)jA 2 Ho(T) is primitive and k is a negative integeg:

Exercise 4.17. Prove this theorem.

Hint: Given a contact structure let h : Hy(T®) !' f njn 2 Z;n Og be the
map that records the maximal (non positive) twisting number of Legendrian knots
isotopic to linear simple closed curves in a given homologyass. From Theorem 4.13
we know there is a basidy ; by; bs for H1(T?3) so that h(by) = h(lp) =0 and h(ks) =
k: There is a unique incompressible torusT associated tob; and b,: The map in
this theorem sends to the homology class ofT and h(bs): Show if and © have
the same data then they are isotopic.

4.3. Characteristic foliations on the boundary of a manifold. Given

a singular foliation F on a (possibly disconnected) surface and a manifold
M with @M= then denote by tight( M; F) the isotopy classes of tight
contact structures on M that induce F on the boundary.

Theorem 4.18. Let F; be a singular foliation on that is divided by the
multi-curve ;i =0;1, and M a three manifold with boundary : There is
a one to one correspondence between tigl; Fo) and tight(M; F1)

This theorem makes precise the idea that the classi cation 6 tight con-
tact structures on a manifold with convex boundary should orly depend on
the dividing curves and not the speci c foliation on the boundary. From
now on when classifying tight contact structures on a maniféd with convex
boundary we only specify the dividing curves on the boundaryand the result
will hold for any singular foliation on the boundary respecting these divid-
ing curves. We denote by tight(M; ) the set tight( M; F) for any singular
foliation divided by

Proof. We de ne the map
tight( M; Fg) ! tight(M; F1)

as follows: let (1 ;0] M be a vertically invariant neighborhood of
@M ;de ned using the contact vector eld v: Take a surface = f kg
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(1 ;0): Use the Giroux exibility theorem (Theorem 2.26) to isotop
kto Osothat °= Fj: Let M °be the component ofM n not contained
in (1 ;0[ Finally we set (M; )=(M?% juo):

Exercise 4.19. Show this map is well de ned.

Hint: To do this you must show the is independent ofk and the contact vector eld
v: To show the rstpart provethat( M°= Mn (1 ;lI]; jmo)is contactomorphic
to (M; ) for any I: For the second part consider Remark 2.11

Using the well de nedness of it is easy to show the similarly de ned
map from tight( M; F1) to tight( M; Fo) is the inverse of :

4.4. Relative Euler classes. Let be any contact structure (or even sim-
ply a plane eld) on a manifold M with boundary. Assume jgu is trivi-

alizable. Given any sections of jgm we can de ne the relative Euler class
e(;s)2 H3(M; @M; Z) as follows: Lets®be any extension ofs to a section
of of all of M: By genericity we can assume the image of® intersects the
zero section of transversely. Denote this intersection by Z: The relative

Euler classe( ;s) is the Poincae dual of [Z]: It is standard to show the
relative Euler class depends only on the isotopy (thought na-zero sections)
class ofs:

Lemma 4.20. Let (M; ) be a contact manifold with convex boundary and
S a section of jgw: Let  be an oriented connected convex surface properly
embedded inM: If a tangent vector eld to @  @M;inducing the correct
orientation on @ ; agrees withs along @ then

e(;s)[(D="(C+) ()

The proof of this lemma is almost identical to part of the proof of The-
orem 2.30. The one dierence (which is irrelevant) is that @ might have
more than one boundary component.

Suppose@ Mhas a convex torus boundary component : Fix a section of

along the other boundary components. By Theorem 4.18 we canhange
the characteristic foliation on T without a ecting the contact structure (up
to isotopy). Thus we arrange that the characteristic foliation on T is in
standard form (Example 2.27) with ruling slope r: Now let s be the section
of jgm that was given on@MnT and on T is tangent to the ruling curves.

Exercise 4.21. There are two seemingly di erent choices for this section abng
T; depending on the direction we traverse the ruling curves. Sbw these two choices
are isotopic.

Exercise 4.22. Suppose we choose a di erent ruling slope® and let s° be the
corresponding section of along @M:Showe( ;s) = e( ;s9:

4.5. The basic slice. In this section we consider the manifoldM = T?
[0; 1]: The contact manifold (M; ) is called abasic sliceif

(1) s tight,

(2) @M= To[ T1is convex with # 1, =2;
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(3) vp; vy form an oriented integral basis forHl(T2 f 0g;Z); wherey;
is a minimal length integral vector with slope equal to the sbpes;
of the dividing curves ,:

(4) the slope of the dividing curves on any convex torusTl in M parallel
to the boundary is betweensy and s1; this condition is called minimal
twisting.

By \between" in the de nition above we mean that if we view slo pes on the
projectivized unit circle, then the slope is clockwise ofsy and counterclock-
wise ofs;: Note given any basic slice there is a di eomorphism oM taking
spto 0 ands; to 1. So the classi cation of tight contact structures follows
from

Theorem 4.23 (Honda 2000, [3]) There are exactly two basic slices with
So = 0 and s; = 1. Moreover their relative Euler classes are given by
0; 1)2H2(M;@M;Z) = Hy(T%2):

The proof of this theorem is contained in the following lemmss.
Lemma 4.24. There are at most two basic slices wittsg =0 ands; = 1:

Proof. Using the ideas in Theorem 4.5, we will show that given a contet
structure on M we can cutM along convex surfaces until we obtain a three
ball with a unique tight contact structure on it. The number o f possible
tight contact structures will then be determined by the numb er of choices
we had for the dividing curves on the surfaces we cut along.

Let (M; ) be a basic slice. SaTl; is convex with two dividing curves,
i =0;1; and the slope of the dividing curves onTg; T1 is O; 1; respectively.
We can assume the characteristic foliation onlg[ T; is standard with ruling
slope in nite (that is the ruling curves are vertical). Now t ake a vertical
annulus A = S [0;1] the boundary componentS; = S' f ig a ruling
curve in Tj; and A\ @M= @A:Note the twisting number of S; with respect
to Ais 1, (since the twisting with respect to A is the same as with respect
to T; and on T; the curve S; intersects the dividing curves twice). Using
Theorem 2.23 we can now perturbA to be convex with standard boundary.

Since is tight and the dividing curves on A intersect each boundary
component twice we know that A is either two boundary parallel arcs (.e.
each cobounds a disk with the boundary ofA) or two arcs running from one
boundary component of A to the other. See Figure 14 If the components
of A were boundary parallel then we could Legendrian realize a wécal
simple close curveL on A with twisting number 0. We could then nd a
torus T in M that contained L and was convex. Since the twisting oL with
respect to T is 0, we know the dividing curves must also be vertical. This
contradicts the fact that has minimal twisting. Thus the dividing curves
must run from one boundary component ofA to the other.

We can x an identi cation of the boundary components of A so that
for each curvec in a; c\ Sy is taken to ¢\ Si: After identifying the
boundary components of A; a with consist of two simple closed curves
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\ I ;7 !/
1 1 /A
/ \ 7 1
-’ ~ 4 1 ,1 ===
1 7

Figure 14. Three possible dividing curve con gurations on
A: (Top and bottom of each rectangle is identi ed to form
A)

of slope h for some integerh: We call h = h(A) the holonomy of A: If
Figure 14, with the natural identi cations of the right and | eft side of the
rectangles, the holonomy is 1 and O for the two rightmost pictires. (Note
we never really identify the boundary components ofA we are just using
the identi cation to de ne h:) We can isotop A so as to increase or decrease
h(A) by 1 (and hence after further isotopy we can increase or deease the
holonomy by any integer). To see this letA° be a parallel copy ofA in a
vertically invariant neighborhood of A:. Consult Figure 15 throughout this

construction. Denote the boundary components ofA®by S%i = 0; 1: Further

To A

Figure 15. Both gures are S' [0; 1] cross sections of the
basic slice (identify the top and bottoms of the squares). On
the left are the tori and annuli used in the isotopy of A: On
the right is C before edge rounding.

let T; (21 ;0] be asmall vertically invariant neighborhood of T; in M; so
that S; (1 ;0]is a standardly foliated annulus (we can of course assume
that S (1 ;0]=A\T; (1 ;0])and similarly for S® Let T°= T; f kg
for any k < O: Let B; be the region onT? that is between A and A and
B2= T°nB;: Set A%to be the sub-annulus of A° between T and T and B
the union of the sub-annuli of A between T, and T and betweenT; and T
Now consider the annulusC = A% B[ B?[ A%with corners rounded.
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Exercise 4.25. Show C is isotopic, rel boundary, to A and h(C) = h(A) 1
where the 1 depends on which side oA the annulus A° sits.

Thus up to isotoping A rel boundary, there is only one possibility for a:
Now if we cut M open alongA and round the corners we get solid torusS
with convex boundary having dividing curves of slope 2: (Note you should
think of 2as 1+0+ 1 wherethe 1+0 comes from adding the slopes
of the dividing curves on Tg and T; and the other 1 comes from rounding
the corners.)

Using Theorem 4.18 we can assume the characteristic foliah on @ Sis
standard with ruling slope 0. Thus we can nd a meridianal disk D with @D
a ruling curve in @ SThe twisting along @Dis 2 so we can makéd convex.
There are two possibilities for the dividing curves onD: See Figure 16. After

Figure 16. Possible dividing curves onD:

cutting S along D we get the three ball which has a unique tight contact
structure. Thus there are only two possible basic slices coesponding to the
di erent possibilities for the dividing curves on D:

Lemma 4.26. There are two basic slices withsg = 0 ands; = 1 and
they are distinguished by relative Euler classes which arevgn by (0; 1) 2
H3(M;Z) = Hy(T% 2):

Proof. Consider T2 R with the contact structure = ker(sin(2 z ) dx +
cos(2z ) dy); where (x;y) are coordinates onT? and z is the coordinate on
R: Consider T2 [0;4] T2 R: The foliation on T2 f Og is linear of
slope 0 and the foliation onT? f %g is linear of slope 1: Thus we can
perturb the boundary (as in Example 2.18) to be convex with two dividing
curves on each boundary component of slope 0 and1 respectively. Denote
this contact manifold (M; ): To show (M; ) is a basic slice we only need
to check that it is minimally twisting (the other properties are clear from
construction).

For this we need a basic result about linear twisting. To this end let
Mrro= T2 [a;b with the contact structure = ker(sin(2 z ) dx+cos(2 z ) dy);
where 0< a < b < 1 is such that the slope of the characteristic foliation
onT? f agand T2 f bgisr and rC respectively. Note, the characteristic
foliations on T2 f tg is linear and moving fromr to r%in a left handed
manner ast goes froma to b:
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Lemma 4.27. If sis a slope not in the interval[r; r 9 then there is no convex
torus in (M, o; ) with dividing slope s:

Remark 4.28. There is also no such linearly foliated torus

Proof. If the lemma is not true then there is a convex torusT parallel to
each boundary component oM ., o with slope s not betweenr and r® There
is another (abstract) slope s® such that s < s®< r %< r and the minimal
integral vectors v and v° corresponding to slopess and s from an oriented
basis of T2: By \abstract" slope we just mean a slope of a curve onT? not
necessarily related to dividing curves on a torus inM o in any way.

Exercise 4.29. Prove such a slopes® exists
Hint: If you have trouble see Section 5.2 below. In fact, all satements you cannot
gure out about slopes and bases below will be clari ed there

There is a linear di eomorphism of T2 taking s to 0 and sto 1 : This
di eomorphism sends r and r°to some negative slope. Let be the cor-
responding di eomorphism of M, o: Note is a subset of the contact
structure ker(sin(2 z ) dx + cos(2 z ) dy); on T2 (0; 3):

Exercise 4.30. Prove this assertion.

Hint: is a linear map on the torus and hence is a foliation on torus times
interval that induces linear foliations on T? f pointg whose slope rotates from (r)
to (r%: Now use Theorem 1.2.

Exercise 4.31. Show that (T2 (0; 7);ker(sin(2 z ) dx + cos(2 z ) dy)) embeds
in S with the standard tight contact structure such that the x-direction maps to a
meridian of an unknot and the y-direction maps to a longitude for the same unknot.
Hint: The standard contact structure on S® comes from the complex tangencies
to the unit S3 in C% Let H = fx; = y; = 0g[f X, = y» = 0g be the Hopf
link in S®: Check that H is transverse to the standard contact structure and that
S®nH = T2 (0;1) with the characteristic foliation on T? f tg linear for each
t and their slopes running from 0 to 1 ast runs from 0 to 1 (all end points
non-inclusive).

From the previous two exercises we see that (M. o) with embeds in
S3 with the standard contact structure. Moreover the slope of the charac-
teristic foliation on (T) is 0. But from the construction of this embedding

(T) bounds a solid torus such that the curve of slope 0 is a meri@in for the
torus. Thus a meridianal disk for this solid torus with boundary a leaf in the
characteristic foliation is an overtwisted disk, contradicting the tightness of
the standard contact structure on S2:

We now return to the proof of Lemma 4.26. We left o trying to sh ow that
(M; ) is minimally twisting. Recall ( M; ) is obtained from (T2 [0; %]; =
ker(sin(2 z ) dx + cos(2 z ) dy)) by perturbing the boundary to be convex.
We discuss the perturbation of T2 f 0g more carefully (a similar discussion
holds for T2 f %g). There is some functionf : T2! [ ; ] such that
the graph of f T2 R is the perturbation of T2 f Og that makes it
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convex. Note that fi(p) = tf (p) for any t 2 (0;1] is also a function whose
graph is a perturbation of T? f Og making it convex. Let (My; ) be the
contact manifold obtained from T2  [0; §] by perturbing T2 f Og by f;
(and similarly for T2 f %g). From Lemma 4.27 we see there are no convex
tori (parallel to the boundary) in ( My; ) with slope outside [0+ ; 1 ]
where { is some small number depending om and going to zero ag goes to
zero. Note there is a canonical way (up to topological isotop) to identify
M with M; we uset only to make precise the physical subset oT > R that
we are talking about.

We now claim that for any t 2 (0; 1] we can think of (M1; 1) as a subset
of (M¢; {): More speci cally there is a contactomorphism of M; 1) onto a
subset of M¢; ) that does not change the slopes of curves on th&? factor
of M = M{ = Mj;: Once this is proven we will see that M; ) =(Mgq; 1)
is minimally twisting since if there were a convex torus T parallel to the
boundary with slope s not in [0; 1] then we could nd such a torus (with
slopes) inside (My; {) for any t contradicting our discussion in the previous
paragraph.

To prove our claim we use a simple version of an important techique
called \isotopy discretization" (see Section 7 for the full description). For
eacht 2 (0;1] there is a vertically invariant neighborhood U; of the graph
of fy in T2 R: For eacht let O?= ft92 (0;1] : the graph offio  U;g and
O; be an open connected interval inO? containing t: Fixing to we want to
show that (M1; 1) is a subset of M¢,; t,): If to is in O; then the graph of
ft, is in Uy the vertically invariant neighborhood of Ty; the graph of f = fq:
Thus we can use the invariant neighborhood structure to nd two tori T
and Tthat are translates of T; in the product neighborhood structure
such that the graph of f;, separatesT? and T° See Figure 17. As in the

TP T2 T T2 f ig
Figure 17. Part of T2 R: The graph of f, is shown as a
dotted line.

proof of Theorem 4.18 we see that whether we cutT?2 R along Tl;Tf or
TPwe will get contact manifolds isotopic to (M1; 1): Since one of T or
TXis inside (M; ,) we see that (M; 1) can be thought of as a subset of
(Mty; to): We can also think of (M,; t,) as a subset of M1; 1) since one of
T2 or Twill be outside of My,: (Recall, we are only discussing altering one
boundary component but we must alter the other one in a simila fashion.)
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Now supposetg is not in O4 but that Oy, \ O; 6 ;: Let t; be a point in the
intersection. As above M1; 1) can be thought of as a subset of M¢,; t,)
and (M¢,; t,) can be though of as a subset ofNl¢,; t,):

Exercise 4.32. Finish this line of argument to show that for any xed tq 2 (0;1]
we may always think of (M; ) as a subset of M+,; t,):

Hint: For a xed tg the interval [to; 1] is compact so it can be covered by a nite
number of the O;'s.

We now compute the Euler class of i1; ): Let A be a vertical annulus.
That is A is a vertical curve in the torus T2 times [0;1]: We can assume
the boundary of L are Legendrian ruling curves in @M:Perturb A to be
convex. From the proof of Lemma 4.24 we know that there are twadividing
curves on A that run from one boundary component to the other. Thus
Lemma 4.20 implies that & )(A) = 0: Now if A®is a horizontal annulus
we can assume thatA®\ (T2 f 0Og) is a Legendrian divide and the other
boundary component is a Legendrian ruling curve that intersects the divid-
ing curves on @M twice. Now make A° convex. Again from the proof of
Lemma 4.24 we see thatA® has exactly one dividing curve beginning and
ending onAQ (T2 f 1g): Thus from Lemma 4.20 we see thag( )(A9) = 1
Thuse( )=(0; 1)2 H(T?Z): We do not actually need to know the sign
here. To see this consider the map (x;y;t) = ( x; vy;t) of M to itself.
The map preserves the dividing curves on @M and is minimally
twisting, thus is a basic slice. Also note that acting onH(T?;Z) we
see (0; 1) =(0; 1): Thus (M; ) and (M; ()) are distinct (up to
isotopy) basic slices realizing the claimed relative Eulerclasses.

Exercise 4.33. Identify the exact relative Euler class of (M; ):

Exercise 4.34. Show that the basic slice you get from perturbing the bounday
of (T? [3;2]; =ker(sin(2 z)dx+cos(2 z ) dy)) to be convex will give the basic
slice (M; ) from the proof.

Examining our model (M; ) for a basic slice we have the following im-
mediate corollary.

Corollary 4.35. Inside a basic slice with dividing slopessg and s; on its
back and front, respectively, boundary components there ig torus T parallel
to the boundary that is linearly foliated by curves of slops for any s between
Sp and s;:
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5. Bypasses and basic slices again

5.1. Bypasses. Let be aconvex surface and a Legendrian arcin that
intersects the dividing curves  in 3 points p1; p2; ps (where py; p3 are the
end points of the arc). Then abypass for (along ), see Figure 18, is a
convex diskD with Legendrian boundary such that

1) D\ =

(2) (@D = 1

) @b= [ ;

(4) \ = fpy;ps3g are corners ofD and elliptic singularities of D :

Figure 18. A piece of and the bypass D:

After isotopy we can assume (by Giroux Flexibility Theorem 2.26) that
the characteristic foliation on D is given if Figure 19.

Figure 19. Standard foliation on a bypass. Light lines are
leaves in characteristic foliation. Dark lines are dividing
curves.

If there is a natural orientation on the disk D then the sign of the singu-
larity on the interior of  is called the sign of the bypass
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Theorem 5.1 (Honda 2000, [3]) Let be a convex surfaceD a bypass

for  along : Inside any open neighborhood of [ D there is a (one
sided) neighborhoodN = [0;1] of [ D with = f Og (and if
is oriented then orient N so that as oriented manifold = f 0g) such

that is related to ¢ 14 as shown if Figure 20.

C

D

Figure 20. Result of a bypass attachment. Original surface
with attaching arc ; left. The surface © right.

We say f 1gis obtained from by a bypass attachment.

Remark 5.2. If the end points of the attaching arc agree, that isp; = ps;
then the bypass is calleddegenerate

Exercise 5.3. Show a degenerate bypass can be attached to a surface and have
similar e ect on the dividing curves as a regular bypass. Wha exactly is the e ect
on the dividing curves? (Maybe reed the following proof rst.)

Proof. There are many ways to try to prove this theorem and the readeris
encouraged to think about their own way of showing this. The main idea is
to use the Edge Rounding Lemma 4.3. With that said, we give an egument
for the theorem. Though it might seem a bit convoluted the god of this
proof is to try to only round one edge at a time. (If the reader pursues
the most obvious proof they will have to deal with three surfaces coming
together in a triple point like three coordinate planes in R3.)

Using the transverse contact vector eld v we get by de nition of being
convex, we can construct a vertically invariant (one sided)neighborhood

[0; Jof with D attached to . To achieve this we pushD forward

using the ow of v: Now extend in f g to the simple closed curve in
Figure 21 and let A be a neighborhood of in f g thatis standardly
ruled by curves parallel to ® Usevto ow Oforward to get an annulus A°
and owing D by v again we can assume thaD is attached to the top of
Alto obtain the annulus A®seen in Figure 22.

Exercise 5.4. Show we can round the corners oA%by a C° small isotopy to
obtain the annulus B that has smooth Legendrian boundary. See Figure 22.

Hint: Show this situation can be modeled by the following as éllows: Let Q be
three quadrants in the xy-plane in R®: Consider the radially symmetric tight contact
structure on R®: Show, after possibly perturbing A%rel boundary, a neighborhood
of the corner of A%is contactomorphic to a neighborhood of the origin in R® so
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0

T~

——

N

Figure 21. Thearc © left. The shaded region on the right
is the annulus A:

1\ a\

Figure 22. The annulus A% left, and the annulus B; right.
(The right and left sides are identi ed.)

that a neighborhood of the corner in A%is taken to Q: Now in this explicit model
prove the corner can be rounded.

The annulus B is convex so there is a contact vector eldw for B: More-
over, we can assume thatv is tangentto f galong A and the ow of
9by w produces the Legendrian ruling ofA:

Exercise 5.5. Show we can nd aw with such properties.

LetC=B [ ; ]be avertically invariant neighborhood of B obtained
from B by the ow of w: The boundary of C not identi ed with part of the
boundary of [0; ] (this is called the upper boundary is shown on the left
in Figure 23. When the corners on these boundary componentsra rounded
you get the picture on the right in Figure 23. Let N%= [0; ][ C: Figure 24
shows the upper boundary ofN ¢ Let N be N %with corners rounded. Then
the upper boundary of N is shown in Figure 24 andN is a neighborhood of

[ D: This completes the proof the Theorem

Exercise 5.6. If ©be obtained from by a bypass attachment then show
(Y (%= ()= ()

Theorem 5.7 (Honda 2002, [5]) Let be a convex surface and © be

obtained from by a bypass attachment in a tight contact manifold. Then

1) o= (this is called atrivial bypass attachment),
@ 4= i+2;
@ d=i j 2

(4) o is obtained from by a positive Dehn twist about some curve
in
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Figure 23. The upper boundary of @ Cjeft. Upper bound-
ary of C after corners are rounded, right. (The left and right
sides of each picture are identi ed. The middle strip in both
pictures is the upper boundary of @Btimes an interval.)

0

Figure 24. Top view of N left. Top view of N; right.

(5) o is obtained from by a \mystery move", see Figure 25.

o

Figure 25. The Mystery Move.

Proof. Let be the arc of attachment and ps; p2; p3 the points where
intersects the dividing curves. As above we take the end pois of to be
p1 and ps: Let ; be the component of the dividing set in whichp; sits.

Case (I): all the ;'s are distinct. In this case it is easy to see that ; is
joined to ,; » isjoined to 3 and 3 is joined to ;: Soin all the j's
are distinct but on  %they have all been joint. Thus conclusion (3) of the
theorem holds.
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Case (II): all the ;'s are the same. There are four possible con gura-
tions for the bypass here. See Figure 26. It the rst con guration we see a

——

C

Wl ia)

Figure 26. The four con gurations in Case (Il).

contractible dividing curve is formed. Thus this cannot happen in a tight

contact structure. If the bypass is con gured in the same way but \wraps

around topology" (as in the second con guration) then the number of di-
viding curves increase by two so conclusion (2) of the theora holds. In
the third con guration the topology of the dividing set does not change so
a trivial bypass has been attached and conclusion (1) of theheorem holds.
In the last con guration conclusion (4) of the theorem holds

Exercise 5.8. Show conclusion (4) of the theorem holds in this case.
Hint: See Figure 27.

Case (IlI): 1 = 3 but » is distinct. In this situation one easily sees
conclusion (4) of the theorem holds. See Figure 28. If the ermbints of the
attaching arc are switched from what is shown in Figure 28 th@ we see
conclusion (5).

Case (IV): If 16 3but , agrees with 1 or »: As similar analysis as
to Case (Il) show either conclusion (1), (4) or (5) happens.
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Figure 27. A right handed Dehn twist along the curve on
the left changes the dividing curves as shown.

Figure 28. The con guration in Case (ll1).

Example 5.9. If = S?is a convex sphere in a tight contact manifold
then any bypass attachment must be trivial! This is clear sice has only
one component. See Figure 26.

Example 5.10. If = T2 then the situation in Theorem 5.7 also simpli es.
Speci cally we can have:

(1) Trivial bypass attachment (if the bypass attaching arc intesects only
one dividing curve on and does not wind around any topology).

(2) Attachment that increases the number of dividing curves (itthe by-
pass attaching arc intersects only one dividing curve on and winds
around some topology).

(3) Attachment that decreases the number of dividing curves (ithe by-
pass attaching arc intersects three di erent dividing curves on )

(4) Attachment that performs a right handed Dehn twist (if the ataching
arc involves only two dividing curves of ). NOTE: this can only
happen whenj j=2:

Theorem 5.11 (Honda 2000, [3]) Let T be a convex torus in a tight contact
structure. Assume that T is standardly foliated with dividing slope 0 and
ruling sloper with 1 <r 1. Assume there is a bypas® attached to
T along a ruling curve. There is a (one sided) neighborhootN = T? [0; 1]
of T[] DwithT f Og= T such that

(1) Ifj vj> 2thenj t2¢ 15 = j 7] 2 and the dividing slope is un-

changed.
(2) If j 7j =2 then the dividing slope onT? f 1gis l1andj t2; 1gl =
2

Moreover in Case (2), N is a basic slice.

Proof. Part (1) is immediate from Theorem 5.7.
Part (2) is also obvious. See Figure 29.
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Figure 29. A bypass attached along a ruling curve slope
less than 1

Exercise 5.12. Show that if bypass is attached along a curve of positive slop
then the slope of the dividing curves onT? f 1gis 1 :

Exercise 5.13. Try to gure out what happens if a bypass is attached with slope
between 0 and 1:
Hint: If you have trouble see the next section.

All conditions for a basic slice are clearly satis ed exceptfor minimal
twisting. To show minimal twisting we embed N into a standard model
where we know the twisting is minimal. To this end considerT? R with
the contact structure = ker(sin(2 z ) dx + cos(2 z ) dy): We can perturb
To= T2 f 0Ogand Ty = T2 f }gto be convex with two dividing curves
each, with slope 0 and 1; respectively.We further perturb these tori so
that the characteristic foliations are standard with both h aving ruling slope

g; p>q> 0: Let A be a horizontal convex annulus between these two tori
whose boundary is a ruling curve on each of the tori. S@A Tpisa( q;p
curve on Tg: The dividing curves on Tg are (1;0) curves. So

1
@A 1, =2det | pq =2p:

Exercise 5.14. Show that a linear (p; g) curve and a linear (r; s) curve on a torus
intersect

oletpr
g s

times.

Similarly

1
Sinceq 6 0; we see that @A Ty intersects a more times than @A T%:

(Consult Lemma 4.1 if this is not obvious to you.) From the Imbalance
Principle (see Lemma 5.22 below) we see there must be a bypaBs for Ty
along the ruling curve, whenp > 1: We can arrange that the characteristic
foliation on T [ D is the same as the characteristic foliation onTg [ D%so
a they have contactomorphic neighborhoods. ThusN contact embeds into
L % ] with the standard contact structure. (Moreover, this em-
bedding preserves slopes o 2:) By Lemma 4.27 this is minimally twisting

soN must also be minimally twisting.

@A 1, =2det 1 pq —2p Q-
8
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We are left to consider the case wherr = 1 (thatis p= g=1). In
this case the argument is as above except the bypass tegenerate As was
shown in Exercise 5.3 this makes no di erence and thus the carlusions of
the proof still hold.

5.2. Bypasses and the Farey tessellation. Theorem 5.11 tells us every-
thing we need to know about attaching bypasses to tori along uling curves
because we can use a di eomorphism of the torus to put any sitation into
the one considered in the theorem. To avoid having to do this & the time
we translate this theorem into a more useful form. To state ths more useful
form we need some preliminaries on the Farey tessellation.

Let D be the unit disk in R?: We will think of this as the hyperbolic plane
with the circle at 1 adjoined. This interpretation is not so important. The
main thing is when we say two points on the boundary ofD are connected
by a geodesic, we mean the are connected by a segment of a air¢br line)
that is orthogonal to @D: With this understood, we can ignore the fact that
D is the hyperbolic plane.

Label the point (1;0) on @ by 0 = % and the point ( 1;0) with 1 = %:
Now joint them by a geodesic. If two points £; 93 on @ with non-negative
y-coordinate have been labeled then label the point or@ half way between
them (with non-negative y-coordinate) by g:—g;’: Then connect this paint to
g by a geodesic and also connect this point togg by a geodesic. Continue
this until all positive fractions have been assigned to poits on @ with non-

negative y-coordinates. Now repeat this process for the points or@ with
non-positive y-coordinate except start with 1 = Tl: See Figure 30.

1

wINy

3
2

Figure 30. The Farey Tessellation.
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Exercise 5.15. Show that two points on @ correspond to an integral basis of
Z? if and only if there is an edge in the Farey tessellation conneting them. (A

point g corresponds the vector g in z2)

Theorem 5.16 (Honda 2000, [3]) Let T be a convex torus in standard
form with | 1) = 2; dividing slope s and ruling sloper 6 s: Let D be a
bypass forT attached along a ruling curve. LetTO be the torus obtained
from T by attaching the bypas®D: Thenj 1o =2 and the dividing slopes®
of tois determined as follows: let[r;s] be the arc on@ running from r

counterclockwise tos; then sCis the point in [r;s] closest tor with an edge
to s:

Proof. Let s®be as described in the theorem. Lets%be chosen ass® but
in the arc @ n[r;s]: By the choice of s? there is an edge betweers and
s%in the Farey tessellation. Similarly for s°and s: We claim there is also
an edge betweers®and s® Indeed since there is an edge betwees and s°
their corresponding integral vectors form a basis forZ? thus we can nd an
elementB of SL(2;Z) that sendssto 0 and s°to 1 :

Exercise 5.17. Show applying an element ofSL(2;Z) to points in the Farey
tessellation does not change properties like their orderig on @ and whether or
not they are connected by an edge.

The map B will send r and s®°to some positive numbers. Since we know

be strictly between 1 and 3 on @: This is by the way s%is de ned. But
the contradicts how s%is chosen since 1 is closer to the image ofthan 1 is
and it has an edge to 0 (the image of). Thus s®°cannot go to % similarly
it cannot go to % for any n 6 1: Thus s%is sent to 1. Since 1 andl are
connected by an edge so are® and s%as claimed.

Sinces; s?and s%are all connected by edges we may nd an element of
SL(2;Z) that sendss to 0, s°to 1 ands®to 1 : Thus r must go to some
number less than or equal to 1. Now applying Theorem 5.11 to this trans-
formed problem we see attaching a bypass along a ruling curveith slope
the image ofr will produce a torus with dividing slope 1. Transforming all
this back to the original situation using C ! we see that attaching bypass
along part of a ruling curve of sloper will produce a torus with dividing
slopes®

5.3. Finding bypasses. We have seen that bypasses allow you to under-
stand how convex surfaces change. We now discuss how to nd bgasses in
particular situations.

Lemma 5.18. Let be a convex surface and ° be a convex surface with
Legendrian boundary such that one component of ° a subset of : More-
over, assume 0\ @ % If o has an outermost \boundary parallel"
dividing curve andj o 61 then °may be isotoped rel boundary so that
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is isotopic in  °to a Legendrian curve such that the disk cuts o from
Ois a bypass for along part of @ ©

An arc properly embedded in a surface with boundary is callecdboundary
parallel if one of the components of the complement of the arc is a disklf
the arc is part of a dividing set then we say it is outermost if the disk it
separates o contains no other components of the dividing se

Remark 5.19. Because of this lemma, boundary parallel dividing curves
are frequently called bypasses. This is an abuse of languageut should not
cause confusion if one is careful.

Proof. This is an easy application of the Legendrian Realization Pmciple
(Theorem 2.28).

Exercise 5.20. Use the Legendrian Realization Principle to prove this thegem.

Lemma 5.21. Suppose and Care as above. Assume further that %is a
disk. If to(@ 9 < 1 then there is a bypass for :

Proof. 1fto( @ 9 = n then there will be n arcsin  o: At least one of them
must be boundary parallel and outermost. So ifn > 1 Lemma 5.18 nishes
the proof.

Lemma 5.22 (Imbalance Principle: Honda 2000, [3]) Suppose and Care
as in Lemma 5.18. Moreover, assume that °= S [0;1] with ST f 0Og
(and of course @ ° Legendrian). If tw(S* f 0g; 9 <tw (St f 1g; 9 <0
then there is a bypass for :

Proof. Itis clear that o will have more than one component. The dividing
set owillintersect S f ig; 2tw(S!f ig; 9 times. Thus all arc starting
at S f Ogcannotrunto S! f 1g: So at least one must be boundary parallel
and outermost. Thus Lemma 5.18 nishes the proof.
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6. Classification on T2 [0;1]; solid tori and lens spaces

We rst discuss contact structures on T2 [0;1]: As usual, we think of
T2 as R?=Z? so that we can discuss slopes of curves ifi: Recall a contact
structure on T2  [0; 1] with convex boundary is called minimally twisting if
the slope of the dividing curves on any convex torus paralleto the boundary
is betweensy and s;; the slopes of the dividing curves onTo = T f 0Og and
T, = T f 1g; respectively. Also recall Tight™" (T2 [0;1], [ 1) is the
set of minimally twisting tight contact structures on T2 [0; 1] with convex
boundary having dividing curves 1, = o and T, = 1. We have the
following two cases for minimally twisting contact structu res

Theorem 6.1 (Giroux 2000, [10]; Honda 2000, [3]) Let ; be a multi curve
with two components and slopes; = 1;i =0;1: There is a bijection

h: o(Tight™ (T? [0;1] o 1)! Z:

The map h is called the \holonomy map". Moreover, up to contactomor-
phism there is a unique tight contact structure onT2  [0; 1] with the given
boundary data.

We use the following notation for continued fractions

1
(ro;rasiinirg) =ro ————g—:
rn —=

ra T

Theorem 6.2 (Giroux 2000, [10]; Honda 2000, [3]) Let ; be a multi curve

with two components and slopesp = 1 ands; = g; p>q> 0: Then
j o(Tight™ (T2 [0;1] ol )i=j(ro+1(ri+1) (e 1+ rii;
where B = (rg;rq;::i;rg) andrj < 1 That is there are j(ro + 1)(ry +

q :
1)  (rg 1+1)rj contact structures up to isotopy inTight™" (T2 [0;1]; of
1): Moreover, these contact structures are also distinct up to @antactomor-
phism and are even distinguished by their relative Euler ckses.

Remark 6.3. Note that given any two sets of curves ¢ and ; with distinct

slopes we can nd a linear di eomorphism of T2 inducing a di eomorphism
of T2 [0;1] that arranges their slopes to satisfy the hypothesis of tie
theorem. Thus the previous two theorems classify all minim#ly twisting

contact structures on T2 [0; 1]: We will address the non-minimally twisting
contact structures at the end of this section.

We prove Theorem 6.1 towards the end of this section, but rstwe rst
prove Theorem 6.2. In the course of the proof we will also clasfy tight
contact structures on the solid torus and on lens spaces. In grticular we
will show the following.

Theorem 6.4 (Giroux 2000, [10]; Honda 2000, [3]) Let be a multi curve
with two components with slopes = g; p>q> 1 Then

j o(Tight(S* DZ ) j=jro+1)(ri+1) (rx 1+21)rj
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where g = (ro;ry;::i;rg) and ry < 1 That is there are j(ro + 1)(rq +
1) (rx 1+1)ryj contact structures up to isotopy in Tight(S* D?;) :
Moreover, these contact structures are also distinct up to @ntactomorphism
and are even distinguished by their relative Euler classes.

Recall alens spacedl (p; g) is the 3-manifold obtained from gluing two solid
tori together via the map

whereql® gd= 1: Now we have
Theorem 6.5 (Giroux 2000, [10]; Honda 2000, [3])

J o(Tight(L(p;@))j = j(ro+1)(r1+1)  (re +1)]

where g = (ro;rq;:::;rg) and ri < 1. That is there are j(ro + 1)(ry +
1) (rg +1)j tight contact structures on L(p;d) up to isotopy. Moreover,
all these structures are distinguished by their (half) Euleclasses.

Theorems 6.2, 6.4, and 6.5 will clearly follow from the follving lemmas.
Lemma 6.6. With the notation from Theorems 6.2 we have
j o(Tight™ (T2 [0:1] 10 o) | (ro+1)(r1+1) (e 1+ rij;
Lemma 6.7. With the notation from Theorems 6.2 and 6.4 we have
j o(Tight(s® D2 )j j oTight™ (T? [0:1} 1[ i
Lemma 6.8. With the notation from Theorems 6.4 and 6.5 we have

i o(Tight(L(Pai j ofTight(S* D? ) j;

Lemma 6.9. With the notation from Lemma 6.8 we have

ro+1)(ri+1)  (rdi  o(Tight(L(p% )]

In the rst two subsection we will prove these lemmas and hene establish
Theorems 6.2, 6.4 and 6.5. Speci cally, in the next subseatin we prove the
upper bounds, that is prove Lemmas 6.6, 6.7 and 6.8, and in Sidection 6.2
we prove Lemma 6.9. We then study the contact structures on tle various
manifolds under consideration more carefully, examining e realizable Euler
classes for the contact structures and study their behaviounder coverings.
In the subsequent two subsections we consider zero twistingontact struc-
tures on T2 [0; 1] (that is prove Theorems 6.1) and non-minimally twisting
contact structures.
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6.1. Upper bounds on the number of contact structures. We begin
with

Proof of Lemma 6.6. Consider the manifoldN = T2 [0; 1]: We wish to get
an upper bound on the number of tight minimally twisting cont act structures
onN suchthat Tj = T2 f ig;i =0;1; is convex with two dividing curves

i of slopesp = 1 and slopes; = %;p > g > 0; respectively. Given
such a contact structure onN the strategy will be to break N into pieces on
which any contact structure under consideration will restrict to basic slices.
From this we get an upper bound since each basic slice admitsnty two
possible contact structures. This rst upper bound is not good enough, so
we introduce \slice shu ing" which will give the desired upp er bound.

We begin by taking the characteristic foliation on @ Nto be standard with
dividing slope s; on the respective boundary components and ruling slope
0: Let A= S! [0;1] whereS! is a circle onT? with slope 0. We also take
@Ato be Legendrian ruling curves on@ N:Note

1=1

tw(S! f 0g;A) = %(s1 f Og\ )= det 1
a _ :

p P

Thus the Imbalance Principle gives a bypassD for T, along S* f 0g: At-
taching D to T; we get a neighborhood off;[ D that we denote T?2 [%; 1]
Thus we can write N as

N=T? 0T G

oOkFr opr

tw(St f 1g;A) = %(sl f 1g\ 1)= det

where T2 [4;1] is a basic slice.
Claim 6.10. The contact structure restricted to T? [%;a] is a basic slice
with sq = g and

0

S1 = <= (rojra; i re+1);

where if re = 2 then (ro;ry;:::;rek +1) = (rojrq;:ii;rg 1 +1): Recall,
g = (roiraasng:
Proof of Claim. We begin by showing
0

(4) 51 = %) where pdl+ qif=1
and
5) p>p°>0 q o>0

In order to see this we use Theorem 5.16 concerning attachingypasses to
a torus. Recall though that in that theorem we attach a bypassto a torus
and get a one sided neighborhood of the torus where the origal torus is
the back face of the neighborhood, but in our situation our oiginal torus
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T1 is the front face of the neighborhoodT? [%; 1]: To x this we re ect
T2 and the interval direction, i.e. apply the map (x;y) 7! ( x;y) and ip
the interval direction. This makes T; the back face of the basic slice. (Note
the di eomorphism is orientation preserving on the neighbahood.) Thus
we should think of the slopes; asg > 1. According to Theorem 5.16 when
attaching a bypass along slope 0 the slope oﬁ'% is determined by taking

the positive rational number %g that is closest to O but has an edge tog:
Since%g has an edge tof we know p pf= 1

Exercise 6.11. Sinceg—g is clockwise of show pd+ g =1:

Let g&‘i be the point counterclockwise of% that is closest to O but has an

edge tog: As in the proof of Theorem 5.16 there is not only an edge from

g to gﬁ,’ and %ﬁg there is also an edge betvveergg and %(J,S: Thus
p_ p%+ p%
q oo+ g®
Since p®°> 0 and g®© 0 (since %gg 1 ) we see thatp > p°> 0 and

q >0
Exercise 6.12. Showp®+ p®and ¢°+ g°®have no common factors.

HINT: Recall the relation between the Farey tessellation ard integral basis vectors
for Z2:

Thus we have established Equations (4) and 5.

We would now like to identify the continued fraction expansion of %8:
To establish the claimed expansion set & = (rq;ry;:::;rc +1) and we will
show that a = p®and b= g% We begin by showing that pb+ ga=1 using
induction on k: If k =0 then

ro+1l ro

det 1 1 =ro+1 rog=1:

. . 0
basis for any integralr so doesr Li= “dandr lp= 9@ Indeed

c=
c fox 5 0 _ L
e d rd o = ree de¢ rec®+ = d=1:

For the inductive step notice that if § and g’, from an oriented integral

det

Thus sincery and r+1 form an integral basis so dory 1 % andry 1 ﬁ:

an integral basis. Thus we have pb+ ga= 1 (you should check the sign).
Next, we claim
(6) p>a>0 q b>0

To see this we again work by induction. Ifk = 0; thoen p= ro> r; 1=a
and g=1 1 = b: Now assume that §; & are both less than 1,
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c>cl%d d°andr< 1lisaninteger, thenr %= "dandr % = %io
d a0
are both less than 1. Moreover, the denominator c is greater than the
denominator c®and one may check that the absolute value of the numerator
rc + d is greater than the numerator rc%+ d® Thus by induction we have

shown Equation (6).

Exercise 6.13. Show there is a unique fraction? such that & and g form an
integral basis andp>a> 0andq b>0:

HINT: Any fraction 2 satisfying the given conditions will be the point on the Farey
tessellation farthest clockwise fromg that has an edge tog: To see this recall the
construction of the Farey tessellation and look back at the poof of Theorem 5.16.

Now continuing as above we can breakr? [0;1] into

N=jrc+lj+jrc 1+2j+ 1104 jro+2]
basic slices denoted3; = T2 [L-L; L] fori =1;:::n: (Note what we called
T2 [$;1]; we now are callingT? [2-1;1])

Exercise 6.14. How did we get the expressicgn fom?
HINT: Think about the rule about how to get g—o from %:

Moreover, if the dividing slope on the front face of B; has continued

structures we have proven the upper bound of 2 for the number of possible
tight minimally twisting contact structures on N: This number is much
larger than the upper bound for which we are looking. To improve the
upper bound we notice that the B;'s can be grouped into natural \continued
fraction blocks". That is we can break N up into k + 1 piecesN; such that

on the boundary of the Farey tessellation. Then show the poits correspond to a
continued fraction block if | = 2 and p; and p, are connected by an edge ot > 2
and p; and p, are connected by an edge and aftep, each successivg; is reached
by choosing the second farthest point fromp; ; that is connected to p; 1 by an
edge.

Claim 6.16. The continued fraction block N; has at mostr; + 1 tight min-
imally twisting contact structures if i <k and Ny has at mostry:

Note once this claim is proven we will be done with the proof othe lemma
since we will have the upper bound of

jro+1j jrie 1+1jnd
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for the number of possible tight minimally twisting contact structures on
N:

Proof of Claim. Fist note that we can apply an element of SL(2;Z) to N;
so that the dividing slope on the front and back face ofN; are respectively
ri+land 1fori<k andfori= k we have slopesy and 1: Indeed this
is obviously true for i = 0 since its original slopes arerp+1 and 1: Now
consider the matrix

_ ro 1
Ao= 1 ¢
This matrix sends
1 ro 1 q roq p
| |
1 7! 1 and D 7! q
So the back face oN has dividing slope 7 and the front face has dividing
slope -+ Moreover the front face ofNo has dividing slopero+1; so after

applylng Ao we see this slope becomes 1. Thus if we remove Ng from N
we have aT? [O 1] with back face having dividing slope 1 and front face

having sloper - : Now observe that
1

E =1TIp " -

q 1 Wk_
So

_ q .
p=roq 1
. —=

Thus

p+roq & ra %
In other words when we removerNgy from N we get a torical annulus with
back face having dividing slope 1 and front face having dividing slope
(r1;:::;rg): Continuing in this manner we see that N; has the claimed di-
V|d|ng slopes.

The proof of the claim is now completed by the following lemma

Lemma 6.17. Given T? [0;1] and multi-curves ; on Ti;i = 0;1; with
two components and slopsg = l1ands; = m wherem > 0is an integer.
Then

j o(Tight™™ (T2 [0;1} 1+[ 1)  m

Proof. As in the previous proof we can breakT? [0;1] into m 1 pieces
Bi = T2 [LL;-5]i = 1;::5;m  1; each of which is a basic slice.
Moreover the dividing slope on Tﬁ is i: Each B; has two tight contact
structures on it which we denote . and : We immediately get the upper
bound of 2" *: To improve this upper bound we notice that we can \shu e
the layers". That is any contact structure on T2 [0;1] is isotopic to one in
which all the .'s, say, come rst, followed by all the 's. Thus there is an



CONVEX SURFACES IN CONTACT GEOMETRY: CLASS NOTES 53

integer k =0;:::;m 1 that counts the number of say . regions and the
contact structure on T2 [0;1] is completely determined by this integer.

It is clearly su cient to show that adjacent layers can be shu ed. If the
adjacent layers have the same sign there is nothing to proveSo we assume
B; and B;.+1 have signs and + respectively. Let A be a horizontal annulus
with Legendrian boundary running from T2 f i 1gto T? f i+1g such
that T2 f ig\ A is also a Legendrian ruling curve. MakeA convex. There
are two essentially distinct possibilities for the dividing curves onA; either
the bypasses can be nested or not. See Figure 31.

Figure 31. Two possible con gurations of dividing curves.
Nested bypasses on the right non-nested on the left.

If the bypasses are not nested then we can clearly attach thenn any
order. That is we can attach the + one rst then the one. This would
make B; have sign + and Bj+1 have sign : So the only di culty is shu ing
the layer is when the bypasses are nested. Supposing the bygses are nested
we isotop A to A®by \adding copies of T; 1 and T;". See Figure 32. If it is

Ti 1| T Ti+1 T 1 T Ti+1

A A°

A 2

Figure 32. Isotoping A; left, to A® right. This is a cross
section of T? [0;1] = Bi [ Bj+1; so the top and bottom of
the gures should be identi ed.

not obvious what is going on from the gure see the proof of Lenma 4.24
where this procedure was carefully described. The slope ohé dividing
curves onT; 1 is 4 and the slope of the dividing curves onT; is  +:
Thus the dividing curves on A° are as shown in Figure 33. In particular
they are no longer nested and we can shu e the layers.
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Figure 33. Dividing curves on A% The middle annulus cor-
responds toT;: We did not draw T; 1 in the gure since it
does not a ect the nesting of the bypasses.

Remark 6.18. We cannot shu e layers between di erent continued fraction
blocks. This will follow from the computation of the relative Euler class
below. You should think about what goes wrong with the above poof.

We have the immediate corollary.

Corollary 6.19. Let be a minimally twisting tight contact structure on
T2 [0;1] with dividing slopes on the boundarysy and s;: Then for any s
in [so; S1] there is a convex torus parallel to the boundary of 2 [0; 1] with
slopes:

Proof. This is clear from the proof of Lemma 6.6 and Corollary 4.35 co-
cerning the slopes of curves on tori inside a basic slice.

Proof of Lemma 6.7. Let M = S D2 and on the boundary of M we have
a multi curve with slope g; p>q> 0:In M let L be a Legendrian curve

topologically isotopic to S* f ptg with twisting number m (measured with
respect to the product structure on M). Note we may assume that m is
very negative by stabilizing the Legendrian knot if necessg. Let N®be a
standard neighborhood ofL: SetN = M nN°%= T2 [0;1]: Clearly we have
the boundary of N convex with dividing slope sp = % ands; = P

We claim that any tight contact structure on M is minimally twisting
when restricted to N: Indeed if not there is a convex torusT in N parallel
to the boundary of N with dividing slope s lying outside [ g; L] Thus
by Corollary 6.19 we can realize any slope ing %] and in [ g; s]; that is
we can realize any slope. In particular we can realize the 0 sbe on some
torus T in N: The Legendrian divides onT bound meridianal disks in M:
These disks are overtwisted disks, contradicting the tightess of the contact
structure. Thus the contact structure on N is minimally twisting.

Now since 1 liesin [ g; %] we can nd atorus T in N parallel to the
boundary with dividing slope 1: We can split M along T into two pieces, S
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a solid torus with dividing slope 1 and A a torical annulus with boundary
slopes 1 and g: From Theorem 4.5 we knowS has a unique tight contact
structure on it thus

j o(Tight(S* DZ)j | ofTight™ (T? [0;1] ol )it

Again we have the corollary.

Corollary 6.20. Let be a tight contact structure onS* D ? with dividing
slopes on the boundarys: Then for any s%in (0;s] there is a convex torus
parallel to the boundary ofS' D? with slope s®

Proof. Given any slopes®with s°2 (0;s] there is somem such that 1 >
s® > s: Now there is a Legendrian curvel topologically isotopic to the
core of S D2 that has twisting number m (for 1 this comes from the
above proof and for any otherm simply stabilize). Let N°be a standard
neighborhood ofL: Now S D?nN®= T2 [0;1] and the dividing slopes on
the boundary are % and s: Thus this corollary follows from Corollary 6.19.

Proof of Lemma 6.8. Recall alens spacel (p; ) is the 3-manifold obtained
from gluing two solid tori Vy and V; together via the map

A= 4 &
p p

where q® pdf = 1 Let Co be a Legendrian curve inVgp topologically
isotopic to the core of Vo: We can assume its twisting number isn < 0
(stabilize if necessary). We can think of\ as being a standard neighborhood
of Co: Thus @Y is convex with two dividing curves of slope %: To see what
@Y looks like we map@Y¥ to @Y by A: Thus @Y is convex with dividing
slope !
Exercise 6.21. Show that

p_ pn o P°.

a° Tgnr g @

0

HINT: Consider the graph of f (n) = 21

an+q°”

From Corollary 6.20 there is a torusT in V; isotopic to @Y that is convex
with dividing slope 1: Split Vpinto M = S D?andN = T2 [0;1] using
T: The boundary of N is convex with dividing slope % on the front
face and 1 on the back face. Since gﬁ lies in [ 1; pq”Tj’so] we can nd
another convex torus T%in N that is isotopic to @YV with dividing slope

gfj: Use T to split L(p;q) into Vo and Vi: So @Y is convex with dividing
slope g% while @Y is convex with dividing slope 1 : (Check this using
A 1)) Thus from Theorem 4.5,V has a unique tight contact structure with
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this boundary data and hence all the di erent contact structure on L(p;q)
come from the di erent ones onV; the given boundary data. In other words

j ofTight(L(p;a)j j oTight(S' D?%)j;
where is a multi curve on @8 D? with slope gﬁ,’: The lemma now follows
by starting with % =(ro;ra;iit;regsre 1)

6.2. Construction of contact structures. The goal of this subsection
is to prove Lemma 6.9 and thus complete the proofs of Theorem§.2,6.4
and 6.5. We begin by recalling the \slam dunk". This is a way to alter a
surgery description of a 3-manifold, see [11]. Let;p;q be integers. LetK

be an unknoted meridianal curve to a knotL: Then r % surgery onL is

equivalent to r surgery onL and % surgery onK: See Figure 34. Thus if we

q
r r =
p p

write the continued fraction 2 = (rg;rq;:::;r); with all r; 2 then the

of

Qo

Figure 35. Two descriptions of the lens spacd.(p; Q):

Recall, given a Legendrian knotL in S2 with the standard contact struc-
ture, Legendrian surgery onL is topologically the same ast{b(L) 1)-Dehn
surgery on L and produces a llable, hence tight, contact structure. See
Section ??. Given any integerr < O there arejr +1j Legendrian unknots on
which Legendrian surgery yieldr-Dehn surgery. See Figure 36. Note these

= = =<z

Figure 36. The 3 unknots whenr = 4:

Legendrian unknots are all distinguished by their rotations numbers (orient
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all the unknots counterclockwise). Thus using the descripion of L (p;q) in
Figure 35 we have

jro+1jjro+1jrirjre+1j
Legendrian surgery diagrams representind-(p; g): For a few examples see
Figure 37. Lemma 6.9 follows from the following lemma.

Figure 37. Legendrian diagrams for various Lens spaces.

Lemma 6.22. The contact structures onL (p; g coming from di erent Leg-
endrian surgery diagrams as shown if Figure 37 are all distiat. In particular
whenp is odd they have distinct Euler classes and whepis even they have
distinct \ 3-Euler classes".

Proof. Recall, if M is obtained from Legendrian surgery on a Legendrian
link Lo[ :::[ Lk in S® with its standard cotnact structure, then M is Stein
llable by a Stein manifold X topologically described by adding 2-handles to
D# along the components of the Legnedrian link with framing oneless than
the contact framing. Moreover, the rst Chern class of the Stein manifold
is Poincae dual to

X

r(L)IDil;
i=0
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where the Di's are the co-cores of the corresponding two handles. (See
[11] or Section??.) The contact structures on the Lens spaces are clearly
distinguish by the following theorem.

Theorem 6.23 (Lisca and Matic 1997; [12]) Let X be a smooth 4-manifold
with boundary. Supposel; , J, are two Stein structures with boundary on
X: If the induced contact structures ; and , on @X are isotopic, then
c1(J1) = c(J2):

This completes the proof of the lemma except for the claims abut the
Euler class distinguishing the contact structures. It is sanewhat more dif-
cult to prove this. We need to recall that when performing Le gendrian
surgery on the link Lo[ :::[ Lk in the standard contact structure on S® the
Euler class of the resulting contact structure is Poincae dual to

X
r(Lol il;
i=0
where [ i] is the homology class of the meridian toL; in the surgered man-
ifold. (See [11] or Section??).

Exercise 6.24. Write out some speci ¢ cases wherp is odd and check the Euler
class distinguishes the contact structures.

Now supposeLg[ :::[ Lk is the topological link in Figure 35. Note the
15t homology of L (p; ¢) is generated by o:

Exercise 6.25. Show that[ 1= jrojirej:::jri 1i[ o]

Exercise 6.26. After reading the next section see if you can show the Euler @ss
distinguishes contact structures on Lens spaces whep is odd. Do the same forp
even using the-Euler class.

6.3. Euler classes, gluings and covering spaces. We have nished the
classi cation of minimally twisting tight contact structu res on T2 [0;1]
and tight contact structures on S D? up to isotopy. In this subsection
we explore the relative Euler classes of these contact striiares (the relative
Euler classes determine the contact structures on these maiolds). We then
study gluing two tight contact structures on T2 [0; 1] together. In general
it is very di cult to determine when you get a tight contact st ructure when
you glue two tight contact structures, but on torical annuli we will be able to
completely understand gluing. Lastly we will determine which tight contact
structures on T2 [0;1];S* D2 and L(p;q) are universally tight.

We begin with an \invariant" description of minimally twist ing contact
structures on torical annuli and their relative Euler classes. Before stating
the theorem we need a de nition. A clockwise path in the Fareytessellation

wise ofs; and connected to it by an edge in the tessellation. We also warall
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the s; to be betweensy and s; (that is clockwise of sp and counterclockwise
of 5). The path is minimal if s; and s; are connected by an edge in the
tessellation if and only if ji jj = 1: The path is signed if to each edge in
the path we attach a sign.

Theorem 6.27 (Honda 2000, [3]; cf Giroux 2000, [10]) The minimally
twisting contact structures on T2 [0; 1] with j ;j =2;i = 0;1; and dividing
slopessp and s; are
(1) in one to one correspondence with minimal signed clockwiseafhs in
the Farey tessellation fromsg to s; modulo shu ing sings in contin-
ued fraction blocks.
(2) all determined by their relative Euler classes which are coputed in
the following way: letsy < S1 <:.:<s . < s1 be a minimal

signed clockwise paths in the Farey tessellatlon fronsg to s; with
the sign from S to s.+1 denoted ;: Let v;j be the minimal integral

vector with slopes. and negativex coordinate. Then
K1
Poincae Dual of e( ;s) = i(Vis1 Vi)
i=0
(Recall s is simply a section of the contact planes along the boundary
as described in Subsection 4.4.)

Proof. To prove (1) simply nd an element of SL(2;Z) that send sp to
1 and s; to a number less than 1: Then (1) is precisely the content of
Theorem 6.4, or more precisely the proof of Lemma 6.6. (One sluld check
that applying an element of SL(2; Z) takes minimal paths to minimal paths.)
For statement (2) we rst compute the Euler class. Recall that for a basic
sliceB with sg=0and s; = 1 we computed in Theorem 4.23 that

P:De(;s)= (0;1)= (( 1) ( L3,0):

We will use P:D: to mean Poincae dual. Given any basic sliceB? if the
front face has dividing slopesg = g and the back face has slops; = § then
t 4% =

we know that de 1. If we choosep;q;r;s so that g and s are

both negative then the determinant will be 1. The matrix
g s o 1 _ s g s

pr 1 1 rpr

is an element of SL(2; Z) that sends our standard basic sliceB to B¢ Thus
it send the Euler class forB to the Euler class forB® So the Euler class for
BYis

P:De(;s)= (a sp rn= ((ap (si):
So the computation of the relative Euler class is correct forpaths of length
one (.e. for basic slices). The general computation follows from theaddi-
tivity of relative Euler class.
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Exercise 6.28. Show that if two basic slices are glued together their relatve
Euler classes add.

We now want to show that the relative Euler classes distingush minimally
twisting tight contact structures on T2 [0;1]: Using elements ofSL(2;Z)

it su ces to prove this for a torical annulus with sp= 1 ands; = g; p >
q > 0: Let (ro;r1;:::;rk) be a continued fraction expansion of £ with
ri 2: We now prove that the relative Euler class distinguishes cotact

structures by induction on k: Assumek = 0 then the minimal path from sg

jrgtl] jrgtl]
C i) ( Li+1)= (0; 1)
i=1 i=1
In other words the Euler classes realized by minimally twistng tight contact
structures on T2 [0; 1] with these boundary conditions are
O;jro+1));©;jro+21j 2);:::; (O;jro+1j 2); (O;jro+1j):

One may easily check there argrgj distinct Euler classes which is equal to
the number of contact structures. Thus all the contact structures are distin-
guished. Moreover, note the contact structures are distingished by the way
the Euler class evaluates on a horizontal annulu®A and je( ;S)(A)j < jroj
(which is p in this case).

Now we suppose that all the contact structures are distingushed by the
value of the Euler class on the horizontal annulus for % with continued
fraction expansions of lengthk or less, and moreovelje( ;s)(A)j <p for all
contact structures under consideration. Suppose g has the lengthk + 1
expansion {o;:::;rg): Let % =(rg;:::;rg 1) andlet %3 =(rg;:ii;rg 1+
1): From the classi cation of contact structures we know we can glit N =
T2 [0;1] into two torical annuli N°and N ®where the dividing slopes on
the front and back of N®are 1 and %3 and the dividing slopes onN %

are £ and a’: Note N %is a continued fractions block. Also by induction

we know the contact structures onN are distinguished by the value of the
Euler class on the horizontal annulusA®and the values of the Euler class on
A are less thanalin absolute value.

Exercise 6.29. Show that (b; a) and ( b%a% form an oriented integral basis
for Z?%:

Let
b B

0
a a
Note that A is in SL(2;Z) and takes (1;0) to (b; a) and (0;1) to ( b*a9:
Exercise 6.30. Show A takes the continued fraction block B with back face

having dividing slope 0 and front face having slopey +1 to N
HINT: Consider the Farey tessellation.

A=
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Note the Euler class for contact structures onB are of the form (0; m)
where jmj < jri +1j: (Note not all such m are realized.) Thus the Euler
classes orN ®are of the form ( mb®ma9%: So its values on the horizontal
annulus A%in N ®are multiples of a®

Exercise 6.31. Show the possible values of the relative Euler class dfi on the
annulus A = A°[ A%distinguish all contact structures on N:

HINT: The values on A%are all multiples of a strict upper bound on the values on
A%

Exercise 6.32. Showa’< a:

Finally since
b 1P 1 g
a a rg+1 T p
we see thatp= aJjrj 1)+ a>aqjryj 1)+ a® Note the stterm in the
sum bounds the relative Euler class orA%and the second term bounds the
Euler class onA® Thus we have that je( ;s)(A)j < p:

Now for the Euler classes of solid tori.

Theorem 6.33 (Honda 2000, [3];cf Giroux 2000, [10]) Tight contact struc-
tures on S D2 with convex boundary having two dividing curves with slope
g; p >q > 0; are determined by their relative Euler classes. Moreover,

e(;s)(D)=jD+j j D j=r(@D;
where D is a convex meridianal disk with Legendrian boundaryD are the
positive and negative regions oD n p and r(@D is the rotation number.

Exercise 6.34. Show the assumption on the slope of the dividing curves is un-
necessary. It is just used to make the proof easier.

Proof. The fact that the relative Euler numbers distinguish the contact
structures follows from Theorem 6.27. Indeed, recall we casplit St D? =
M [ N; where M is a solid torus and N is a torical annulus, such that
any contact structure under consideration can be isotoped @ that when re-
stricted to M it gives the unique contact structure with dividing slope 1
on the boundary and onN gives one of the possible contact structures on
T2 [0;1] with dividing slopessp = 1 ands; = g: Thus the contact
structure on the original solid torus is determined by its restriction to N
which in turn is determined by its relative Euler class. The above proof
shows it is determined by how the Euler class evaluates on a hizontal an-
nulus. It is precisely this portion of the Euler class that survives when we
glue M back into N to get our solid torus.

The formula for the Euler class is simply restating Theorem 420 in this
case (note that all components oD are disks and have Euler characteristic
1).

We now consider gluing minimally twisting torical annuli.
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Theorem 6.35 (Honda 2000, [3]) Let be a contact structure onT2 [0;n]
such that on eachN; = T2 [i Li];i =1;:::;n; it is a basic slice, the
dividing slope onT? f igis s;i; eachs; lies in [Sp;sh] With o <s1<:::<s,
and to the arc connectings; 1 to s; assign a sign ; depending on the relative
Euler class of the basic slicdN;: Then is tight if and only if

but a sequence of the following moves will get you to case (IEplace
a triple s;i 1;si;Si+1 Where there is an arc in the Farey tessellation
from s; 1tosj+1 and  j«1 > 1bythe pairs; 1;si+1 and assign the
sing ; = j+1 to the path connecting these points.

Remark 6.36. Note condition (2) says that if you can shorten the path
while making a coherent choice of signs then to so and check yiou are in
case (1).

Exercise 6.37. Recall you can shu e layers in a continued fraction block. In
condition (2) why are you not allowed to do this before trying to shorten the path?
Would it make any di erence if you were allowed to do this?

Proof. From Theorem 6.27 it is clear that (1) implies tightness. To se
that (2) implies tightness we just need to see that ifs; 1;s;j;sj+1 satisfy the
conditions in (2) then N; and Nj;1 can be glued to get a basic slice. We st
consider a model case. LeN be a basic slice with dividing slopes 0 and 1:
Make the ruling slope onN equal to % and let A be a convex annulus in
N with slope % and Legendrian boundary. The imbalance principle gives
a bypass for the back face oN and using Theorem 5.16 if we attach this
bypass we get a convex torusl in N with dividing slope %: We can split
N along T into two basic slicesN ©and N ®with dividing slopes 0 and 3
for N°and 1 and 1 for N Since the possible relative Euler classes for
NCare ( 1;1) and for N%re (1;0) we see that if the relative Euler class
of N was (0 1) the relative Euler classes forN®and N ®must be ( 1;1)
and (1; 0) respectively. Similarly if the relative Euler class of N was (0;1)
we must have the relative Euler classes foN%and N%being ( 1;1) and

(1;0) respectively. Now givenN; and Nj;; as above. Choose the sign of
the basic sliceN to be ; = j+1; then we can nd an element of SL(2; Z)
that will take N; to N°and Nj+; to N Thus N; and Nj+1 glue together to
give a basic slice.

We now wish to show the other implication. To this end assume hat
(1) and (2) are not true about then we will show that is overtwisted.
Since (1) and (2) are not true there must be a triples; 1;s;;Sj+1 connected
by an edge in the Farey tessellation such that; 6 j.1: We can nd a
di eomorphism in SL(2;Z) that sendss; 1t00;sjto 1landsj+; to 1
SinceN; is a basic slice its relative Euler class must be (0; 1): Similarly the
relative Euler class ofNj+; mustbe ( 1;0): We are assuming ; 6 j+1; SO
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the relative Euler class onN; [ Nj.1 is (1; 1): The contact structure on
Ni [ Nij+1 is overtwisted or not minimally twisting since if it were tig ht and
minimally twisting then it would be a basic slice, but it does not have the
appropriate relative Euler number for a basic slice (which nust be (1;1)
for the given boundary data).

Exercise 6.38. ShowN; [ Nj.; also does not have the appropriate Euler class
for a tight non-minimally twisting contact structure.

HINT: See Subsection 6.5 below. Show the contact structure m N; [ Nji; can
be split into a minimally twisting part with dividing slopes 0 and 1 and a non-
minimally twisting part with both dividing slopes 0. Show, u sing the notation of
that section, the non minimally twisting part must be ,,, for some sign and some
m:

Finally we consider coverings.

Theorem 6.39. We have the following

(1) There are exactly two tight contact structures onT?  [0;1] with
minimally twisting, minimal number of dividing curves and dividing
slopessp = lands; = g; p >q > 0; which are universally tight.
These contact structures satisfy

PD:(e(;s)= (( asp ( L1):
Said another way the minimal path in the Farey tessellation arre-
sponding to these contact structures has no mixing of signs.

(2) There are exactly two tight contact structures onS* D ? with min-
imal number of dividing curves and dividing slope g < 1 which
are universally tight. There is only one if the dividing sloe is 1:

(3) There are exactly two tight contact structures onL(p; ;g6 p 1,
which are universally tight. There is only one ifq=p 1

Proof. To prove (1) we considerA = S f 0g [0;1]in N = T2 [0;1]:
Clearly (S* f 0g f Og)\ o=2and (S f Og f 1g)\ o =2p: Thus if
P:D:(e(;s))= ( q+1;p 1) then the dividing curves on A can be seen
in Figure 38.

ANN

Figure 38. The dividing curves on A in the case when
P:D:(e(;s)) = ( g+1;p 1) (Right and left sides of
the rectangle are identi ed to form the annulus A:)
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Exercise 6.40. In this case show that the contact structure contact embedsm a
basic slice and hence is universally tight.

From the proof of Theorem 6.27 we know that ifP:D:(e( ;s)) 8 ( q+
1,9 1) then the Euler class evaluates to something other thanp 1; so
there must be bypasses of both signs oA: There are two situations: case
(A) is when there are two outermost boundary parallel dividing curves on
A separating o disks D; and D, of opposite signs and case (B) where
this is not the case. See Figure 39 for an illustration of thes cases. Let

AN Arh

Figure 39. The two cases: (A), left, with boundary parallel
bypasses bounding disks of opposite sign and (B), right, wh
no such disks.

¢ = S! R [0;1] be the indicated Z cover of N: Suppose we are in case
(A). Let A®and A%be two adjacent lifts of A and let B; and B, be the
annuli in @& lying between @R and @A Note A°[ A°Y B;[ B, bound a
solid torus M:

Exercise 6.41. Show we can choose the liftsA® and A%so that the lift of D1
on A and the lift of D, on A°°combine to give a simple closed curve bounding a
disk on @Mwhen the corners are rounded. Thus Giroux's criterion for tghtness
implies this contact structure is overtwisted near @ M:Moreover, show that we can
nd this overtwisted disk in an n-fold cover of N wheren < p:

HINT: Note that, as the boundary of M; one of the orientations of A° or A®must
switch from its lifted orientation.

In case (B) we have a similar situation. Let A% A%and A%be three lifts

of A to ¥ and let B1 and B, be the annuli in @¢ between @A and @A
such that @AC%s inside B, and B»: In case (B) we have a diskD in A cut o
by the dividing curves that contains k; say, other boundary parallel dividing
curves.

Exercise 6.42. Show there are lifts ofD to the three annuli as shown in Figure 40.
Moreover, show such a lift exists in ann-fold cover of N wheren < p:

Exercise 6.43. Show in the lift from the previous exercise the Legendrian acs
in Figure 40 can be realized. Show the union of these arcs is aegendrian unknot
with corners and Thurston-Bennequin invariant 0. Finally, show the corners can
be smoothed without changing the Thurston-Bennequin invaiant (thus we have an
overtwisted disk).
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A 000

=

AO

Bi

Figure 40. The con gurations of the dividing curves on ap-
propriate lifts of A: The dotted lines represent Legendrian
curves.

The proof of (2) is now obvious since we can split the solid taus into a
torical annulus and a solid torus with unique contact structure on it and the
coverings considered in case (1) were \longitudinal" and sacorrespond to
coverings of the solid torus as well. We are done by the folloing exercise.

Exercise 6.44. |If there is no mixing of signs then we may embed the contact
structure on the solid torus into a standard neighborhood ofa Legendrian knot
(which is universally tight).

The proof of (3) is almost obvious. We think of L (p; g as the union of
two solid tori Vy and Vi: As we observed in the proof of Lemma 6.8 we

can assumeVy has dividing slopel and Vi has dividing slope %g where

is generated by the core ofv; and thus when going to the universal cover of
L (p; o we will be taking the p fold cover of V;:

Exercise 6.45. Show that if Vi does not have a universally tight contact structure
on then it becomes overtwisted by thep® < p fold cover.

6.4. Zero twisting contact structures on T2 [0;1]. In this section we
prove Theorem 6.1. Recall the theorem says: Let; be a multi curve with
two components and slopes; = 1;i =0;1: There is a bijection

h: o(Tight™ (T2 [0;1] [ 1)! Z:

The map h is called the \holonomy map". Moreover, up to contactomor-
phism there is a unique tight contact structure on T?  [0; 1] with the given
boundary data.

Proof of Theorem 6.1. SetN = T2 [0;1]: We assume that@Nhas a stan-
dard foliation with ruling slope ro = r; =0: Let A be a horizontal annulus
(thatis S [0;1] with St a curve of slope 0 orT 2) with Legendrian bound-
ary. Make A convex. First note that all the dividing curves on A run from
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one boundary component to the other. In other words there areno bound-
ary parallel dividing curves, because if there were we woulthave a bypass on
A which when attached to @Nwould produce a convex torus with dividing
slope not equal to  1:

Exercise 6.46. Show that if we cut N along A and round the corners we get
S! D2 with boundary having dividing curves of slope 1:

There is a unique such tight contact structure on S D?: Thus the
contact structure on N is determined by the dividing curves onA:

Now pick an identication : S' f Og! S! f 1g of the boundary
components of A (for example use the product structure onA). Given a
contact structure on N we can always isotopA so that ( A\ (S f 0g)) =

A\ (St f 1g): So a component of o becomes ak; 1) curve onA= = T?;
where is induced by : De ne h(A) = k: From the above discussion if two
contact structures on N have the sameh(A) then they are isotopic.

You might worry that as you isotop A there might be more than onek
associated toA. This is not actually possible as we will see below. But
rst we show that any integer can be h(A) for some tight contact structure.
Indeed let o be an [Q 1]-invariant neighborhood of a convex torus with
dividing slope 1. Then k(A) for this contact structure is clearly 0: Now
set k(X;y;t) =(x;y + tk;t): This is a di eomorphism of N ((x;y) are the
obvious coordinates onT? and t is the coordinate on [Q1]). Moreover, it is
clear that h(A) = k for the contact structure y =( «) ( 0):

Exercise 6.47. Show that o is minimally twisting since it is [0;1]-invariant.
Thus conclude that all the ¢ are minimally twisting.

We have model contact structures realizing all possiblek 2 Z and any
tight minimally twisting contact structure is isotopic to o ne of these. Note
that all these contact structures are contactomorphic by denition.

We now show that , is not isotopic to o if k 6 k% We do this by
showing that if A®is any annulus in (N; ) isotopic to A then h(A9 = k:
This shows that h is a map on contact structures not just on the pairs @A; ):
Assume in g there is an annulusA®isotopic to A; rel boundary, such that
h(A9= k60: Let @ =St R [0;1] be a covering space oN: There is
a lift of A0 of ACto : The annulus A% splits I¢ into two pieces N; and Ny:
Form one of N1 or N, the slope onfA0looks negative, suppose it iN1: Let
& be a lift of A to N; (note this implies A%and & are disjoint). Let M be
the region betweenA® and & It is easy to seeM is a solid torus. Let Cy
and C, be the two components of @& = S R f 0;1g betweenA0and &
The dividing slope on @Mis

slope @M = 1+ jh(A9j+0 slope C1) +slope (Cp) = jh(A%j 1 O

where the 1 comes from edge rounding, the 0O is the slope of the dividing
curves onA and the slopes of the dividing curves orC; and C, are opposite
since the orientations onC; and C, are opposite as the boundary oM: Thus
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M is the standard neighborhood of a Legendrian curve of twistig greater
that or equal to O.

Let &, be a lift of A to N, and setM» equal to the region between&k and
A&,: This is a solid torus containing M: Moreover, the slope of the dividing
curves onM, is 1. There is a contactomorphism ofM» to a standard neigh-
borhood of a maximal Thurston-Bennequin unknot in S® with the standard
contact structure that sends the product framing on M5 to the 0 framing on
the unknot (since the Thurston-Bennequin of the unknot is 1). But from
the above construction inside this neighborhood of the Legedrian unknot
there is a neighborhoodM of a Legendrian knot (in the same knot type)
with twisting greater than or equal to 0. This contradicts th e Bennequin
inequality. Thus the annulus A°could not have existed in the rst place.

6.5. Non-minimally twisting contact structures on T2 [0;1]. We
would now like to classify non-minimally twisting contact structures on T2
[0; 1]: To this end we construct various model contact structures. let (Ng =
T2 [0;1]; ) be the basic slice with dividing slopessg =0 and s; = 1
and having relative Euler class Poincae dual to (1 1): Let NnT be (No; )
rotated counterclockwise by 5-: (Note we are denoting the manifold and
the contact structure by N n_: In this section we will frequently blur the line
between contact manifold and contact structure. This shoul not cause any
confusion since all manifolds in this section arel2  [0; 1]:) Now set

2 =N [Ns [ N2 [ Ns
and similarly de ne | for all positive integers k: Also de ne

1 =No[ N_

and for eachk > 1 set ; = 7 [ , ;i Intuitively |, goes throughk

half twists as you go from the back fact of T2 [0;1] to the front face.
The structures , and |, dier in that the orientation on the contact

planes along the back face off2 [0;1] is opposite. Note that all the
contact structures | contact embed inT? R with the contact structure

ker(sin(2 z ) dx + cos(2 z ) dy) and thus are universally tight.

Theorem 6.48 (Honda 2000, [3]) A complete non-repeating list of non-
minimally twisting tight contact structures on T2 [0; 1] with convex bound-
ary, each boundary component having two dividing curves ofape 0, is given
by , wherek runs through all positive integers.

This theorem clearly follows from the following two lemmas.

Lemma 6.49. Let be a non-minimally twisting tight contact structure on
T2 [0;1] satisfying the hypothesis of Theorem 6.48. Then is isotopic to
« for some choice of sign and somé:
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Lemma 6.50. The contact structures |, are all distinct.

Proof of Lemma 6.49. SetN = T2 [0;1] and assume@Nis standard with
ruling slope 1 : Let A be a vertical annulus in N (i.e. A = St [0:1]
with St a curve onT? of slopel ) with Legendrian boundary. Assumej aj
is minimal among all annuli isotopic rel boundary to A: Orient A so that
S f 0gis oriented up (that is @@yis positively tangent to S* f 0g). Note
A must have boundary parallel dividing curves.

Exercise 6.51. Prove that is A did not have boundary parallel dividing curves
then the contact structure is minimally twisting.

Cut N open alongA and round corners to getM a solid torus. Let D be
a meridianal disk to the solid torus. Note the boundary of D is broken into
four pieces; two o and ; that run along A; one that runs along Tp and
one that runs along T1: We can chooseD so that the parts of @Dthat run
along Tp and T1 do not intersect any dividing curves. In this case all the
dividing curves on D run from oto 1:

Exercise 6.52. Show that if a dividing curve on D began and ended on ¢; say,
then you could nd a bypass for A and decreasg aj:

HINT: You need to be careful if the outermost boundary parallel dividing curve is
adjacent to the boundary of one of the ;'s.

Thus there is only one possible con guration for the dividing curves on
D: Since cutting M along D vyields the unique tight contact structure on the
3-ball we see that the contact structure onN is determined by the dividing
curves onA: The topological type of the dividing curves onA is determined
by the number of simple closed curvek in o and the signs of the bypasses
on the front and back face.

Exercise 6.53. Show that the sign of the bypass on the front face oN is deter-
mined by k and the sign of the bypass on back face dN:

Exercise 6.54. Given a xed k show that ; and , have a vertical annulus
with k simple closed dividing curves.

+

Exercise 6.55. Show that no vertical annulus in [ has fewer that k simple
closed curves.

HINT: Recall all the 's embed in various tight contact structures on T3: Use the
classi cation of contact structures on T2: If you are stuck read the next proof.

These homeworks and the above discussion clearly nish therpof of the
lemma.

Proof of Lemma 6.50. We begin by observing that all the 3,'s are distinct
up to isotopy. Indeed note that

(T? [0,1] 5m)=
is contactomorphic to (T3; 1); where glues the front and back face by

the identity. Since the n's on T2 are distinct for distinct m's so are the

+
om S-
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Note ., is contactomorphic to ., via a di eomorphism that rotates the

T2 by : Thus all the om are distinct up to isotopy too. If we glue NE to

the front of 5., ; we get a contact manifold contactomorphic to 3,: Thus

2m-
all the 5., , are distinct up to isotopy. We can similarly see that all the
om 1 are distinct up to isotopy.

We are left to show the four sets of contact structuresSy: ; Sy ; Se+ and
Se are non-overlapping, whereS,. is the set of 5 ;'s, S, is the set of
all ,,, ;'s and similarly for the Se+ and Sg : The key to this is to observe
that the annulus A from the previous proof will have a positive bypass on
the back face of any element inSe+ or Sg+ and a negative bypass otherwise.
Similarly A will have a positive bypass on the front face ofSy. and S and

a negative one otherwise.

Exercise 6.56. Check these assertions.
HINT: Recall the relative Euler class of Ng is (1; 1):

We are not done yet since we have only shown the bypasses on thbvious
annulus in contact structures form the various sets have dierent signs. To
really show these sets are disjoint we do the following: if wglueN _ to the
back of any element inSg, or Sy« we see the resulting contact structure is
contactomorphic to an elementinS, or Sg ; respectively. In particular the
contact structure is tight after gluing. However if we glue N (¢ the back
of any element of S or S, then we get overtwisted contact structures.

Exercise 6.57. Find the overtwisted disk
HINT: Look on the annulus A:

Thus the setsSer [So+r and Sg [S o are disjoint. Similarly by gluing
No to the font of various contact manifold you see the setsSy. [Se¢ and
So [S e+ are disjoint. This completes the proof.

Exercise 6.58. Justify the following relative Euler class computations
P:D:(e( 5m:8)) =(0;0)
P:D:(e( o 158) = (2,0)

Theorem 6.59. Let be a tight contact structure onT? [0; 1] with convex
boundary having minimal number of dividing curves with diviling slopessg
and s;; then we may isotop so that restricted to T2 [3;1] is minimally
twisting with dividing slopess% = sp and s; and restricted to T2 [0; %] is
non-minimally twisting.

Exercise 6.60. Prove this theorem.
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7. Families of surfaces, bypasses, and basic gluing results

Proofs will be added later.

Lemma 7.1 (Giroux 1991, [8]). Let o and 1 be two contact structures on
N = [0; 1] inducing the same characteristic foliation on @N:If there is
a multi-curve t = f tg continuously varying with t that divides
(t),;i=0;1forall tthen ¢and ; are isotopic rel boundary.

Theorem 7.2. Given g a contact structure onN = [ 1;1);if .and
1 are convex then g is isotopic rel boundary to a contact structure such

(1) ¢ is convexift & t; for any i;
(2)  is not convex for anyi;
(3) forverysmall ;  and .+ are related by a bypass attachment,
(4) On each ¢ there is either
(a) a birth-death of periodic orbits or
(b) a \retrograde" saddle-saddle connection.

We need the following two lemmas to prove this Theorem, but rst some
terminology. Suppose is a contact structure on N = [ 1:1] such that
Co is a degenerate periodic orbit in ( o) : Call Cy positive (negative)if the
second derivative of Poincae return map is positive (negdive).

Lemma 7.3 (Giroux 2000, [10]). SupposeCy is a positive (negative) degen-
erate orbit of ( ) then there is a neighborhoodJ of Cp in N such that for
smallt;( ) \ U has

two non-degenerate orbits ift> 0 ( t< 0) and

no closed orbits ift< 0 (t> 0).

Lemma 7.4 (Giroux 2000, [10]). SupposeCy is a retrograde connection of
( o) forsmallt;( () has two separatrices which are close t€y: The stable
separatrix passes above the unstable one whern 0 and below it whent < O:

Proof of Theorem 7.2.

Theorem 7.5 (Discritization of Isotopy: Colin 1997, [1]). Let be a tight
contact structure on M; and © convex surfaces inM (with @ = @ °
Legendrian if non empty) that are isotopic (rel boundary). Then there is

a sequence of convex surfacesg = ; 1;:::; n = 0 such that ; and
i+1 co-bound a I in M and ; and 41 are related by a single bypass
attachment.

Remark 7.6. If ¢ and ; have boundary then to make sense of the con-
clusion of the theorem we do the following. LetA be an convex standardly
foliated annulus that contains @ ; and is transverse to@ ;i = 0;1: Then
we can arrange that the | in the theorems has (@) IsubsetA:

A simple form of this theorem was considered in the proof of Lenma 4.26

Proof.
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In order to use the isotopy discritization it will be useful to understand
bypasses that are always present and don't really \do anything", these are
the trivial bypasses. Recall a trivial bypass is a bypass thadoes not change
the dividing set.

Lemma 7.7 (Honda 2000, [3]) Let be vertically invariant tight contact
structure on N = [ 1;1) Let be the Legendrian arc in f Og shown
in Figure 41. Then there is a bypass in [0; 1] attached to  f 0Og along

£

Figure 41. The arc of attachment for a trivial bypass.

Lemma 7.8 (Honda 2000, [3]) Let be a convex surface. If a bypasP
is attached to  along a curve as shown in Figure 41 then the contact
structure on a (one sided) neighborhood\N of [ D is isotopic to and to a
vertically invariant contact structure. That is, there is a product structure

[0;1] on N such that the contact structure is invariant in the [0; 1]
direction and in particular f tgis convex for allt 2 [0; 1]:

We now prove our rst real \gluing results”. That is we will se e how to
take two tight contact manifolds, glue them along their boundary compo-
nents and see that the result is still tight. Recall that Theorem 6.35 was
called a gluing theorem for torical annuli. This is true, but we proved tight-
ness on the glued up manifolds by having @ompleteclassi cation of contact
structures on torical annuli. When we say we are now considéng the rst
\real gluing result" we mean that we will prove tightness of glued up contact
structures without having a complete classi cation on the pieces. This is
considerably more di cult.

Theorem 7.9 (Colin 1997, [1]; Makar-Liminov, [13]). Let M = M1# My;
where M; is irreducible for i = 1;2: There is a bijection

T(M1) T (M)!T (M),
where T (M) is the isotopy classes of tight contact structures om:
Theorem 7.10 (Colin 1999, [2]). Let (M;; ;) be tight contact manifolds with
boundary, i = 1;2: SupposeD; @M is a disk with Legendrian boundary
such that the dividing curves are all boundary parallel (andbutermost). If

| p.=1 b, then we can glueM; and M, along these disk and the induced
contact structure is tight.
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8. Constructing tight contact structures
To be added later.



CONVEX SURFACES IN CONTACT GEOMETRY: CLASS NOTES 73

References

[1] V. Colin, Chirurgies d'indice un et isotopies de spteres dans les vakes de con-
tact tendues, C. R. Acad. Sci. Paris Sr. | Math. 324 (1997), 659{663.
[2] V. Colin, Recollement de varees de contact tendues, Bull. Soc. Math. France
127 (1999), 43-69.
[3] K. Honda, On the classi cation of tight contact structures | , Geom. Topol. 4
(2000), 309{368.
[4] K. Honda, On the classication of tight contact structures Il , J. Di erential
Geom. 55 (2000), no. 1, 83{143.
[5] K. Honda, Gluing tight contact structures, Duke Math. J., 115 (2002), no. 3,
435{478.
[6] Y. Kanda, The classi cation of tight contact structures on the 3-toru s, Comm.
in Anal. and Geom. 5 (1997) 413{438.
[7] Y. Kanda, On the Thurston-Bennequin invariant of Legendrian knots an d non
exactness of Bennequin's inequality, Invent. Math. 133 (1998), 227{242
[8] E. Giroux, Convexie en topologie de contact, Comment. Math. Helv. 66 (1991),
no. 4, 637{677.
[9] E. Giroux, Topologie de contact en dimension 3 (autour des travaux de Yakov
Eliashberg), Ssminaire Bourbaki, Aserisque 216 (1993), Exp. No. 760, 3, 7{33.
[10] E. Giroux, Structures de contact en dimension trois et bifurcations des feuil-
letages de surfacesinvent. Math. 141 (2000), 615{689.
[11] R. Gompf and A. Stipsicz, 4-manifolds and Kirby calculus, Graduate Studies in
Mathematics, vol. 20, American Math. Society, Providence 1999.
[12] P. Lisca, G. Matc, Tight contact structures and Seiberg-Witten invariants , In-
vent. Math. 129 (1997), no. 3, 509{525.
[13] S. Makar-Limanov, Morse surgeries of index 0 on tight manifolds, Preprint 1997.
[14] S. Makar-Limanov, Tight contact structures on solid tori , Trans. Amer. Math.
Soc. 350 (1998), pp. 1013-104.



