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1. INTRODUCTION: AN ANALOGUE BETWEEN FORMALLY REAL AND FORMALLY P-ADIC FIELDS

A p-adically closed field is meant to axiomatize Q,, in the same way that the a real closed field axiomatizes
R. As we have seen, both the theory of real closed fields and the theory of p-adically closed fields are model
complete. Furthermore both admit quantifier elimination (recall that we need to modify the language of p-
adically closed fields for this statement to hold in that case). My intention in this talk is to illustrate further
analogies between these two theories, namely both theories admit a form of the nullstellensatz and a solution
of Hilbert’s 17th problem. Although many of the results provided can be proved in further generality, for
simplicity T will always assume that & is a valued field with residue field 7 /p Z.

To build this analogy, we first need an analogue of the squaring operator, this is provided by the Kochen

operator:
1 P —z
v(x) = Em
Just like in the real case, we have that the image of the Kochen operator is contained in any p-valuation
ring. More precisely,

Theorem 1.1. For a field, k, the intersection of all p-valuation rings is equal to Z[v(k)] localized over the
multiplicative set 1+ pb where b € Z[y(k)].

The intersection of all p-valuations is called the holomorphy ring and the above localized ring is called the
v-Kochen ring. So the above theorem says that the Kochen ring is equal to the holomorphy ring. This ring
and it’s generalizations will be of central importance to the desired analogy.

Remark 1.2. In more general contexts we may allow the residue field to be a finite extension of 7, /pZ, in
which case we alter the Kochen operator to include the p-ramification index and the residue degree. If the
p-ramification index is 1 then the above holds, otherwise the intersection of all p-valuations, which is called
the holomorphy ring, is just the integral closure of the Kochen ring. Holomorphic functions are elements of
the holomorphy ring, so in our case holomorphic functions are just elements of the Kochen ring.

Hilbert’s 17th problem which he proposed at the International Congress of Mathematicians in 1900 was
to prove that any positive definite polynomial, f € R[z1,...,z,], can be expressed as a sum of squares of
rational functions, g € R(z1,...2,). Artin proved this theorem in 1926 for all real closed fields and in doing
so, he also developed the notion of such fields. Kochen then went on to develop a similar theory, the theory
of formally p-adic fields, based upon Q,. However it was Peter Roquette who later proved the following
analogous theorem,

Theorem 1.3. Let k be a p-adically closed field, then any integral definite rational function f € k(xq,...,x,)
is in the Kochen ring for the rational function field.

Here integral definite just means that f takes integral values where defined. The other analogous theorems
are the real and p-adic nullstellensatz. First one needs a few definitions,

Definition 1.4. A field k is called real is —1 is not a sum of squares in k.
Definition 1.5. A field k is called real closed if does not admit any real, non-trivial, algebraic extensions.

Definition 1.6. Let I C R be an ideal in a ring R. Then I is called real if, Vay,...,a, € A such that
a? + ...+ a2 € I we have that a; € I for some i or equivalently for all i.

Theorem 1.7. Let k be a real closed field and I C k[x1, ..., x| be a real ideal. Then I(V(I)) = 1.
1
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Similarly we have a p-adic nullstellensatz which we will actually prove in much greater generality,

Theorem 1.8. Let k be a p-adically closed field with valuation ring o and I C Rlx1,...,x,] be an ideal.
Then 3(V,(I)) = VT as ideals in R[xy, ..., Ty].

Here V,(I) is the locus of integral vectors that vanish for all polynomials in I.

2. A MODEL THEORETIC PROOF OF THE REGULAR AND REAL NULLSTELLENSATZ
First let’s recall the proof of Hilbert’s Nullstellensatz from S. Takeda’s talk,

Theorem 2.1. Let k be a field, fi,...fm € k[z1,...0,], and [ =< f1,...f,, ># (1). Then 3a, ...,a, € k such
that fi(ay,...,an) =0 for all i =1...m.

Proof. Let m be a maximal ideal containing I. Consider the sentence,
¢ =3X1, ... Xu| \ £i(X1, .., X)) = 0]
i=1

Clearly ¢ |= k[z1,...z,]/m and k is an elementary submodel by model completeness. Therefore ¢ = k. O

We can now adapt this proof towards the real nullstellensatz. The main difference is that we take a ”real”
prime ideal which contains I. We just need some quick facts.

Proposition 2.2. A prime ideal, p is real iff. (A/p)o is real.

Proof. Notice,(A/p)gisnotreal & —1=af +...+a2 S adl+..+a2+12=0&dl+...+a2+1°cpep
is not real. (]
Proposition 2.3. Any real ideal is radical.

Proof. Let I be a real ideal with 2™ € I and m minimal. Since I is real m can not be even, but z™+! € I
implies that 2™ € I which means m = 1. O

Definition 2.4.
Ip = {r € Rlr*" +b] + ..+ b2 € I withb; € R and m € N*}
is called the real radical of an ideal I in R.
Notice this is indeed an ideal by taking binomial expansions of (a + b)2Y for N sufficiently large.

Proposition 2.5. The real radical of an ideal is real.

Proof. Suppose a? + ... + a2 € I then 3b; € R and m € N* such that (a? + ...+ a2)*™ + b3+ ...+ b2 €1
multiplying this expression out gives a; € Ir for all 4. O

We are now ready to prove a real nullstellensatz in an analogous fashion,

Theorem 2.6. Let k be a real field with real closure K, f1,...fm € R =k[x1,..x,], and I =< f1,...fr, >F# (1)
a real ideal. Then 3Jaq,...,a, € K such that fi(ai,...,a,) =0 foralli=1,...,m.

Proof. As in the proof of theorem 2.1, we consider the sentence,
¢ =3X1, ... Xu| \ fi(X1, .., X)) = 0]
i=1

and want to find a real closed field containing K where the sentence holds, because then by model complete-
ness of the theory of real closed fields we are done. This time we find a real prime ideal, p containing I and
take the real closure of the fraction field of k[x1,...x,]|/p. Since ¢ clearly models this field, we just need to
show that there exists a real prime ideal containing I.

To do this consider the set, S , of proper real ideals which contain I. I € S and S is partially ordered by
inclusion so by Zorn’s lemma it has some maximal element, p. We need to show that p is prime. Suppose
z,y ¢ p. Then < p,xz >pr=<p,y >r= (1) by maximality, so we have the equations:

1+ sum of squares = p 4+ ax where p € p and o € R1 + sum of squares = ¢+ By where g € p and S € R

Multiplying yields, 1 + sum of squares = p’ + a, By where p’ € p. But 1 + sum of squares ¢ p since p is
proper and real. Therefore zy ¢ p. O



P-ADICALLY CLOSED FIELDS, HILBERT’S 17TH PROBLEM AND THE NULLSTELLENSATZ 3
Using the above techniques we can prove the nullstellensatz in another form, the proof that the ideal is
prime is essentially the same in the following cases:
Theorem 2.7. Let k be a field, I C k[x1,...,x,] an ideal. Then Z(V(I)) = V1.

Proof. Obviously Z(V(I)) 2 v/I. Now suppose 3g € Z(V(I)),g ¢ v/I. Then by Zorn’s lemma there exists
a prime ideal, p, containing v/ such that g ¢ p. Since our ring is noetherian, let T = fi, ..., f». Now,
consider the sentence,

¢:=3Jay, ..., an| /\ filar,...;an) =0Ag(ay,...,an) # 0]

i=1..r
Let K be the algebraic closure of (k[z1,..z,]/p)o. Clearly, ¢ = K and k C K therefore by the model
completeness of algebraically closed fields ¢ |= k, this contradicts the fact that g € 3(V(I)). O

And for real closed fields we have:
Theorem 2.8. Let k be a real field, with real closure R, I C k[x1,...,2y,] a real ideal. Then Z(V(I)(R)) = 1.

Proof. Obviously Z(V(I)(R)) 2 I. Now suppose 3g € Z(V(I)(R)),g ¢ I. Then by Zorn’s lemma there
exists a real prime ideal, p, containing I such that g ¢ p. Since our ring is noetherian, let I = f1,...f.. Now,
consider the sentence,

P = Fag, ..., an] /\ filar,...;an) =0Ag(ay,...,an) # 0]

i=1..r
Let K be the real closure of (k[z1, ...x,]/p)o. Clearly, ¢ = K and R C K therefore by the model completeness
of real closed fields ¢ = R, this contradicts the fact that g € J(V (I)). O

We now build an analogous theory in the p-adic case.

3. PRELIMINARY ALGEBRAIC FACTS AND THE RATIONAL PLACE EXISTENCE THEOREM

For the p-adic nullstellensatz, we will follow the proof in Formally p-adic Fields by Prestel and Roquette.
We state most of the necessary lemmas and theorems here, although not all the proofs are provided, they
may be found in the above reference. We begin by discussing the Riemann space, first recalling the basics
facts and definitions regarding places.

Definition 3.1. Let K be a valued field with residue field k. A place P is a ‘homomorphism’ K — kU oo,
respecting 0 = 00!, 00 + 00 = 00,00 * 00 = 00,00 * T = 00 for x # 0.

Definition 3.2. A place P of the function field K/k is called rational if P(K)/oo = k i.e. if the residue
field, k = k.

Definition 3.3. S = Si(K/k) = the set of rational places is called the Riemann k-space of K/k or just the
Riemann space.

For the rest of the talk if it is not otherwise specified, K is function field over k, with valuation rings >
and o respectively.

We now endow the Riemann space with two possible topologies. Let u = {uq,...,u,} be a finite set of
elements in K. The p-adic topology for S is generated by basic opens of the form:

Sy = {P|P(z) € o for x € u}.
Now let z = {21, ..., 25} be another finite set of elements of K. Then we take the Zariski topology on S to be
generated by basic opens of the form:
S% .= {P|P(x) # oo,z € z}.

Definition 3.4. Any subset of S of the form SZ := S* NS, is called a basic subset of S.

Remark 3.5. If v is a valuation of k with valuation ring o and mazimal ideal m, then ¥ := P~1(0)
is a valuation ring with maximal ideal MM := P~Y(m). In particular, notice that P~'(k) is a valuation
ring with mazimal ideal P~1(0). This is clear because P(X * X~1) = P(X)* P(X~1) = 1 € o therefore
P(X) or P(X~1Y) € o, furthermore X is a unit iff. P(X) is a unit. This also means that the natural map

/M — o/m is an isomorphism, i.e. the residue fields agree. Furthermore if P € S, then x© € X for all
T € u.
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Thus we make the following definition,

Definition 3.6. If there exists a p-valuation ring ¥ on K which extends olu] C ¥ and the residue field is
Z/pZ, then K is called formally p-adic over olu].

Example 3.7. Let k((t)) be the field of formal Laurent series in t. For x € k((t)) we define P(x) := x(0)
(this is infinity if the series has a pole at zero) . Then P is a rational place, and P~ (o) is all power series
with no poles and first coefficient integral, the maximal ideal is all power series with a zero at t = 0. This
place is called the canonical place.

We will need the following theorem which was stated by J. Tsay during his lectures on the model theory
of p-adically closed fields,

Theorem 3.8. Let L/K be a p-adically closed extension of valued fields. If K is algebraically closed in L
then K is p-adically closed (with the same residue field).

We are now ready to prove,
Theorem 3.9. Let K be a function field over a p-adically closed field k. Then SZ # 0 iff. K is formally
p-adic over olu].

Proof. = is clear by the above remark so we need to show <. For this we assume K is formally p-adic over
olu] and proceed by induction on the transcendence degree of the function field.

n = 1: By Noether’s normalization we have K = k[X,Y]/(f) with f monic and irreducible as a polynomial
in Y so we have K = k(z,y) = k[z, y]o where z := X mod (f),y :=Y mod (f). Let u = {uq,...,u,} and z =
{#1,...,25}. So we have,

/ /

; z
_ _J L : 1o A AN /AN
uj = o and z; = i with u}, ujz;, 2] € klx, v, (uj7uj) =1and (2;,2;) = 1.
J (]

Now since K is formally p-adic over ofu] by definition there is a p-valuation ring 3 on K containing o[u].
Consider the following sentence,
¢ := Jx,y such that f(z,y) =0A %(m,y) #0 /\ 2 #£0 /\[u;' #0Au; € X].
i=1 j=1

On (K,X), ¢ just says there exists a point where u; takes integral values for all j on some Zariski open
subset. But we have constructed ¥ so that ¢ = (K,X). Let (L,0) be some p-adic closure of (K, ), then
since ¢ is existential and (K, X) is a substructure of (L, ©) the sentence is also true in (L, ©). We also have
that (k,o) is a submodel of (L, ©), and it is elementary by the model completeness of p-adically closed fields,
in particular (k,o) = ¢. Let (a,b) € k% be a vector which satisfies ¢. By multiplying out denominators we
may assume that (a,b) € 2.

Our strategy is to use (a,b) in order to embed K into k((t)), endowed with the canonical place, P, and
restrict this place to K. Now since f(a,b) = 0 this means f(a +¢,Y) € k((t))[Y] has a simple zero at b in
the residue field P(k((t))) = k. Furthermore k((t)) is henselian, therefore by Hensel’s lemma we have that
there exists h(t) € k[[t]] with h(0) = b. Now since the canonical place is rational, the restriction is rational
and we note that P(z) = P(a+t) = a and P(y) = h(0) = b. Now P(z;) = z;(a,b) and P(u;) = u;(a,b), for
all i,j. Now since (a,b) satisfies ¢, z; does not have a pole for all i, u;(a,b) € o therefore P € SZ. So the
case n = 1 is prooven.

The induction step is actually just an application of the case n = 1. Again by Noether’s normalization
we have that K = k(x1,...z,, f). By assumption, there exists a p-valuation ring ¥ D o[u] on K. Let k; be
the relative algebraic closure of k(z1,...,2,—1) inside some p-adic closure of K with respect to . By the
above theorem, kp is p-adically closed and ki(x,, f) is a function field of transcendence degree 1 over kj.
Applying the case n = 1 to this field we get P € Sy, (k1(zn, f)/k1)Z. Now restricting this place to K we get
a place whose residue field has transcendence degree is n — 1. Composing P with a place that exists by the
induction hypothesis, we get the desired place. O

Definition 3.10. In the situation above, let DZ denote the set of all places of K such that P(x) # oo for x €
zUwu and the residue field, P(K) \ oo, is formally p-adic over o[P(u)] and of transcendence degree n — 1.
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Corollary 3.11. D £ () < SZ #0

Proof. During the induction step of the above theorem, we constructed a place in D} assuming K is formally
p-adic over o[u]. We used this place to show SZ # (), which by the statement of the theorem is equivalent to
K being formally p-adic over o[u]. O

The proof of the above theorem also motivates the following terminology,

Definition 3.12. An element x € K is called holomorphic at P € S if P(x) # oo, or equivalently if « is in
the corresponding valuation ring, denoted Xp := P~Y(P(K) \ 00). If T C S then the holomorphy ring of T

is () Xp, for T =0 the holomorphy ring is defined to be K.
PeT

Lemma 3.13. In the situation above, K is formally p-adic over o[u] iff. % ¢ olu,v(K)]

The above lemma tells us that when K is formally p-adic over o[u], 14+ pb # 0 for all b € o[u, v(K)], thus
the set of such elements form a multiplicative system.

Definition 3.14. If K is formally p-adic over olu], the localization of o[u,y(K)] by the above multiplicative
system is called the Kochen ring of K over o[u] and denoted by R, if K is not formally p-adic over o[u]
then R, := K.

Remark 3.15. By the above lemma if K is not formally p-adic over olu], then p is a unit in olu,v(K)].
Hence the ‘multiplicative system’ is all of ou,y(K)], hence by Merckel’s Lemma (see below) K = k(vy(K)) =
(o[u,v(K)])o, so the above definition makes sense.

The following is known as Merckel’s Lemma,

Theorem 3.16. Let I/k be an extension of fields, v(t) = % be a rational function in k(t) with (f,g) = 1.
If #|k| > max{deg f, deg g} then k(y(1)) =1.

Lemma 3.17. Let K/k be a function field over a p-adically closed field. If x # 0 is a non-unit element of
R, x k[z], then there exists P € DZ such that P(z) = 0.

Lemma 3.18. In the situation as above, if x # 0 is a non-unit element of R, xk|[z], then there exists P € DZ
such that P(x) = 0.

Definition 3.19. A ring is called a Bezout ring if every finitely generated ideal is principal.

Theorem 3.20. Let k be a field and T # 0 be a set of valuations of k with corresponding valuation rings

oy such that MaTx #l|oy| = N € Z. Then the holomorphy ring or := () o, is a Bezout ring with k as its
ve veT
fraction field, in particular any extension of or is integrally closed and any overring is also a Bezout ring.

Theorem 3.21. The valuation rings above R, centered at some maximal ideal, m C R, are precisely the
p-valuation rings with residue field 7, /p 7 containing olu].

Theorem 3.22. Let K/k be a function field of transcendence degree n over a p-adically closed field k. Then

ﬂ Yp = ﬂ Yp = Ry * k[z].

PeSz PeDz

Proof. If K is not formally p-adic over o[u], then by Theorem 3.9 , SZ = (), and hence by Corollary 3.11
Dz = (), so the holomorphy ring and the Kochen ring are just defined to be K. Thus we need to prove this
theorem in the case where K is formally p-adic over o[u] and so again by Theorem 3.9 and Corollary 3.11
we have that S7 and D7 are non-empty.

We first show R, xk[z] C (| Xp. Given any P € SZ, P(K) is formally p-adic over o[P(u)]. By definition
Pes:

this means there exists § D o[P(u)], a valuation ring on P(K). Let © := P~1(f), then © is a p-valuation
ring on K with residue field 7 /pZ containing o[u], hence by Theorem 3.21, R, C © := P~}(0) C ¥p :=
P~YP(K)\ 00). Now P € SZ also means P(x) # oo, for all x € z hence k[z] is contained in ¥p, the set of
holomorphic functions at P. Therefore R, x k[z] C Xp for all P € SZ. The proof for all P € DZ is exactly
the same.
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1is a unit in R, * k[z,y 1], in particular y €

Now suppose y € K,y ¢ R, * k[z]. Further suppose y~

Ry, * k[z,y71]. So,
y=Xo+Ny T4+ Ay ™
Multiplying through by y™ and moving everything to one side gives that y is integral over R, * k[z]. But
R, * k[z] is integrally closed therefore y € R, x k[z], a contradiction. So we have that y~! is not a unit
in R, x k[z,y7!]. Now by Lemma 3.18, there exists P € Df;yfl such that P(y~!) = 0, in particular P €
Dz and y ¢ ¥p, hence () Xp C Ry * k[z]. Now apply the place existence theorem to the function field
PeDz
P(K)/k to get the existence of P" € Slf((zg. Let P’ :== Po P”, then P’ € SZ and P'(y~!) =0,s0y ¢ ¥p/,
hence (| C R, *k[z]. O
Pesz

m

4. A P-ADIC ANALOGUE OF HILBERT’S 17TH PROBLEM AND THE NULLSTELLENSATZ
The following is a p-adic analogue of Hilbert’s 17th problem,

Theorem 4.1. Let K/k be a function field over a a p-adically closed field, k, and SZ # (). Then f € K is

integral definite on S7 if and only if f € R,,.

Proof. Assume f € R,. By Thereom 3.21, R, € P~!(0) so P(f) € 0,VP i.e. f is integral definite.
Conversely, assume P(f) € o,VP. If f ¢ R, then there exists a p-valuation © D o[u] such that f ¢ ©.

Hence (pf)~! € © so K is formally p-adic over o[u, (pf)~!] and so by Lemma 3.18, Sj,(pf)_l # (. Let

P e S ,p-1 then P((pf)~Y) = P(p~YH)P(f~!) € o and thus P(f) ¢ o, a contradiction. O

Stated more simply we have,

Corollary 4.2. Let k be a p-adically closed field. If h € k(x1,...,2,) is an integral definite rational function
then f € R,

We are also ready to prove the p-adic nullstellensatz,

Theorem 4.3. Let K/k be a function field over a p-adically closed field k. Let I be an ideal in the holomorphy
ring of S # 0. Then Z(V(I)) = VT as ideals in R, * k[z] (i.e. the holomorphy ring on SZ).

In analogy to algebraic varieties we have used the notation V(I) = {P € SZ|P(f) = 0,Yf € I} and
I(T) = {g|P(g9) = 0,VP € T}.

Proof. As usual, 3(V,(I)) 2 vI. Now, suppose g € J(V,(I)). R, * k[2] is a Bezout ring so I = (f).
Therefore our assumption becomes for all P € SZ if P(f) = 0 then P(g) = 0. Now since g doesn’t

vanish on Sj’g_l C 5% neither does f. Thus by Lemma 3.17 and the proof of Theorem 3.9, f is a unit in
Ry * k[z,971] = (Ry * k[2])[g7']. Therefore we have,

Fh=Xo+ g+ 4 A8, with \; € Ry * k[2]
Multiplying through by fg¢* yields g € V/I. O
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