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f I9JLK�JNMPO�QRJ2M�STJ�U�VPSXW�SYJ�Z (a, b) Z[I�\�]XV^Z�I	JLK�J_QR`[V^Z[VaQRJLMLb/OLVP]cZ�Z[I9\R`d\Le2Vgf \cf
fx(a, b) = fy(a, b) = 0 fihDW�ZjZdI�\R]0Z[I�\lkL`mJLn�VP\R]�ZjVaK ∇f(a, b) = 〈fx(a, b), fy(a, b)〉 =
〈0, 0〉 f o
p <q=�>@?9A�BrC�s I�\#kLVPtL\�]ub	OcV^]�ZvVPKvJ-Qw`dVxZdVPQ�J2M�b	OcV^]�ZyJ2]9n D = fxxfyy − f2

xy < 0 Z[I�\�`[\
JLQ�QwOc`dn�VP]�k-Z[O�Z[I9\TkLVPtL\R]zVP]�\�{�W9JLM^V^Z}|Lf s I�\�`[\ G OL`d\ f I9JLKyJ$KdJLn9n�M^\~b/OLVP]�ZXJ�Z (2, 1) ��|
Z[I9\�K)\�QwOL]	n-n�\�`[VPt�J�ZdV^tc\*Zd\�K)Z�f�o

�<�=�>@?9A�ByC�EHG

f(x, y) = sin x + sin y Z[I�\�] ∇f(x, y) = 〈cosx, cos y〉 fD�5JLQmI$QwO�OL`mn�V^�
]9J2Z[\*O G ∇f Q�J2]0Oc]�MP|��/\lJ2Z5S~OcK)Z*�_V^]rJL�9K)OcM^W�Z[\Nt�J2MPW�\cf s I9\R`d\ G OL`d\�ZdI�\*MP\R]�kLZ[I0O G ∇f
VaK

|∇f(x, y)| =
√

(cos x)2 + (cos y)2 ≤
√

1 + 1 =
√

2

J2MP��J+|�K�f��NO�� G Oc`�JL]�|lW�]�V^Z4tL\�QwZ[Oc` u �+Z[I�\Dn�V^`d\�QwZ[VPOL]9JLMcn�\�`[VPt�J�ZdV^tc\�O G f VP]yZ[I�\�n�VP`[\�Q@ZdV^Oc]
O G u VaK

Duf(x, y) = ∇f(x, y) · u = |∇f(x, y)||u| cos θ = |∇f | · 1 · cos θ = |∇f | cos θ

��I�\�`[\ θ VPKDZdI�\yJ2]�kcM^\v�/\wZ}�D\R\R]-Z[I9\ltc\�QwZ[OL`mK ∇f(x, y) J2]	n u f��NO�� cos θ VaK��	\RZ}�5\�\R]
−1 JL]9nz�yJ2]9n 0 ≤ |∇f | ≤

√
2 �9K[O −

√
2 ≤ Duf(x, y) ≤

√
2 f�o

� <��������RA�Bzs I�\rVP]�Z[W�V^Z[VPOL]�I�\�`[\rVPKXZ[O$�	`dK)Z��9]9n�J G W�]9QwZ[VPOL] g(x)
C O G OL]�\0t�JL`[VaJ2��MP\�o

Z[I	J�Z�I9JLK�J�Z�MP\�JLK)ZN��MPO�QRJ2M�S~VP]�V^STJ9e�VxZ�STJ+|TJ2MaK)O�I9J+tL\vK)OcS~\*MPO�Q�J2M�STJ�U�VPS~J9fi�N\wU�Z��5\
W9K[\�J G W�]9Q@ZdV^Oc] h(y)

C J2k�J2VP]$O G Oc]�\Xt�J2`dVaJ2��MP\�oDZdI9J�ZvI9JcK��}W9K)ZvOL]�\�M^O�QRJLM�S~VP]�JL]9n$]�O
MPO�Q�J2M4STJ�U�VPS~J9f C�� \R`d\~�5\#W9K[\ g(x) = cosx JL]9n h(y) = y2 f�o EHG �5\~K)\RZ f(x, y) =
g(x) + h(y) �4Z[I9\R]�ZdI�\-QR`[O�K[K�K)\�Q@Z[VPOL]	K�VP]
OL]�\ x − y J�U�VaK�n�V^`d\�QwZ[VPOL]���VPM^MDM^O�Oc��MPV^�c\
kL`mJ2b9I9K�O G g(x) JL]9n~ZdI�\lQR`[O�K[K5K)\�Q@ZdV^Oc]9K�VP]0ZdI�\_OLZ[I�\�`Dn�V^`d\�QwZ[VPOL]T��VPM^M�MPO�Oc�~M^VP�L\_kL`mJ2b�I9K
O G h(y) f EHG |cOLW�b�VaQ@ZdW�`[\XZ[I�VaK C QwOcW�MPnu�	\#n�Vx�0QRW�MxZ�� o-ZdI�\R]���I�\R] g(x) J2]	n h(y) �	OLZ[I
I9J+tc\TS#VP]�VPSTJ C M^O���b/OLVP]cZmKXVP]�ZdI�\rkc`dJLb�I	o@�iK[Ou��VPM^M f(x, y) f s I9J�Z�� KXI�O�� �5\c� MPMjkc\wZC J2Z_MP\�JcK}Z@oN�TMPO�QRJ2M�S~V^]�VPSTJ�f EHG f(x, y) I9JLKlJTMPO�QRJ2M�STJ�U�V^S�W�S C JrI�V^kcIub/OLVP]cZlV^]uZ[I�\
kL`mJ2b9I	o5Z[I�\�]$V G �D\vZdJL�L\�Qw`dOcKdK�K[\�Q@ZdV^Oc]9K�VP]$�	OLZ[I x JL]9n y n�VP`d\�Q@ZdV^Oc]9K��9�D\�K)I�OcW�Man-kc\wZ
I�VPkLI�b	OcV^]�ZmK�OL]�\�JLQmI�O G Z[I�O�K)\vkc`dJLb�I9K�f�hDW�Z�ZdI�\vkL`mJ2b�I-O G h(y) ��VPM^M�]9\RtL\�`�I9J+tL\vJ2]�|
I�VPkLI�b/OLVP]�ZdK��$¡�Ou]�O���I�\�`[\T��VPM^MD�D\T�9]9n�J$MPO�QRJLMjSTJ�U�VPSXW�S G OL` f(x, y) f�¢ £�OcW
QRJ2]
�DOL`d�XZdI�VPKDJ2MPM�OLW�Z G OL`dSTJ2MPM^|~��|~W9K)VP]�kXZ[I�\vK)\�QwOc]9n0n�\�`[VPt�J�Z[VPtL\NZ[\�K)Z G OL`DS~J2U	¤+S~V^]r��VxZdI
K[V^]�kcM^\vt�J2`dVaJ2��MP\ G W9]9Q@ZdV^Oc]9KRf ¥¦ ]TZ[OXZ[I�\l�DOL`d�/§�K)\RZ f(x, y) = cosx + y2 f s JL�L\��9`mK)ZDJ2]	n0K)\�QwOc]9n~OL`mn�\R`5b9J2`[Z[VaJ2M
n�\�`[VPt�J�Z[VPtL\�KR§

fx = − sin x, fy = 2y, fxx = − cosx, fyy = 2, fxy = 0.
¨ `dVxZdVPQ�J2M:b/OLVP]�ZdKlO�QRQRW�`*��I�\�] fx J2]9n fy J2`d\��/O2Z[I�©R\�`[O	e fx VPK_©R\�`[Or\wU�JLQwZ[MP|���I9\R] x
VaKyJ-S�W�M^Z[VPb�M^\~O G π

C K[O-ZdI9J�Z sinx = 0 ow� fy VPK�©R\R`dO�\wU�JLQwZ[MP|$��I�\R] y = 0 f~ª�Oc`vZ[I�\
K[\�QwOc]9n�n�\R`dV^t�J2Z[VPtL\_Z[\�K)Z��

D = fxxfyy − f2
xy = −2 cosx.



« Z_JL]�|�Qw`dVxZdVPQ�J2M¬b/OLVP]�Z�� sinx = 0 K)O0K[VP]9Qw\ sin2 x + cos2 x = 1 �9Z[I9J2Z G OL`mQw\�K cosx Z[O
�/\ ±1 fEHG

cosx = 1 �/Z[I�\�] D = −2 < 0 J2]9n��5\�I9J+tL\#JrKdJLn�n�M^\�b	OcV^]�Z�f EHG cosx = −1 �
Z[I9\R] D = 2 > 0 J2]9n fxx = − cosx = −(−1) = 1 K[O0�D\�I9J+tL\�JTM^O�Q�J2M:S~VP]�VPSXW�S�fs I�\�`[\ G OL`d\�JLM^M	Qw`dVxZdVPQ�J2M�b/OLVP]�ZdKjJL`[\�KdJLn�n�M^\�b/OLVP]�ZdK�Oc`iM^O�Q�J2M�S~VP]�V^STJ9ecZdI�\R`d\NJ2`d\�]�O�MPO�QRJ2M
STJ�U�VPS~J9fiª�VP]9JLM^MP|T�5\D�}W9K)Z�]�\R\�n0ZdO#K[I�O��­ZdI9J�Z��D\lJcQ@ZdW9J2MPM^|TI	J+tL\_Z}�5O#M^O�Q�J2M�S~V^]�VPSTJ�fs I�\�K)\~O�QRQRW�`���I�\�] cosx = −1

C J2]9n fy = 2y = 0 OL` y = 0 o@f�¡�O9� G Oc`�\wU�JLS#b9M^\c�
(x, y) = (−π, 0) J2]9n (x, y) = (π, 0) JL`[\v�/O2ZdI$M^O�QRJLM¬S~V^]�VPSTJ�f��NO�� f(x, y) I	JLK C J�Z
MP\�JLK)Zmo���MPO�Q�J2M¬S~VP]�V^STJ~��W�ZN]�O~M^O�QRJLM¬STJ�U�V^STJ9f
® <T=�>@?9A�B
��¯�<l�����°�wA�B�s I�\XkLVPtL\R]�MPV^S~V^ZdK_O G V^]�Z[\�kL`mJ�ZdV^Oc]�QROL`d`[\�K)b/OL]9nrZ[O0Z[I�\�`mJ2]9kL\�K 0 ≤ x ≤ 1 �
0 ≤ y ≤ 1 − x2 �4��I�VPQmI
n�O�\�K�n�\R�9]�\TZdI�\rQwOc`[`d\�QwZ�`[\�kLVPOL]�f � O��D\Rtc\R`��¬Z[I�\-OL`mn�\R`yO G
VP]cZd\Rkc`dJ2Z[VPOL]~VPK5VP]9QwOc`[`d\�QwZ����*O2ZdVPQR\NZ[I	J�Z5V G |LOcWTV^]�Zd\RkL`mJ�Zd\�Z[I�\lVP]9K)Van�\NVP]�Z[\�kL`mJ2M��	`dK)Z��cZ[I�\
dx n�VaK[JLb�b	\�J2`mK*JL]9n�|LOcWuJ2`d\XK}ZdV^MPM�M^\ G Z_��V^Z[I 1 − x2 ± OcJ�ZdV^]9krJ2`dOLW�]	n�OL]�Z[I9\XOLW�ZdK[VPn�\
VP]cZd\Rkc`dJLM�fPf^f:V G |LOcWXQwOcS#b9M^\RZ[\DZ[I�\�VP]�Z[\Rkc`dJ2Z[VPOL]�|cOLW��5Oc]�� Zi\�tL\R]�kL\RZ4J_]�W�SX�/\R`�f4²l\�]�\R`mJ2M
`dW�M^\XO G Z[I�W�S���§�Z[I9\XMPV^S~V^ZdK_O G VP]cZd\Rkc`dJ2Z[VPOL]$O G ZdI�\�OcW�ZdK[Van�\�VP]cZd\Rkc`dJLM�K[I�OLW�Man$�N�j³*�j´
�/\*VP]0Z[\�`[STK5O G ZdI�\_t�JL`[VaJ2��MP\�KjO G VP]�Z[\Rkc`dJ2Z[VPOL]�� x J2]9n y VP]0Z[I9VPKDQRJcK)\ C Z[I9OLW�kcI0|LOcW0QRJ2]
I9J+tc\_OLZ[I�\�`�\wU�Z[\�`[]9JLM¬t�J2`dVPJL��M^\�K5Z[I�\�`[\+o@f



(*�����0 + �14��6��F���F�4���uµ���¶/��·c�
p <�¸_¹9�mºjAR>v»a�X¼L½2¾2¿5¹�À�ÁD�2Â~À2¹�ÃrÁÅÄ9A�ÆmÄ�À2»�ÆmA@�RBDs I�\yVP]cZd\Rkc`dJLM/�D\yJ2`d\yQwOLS~b�W�Z[VP]�k~VPK

∫∫

R

f(x, y) dA =

∫∫

R

(x2 + 2xy) dA.

¡�VP]9Qw\v�D\lJL`[\lVP]-`d\�QwZdJ2]9kLW�MaJ2`�QwO�OL`mn�VP]9J�Zd\�K�� dA = dx dy
C VP]�JL]�|TOL`mn�\R`@o@f s I�\l`[\�kLVPOL]

O G V^]�Zd\RkL`mJ�ZdV^Oc]rVaK4�}W9K)Z�Z[I�\y`d\�QwZdJL]�kLMP\ 0 ≤ x ≤ 3 � 0 ≤ y ≤ 4 K[O#Z[I�\vVP]�Z[\Rkc`dJLM¬VPK
∫ 3

0

∫ 4

0

(x2 + 2xy) dy dx =

∫ 3

0

[

x2y + xy2
]y=4

y=0
dx

=

∫ 3

0

(4x2 + 16x) dx

=

[

4x3

3
+ 8x2

]3

0

=
4 · 33

3
+ 8 · 32

= 4 · 9 + 8 · 9 = 108.

EHG �5\vVP]cZd\Rkc`dJ2Z[\lV^]�Z[I9\yO2Z[I9\R`�OL`mn�\�`D�D\vkL\RZ
∫ 4

0

∫ 3

0

(x2 + 2xy) dx dy =

∫ 4

0

[

x3

3
+ x2y

]x=3

x=0

dy

=

∫ 4

0

(

27

3
+ 9y

)

dy

= 9

∫ 4

0

(1 + y) dy

= 9

[

y +
y2

2

]4

0

= 9(4 + 42/2) = 9 · 12 = 108.



��¯�<Ç�cB�È \-J2`d\~�9]9n�VP]�k$ZdI�\rn�VP`[\�Q@ZdV^Oc]9J2M�n�\�`[VPt�J�ZdV^tc\TO G f(x, y, z) = xexy/z VP]qZ[I�\
n�VP`[\�Q@ZdV^Oc]�O G v = −3i + 6j + 6k J�ZvZ[I�\Tb/OLVP]�Z P = (3, 0, 1) f È \T��]9O��YZ[I9J2ZyZ[I�VaK
n�VP`[\�Q@ZdV^Oc]9J2M¬n�\�`[VPt�J�Z[VPtL\vVaK�kLVPtL\�]-��|

Duf(P ) = Duf(3, 0, 1) = ∇f |P · u

��I�\�`[\ u VaK5Z[I�\ ?�¹	»ÅÁ tc\�Q@ZdOL`DV^]rZ[I�\vn�VP`[\�Q@ZdV^Oc]rO G v f�É�\RZ�� KDQROLS~b�W�Zd\_\�JLQmIrQROLS~b/OL]�\�]cZ
O G Z[I�VaK�f

ª�V^`mK}Z�� u = v/|v| f È \yQROLS~b�W�Zd\
|v| =

√

(−3)2 + 62 + 62 =
√

9 + 36 + 36 =
√

81 = 9.

s I�\�`[\ G OL`d\ u = v/9 = (−1/3)i + (2/3)j + (2/3)k f
�N\RU�Z��D\*]�\�\�n ∇f ����I�VaQmI0S~\�J2]	Kj�D\*]�\�\�n~ZdI�\lb9J2`[Z[VaJ2M�n�\R`dV^t�J2Z[VPtL\�KjO G f fihD|#Z[I�\

b�`dO�n�W9Q@Z�`dW�MP\L�
fx =

∂

∂x
(x) · exy/z + x · ∂

∂x
(exy/z).

s I�\��9`mK)Z5K)W9S#STJL]9n#VPKj\�JLK[VPM^|�I9J2]9n�M^\�n C Z[I�\_n�\R`dV^t�J2Z[VPtL\�VaKN��owf�ª9OL`iZdI�\*K[\�QROL]9n#�D\�W9K)\
Z[I9\�QmI9J2VP]-`dW�MP\lZ[O~kL\RZ

∂

∂x
(exy/z) =

y

z
exy/z

K[O�ZdI9J�Z
fx = exy/z +

xy

z
exy/z.

�N\RU�Z�����|rQmI9JLV^]�`dW�M^\c�
fy = x · ∂

∂y
(exy/z) = x · x

z
exy/z =

x2

z
exy/z.

« k�J2VP]-��|TZdI�\�QmI9JLV^]�`[W9M^\c�
fz = x · ∂

∂z
(exy/z) = xexy/z ∂

∂z

(

xy

z

)

= xexy/z · xy · −z−2.

È \�QROLS~b�W�Zd\
fx(3, 0, 1) = e0 + 0 · e0 = 1,

fy(3, 0, 1) =
32

1
e0 = 9,

fz(3, 0, 1) = 0
C K[V^]9QR\ y = 0 o .

s I�\�`[\ G OL`d\ ∇f |P = ∇f(3, 0, 1) = 〈1, 9, 0〉 f
ª�V^]9JLM^MP|L��Z[I�\�n�VP`d\�Q@ZdV^Oc]9J2M¬n�\�`[VPt�J�ZdV^tc\lVaK

Duf(3, 0, 1) = ∇f |P · u = 〈1, 9, 0〉 · 〈−1

3
,
2

3
,
2

3
〉 = −1

3
+

18

3
=

17

3
.



��,¬<DÊwB�s I�\�`mJ2]�kc\�K�Oc]�Z[I�\�t+JL`[VaJ2�9M^\�K�O G V^]�Zd\RkL`mJ�ZdV^Oc] x
G `[OcSÌË#ZdO y � y G `[OcSÍË~ZdO$�L�

z
G `[OcS�ËXZ[O��Lf�¡�VP]9QR\*ZdI�\_`mJ2]9kL\ G Oc` x n�\�b	\�]9n�KDOL] y �D\_I	J+tL\NZdOXVP]�Z[\Rkc`dJ2Z[\ x �/\ G Oc`[\

�D\_VP]�Z[\Rkc`dJ2Z[\ y e�V�f \LfP� dx K[I�OcW�MPn-O�QRQRW�`��	\ G OL`d\ dy VP]rZdI�\vZ[`dV^b9M^\vVP]cZd\Rkc`dJLM C `[\�S~\RSX�/\R`��
��I�\�]��D\�\�t+JLM^W	J�Z[\#SXW9MxZdV^b�MP\~V^]�Zd\RkL`mJ2MaK_�5\�V^]�Z[\�kL`mJ�Zd\XZdI�\�VP]�]�\�`[S~O�K}ZvV^]�Zd\RkL`mJ2M��9`mK}Z@o@f
¡�VP]9Qw\y�D\�J2`d\vV^]�`d\�QwZdJ2]9kLW�MaJ2`�QwO�Oc`dn�VP]9J2Z[\�K�� dV = dx dy dz

C VP]uJ2]�|0OL`mn�\�`mowf È \���VPMPM
VP]cZd\Rkc`dJ2Z[\lV^]�Z[I9\yOL`mn�\R` dx dy dz f ¨ OLS~b�W�Zd\L§

∫ 1

0

∫ 1

0

∫ y

0

x2 dx dy dz =

∫ 1

0

∫ 1

0

[

x3

3

]x=y

x=0

dy dz

=

∫ 1

0

∫ 1

0

y3

3
dy dz

=

∫ 1

0

[

y4

12

]y=1

y=0

dz

=

∫ 1

0

1

12
dz =

1

12
.

EHG �D\v�DJL]�Z��D\�QRJL]�JLMPK[O#V^]�Z[\�kL`mJ�Zd\lVP]-Z[I�\yOc`dn�\�` dz dx dy §
∫ 1

0

∫ y

0

∫ 1

0

x2 dz dx dy =

∫ 1

0

∫ y

0

[

x2z
]z=1

z=0
dx dy

=

∫ 1

0

∫ y

0

x2 dx dy

=

∫ 1

0

[

x3

3

]x=y

x=0

dy

=

∫ 1

0

y3

3
dy

=

[

y4

12

]1

0

=
1

12
.



(*�����0 + + �148������uÎr��;��j¶/Ï�;��
�/<D� \R`d\_�D\yK)\�\R�TZdO#STJ2U�VPS~V^©�\*ZdI�\ytLOcM^W9S#\ V = xyz O G J�`d\�Q@ZmJ2]�kcW�MaJ2`D�	O+U-K[W����}\�Q@Z
Z[O�Z[I9\l`d\�K)Z[`dVaQ@Z[VPOL] 2x + 2y + z = 3 ��I9\R`d\ x, y, z J2`d\NZdI�\yn�VPS#\�]9K[V^Oc]9KDO G ZdI�\v�	O+U0VP]
S~\wZd\R`mKRf È \y��V^MPM:n�O#Z[I9VPK�t�VaJ~É:J2kc`dJL]�kL\_SXW�M^Z[VPb�MPV^\�`dK�fs I�\ G W�]	Q@Z[VPOL]r�5\*JL`[\�STJ2U�VPS~V^©�V^]9k�VPK f(x, y, z) = xyz K[W����}\�QwZjZdOyZ[I�\_QwOL]	K}Zd`dJLV^]�Z
g(x, y, z) = 2x + 2y + z − 3 = 0 f È \�QwOcS~b�W�Z[\ykc`dJcn�VP\R]�ZdK�f

fx = yz, fy = xz, fz = xy

K[O
∇f(x, y, z) = yzi + xzj + xyk = 〈yz, xz, xy〉;

J2MaK[O9� gx = 2 � gy = 2 � gz = 1 K)O#Z[I	J�Z
∇g(x, y, z) = 2i + 2j + k = 〈2, 2, 1〉.

�NO��ÐSTJ�U�VPS~V^©�\ f ��V^Z[IÑZdI�\qQwOL]	K}Zd`dJLV^]�Z g = 0 �D\�S�W9K)Z�K[OLMPtL\ ∇f = λ∇g fÒ J2ZdQmI�VP]�k~W�b$QwO�OL`mn�VP]9J�Zd\�KDkLVPtL\�K5Z[I�`d\R\yK[V^S�W�MxZmJ2]�\�OLW9K�\�{�W9J�ZdV^Oc]9K
yz = 2λ, xz = 2λ, xy = λ.

EHG �D\yK)W9�9K}ZdVxZdW�Z[\vZdI�\vMPJcK}Z�VP]�Z[O#Z[I�\v�	`dK)Z����D\_kc\wZ yz = 2xy f�£�OcW�S#VPkLI�Z��/\_Zd\RS~b�Zd\�n
Z[O$KdJ+| z = 2x `[VPkLI�ZyJ+�DJ+|c�¬��W�Z��c\R\RbzVP]�S~VP]9nz�5\TQRJL]�Oc]�MP|�n�VPt�Van�\T�/O2ZdIzK[VPn�\�Kv��|
y V G y 6= 0 �jK[O��D\r`d\�JLM^MP|qkL\wZ y = 0

¦ ´ z = 2x f ¦ G QROLW�`mK[\rI�\�`[\-�5\c� `d\0Zd`[|�VP]�k
Z[OÇSTJ�U�V^S~VP©R\�J�tLOcM^W�S~\zJ2]9n y VaK0ZdI�\�MP\R]9k2Z[IÓO G OL]9\�K[VPn�\�O G J��	O+U¬�NK[O��D\�QRJL]
J2W�Z[OLSTJ2Z[VaQRJ2MPMP|#n�VaKdQRJ2`mn#Z[I9\_b/OcKdK)VP��VPM^V^Z}| y = 0 J2]9n-K[J+| z = 2x f EHG �D\_K[W��9K)Z[V^Z[W�Zd\*ZdI�\
MaJLK)Z�O G Z[I�\0Z[I�`d\R\0\�{�W9J�ZdV^Oc]9KyVP]cZdO�Z[I�\�K)\�QwOc]9nzOL]�\T�D\0kL\RZ xz = 2xy K[O x = 0 Oc`
z = 2y f « kcJ2VP]�� x Q�J2]�� ZN�	\y©�\R`dO9��K[O z = 2y f

�NO�� 2z+2y+z = 3
C ZdI�VaK�VaK4Z[I�\_QwOL]	K}Zd`dJLV^]�Zmo�JL]9n z = 2y = 2x �cK[O�K)W��	K}ZdVxZdW�Z[VPOL]

kLVPtL\�K z + z + z = 3z = 3 JL]9n z = 1 f�¡�VP]9Qw\ z = 1 �D\TkL\RZ x = 1/2 � y = 1/2 fs I�\�`[\ G OL`d\ (x, y, z) = (1/2, 1/2, 1) STJ�U�VPS~V^©�\�K�Z[I�\$tcOLMPW�S~\-O G ZdI�\$�	O+U¬�DJ2]9n�Z[I�\
`d\�K[W�MxZdV^]9k�STJ�U�VPSXW�SÔtcOLMPW�S~\-VaK (1/2)(1/2) · 1 = 1/4 S 3 f s I�\�t�J2MPW�\�O G λ ZdI9J�Z
K[OLMPtL\�KXZ[I9\�JL�	O�tc\-K[|�K}Zd\RSÔO G \�{�W9J�ZdV^Oc]9K#VPK λ = 1/4 f C�s I�\$K[V^kc]�V^�	QRJL]9Qw\-O G ZdI�\ λ
VaKlZ[I9J2ZvV^Z���J2MPOL]�k-��VxZdIzZ[I�\ x, y, z �:SXW9K)Z�K[J2Z[VaK G |�ZdI�\0K)VPSXW9MxZmJ2]�\�OLW9Kl\�{�W9J2Z[VPOL]9K_ZdI9J�Z
QwOcS~\ G `dOLS ∇f = λ∇g f�o



,�<Õ�	.rs I�\0MPV^S~V^ZdK�O G VP]�Z[\Rkc`dJ2Z[VPOL]qVP]�Z[I�\�n�OLW9��M^\rV^]�Z[\�kL`mJ2MiZd\RMPM5W	K�ZdI9J�Z�Z[I�\0`d\RkcV^Oc]
O G V^]�Zd\RkL`mJ�ZdV^Oc]ÇVaK~kLVPtL\�]Ç��| 0 ≤ x ≤ 1 JL]9n 0 ≤ y ≤

√
1 − x2 f s I�\$kc`dJLb�I�O G

y =
√

1 − x2 VaKjZ[I�\_Z[OcbrI9JLM G O G JXQRV^`mQwMP\*O G `dJcn�VPW9KN�vQw\�]cZd\R`d\�n0J2ZjZdI�\_Oc`[VPkLVP]�f s I�\R`d\w�G OL`d\NZdI�\v`[\�kLVPOL]0O G VP]�Z[\Rkc`dJ2Z[VPOL]0VaK5Z[I�\vb9JL`)Z�O G Z[I�\yn�VaK)�TO G `mJLn�VPW9Kl� C V^]�O2ZdI�\R`D�DOL`mn�KR�
Z[I9\NQwVP`dQRM^\�O G `mJLn�VPW9K���ZdOLkL\RZ[I�\�`i��VxZdI0J2MPM�Z[I9\�b	OcV^]�ZdK�V^]9K[Van�\�VxZ@oiQw\�]�Z[\R`d\�n~J2ZiZ[I�\�Oc`[VPkLVP]
Z[I	J�ZNVaK�V^]�Z[I9\v�9`dK)ZN{�W9JLn�`mJ2]�Z�f
,�<_Ö�._È \�JL`[\lZdO#\�t�J2MPW9J�Zd\

∫ 1

0

∫

√

1−x2

0

e−(x2+y2) dy dx.

« K)�HVPK��	�D\�Q�J2]�]9O2Z_\�t�J2MPW9J�Zd\yZ[I�VaKlV^]�Zd\RkL`mJ2Mgf s I�\�`[\�kLVPOL]$O G V^]�Z[\�kL`mJ�ZdV^Oc]$VPKlJr{�W9JL`)Zd\R`[�
n�VaK)��J2]	n x2 + y2 K)I�O��NKNW�buVP]$Z[I�\XV^]�Z[\�kL`mJ2Mg�	K[O0V^Z_VaKN`d\�JLK[OL]	J2��MP\vZ[OTZd`[|-Z[O�QwOc]�tc\R`[Z
Z[I9VPK�VP]�Z[O~b/OLMaJ2`NQwO�Oc`dn�VP]9J2Z[\�K�fs O��9]9n�Z[I9\�`mJ2]9kL\�K�O G r J2]	n θ

G OL`TJ�]9\R�×n�OcW���MP\�V^]�Z[\�kL`mJ2Mg�i�5\#�}W9K)ZTI9J+tL\rZ[O
n�\�K[QR`[VP�	\0Z[I�\0`d\RkcV^Oc]qO G V^]�Zd\RkL`mJ�ZdV^Oc]qV^]�Zd\R`dSTK�O G r J2]	n θ f�¡�V^]	Qw\0�D\L� `[\0ZdJ2��VP]�kuJ2MPM
�9`mK}ZN{�W9Jcn�`dJL]�ZDb/OLVP]�ZdK�VP]9K[VPn�\yJL]9n�OL]-Z[I�\�QRV^`mQwMP\vO G `dJcn�V^W	K_� C Qw\R]�Zd\R`d\�n�J�Z (0, 0) o5�5\
kL\RZ 0 ≤ r ≤ 1 J2]9n 0 ≤ θ ≤ π/2 ��Z[I9\lMaJ�Z[Z[\�`N�	\�QRJLW9K)\v�D\yJ2`d\lVP]-Z[I�\v�9`mK)Z*{cW	JLn�`mJ2]�Z�f« K#ZdO�ZdI�\�V^]�Zd\RkL`mJ2]	n¬�j�D\-��]�O�� x2 + y2 = r2 ��K[O e−(x2+y2) = e−r2 f « MPK[O9�
dy dx = dA = r dr dθ = r dθ dr f C ´N\RS~\RS��	\�`[VP]�k~Z[I9\y\wU�Z[`mJ G JcQ@ZdOL`�O G r VaK��c\R|Lf�os I�\R`d\ G Oc`[\lZdI�\vV^]�Z[\�kL`mJ2M¬�/\�QROLS~\�K C V G �5\vVP]�Z[\Rkc`dJ2Z[\vVP]-ZdI�\yOL`mn�\�` dr dθ o

∫ π/2

0

∫ 1

0

e−r2

r dr dθ.

��t�J2MPW9J2Z[\lZ[I�\yVP]�]�\�`NVP]cZd\Rkc`dJLM/��V^Z[I�ZdI�\�K)W9�9K}ZdVxZdW�Z[VPOL] u = r2 � du = 2r dr §
∫ 1

0

e−r2

r dr =

∫ 12

02

e−u · 1

2
du

=
1

2

∫ 1

0

e−u du

=
1

2

[

− e−u
]1

0

=
1

2
(−e−1 + e0)

=
1

2

(

1 − 1

e

)

.

Ø MPW�kLkcV^]9k�ZdI�VaK�V^]�ZdO�ZdI�\yb/OLMaJ2`�n�OLW9��M^\yVP]�Z[\�kL`mJ2M/Z[I�\�]�kLVPtL\�K
∫ π/2

0

∫ 1

0

e−r2

r dr dθ =

∫ π/2

0

1

2

(

1− 1

e

)

dθ =
1

2

(

1− 1

e

)
∫ π/2

0

dθ =
π

4

(

1− 1

e

)

.



p <jEHG
R VPKDJy`d\RkLVPOL]~VP]TZ[I9\ x � y b�MPJL]�\*JL]9n f(x, y) VaKjJ G W�]9Q@ZdV^Oc]TZ[I	J�Z5VaK�kc`[\�J�Zd\R`iZdI9J2]

Ë G Oc` (x, y) V^]	K)Van�\ R
C �5\�]�\R\�n$Z[I9\XkL`mJ2b9IuO G f(x, y) ZdO-MPV^\#J2�/O�tL\yZdI�\ x � y b9MPJL]�\�ow�

Z[I9\R]-Z[I�\ytcOLMPW�S~\lO G ZdI�\yK)OcM^Vanr�/\wZ}�D\R\�]rZdI�\ykL`mJ2b9IrO G z = f(x, y) J2�/O�tL\ R J2]	n0ZdI�\
`d\RkLVPOL] R V^ZdK[\RM G VaK

V =

∫∫

R

f(x, y) dA =

∫∫

R

f(x, y) dx dy =

∫∫

R

f(x, y) dy dx.

È \yW9K)\lZdI�VPK G OL`dSXW�MaJ�Z[OTQwOc]9K}Zd`[W	Q@ZNJ~QwOLW9b�M^\vVP]�Z[\Rkc`dJLMPK�f
ª�Oc`N�	OLZ[IuJ�o�J2]9n��	o��5\XJL`[\vVP]�Z[\Rkc`dJ2Z[VP]�k~O�tL\�`NJ~`[\�kLVPOL]�V^]�ZdI�\ x � y b9MPJL]�\Lf�¡�VP]9Qw\

�D\L� `[\�K)ZdJ+|�VP]�kTV^]�ZdI�\��	`dK)ZNO�Q@ZdJL]�Z*I�\R`d\L� x ≥ 0 JL]9n y ≥ 0 f s I�\yZdOLb$O G OcW�`_K[OLMPVPn�VaK
Z[I9\XkL`mJ2b9I$O G Z[I9\ G W�]	Q@Z[VPOL] z = f(x, y) = 1 − y − x2 f s I�\Xb9JL`)ZlO G ZdI�\ x � y b�MaJ2]�\
�/\RMPO���OLW�`yK[OLMPVPn�VaKv\wU�JLQwZ[MP|�Z[I�\~b9JL`)Zy��I�\�`[\ f(x, y) ≥ 0 e�Z[I�VaKyVaKv��I�\R`d\XZdI�\~kL`mJ2b�I
MPV^\�K�J2�/O�tL\_Z[I�\ x � y b�MPJL]�\Lf s I�\�`[\ G OL`d\vOLW�`�`[\�kLVPOL] R VaK�kLVPtL\R]���|TZ[I9`[\�\yV^]�\�{�W9J2MPVxZdV^\�KR§

x ≥ 0, y ≥ 0, f(x, y) = 1 − y − x2 ≥ 0
C Oc` y ≤ 1 − x2 o .

s I�VaKD`[\�kLVPOL]rVaK5Z[I�\v`d\RkcV^Oc]rW�]9n�\R`DZ[I�\vb9JL`dJL�	OcMPJ y = 1− x2 V^]-Z[I9\_�	`dK)ZN{cW	JLn�`mJ2]�Z5O G
Z[I9\ x � y b9MPJL]�\Lf C £�OLWrSTJ+|T��J2]�ZDZ[OTK)�c\wZmQmI0Z[I9VPK5Z[O~W�]9n�\R`mK}ZmJ2]9nr��I9J�Z�� K�QwOcS~V^]�k#W�b�f�oÈ \~QRJL]�n�\�K[QR`[VP�	\ R VP]z�rn�V^Ù/\�`[\�]cZl�DJ+|�K��9\�VxZdI�\R`l��|�`d\�Jcn�VP]�k0O2ÙzZ[I9\�`mJ2]�kc\yO G x
�9`mK}Z�Oc`�Z[I�\y`mJ2]�kc\_O G y �9`dK)Z�f

ª�`dOLS�Z[I�\�kc`dJLb�I�O G R �5\�I	J+tL\ 0 ≤ x ≤ 1 f��*O��Çkc\wZ[Z[VP]�k y V^]~Zd\R`dSTK4O G x VPK�\�JLK[|�§
R VaKv�	\RZ}�5\�\R]�Z[I�\ x �HJ2U�VPKyJL]9nuZdI�\~kL`mJ2b�IzO G y = 1 − x2 K[O 0 ≤ y ≤ 1 − x2 f È \
QRJL]qb�W�Z�ZdI�\�K[\0VP]cZdOuJ2]qVP]cZd\Rkc`dJLM�fPf^f-`[\�S~\RSX�/\R`���ZdI�\0OcW�Z[\�`�V^]�Zd\RkL`mJ2Mg� KvM^VPS~VxZmKXQRJL]�]�OLZ
QwOc]�ZdJ2VP] x OL` y §

V =

∫ 1

0

∫ 1−x2

0

f(x, y) dy dx =

∫ 1

0

∫ 1−x2

0

(1 − y − x2) dy dx.

s I�VaKDZdJL�L\�K�Q�J2`d\_O G b	J2`[Z��/o@f
ª�Oc`lb	J2`[ZlJcow�¬�5\X�9`mK}Zv`[\�JLn$OLÙ 0 ≤ y ≤ 1

G `dOLSÌZdI�\#n�`dJ+��VP]�krOc`ln�\�KdQw`dV^b�ZdV^Oc]uO G
R f�¡�V^]	Qw\ y ≤ 1− x2 ���5\lI9J+tc\ 1− y ≥ x2 f È \L� `[\vK}ZmJ+|�V^]�k�V^]-Z[I9\*�9`mK)Z�{�W9Jcn�`dJL]�ZDK[O
�D\XOL]9M^|uQ�J2`d\�J2�/OLW�Z_]�Oc]�]�\Rk�J�ZdV^tc\ x e�Z[I�\�`[\ G OL`d\X�D\#Q�J2]$ZmJ2�L\#K[{�W9JL`[\�`[O�OLZdKlJ2]9nuK[\R\√

1 − y ≥ x f C �NO2Zd\XZdI9J�ZvZdI�VPKlSTJ�ZmQmI�\�K_ZdI�\~b�VPQwZ[W�`d\#O G R ��K[V^]9QR\#Z[I�\#kL`mJ2b�I�O G ZdI�\
b9JL`)ZvO G Z[I�\Tb9JL`dJL�	OcMPJ y = 1 − x2 V^]zZdI�\#�9`dK)Z�{�W9JLn�`mJ2]�ZvO G Z[I�\ x � y b�MaJ2]9\~Q�J2]z�	\
��`dVxZ[Z[\R]�JLK x =

√
1 − y f�oq¡�Or�D\Xkc\wZlZ[I�\#`dJL]�kL\ 0 ≤ x ≤ √

1− y
G OL` x fy�*O��Yb�W�Z

Z[I9\�K[\lVP]�Z[O0JL]-VP]�Z[\Rkc`dJLM/Z[O0QwOcS~b�M^\RZ[\vb9JL`)ZNJcow§

V =

∫ 1

0

∫

√

1−y

0

f(x, y) dx dy =

∫ 1

0

∫

√

1−y

0

(1 − y − x2) dx dy.




�<ÓÈ \uJ2`d\-�	]9n�VP]�kzZ[I�\ �cÚ@�RÀ��x?�ÁHA STJ2U�VPSXW9SÛJ2]9nÇS~V^]9V^S�W�SÛt�J2MPW�\�K~O G f(x, y) =
3 + xy − x − 2y OL]
Z[I�\�QwMPOcK[\�nzZ[`dVaJ2]�kcW�MPJL`�`d\RkLVPOL] R ��VxZdI�tc\R`[Z[VaQw\�K (1, 0) � (5, 0) �
(1, 4) f
�j»Å>m�@Á��@ÁHAÝÜ §�ª�VP]9n�Qw`dVxZdVPQ�J2M¬b/OLVP]�ZdK�O G f VP]�Z[I�\yVP]�Z[\�`[VPOL`�O G R f s OTn�O#Z[I�VaK����5\v]�\�\�nrZ[O
�9]9n���I�\�`[\ fx = 0 JL]9n fy = 0 f Ø J2`[Z[VaJ2M�n�VxÙ�\R`d\R]�Z[VaJ�ZdV^Oc]rZd\RMPMPKNW9K

fx = y − 1, fy = x − 2.

hDO2ZdI�O G Z[I9\�K[\rJ2`d\0©R\�`[O$\RU�JLQ@ZdM^|qJ�Z�Z[I�\�K)VP]�kcM^\0b/OLVP]�Z (2, 1) �iK)O (2, 1) VaK�JuQR`[V^Z[VaQRJLM
b/OLVP]cZlO G f f � ¦ È ��³*�j´��/V^ZvVPK_OL]�MP|�`[\�M^\�t+JL]�Z_V G VxZvVPK_VP]$Z[I�\�V^]�Zd\R`dV^Oc`*O G OcW�`*`d\RkcV^Oc]Þ QR`[V^Z[VaQRJLM�b	OcV^]�ZmKXO G f OcW�ZdK[VPn�\ R b9MPJ+|�]�Ou`dOLMP\0V^]q�	]9n�VP]�kuZdI�\-JL�9K)OcM^W�Z[\TSTJ�U�J2]9n
S~V^]zO G f VP]9K[VPn�\ R f � \R`d\L��Z[I�VaKvb	OcV^]�ZyVaKvV^] R JL]9n�K[O���V^MPM��/\~QROL]9K[Van�\R`d\�n G W�`)ZdI�\R`�fC�s O�tL\�`[V G |$Z[I9VPK����9]	n�ZdI9J�ZyZdI�\T\�{�W9J2Z[VPOL]zO G Z[I�\~Zd`[VaJ2]9kLMP\L� Kln�VPJLkLOL]	J2M4VPK y = 5 − x e
Z[I9\R]qZ[I9\0V^]�Zd\R`dV^Oc`yO G R VaK�n�\�K[QR`[VP�	\�nq��| 1 < x < 5 � 0 < y < 5 − x f s I�\0b/OLVP]cZ
(x, y) = (2, 1) KdJ�ZdVPK)�9\�K��	OLZ[I�O G Z[I�\�K)\yVP]�\�{�W9JLM^V^Z[VP\�K�f�os OTK[\R\l��I9J�Z���VP]9nrO G b/OLVP]cZ (2, 1) VaK����D\v]�\R\�n0ZdI�\yK)\�QwOc]9nrn�\�`[VPt�J�ZdV^tc\*Zd\�K)Z�f � \�`[\
fxx = 0 � fyy = 0 � fxy = 1 �9K[O D = fxxfyy − f2

xy = −1 < 0 f s I9\R`d\ G OL`d\ (2, 1) VPK*J
KdJLn�n�MP\Nb/OLVP]�Z���¡�VP]9Qw\NV^Z5VaK5]�O2Z�ZdI�\*MPO�QRJ2Z[VPOL]TO G J�M^O�QRJLM9S~VP]0OL`jJXM^O�Q�J2M�STJ�U¬���5\*�5Oc]�� Z
�9]9n�JL]�JL�9K)OcM^W�Z[\vSTJ�UrOc`�S#VP]�Z[I�\�`[\c��¡�OT�5\yQ�J2]�n�VPKdQRJL`dnrZ[I9\yb	OcV^]�Z�fC « MxZd\R`d]9J�Zd\RMP|L�/�5\�QROLW�Man#�}W9K)ZlQwOcS~b9J2`d\lZ[I�\�t+JLM^W9\�O G f J�Z (2, 1) ��VxZdI�Z[I�\�t+JLM^W9\�K
O G f J�Z~O2ZdI�\R`~QRJL]9n�Van�J�Zd\-S~VP]/¤+STJ�U�b/OLVP]�ZdK#�5\-�9]9n�MPJ2Z[\�`~JL]9n G Oc`[\�kLO$ZdI�\$K)\�QwOc]9n
n�\�`[VPt�J�Z[VPtL\_Z[\�K}Z�f o
ß AmÆmÀ�¹�àr�mÁÝAÝÜ §_ª�VP]9nuSTJ2U�VPSTJrJL]9n$S~V^]9V^STJ-O G f Oc]u�	OcW�]9n�JL`[|�O G R fvª�V^`mK)Zl�D\X]�OLZ[\
Z[I9\y\R]9n�b/OLVP]�ZdK�O G \�JLQmI�\�n�kc\L��]9JLS#\�M^| (1, 0) � (5, 0) � (1, 4) §

f(1, 0) = 3 + 1 · 0 − 1 − 2 · 0 = 2,

f(5, 0) = 3 + 5 · 0 − 5 − 2 · 0 = −2,

f(1, 4) = 3 + 1 · 4 − 1 − 2 · 4 = −2.È \yI9J+tL\_Z[O#�9]9n-ZdI�\ySTJ�U�V^STJ~J2]	n-S~VP]�VPS~J#O G f J2MPOL]�k~\�JcQmIr\�n�kL\vO G R ]�O��yfs I�\y�/O2Z)ZdOLSÍ\�n�kc\lVaK�kLVPtL\�]-��| y = 0 � 1 ≤ x ≤ 5 f�ª�OL` y = 0

f(x, y) = f(x, 0) = 3 − x.á VxÙ�\R`d\R]�Z[VaJ�ZdV^]9kvZ[I�VaKi��V^Z[IT`d\�K[b	\�Q@ZiZ[O x kLVPtL\�K −1 ��I�VaQmITVPK�]�\Rtc\R`i\�{�W9JLM�Z[Oy©�\R`dOyK)Ov��|
Z[I9\��9`mK}Z5n�\R`dV^t�J�ZdV^tc\�Z[\�K}Z G Oc`jK[V^]�kcM^\*t+JL`[VaJ2�9M^\ G W�]	Q@Z[VPOL]	K��D\�I9J+tL\�]�OXS~J2U	¤+S~V^]~\RU�QR\Rb�Z
J�Z�\�]9n�b/OLVP]cZmK�O G Z[I�\yVP]�Z[\�`[t�J2M 0 ≤ x ≤ 5 ����I�VPQmI��D\vJLM^`d\�Jcn�|rJcQRQwOcW�]�Z[\�n G OL`�fs I�\yMP\ G ZN\�n�kL\vVPKNkLVPtL\R]-��| x = 1 � 0 ≤ y ≤ 4 fiª�Oc` x = 0

f(x, y) = 3 − 2y.á VxÙ�\R`d\R]�Z[VaJ�ZdV^]9k~Z[I�VaKN��V^Z[I$`d\�K[b	\�Q@ZNZdO y kcV^tc\�K −2 6= 0 K[O~Z[I�\�`[\�JL`[\y]�OTSTJ2U9¤�S~V^]�O G
Z[I9VPK G W9]9Q@ZdV^Oc]�JLM^Oc]�k�Z[I�\yMP\ G ZN\�n�kL\v\wU�QR\Rb�Z*J2ZDZdI�\y\R]	n�b	OcV^]�ZmKRfs I�\�n�VaJ2kcOL]9JLM/VaK�kLVPtL\�]-��| y = 5 − x � 1 ≤ x ≤ 5 f « M^Oc]�k#Z[I�VaK�MPV^]�\

f(x, y) = f(x, 5 − x) = 3 + x(5 − x) − x − 2(5− x)

= 3 + 5x − x2 − x − 10 + 2x = −x2 + 6x − 7.



á VxÙ�\R`d\R]�Z[VaJ�ZdV^]9kuZ[I9VPK���VxZdI�`d\�K[b	\�Q@Z�Z[O x kLVPtL\�K −2x + 6 �i��I�VaQmI
VaKX©�\R`dO�J�Z x = 3 fs I�\�`[\ G OL`d\ f QwOcW�Man$I9J+tL\#J2]�JL�9K[OLMPW�Z[\�S~J2UuOL`_S#VP]zOL]$ZdI�\#n�VPJLkLOL]	J2M:��I9\R`d\ x = 3 f
¡�VP]9Qw\lZdI�\�n�VaJ2kLOc]9J2M�VaK y = 5 − x ��Z[I�VaK�VP]cZd\R`d\�K)Z[VP]�k~b	OcV^]�ZNVaK (3, 2) f È \v�9]	n

f(3, 2) = 3 + 3 · 2 − 3 − 2 · 2 = 3 + 6 − 3 − 4 = 2.

=�Ä�»Å>[à0�@ÁHAÝÜ § ¨ OLS~b9JL`[\vt�J2MPW�\�K�O G f J�Z*JLM^M:]�O2Zd\�n�b	OcV^]�ZmK�Z[O~�	]9n�J2�9K[OLMPW�Z[\ySTJ2U9¤�S~V^]�fÈ \_I9J+tc\ f(1, 0) = 2 � f(5, 0) = −2 � f(1, 4) = −2 ��J2]9n f(3, 2) = 2 f s I9\R`d\ G OL`d\NZdI�\
STJ�U�VPSXW�Sât�J2MPW�\XO G f OL] R VPKv���¬JcQmI�V^\�tL\�n$J�Z (3, 2) J2]	n (1, 0) JL]9n�ZdI�\XS~VP]�V^S�W�S
t�J2MPW�\vO G f Oc] R VaK −2 ��JcQmI�V^\�tL\�nrJ�Z (5, 0) J2]9n (1, 4) f
CFEHG �D\vn�VPn�]�OLZ*QmI�\�Qm�~ZdI�\�K[Jcn�n�MP\vb	OcV^]�Z (2, 1) JL�	O�tc\_�D\�QwOcW�MPn�QmI�\�Qm�0VxZN]9O��y§

f(2, 1) = 3 + 2 · 1 − 2 − 2 · 1 = 3 + 2 − 2 − 2 = 1.

s I�VaK�VPKN]�O2ZNJ2�/O�tL\y�#OL`��/\RMPO�� −2 J2]9n�K[OTn�O�\�K[]�� Z�kcV^tc\vJL]�JL�9K[OLMPW�Z[\vSTJ�U	¤+S~VP]�f�o


