CONGRUENCE OBSTRUCTIONS TO PSEUDOMODULARITY
OF FRICKE GROUPS

DAVID FITHIAN

ABSTRACT. A pseudomodular group is a finite coarea nonarithmetic Fuchsian
group whose cusp set is exactly Pl(Q). Long and Reid constructed finitely
many of these by considering Fricke groups, i.e., those Fuchsian groups that
uniformize one-cusped tori. In this note we identify sufficient conditions for
which a Fricke group having only rational cusps has more than one orbit in
its action on P1(Q) and is thus not pseudomodular. These conditions are de-
scribed in terms of particular congruence-related or number-theoretical prop-
erties of a selected pair of parameters that describes the Teichmiiller space of
the once-punctured torus.

1. INTRODUCTION

This note summarizes the results of the author’s dissertation [F].

A cusp of a Fuchsian group ' [CPBL,(R) is an  [CH'(R) that is the unique
fixed point of an element of I, where PSL,(R) acts on P'(R) by fractional linear
transformations (see [S] Ch. 1). The modular group PSL(Z) is a finite coarea
Fuchsian group whose cusps are P'(Q) = Q [{#o}. In [CR], Long and Reid show
that there exist finite coarea Fuchsian subgroups of PSL,(Q) that are not com-
mensurable with PSL2(Z) (equivalently, nonarithmetic, for Fuchsian groups having
cusps) and whose cusp set equals P*(Q). They call such groups pseudomodular.

Long and Reid studied a particular family A(u?, 2t) of Fricke groups—which we
recall below—as candidates for pseudomodularity. Fricke groups uniformize one-
cusped hyperbolic tori and all such tori are uniformized by Fricke groups; see [A]
and [K]. Among Long and Reid’s stated open problems in [CR] is the determination
of the values (u2,2t) [ x Q for which A(u?, 2t) is pseudomodular. Equivalently,
if we also allow that we may identify arithmetic groups, we would like to determine
those rational pairs (u?2,2t) such that the cusp set of A(u?,2t) is exactly P!(Q),
rather than some proper subset of P!(Q).

Our main approach to this problem is to find A(u?, 2t)-invariant subsets of P (Q)
that are defined number-theoretically, either adelically or p-adically. Each of the
invariant subsets we find here is in fact open in a topology on P'(Q) given in some
way by the p-adic fields QQ,. Thus we are led to the following question.

Question 1. Is there a topology T on P'(Q) such that

(a) the set C of cusps of A(u?,2t) is exactly P'(Q) if and only if C is dense in
P'(Q) given the topology T, and
(b) we can use T to e [edtively identify pairs (u2,2t) such that C = P'(Q)?

This note is organized as follows. In Section 2 we define the groups A(u?,2t)
and give their relevant properties. Then, in Section 3, we give numerous results
that approach Question 1 and are expressed in terms of adeles and p-adic fields.
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Finally, in Section 4, we define a new topology on P!(Q) that allows us to refine
the results of Section 3.

2. THE FAMILY A

As in [CRI, for rationals «? and ¢ with 0 < u? < t — 1, the group A(u?, 2t) is the
subgroup of PSLy(R) freely generated by the hyperbolic elements

— 1 t—1 u? - g 1 w2 u?
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0
FIGURE 1. A fundamental domain for A(u?,2t) in the hyperbolic plane

Each such A(u?, 2t) is a zonal Fricke group with exactly one orbit of cusps, which
is contained in P'(Q). (We call a Fuchsian group zonal if oo is among its cusps.)
Moreover, every Fricke group whose cusps lie in P!(Q) is conjugate in PGL,(Q)
to some A(u?,2t). This follows from a straightforward application of results in §1
of [CS], regarding varieties of group representations, to the traces of ¢;, go and
g1g2. Thus the family of groups A(u?, 2t) represents all conjugacy classes of Fricke
groups having only rational cusps. Also, the values u? and ¢, if taken to be real
rather than just rational, parametrize the Teichmuller space of the once-punctured
torus.

We let C(G) denote the cusp set of a Fuchsian group G.

3. ADELIC AND p-ADIC OBSTRUCTIONS

If the set C(A(u?,2t))\{oo} is not dense in Q with respect to some topology,
then it cannot itself be Q, so C(A(u?, 2t)) € P*(Q) and we then say that we have a
density obstruction to pseudomodularity. Below we exhibit many families of groups
A(u?, 2t) for which we have density obstructions.

3.1. An adelic obstruction. Recall that if Z is the profinite completion of Z, then
Ag y = Q LA, the group (or ring) of finite adeles of Q, is an additive top(ﬂogical
group having as a basis of open neighborhoods of 0 the collection of sets mZ as m
ranges over Q™. Then we have the following theorem.

Theorem 3.1. The Fuchsian group A(u?,2t) is pseudomodular or arithmetic if
and only if its finite cusps are dense in the ring Ag ; of finite adeles over Q.
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We remark that for a given ¢ only finitely many w2 yield arithmetic groups. The
theorem holds because if z is a rational number that is not a cusp of A(u?,2t),
then the orbit of = under the translation z B3 z + 2¢ in A(u?, 2t), namely z + 2tZ,
is an open neighborhood of = in Q with respect to the topology induced by Ag ;.
Theorem B of course holds if we replace A(u?, 2t) with an arbitrary zonal Fuchsian
subgroup of PSL,(Q).

Theorem B epitomizes the type of result we seek, but because it is essentially
a tautology once we understand the finite-adelic topology on @, we cannot derive
any e [edtive results from it. In this sense, the finite-adelic topology has too many
open sets; the topologies on Q we consider below will be strictly coarser.

We note that, although our statements below are in terms of topologies on P*(Q),
we could equivalently use topologies on QQ so that the results are visibly comparable
to Theorem Bl This is because oo is a cusp of each A(u?, 2t) and every topology
on P'(Q) that we use below is Hausdor [ 30 density of C(A(u?,2t)) in P1(Q) is
equivalent to density of C(A(u?,2t)) \ {0} in Q.

Also, we remark that the analogue of Theorem B in which we use the whole
cusp set and P'(Aq ) in place of, respectively, the set of finite cusps and Ag s,
is false. This follows from Theorem BI0 below once we recall the identification

PI(AQ,f) @all 1 PI(QD-

3.2. Some p-adic obstructions. For p a prime, we denote by v, the logarithmic
p-adic valuation of Q,, and extend it to P'(Q,) by defining v, (0) = co and v, (c0) =
—oo. Thus v, is defined on P1(Q) for each p.

To produce p-adic density obstructions, we first exhibit A(u?, 2t)-invariant sub-
sets of P1(Q) that are open in the p-adic topology. Call a pair (U;, Us) of nonempty,
proper subsets of P!(Q) cooperating for A(u?, 2t) if, for the generators g; and g,
of A(u?,2t) as above, gF' exchanges U; and U, and g3 fixes U; and U, setwise.
If U; and U, cooperate for A(u?,2t), then clearly Uy COb is a A(u?, 2t)-invariant
subset of P1(Q). We use this as in the following lemma.

Lemma 3.2. Suppose that u? = m/p® and t = n/p®, where m is p-adically a unit,
n is p-adically integral, a is positive and b is nonnegative. If b —a < —b—1, then
A(u?, 2t) fixes the set of rationals U ={z [Q@:b—a+1<v,(z) <—b—1}.

Proof. Suppose x . Write x as a quotient r/s of coprime integers and assign
e = vp(s) = —vp(x). Then p { r, p° | s and so := s/p° is a p-adic unit. By
hypothesis, b+1<e<a—0b— 1

We compute the valuations of images of = under the generators of A(u2, 2t) and
their inverses. Represent the generators and their inverses in PGL2(R) by matrices
whose entries are p-adically integral:

o= ((n—p”)p“ mp® ) gl = ( prtt —mpt )
paer paer ’ 1 _paer (n _ pb)pa ’

= mp®  mp® T mp®  —mp
paer npa _ mpb ’ 2 _paer mpb .
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With e fixed as given, let U; be the set of = in Q with v,(2) = —e and let U, be
the set of 2 with v,(2) = e — a. Using the given representatives, we compute:

vp(g17) = vp((n = p*)pr + mp®ts0) — (a + b)
=b+e—(at+b)=e—a

a-+b a+680)

vy ) = vp (@0 = mp™*s0) = v (—p 01 + (n = p")p

=b+e—(a+b)=e—a
vp(ga) = vp(mp"r +mp®s) — v, (p“ 01 + (np® — mp®)s)

=b—b—v,(pr + (np®* —m)p°se) = —e

vp(gz %) = v ((np® = mp®)r — mp®s) — vp(=p* 1 +mp’s)

= b+ v, ((np®~" — m)r — mp©so) — b — v, (—p*r + mpsp) = —e.

Since the function —e B e — a is an involution, we see that U; and U, cooperate
with respect to A(u?,2t), so Uy [} is invariant under the action of A(u?,2t). The
stated result follows from allowing e to range over the integers in [b+1,a—b—1]. [

This lemma has the following consequence.

Proposition 3.3 (One-prime p-adic Obstruction I). Let p be prime. If (a) v,(t) =
0 and v,(u?) < =2, or if (b) v,(t) <0 and v,(u?) < 2v,(t) — 2, then C(A(u?, 2t))
is not dense in P*(Q,), and so A(u?, 2t) is neither pseudomodular nor arithmetic.

Proof. Write u? =m/p®andt = n/p® asin LemmaB2 Hypothesis (a) is equivalent
to setting b = 0 and a = 2, while hypothesis (b) is equivalent to assuming that b > 0
and —a < —2b— 2 and also that n is a p-adic unit. The inequality b—a < —b—1
that is a hypothesis for the above lemma is satisfied in either of these cases. Thus
there is a nonempty A(u?, 2t)-invariant set U [P1(Q) that is p-adically open and
does not contain oco. Since A(u?,2t) has only one orbit of cusps and oo is a cusp,
U contains no cusps. 1

Using the same type of matrix computations, we can in other cases find cooper-
ating pairs of p-adically open sets and so obtain:

Proposition 3.4 (One-prime p-adic Obstruction I1). Let p be prime. If either of
the following sets of hypotheses occurs, then C(A(u?,2t)) is not dense in P*(Q,):

@ p>2, Up(t) >0 and ’Up(u2) =-1;
(b) p >3, vy(t) >0, v,(u?) =0 and u? & —1 (mod p).

We encounter several groups A(u2,2t) for which we can only find cooperating
sets U; and Uy whose union is P1(Q). Using only one such cooperating pair, we
cannot identify a nonempty, proper subset of P!(Q) that is stable under the action of
A(u?,2t). However, if for a fixed group A(u?, 2t) we can find two such cooperating
pairs, then under some additional hypotheses we can produce a density obstruction,
as we now describe.

Call a pair of parameters (u?, 2t) p-borderline if there is a cooperating pair of p-
adically open, disjoint sets for A(u2, 2t) whose union is P'(Q). Suppose that (u2, 2t)
is borderline with respect to distinct primes p and ¢ and let (Uy, Uz), respectively
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(V1,V»), be a cooperating pair demonstrating that (u2,2t) is p-borderline, respec-
tively g-borderline. Then (U n Vi, Uy n V3) and (Uy n Va, U n Vy) are both cooper-
ating pairs for A(u?,2t). As above, we can establish that A(u?, 2t) is not pseudo-
modular since we can produce two nontrivial A(u?, 2t)-invariant subsets of P*(Q).
By construction, we also see that C(A(u?,2t)) is not dense in P1(Q,) x P1(Q,).
Thus we can produce density obstructions with respect to two p-adic fields.

Lemma 3.5. Let p be a prime. If any of the following cases holds, then (u2,2t) is
p-borderline:

(@) vp(t) =0 and v,(u?) = —1;

(b) v,(t) <0 and v, (u?) = 2v,(t) — 1;

(©) p=3, v3(t) >0, v3(u?) =0 and u? =1 (mod 3).

Pairing some of the cases from this lemma using distinct primes, we find, for
example, the following obstructions.

Proposition 3.6 (Two-prime p-adic Obstruction). Fix (u2,2t) and let p and ¢ be
distinct primes. If:

@) vp(t) =0, vy(t) =0 and v, (u?) = vy(u?) = —1;

(b) v, (t) =0, vy(t) <0, vy(u?) =—1 and v, (u?) = 2v,(t) — 1; or

(©) vp(t) <0, vy(t) <0, vy(u?) = 2v,(t) — 1 and v, (u?) = 2v,(t) — 1,
then C(A(u?, 2t)) is not dense in P1(Q,) x P'(Q,).

As consequences of the obstructions we have given here, we find two corollaries.
The first one concerns groups A(u2,2t) for which t is an integer. Among these
groups are the ones studied by Long and Reid in [LR]. The results of this corollary
can be compared with the tables of cusp set behavior for ¢ = 2 and ¢ = 3 found in
the same cited paper.

Corollary 3.7. Let t be an integer and suppose A(u?,2t) is pseudomodular or
arithmetic. Then

(a) 2 has prime or unit denominator, say p;

(b) if this p is an odd prime, then p does not divide ¢;

(c) if ¢ is a prime dividing t and ¢ > 3, then »2 (which is, by part (b), g-adically
integral) is congruent to 0 or —1 modulo ¢; and

(d) if 3 divides ¢ and p B 1, then «? is congruent to 0 or —1 modulo 3.

Proof. The claims follow from, respectively, Propositions B23(a) & [86(a), Proposi-
tion BZ(a), Proposition Z2(b), and a two-prime obstruction that follows from parts
(a) and (c) of Lemma B3 —1

Corollary 3.8. There are infinitely many commensurability classes of Fricke groups
whose cusps form a proper subset of P1(Q).

Proof (sketch). For each (u2,2t), let A(u?,2t) be the kernel of the group homo-
morphism A(u?,2t) - Z/2 [Z)J2 given by g; B (1,0) and go B (0,1). Then
A(u?,2t) [CBSL,(Q) and C(A(u?,2t)) = C(A(u?,2t)). There is a subsequence
{t;} of the integers at least 2 and a sequence {¢;} of distinct primes such that
N; = N(1/4,2t;) is a subgroup of PSL2(Z[1/¢;]) for each i. By Prop. B3(a),
C(A\;) € P1(Q) for each i. To show that these groups span infinitely many commen-
surability classes, use Takeuchi’s characterization [T]] of arithmetic Fuchsian groups
to show that (subgroups of) the A; must have non-integral traces, and consider the
integrality of the traces of elements of (subgroups of) A; with respect to the ¢;. [
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Call a pair (u2, 2t) flip-borderline with respect to prime p if it satisfies the hy-
potheses for being p-borderline but with the roles of g; and go exchanged. We can
find such pairs, and additional one-prime obstructions, when we extend our one-
and two-prime obstructions by exhibiting certain parameters v? and s, considered as
functions of «2 and ¢, such that A(u2, 2t) and A(v?, 2s) are conjugate in PGL5(Q).
As with pairs (u?,2t) that are borderline with respect to two distinct primes, we
can produce two-prime obstructions by taking pairs (u?, 2t) that are flip-borderline
with respect to two distinct primes. Figure [ exhibits one-prime obstructions and
(flip-)borderline cases with respect to odd primes.

Up (uz)

p-flip-borderline

If also u? # —1 (mod p):
- p > 3: 1-prime obstruction .
- p = 3: 3-flip- and 3-borderline .

vp(?)

p-borderline

1-prime obstructions

FIGURE 2. Plot of obstructions for p = 3 (1 < 1 grid)

The last results of this section say that density obstructions given in terms of
products of spaces P'(Q,) such as those above do not capture all Fricke groups
whose cusps form a proper subset of P*(Q).

Proposition 3.9. If ¢ equals a prime ¢, p is 1 or a prime distinct from ¢ and
u? = m/p for some integer m coprime to p and divisible by ¢, then C(A(u?, 2t)) is
dense in all finite products of P*(Q,)’s and thus dense in [T, ,P*(Qy).

Let H be a particular finite product of spaces P'(Q,). Then the keys steps of
the proof of the proposition are:

(1) In the topology induced by H, there is a neighborhood U [P1(Q) of the
cusp 0 of A(u?,2t) that the cusps in U form a dense subset of U.

(2) Cusp sets are invariant under direct commensurability, so WLOG, we re-
place A(u?2, 2t) with a group Ao (u2, 2t) £2V2 [73/2 [73/2 in which A(u2, 2t)
is contained with index 2.

(3) We use the three generators of Ag(u?,2t) to successively translate the set
U until we can cover P'(Q) with a (finite) union of said translates. The
success of this process is extremely dependent on the hypotheses we have
given for the parameters u2 and t.

We next note that there are some groups, such as A(6/11, 6), that are neither
pseudomodular nor arithmetic—see [LR] or the remarks following Proposition
below—but nevertheless have set of cusps dense in [],,, ,P*(Q¢) by the preceding
proposition. This establishes the following promised result.
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Theorem 3.10. Let A(u?,2t) be nonarithmetic. Then density of C(A(u2,2t)) in
the product [],,, ,P'(Q¢), endowed with the product topology, is not a su Lcieht
condition for pseudomodularity.

4, CONGRUENCE TOPOLOGIES AND S-INTEGRAL OBSTRUCTIONS

Having seen that the density obstructions with respect to the topology Ty on
P!(Q) induced by [T, ,P*(Q;) are not enough to characterize whether or not the
set of cusps of A(u?,2t) is all of P'(Q), we next consider a topology finer than Ty.

Definition 4.1. ldentify P*(Q) with P!(Z), considered as a subset of Z?2/{%1}.
Let S be a set of primes. The diagonal embedding of Z2 /{=1} in ([, <Z7)/{*1}.
endowed with the product topology, induces a topology on P!(Q) that we call the
S-congruence topology. If S is the set of all primes, call the S-congruence topology
the full congruence topology. If N is an integer, let the N-congruence topology be
the S-congruence topology for which S is the set of primes dividing V.

If for each prime ¢, we define A, := ZZ \ {(0,0)}, then each map A, - P}(Qy) :
(a,b) B a/b is continuous and so we have that the induced product map from
(IT, csAe) /{13 to [T, (- P* (Q¢) is continuous for each set of primes S. The inclu-
sion of P1(Q) = P*(Z) into ([, snAe)/{£1} T, s£37)/{=1} as in Definition &1
therefore induces a topology on P*(Q) that is finer than that given by [, <P (Qy).

Denote by Kg the closure of P*(Q) in (T], s54¢)/{*1}. Let Ky equal Kg where
S is the set of primes dividing NV and let K be the space Kg where S is the set of
all primes.

For each pair (IV, K) where N is an integer at least 2 and K is a subgroup of
(Z/N)™ containing —1, define the set Px (V) to be the set of pairs (a,b) in (Z/N)?
where gcd(a, b, N) = 1, modulo scalar multiplication by elements of K. If we
endow each Py (V) with the discrete topology, then Kg is given by the topological
inverse limit ILmN P=16V) where N ranges over the positive integers divisible only
by primes in S; here, the inverse system is given by the reduction-mod-M maps
P516N) - P=icgM) for M dividing N. In contrast, [, <P (Qc) is isomorphic
to ILmN Pz,ny=(IN) taken over the same index set.

We can use the spaces Kg to produce obstructions to pseudomodularity by again
asking when the cusp set of a Fricke group A(u?,2t) is dense in Kg. One such
obstruction follows.

Proposition 4.2 (S-integral Obstruction). Suppose ¢ and p are distinct primes
and u? = m/p, where m is coprime to p and v;(m) = 1. Let K be the subgroup
of (Z/pt)™ generated by —1 and all primes dividing denominators of entries of
matrices in A := A(m/p,2t) [CPSLy(Q), where A is defined as in the proof of
Corollary If K 8 (Z/pt)™, then C(A(u?,2t)) is a proper subset of P*(Q) that
is not dense in K.

Proof (sketch). For each subgroup H of (Z/pt)™ containing —1, the group SL»(Z/pt)
acts on Py (pt) by left matrix multiplication, where elements of Py (pt) are thought
of as column vectors.

The group A is a subgroup of PSL2(Zgs) where S is some finite set of primes
containing neither p nor ¢t and Zg is the ring of S-integers. Therefore we can reduce
A modulo pt. The image A of Ain SLo(Z/pt)/{=I} is generated by the two matrices
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(§4) and (,9), and from this we have that the number of A-orbits on Py (pt) is
a=4(p—1)(t—1)/|H|. Note that if H is a proper subgroup of (Z/pt)™ then a > 4.
By a basic topological argument, we know that A has exactly 4 orbits of cusps as
Fuchsian group. Therefore if it has more than 4 orbits in its action on P!(Q), then
there are points in P1(Q) that are not cusps of A, whence C(A(m/p, 2t)) € P(Q).
We can get a lower bound on the number of A-orbits on P'(Q) by appealing
to the canonical projection map P'(Q) - Pg(pt), providing that this map is A-
equivariant. If H contains the residues of —1 and all of the primes dividing denomi-
nators of entries of matrices in A, then the noted projection is indeed A-equivariant.
Therefore if we take H to be the given K, then a > 4 and the A-equivariance ensures
that the number of A-orbits on P'(Q) is also greater than 4. _
That C(A(u?,2t)) is not dense K, follows from the fact that there is a A-
equivariant subset of Pk (pt) containing no images of cusps. 1

Now we note that A(6/11,6) satisfies the hypotheses of this proposition: the
group A(6/11,6) lies in PSL5(Z[1/2]) and the subgroup K of (Z/33)™ is gener-
ated by 2 and has order 10—less than ¢(33)—as 2° = —1 modulo 33. Therefore
C(A(6/11,6)) is not dense in Kss. On the other hand, Proposition B3 implies that
C(A(6/11,6)) is dense in [],;, , P1(Q¢). We thus find that by using our congruence
topologies on P!(Q) we can identify strictly more obstructions to pseudomodularity
than we can using products of spaces P'(Qy).

To end this note, we remark that it is yet unclear whether we can use the
congruence topologies to detect all Fricke groups whose cusp sets are properly
contained in P1(Q).

Question 2. Suppose that the set C(A(u2,2t)) is dense in the full congruence
topology on P!(Q), or equivalently if, for every integer N > 0, the image of
C(A(u?,2t)) [CPI(Z) in (Z/NZ)?/{x1} consists of all pairs of residues (a,b) with
ged(a, b, N) = 1. Is the cusp set of A(u2,2t) then equal to P'(Q)?
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