RIEMANN SURFACES AND THEIR MODULI

JOSH GUFFIN

ABSTRACT. The purpose of these notes is to give an overview of Riemarfaces, and their moduli spaces. In general,
theorems will be presented without proof, although refeesrwill be provided. These notes were originally prepaced f
the summer 2004 session of the UIUC Graduate String Sehifapofs of nearly all the theorems may be found, unless
otherwise noted, in [FK80].
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1. MATHEMATICAL REVIEW

1.1. Complex structure. Let # be a 2n-dimensional manifold, with an atld&J);, @ }; Ui Ui = o, @ :U; — C™. If
the functionsg o (pjl :C™ — C™ are holomorphic on their domains of definition, the atlasaiéed complex-analytic.
Two atlases{U;, @} and {\i,W;} are said to be compatible if their union is again an atlas.aGlethis defines an
equivalence relation on the set of atlases, an equivaldass of which is known as @omplex structureA manifold
together with a complex structure is calledanplex manifoldits complex dimension is defined to bedimeM = m.
A complex manifold of complex dimension 1 is calleiR@®mann surface

Another way to define a complex structure is to complexify téuegent bundle and introduce an almost-complex
structure J. An almost-complex structure@nis a tensor of type (1,1) (a section of the bundle @ ® C) — o)
which squares te-1. In local coordinates this is

S
Ay} = -8,

An almost complex structurkis said to be integrable if the Nijenhuis ten®&X,Y) = [X, Y]+ J[IX, Y]+ J[X,IY] —
[JX,JY] vanishes for all smooth vector fieldsandY. An integrable almost-complex structure defines a complex
structure on a manifold. In one complex dimension, it cantzews that the Nijenhuis tensor vanishes identically, so
that every almost-complex structure defines a complextstreicAnother useful fact is that any complex structure has
a unique associated almost-complex structure.



A map of complex manifold$ :M — N is said to be holomorphic if it is holomorphic in any chart:
-1
gVofo(g") cm—

Because transition functions between the sets of the cogdradomorphic, the holomorphicity of a map is indepen-
dent of coordinates. Furthermore, this implies that everypplex manifold is orientable. A map: 4 — a( is a
biholomorphisnif f is a holomorphic diffeomorphism (this implies that® is holomorphic).

1.2. Conformal structure. Consider a Riemannian manifold , and define equivalence relation of metrics
gi~0 ifg=6g, wec®().

This is known adVeyl equivalenceand an equivalence class of metrics is calledaformal structuren as . Diffeo-
morphisms ofv which preserve the conformal structure are cadledformal transformations

A Riemannian manifold with a metricg is calledlocally conformally flatif every pointp € # has a coordinate
neighbourhood such that
gl =€ Zznl(d%)z-
It turns out that every Riemann surface is locally confollzmﬁat.
1.3. Equivalence of conformal and complex structure.

Theorem 1. The set of conformal classes of metrics and the set of corspl@stures are in one-to-one canonical
correspondence for Riemann surfaces.

Specifying a complex structure completely specifies théaromal structure, and vice-versa. One consequence of this
theorem is that the notion of a biholomorphism and a confbtraasformation are equivalent.

2. CLASSIFICATION OF RIEMANN SURFACES

Mathematicians like to classify everything, up to isomaspi, and Riemann surfaces are no exception. Their clas-
sification is given by théJniformization theoremBefore we begin to define the concepts we will need to state th
Uniformization theorem, let us state a special case;

Theorem 2. Uniformization theorem for simply-connected(my (# ) = {e}) Riemann surfaces.Up to conformal
equivalence, there exist three simply-connected Riemanfiasices;

1) C=Cu{w} the Riemann sphere

2) C the complex plane

3) A={zeC(C||z <1} the unitdisk.
In order to state the Uniformization theorem for arbitrargiRann surfaces, we must first discuss covering maps,
automorphism groups, and freely discontinuous group astio

Definition 1. AutomorphismsAn automorphism of a manifolds is an biholomorphisnf : 4/ — ar. The set of
automorphisms is denoted Auat ) and forms a group under composition.

Definition 2. Universal cover.Let 4/ be any connected Riemann surface. Tinéversal covenf a7 is a simply-
connected Riemann surfage equipped with a surjective map: ~ — 47 . In addition, every poinp € # has a
neighbourhootl wherert(U) (the pre-imagenotthe inverse) is a countable disjoint union of sheets (seedigil

miU) = | Va.
aEZ
EachVy (a sheet) is homeomorphictbvia Tt

Definition 3. Covering groups.f 1:~ — 2/ is a covering map, then there is a grogpf homeomorphisms atf
such that the quotient spak¢g is isomorphic tam . ¢ is called the covering group, and is isomorphigtéa ).

One may also inquire as to when a grapf homeomorphisms gives rise to a surfage; with projection map equal
to the quotient map. The condition is that of free discordimuaction.
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FIGURE2.1. A cartoon of two spaceS! andT?, with their universal cover® andC and projection
maps:R — St andm:C — T2.

Definition 4. A group ¢ acts freely discontinuously at a poipk X if there exists a neighbourhoatof p such that
gunuU =0 VvV geg—{e}.
If the action is freely discontinuous at every point, the tiprt space /g is a manifold.

If & is a Riemann surface arxdis its universal cover, the complex structure pulls backivéprojection maptand
the covering group consists of conformal automorphisnis;atsubgroup of AYE).

2.1. Uniformization theorem for Riemann surfaces. Now we are ready to state the Uniformization theorem for
arbitrary Riemann surfaces.

Theorem 3. Every Riemann surfac® is conformally equivalentt@/ g, where

C
>=<C
A
is the universal cover off , and g is a subgroup of AYE) admitting a freely discontinuous action en. In addition,

G ~Tu(M).

2.2. Automorphisms. Subgroups of the group of automorphisms of the three Riemsarfaces play an important
role in Theorem 3, so it is a good idea to know what Aut is fartesurface.

2.2.1. Aut(C). To find Aut(C), we use the fact that
C~CP' =P,
with the isomorphism given in homogeneous coordinateB’dny
Al
1) (2z2)) = (L0 = {e}

The action of GI2,C) on C? projects to an action of RR,C) = {GL(2,C)/A,A € C*} on P1. Then, PL2,C) is the
group Au{C), whose action oft is

z\ (a b\ [z _az+b
® (2)- (o (&) -7-5a
by virtue of equation (1). Such a transformation [the RHS)f is called a Mdbius transformation.

Aut(C) ~ PL(2,C).
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2.2.2. Aut(C). To find Aut(C), we note that the conformal automorphismsCofvill be those automorphisms @t
which fix the pointeo. It is clear that a Mobius transformation which fixesnust havec = 0;

Z =az+b, aeC'beC
This group is known as Affl, C), the affine transformations of the plane. It is isomorphith®group of matricies of

the form
a b
0 1/

Aut(C) ~ Aff (1,C).

2.2.3. Aut(A). The automorphisms @ do not have such a straightforward derivation. An overviemresented: The
unit disk is conformally equivalent to the upper-half plame= {z< C|0(z) > 0} (A andu will be used interchange-
ably). The group of automorphisms af is PL(2,R), so

Aut(A) ~ PL(2,R).

Thus,

2.3. The Exceptional Riemann Surfaces.

Theorem 4. With three classes of exceptions, the fundamental grawgf a Riemann surface is non-abelian.
(1) The only surfaces up to conformal equivalence with trivimdamental group ar€, C, andA.
(2) The only surfaces (u.t.c.e.) with ~ Z are C*, A*, andA, = {ze C |r < |7 < 1}.
(3) The only surfaces (u.t.c.e.) with ~ Z ® Z are tori C/A(w,n), A\ a lattice (see equation 3) if5.
These conformal classes of surfaces are known as exceptiona

3. MoDULI OF RIEMANN SURFACES

Two Riemann surfaces can have the same underlying topalagiace, and yet be conformally inequivalent (have dif-
ferent complex structures). The set of conformally-ineglént surfaces over the same topological space is known as
a moduli space. Is there structure on moduli spaces? Thesanguhis question is yes, generically, and the structure
can be very interesting. The general solution is complatade we will be content with examining a few important
examples.

To aid our study, we shall make use of the following theorem.

Theorem 5. Two Riemann surfaces have the same universal coaeid covering groups conjugate in At if and
only if they are conformally equivalent. Thatis, f91, G» C Aut(Z), there exists a g Aut(Z) such that 107 = G».

3.1. Surfaces with universal coverC. As was found before, AGE) is the Lie group P(2,C). Recall that if we
think of C asC U, then the action of AYC) is that of a Mdbius transformation, equation (2).

Proposition 1. The only Riemann surface with universal coeis C itself.

b

Proof. First we show that Mébius transformations fix at least onietpaf C. Let (a d) € PL(2,C). Then, a fixed

point satisfiez = az+b which simplifies to

cz+d’
a— d
z=—= 20 (d—a)2—4cb c#£0
z:d—Ea c=0,a#d
Z=o c=0a=d,b#0.

These equations clearly have solutions for any element ¢2,Rl). Thus, we see that every element of A fixes
at least one point of, and since no proper subgroup of (2LC) can act freely discontinuously db, we have the
desired result. O

An obvious consequence of this proposition is that the nmighalce of genus zero surfaces is a one-point set. In fact,
all three of the simply-connected surfaces have one-paictuthspaces.
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3.2. Surfaces with universal coverC. Recall that AutC) = Aff (1,C), with z— az+b. We will make use of the
fact that

Theorem 6. If the (holomorphic) universal covering spacemfis C, thenas is conformally equivalent t&, C*, or
T2, atorus.

For a proof, see [Ahl79]. The respective covering groupg efeZ, andZ & Z.

Examine first the casg = Z. We can take — z+ 1 as a generator, so that the covering mafe — C* is just the
exponential mapi(z) = exp(2m/—12z). The moduli space fot* is again trivial.

G =7Z &7 is abit more complicated. We shall make use of Theorem 5. i@enalattice in C;
3) A(w,n) = {mw+ nn | mn € Z;w,n € C* linearly independeljt

Clearly itis a discrete group, isomorphicZab Z, and the quotient /A(w,n) is a torus (see figure 2.1). When are do
two lattices give conformally equivalent tori? By Theorentte two lattices must be conjugate in AQY. Before we
establish conditions for the conjugacy of two lattices, Weielate one further complication. Two latticB$wi,n1)
andA(wy,n2) may be identical; that is, they are composed of the same getinfs inC.

Lemma 1. The two lattices define the same set of points (see figuref3te two basis elements of one lattice are
linear combinations of the other two (with integer coefiit#;

()= (o ()

with 2 b in GL(2,Z). Furthermore, multiplying the entire matrix by any integef yield the same lattice; we

d
want PL(2,7Z).
Proof. The proof is easy, but involves much typing. Thus it is leftte interested reader. O
L) [ ] L] L] L
/
; » * _ 17, o °
C&J’:,_—(g—’_—_—/’”’:b .
n

FIGURE 3.1. Two bases defining identical latticesGn

Proposition 2. The conjugacy class @f(w,n) in Aut(C) is the set of lattices of the forf(aw,an), with ae C*.

Proof. An element(a,b) € Aut(C) acts on a generatdy, : z— z+ w of the covering group a&,b) - hy(z) = a(z+
w) + b, and thus
(a,b)hy(a,b)1(2) = z+ aw.
O

Now, we defina = n/wand without loss of generality, chooSgt) > 0 (i.e. since any two points in the lattice define
it, choose them appropriately: see figure 3.1). Furthermeeechoose = 1/w, so that every lattice is conjugate to
one of the formA(1,T7). Combining this result and that of Lemma 1, we see that a téticds are equivalent if they
are related by the Mobius transformation
, ar+b
T od

. fa b
with (c d> € PL(2/Z).



Theorem 7. The moduli space of the torusis/PL(2,Z).

3.3. Surfaces with universal coveru. Except for the four surfaces mentioned previouﬁy@,c*, andT?), all
Riemann surfaces hawe as their universal covering space. There are many subgafupst(« ) which act freely
discontinuously, the fixed-point-frdeuchsian groups Rather than beginning a long discourse, we shall leave them
for another time. For now, we will find the moduli spaces offiiagt of the exceptional Riemann surfadeg)*, andA, .

To keep this lecture under an hour, we simply present thdtsemnd refer the reader to §1V.7.2 of [FK80].
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