1. SHEAVES

1.1. Presheaves. We begin with presheaves. A presheaf may be defined for any concrete
category, examples of which include commutative rings, vector spaces, and abelian groups.
A presheaf F of a category (abelian groups) on a topological space X is an assignment of
an abelian group (object of the category) F(U) to each open set U C X. In addition,
(1) to each V' C U, a morphism (group homomorphism) ryy : F(U) — F(V) called the
restriction morphism, satisfying
(2) ruw = ryv o ryw for each W C V. C U, as well as ryy = idz@y (0 for abelian
groups).
Elements of F(U) are called sections. Unless explicitly noted, we will consider sheaves of
abelian groups from now on.

Example 1.1.1. On a topological space X, we define Z(X), R(X), and C(X) to be constant
Z—, R—, and C—valued functions on X. On connected spaces, these presheaves are also
sheaves (see example 1.2.1). O

1.2. Sheaves. A sheaf on X is a presheaf F on X satisfying two additional properties.
Given a covering {U;} of U C X,

(1) if o is a section of F(U), and oy, = 0V 4, then ¢ = 0, and

(2) (gluability) given o; € F(U;) satisfying

oilvinu; = ojlvinu; Vi, 7,

then there exists a ¢ € F(U) such that o|y, = 0; Vi, and by (1), ¢ is unique.

Categorically speaking, we would say that given compatible elements o; (in the sense of (2))
on a cover, there exists a unique element of the sheaf F(U) which restricts to each of the
given o;.

Example 1.2.1. For an easy example of a presheaf which is not necessarily a sheaf, let’s
consider the constant sheaf on a space X. Given an abelian group A, we set A(U) = A
for all U € X open. The restriction maps are simply the identity element of A. If X is
a disconnected space with X = U UV, the presheaf A(X) is not a sheaf. Given any two
distinct elements a, b of A, they may be taken to be sections A(U) and A(V') respectively.
The sections satisfy oy |yny = ov|pny trivially, but obviously do not ‘glue’ to a global section

(a section of F(X)). O

Example 1.2.2. Commonly seen sheaves (from [GHT78]).
Sheaves on a C'* manifold M:

o C>(U), C* functions on U

e C*(U), nowhere vanishing C* functions on U (a multiplicative group)
e AP(U), C* p-forms on U

o ZP(U), closed C* p-forms on U.

Sheaves on a complex manifold M:

e O(U), holomorphic functions on U

e O*(U), nowhere vanishing holomorphic functions on U (a multiplicative group)
e OP(U), holomorphic p-forms on U

o APU(U), C* (p, q)-forms on U



o Z7(U), 0-closed C* forms of type (p,q) on U.
e 7, (U), holomorphic functions on U which vanish on V NU
e O(E)(U), holomorphic sections on U of a holomorphic vector bundle £ = M.

We may also notice that the sheaf O is equivalent to sections of the trivial (complex) line

bundle.

Example 1.2.3. Extension by zero. Given a sheaf F(NN) on a subspace N of M, we may
“extend F by zero” to a sheaf F on M: for U C M open, define

(1) F(U) = F(UNN).
It is easy to check that F is a shealf. O

Example 1.2.4. The Skyscraper sheaf. Let X be a space, with p a point in X. Take the
sections as follows: If p € U C X, then S(U) = C, and if p ¢ U, S(U) = {0}. It’s easy to
see that this defines a sheaf, and that the support of the sheaf is the point p. O

Example 1.2.5. Direct Image Sheaf. Let f: X — Y be a continuous map of topological
spaces. Then a sheaf F on X induces a sheaf on Y by

(2) (feF)(U) = F(f1(U)),
where U is an open set in Y. O

Example 1.2.6. Subsheaves. A subsheaf of a sheaf F is a sheaf F' where on each open set
U, F'(U) is a subgroup of F(U) and the restriction maps are inherited from F. O

Example 1.2.7. The sheaf O(k). Consider the presheaf on P" defined by
(3) O(k)(U) = {f € O(x~'(U)) | f(Ax) = Nf(x) ¥ A € T},

where m: C — P” is the quotient map. The set of holomorphic homogeneous polynomials
of degree k forms an additive abelian group, so we see that O(k) is a subsheaf of the direct
image sheaf 7,0. O

1.3. Sheaf and presheaf maps. For this section, take X to be a topological space, and
U C X open. A map of presheaves ao: F — G on a space X is a collection of homomorphisms

(4) {oav:F(U) = G(U) }yex
such that

(5) rUVl lrUV

FV) —— G(V)

ay

commutes for all V' C U open. A map of sheaves is then a map of the underlying presheaves.
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Example 1.3.1. Given a map of presheaves a: F — G, we define the following presheaves
ker(a)(U) = ker(ay: F(U) — G(U)
coker(a)(U) = coker(ay: F(U) — G(U)
im(a)(U) = im(ay : F(U) — G(U)

Proposition 1.1. Given a map of sheaves a:F — G, Ker(a) is a sheaf.

Proof. We check that the two extra properties of a sheaf are satisfied:

(1) Let 0 € Ker(a)(U) C F(U), and U = {U;} be a covering of U. Then oy, = 0 implies
that o = 0 since F is a sheaf.

(2) Assume that 7; € Ker(a)(U;) agree on overlaps. Since « is a sheaf map, we have
a(7;) = a(7)|v,, and since G is a sheaf, we can glue; a(7) = 0, so that 7 € Ker(a)(U).

U

While the kernel of a sheaf map always satisfies the properties of a sheaf, the cokernel and
image presheaves may not. Given sheaves Z and C*, for U C X we have the inclusion

27

homomorphism Z(U) u, C*>®(U), and the exponential map C=(U) “— C*(U). Take
X = St and cover it with open sets U = (—¢,m +¢) and V = (7 — €, 27 + €).

Proposition 1.2. The image presheaf U — (im €*™)(U) is not a sheaf.

Proof. Naively, this sheaf should be all of C*, but as we shall see, sections in the image may
not glue properly. The exponential map on each open set gives a map of presheaves

(6) c=U) <5 o).

The problem comes from trying to interpret this as a map of sheaves. We examine sections

of the sheaf C°:
fu:0—0 —e<f<m+e

fv:0+—10 T—e<0<2m+e

with fulvay # fvluav
Clearly we have that

(7) p(fU)\Umv = p(fv)\Umv,

which implies that we should be able to glue to a global section of the image presheaf. It is
also clear that no such section exists, so the presheaf im e?>™ is not a sheaf. O

1.4. Sheafification. The problem in the above example was that the open sets we chose
were “too large”. To remedy this, we define something “very local”.

Definition 1.4.1. The stalk F, of a presheaf F at a point p is defined to be

_ {(U,s)|U open and p € U, s € F(U)}
(8) Fp = )
(U, s) ~ (V1)
where (U, s) ~ (V,t) if there exists a W C U NV open such that s|y = t|w. If our presheaf

is O, the stalk is simply germs of holomorphic functions at a point.
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The stalk at a point is an abelian group, with addition defined as follows:

(9) U, )+ V,9) = U0V, floav + gluav).

Given some o € F(U), we write o, for the image of o in F,,.

Example 1.4.1. Given a subsheaf 7’ of F, at any point p, the stalk Fj, is a subgroup of
the stalk F,. O

Example 1.4.2. Given a skyscraper sheaf with support at the point p, the stalk of the sheaf
at p is C, while the stalk at any other point is {0}. O

Now we are ready to define the sheafification F* of a presheaf F.

Definition 1.4.2. The sheafification of F on an open set U is the set of all functions
s:U — U, ep Fp satistying
(1) s(p) € Fp
(2) for all p € U, there exists an open neighbourhood W C U of p and a section t € F (W)
such that s(q) = t|, for all ¢ € W.

The process of sheafification forces you to not consider large open sets, but to examine germs,
which are very local, and match them around the set. We can now define the sheaves Im(«)
and Coker(a); they are the sheafifications of the presheaves im(«) and coker(«), respectively.

1.5. Exact Sequences of Sheaves. A map of sheaves ¢: F — G is injective if Ker(¢) = 0.
Note that ¢ is injective iff the maps ¢(U): F(U) — G(U) are injective for all U C X open.
The sheaf Im(¢) is defined to be the sheaf associated with the presheaf image of ¢. Im(¢)
may be identified with a subsheaf of G, and so we define ¢ to be surjective if Im(¢) = G.
Recall that a complex (of sheaves) is a collection of sheaves C,, and maps ¢, :C, — Cpy1,
usually written

(10) ~-~an,1MCnﬁ>6n+1qbn—ﬂ>~-~,

with the property that ker(¢,) C im(¢,_1). This is a fancy way of saying that ¢, 0 ¢, 1 =0
for all n. An exact sequence is a complex where ker(¢,) = im(¢,—1).

Definition 1.5.1. A map of (pre)sheaves « is an isomorphism of (pre)sheaves if each ho-
momorphism «g is an isomorphism.

Example 1.5.1. Let 0 denote the constant sheaf of the abelian group {0}. If we have a
short exact sequence of sheaves 0 — F — G — 0, then F ~ G. O

Example 1.5.2. If we have a short exact sequence of sheaves 0 — & —— F A, g — 0,
then G ~ Coker(a) = F/E. O
2. CECH AND SHEAF COHOMOLOGY
2.1. Cochains and the coboundary operator. We begin by defining cochain groups:

(11) C*U. F) =P FU, NU;, NN,

An element o € CP(U, O) is a collection of sections on p + 1 intersections, and is called a

p-cochain.
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Example 2.1.1. For the sheaf of homomorphic functions, F, the first few cochain groups
take the form

U, 0) = {fa € OW.) }
(12) Cl U, 0) = {haﬂ c O N Uﬂ)}

C2U, 0) = {gam € O(U, NUsN U,Y)}.

Now, we define a coboundary operator
(13) §:CP(U, F) — CPTY U, F)
by the formula (for o € CP(U, F))

p+l
¢
(14) (5U)io ----- ip+l = Z(_]‘) O-io ----- il ----- ip+1
£=0 UigN--N Ui,y
In words: the image of o under ¢ on the intersection Us, . ; ., = U;;N---NUj;,,, is the alter-

nating sum of o on Uy, 3,...i,.., Where the i, denotes U;, is excluded from the intersection.
Cochains ¢ which satisfy do = 0 are called cocycles, and if ¢ = §7 for some 7, ¢ is called a
coboundary. One may check that 62 = 0V p.

Example 2.1.2. Let U = {Ua, Uﬁ,Uﬂ,}, with U, N UgNU, # 0. Then, for ¢ € C'(U, F),

we have

(00)ap = 0u — 03 = Tag
(15) and

(0T)apy = Ty — Tay — Tag

=03—0y—0at0y+04a—05=0
O
If we define ZP(U, F) = Kerd C CP(U, F), we will have the p* Cech cohomology group
; Z*U, F)

16 H(U = — .
( ) (_7 JT) 501,_1(&’ JT)

Let us examine properties of the CeVCh cohomology groups. We note that since there are no
“1” forms, for any cover U of M, H°(U, F) is composed of those cochains which match on
all intersections of the cover; that is, global sections of the sheaf. Thus we have that

(17) HU, F) = F(M).

True sheaf cohomology is defined in terms of derived functors. However, in some cases sheaf
and Cech cohomologies coincide.

Theorem 2.1. Let H'(U, F) denote the 0" sheaf comology. Then, HO(U,F) ~ H'(U, F).

Theorem 2.2. (Leray) Given a covering U, if H(V,F) = 0 for any finite intersection
V=U,Nn---NU,, then for alli >0
(18) H'U,F)~ H(X,F).

5



Such a cover is known as acyclic.

Definition 2.1.1. A sheaf is flasque if sections on open subsets always extend to the whole
space.

Theorem 2.3. For a flasque sheaf, H'(U, F) = 0 for alli > 0, and sheaf and Cech cohomology
are identical.

2.2. Long Exact Cohomology Sequences. The goal of the next subsection is to show
that an exact sequence of sheaves

(19) 0-¢e-5F L goo,
on a paracompact space M induces a long exact cohomology sequence

0— HO(M,S) — HO(M,]:) — HO(M,Q)

— H'(M, &) — HY(M,F) — H'(M,G) —
(20)

— HP(M,E) — HP(M,F) — H?(M,G) — - --

(Paracompactness is a technical assumption, see [Hir78] §2.8. This is not much of a restric-
tion, since manifolds are by definition paracompact). Given the sequence (19), we will have
maps of the cochain groups. Since they are homomorphisms, these maps commute with 9,
and so give maps of the cohomology groups

(21) CP(M,E) - CP(M, F) cr(M, F) -2 cr (M, ).
(22) HY(M, ) < HP(M, F) HP (M, F) 25 B (M, ).

Now we need a map 0* : H?(M,G) — HPTY(M,E). Take an section o € CP(M,G). 3
surjective implies that we can find a 7 € C?(M, F) such that 3(7) = 0. Since [ commutes
with 0, B(61) = 0.

& F g
CP(M,e) r s

Crti(M,e) u —2— 07

|l

Crt2(M,e) Sy —— 0

Finally since « is injective, we can find a p € CP™(M, &) such that a(u) = 0. Again we
have that da(u) = a(du) = 0, and « injective implies that du = 0. Thus we can take

(24) 8o =p € HY(M,E),

and we have the desired result that (20) is exact.
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2.3. Vanishing theorems. Vanishing theorems, coupled with long exact cohomology se-
quences, give us extremely powerful techniques for computing cohomology groups.

Theorem 2.4. (0—Poincaré Lemma) If A(r) is a polycylinder (a complex ball) of radius
rin C", HY'(A) =0 for ¢ > 1. Note that r may be taken to oo, so that A = C".

Proof. See [GHT8], §0.2. O

Definition 2.3.1. A sheaf S is fine if for every locally finite covering of the space by sets
{U,}, there exists a collection of endomorphisms {¢,} of the sheaf so that ¢,s, = 0 if
x # Uy, and so that ) ¢, = ids.

What this means is that we can find a partition of unity surbordinate to some locally finite
cover: that is, for U = {U,}, maps 1, : F(U,) — F(U) such that the support of (n,0) is
contained in U, and Y 14 (o|p,) = o € F(U).

Theorem 2.5. If F is fine, H?(M,F) =0 for p > 0.

Proof. See |[GHT8], §0.3. O

2.4. Cech -de Rham isomorphism. By the ordinary Poincaré theorem, the long sheaf
sequence

(25) )R-t Lo e,

is exact. Thus, we will have short exact sequences

(26) 0-R-Sa0 -4 21 g
and
(27) 0— 27 qp -4, vt

for all p. Now, (26) induces the long exact sequence

(28) 0 —---— HI(M,AP) — HY(M, 2P — HT (M, 2P) — HT (M, AP) — - -
and since 2A? is a fine sheaf, H9(M,?) = 0 for all ¢ > 0, p > 0. Thus,

(29) HY(M, 2P ~ HT™Y (M, 27).

Similarly, the exact sequence (27) induces the long exact sequence

(30) 0— - — HI(M,A°) — HY(M, Z") — HI"Y(M,R) — HITH (M, A°), — - --

so that HY(M, Z*') ~ HI(M,R) for all ¢ > 0. Thus, we have that
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HP(M,R) = HP™Y(M, Z")
~ g (M, 2?)

~ HY M,z
H(M, Z7)

~ SHO(M, A1)

_ 7z

~ dAPY(M)

= HiR(M).

Similarly, we have the Dolbeault Theorem:

(32) HI(M,QF) = HZY(M).

(31)
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