











































































































Recall Fara Eee Fu II
char 42

icy WCG Will WIFI
Inverse

joy W f Kwch WIG
u F Zach

S if F is a load file u CF 4
also dwell 16

For F local have Hilbert symbol
a b f

El Itt Ef splits
s reps l

The next result is useful in

understanding the Hilbert symbol
in particular showing that it is

a non degeneratepairing














































































































Propy Let q a 5 be an anisotropic

q.fi F of din 3 f det f
Then i q does not represent 8

q represents the other square
classes

Proof Red we'll prove the Contrapositive

That if c fails then q is isotopic

So suppose q represents f also

Then a S c as a is isotropic so

it contains a hyperbolic plane h a D

ie g b c abe E L l I d e

def I cFYFE f in Fx
E date de

go
es de FIE

and Cal e E Cd d Eh

So Sasha abc E S l
a

Witt Cancellation a 5 Ed I abd
Isotropic


















































Re i Say w is in a different

square class than f cbc

WTS g ca b represents w

wt s C 5 w ESTE le FY FM
in f 4ft II

def a b c w7 not a square

But I U IT has square det

the only anisotropicform

of claim 4 up to
isometry

i Ca Ga is isotropic
So g a 5 represents w

Applying this we get

The Hilbert symbol
is a non degenerate

pairing no nontrivial does always pairs trivially

I.e Vy e FT FY
Ft E ft et Lytle I

ie the
quaternion lg
k 1 is not
split



Proof Sina Li 4 et uit is anisotropic

so is the Subfrm f 5 4 it not

Iet 8 1 c FFF'd so the prop shows

of reps every Sg ar class except 1

Since y
is not a square y I cFYFE

so 2 t I c FYFE so g reps 2
i QE L z t g But Iet 8 1

i det g y c FT F

din g 3 da ga z
of 5 3227
2 c f

so s u IT ut g E L 2718 E C y y z

So I u 47 htt I 2 Byz
a a

norm form of
4 norm formof 2

i 2 ih Kittle

Above results assumed che k 2

But if I re or a finite extension
the Chae F 0 but cha h

Can carry over these results to this

situation though poofs are more complicated



am Chap Vl In above situation

Th F quaternion etiu.alg.IE

viz HIE for a suitable unity

HaveR c F win uniformize CT EX T L
ifRTdz

naive As in tha F degree 2 F ay
unramifie extension KIFext of 5k ofdeg2 ie IT is again a uniformite fo k
K firm use this Ifa EgonKummerextension

the u f 4

CY F 4 d it anisotropic g ElfCo 2.15
Vlt I h LT hit

2 If g is anisotropalf of din 3 then
it does not represent Ietf
but it does representevery other square

class

1 The Hilbert symbol IF

is non degenerate

Some things are different Before we had
1 htT fYpxY 4 for Ves cha 2 But

for res de 2 IF IF I 4



Ex In Qc there are eight

square classes forming 2 2 given by

y 225k ix he 20,13 EEE
More generally for a finite extension F IQ

let s 2 21 2 is not Nec a uniformize

et g 1h1 a power
of 2

Then IETF 4 48 8 42 91
2

2 if CF D n
resdegree

q zf see so of Et E
ran index

Re Hilbert symbol Clan AU Co 2.28

If x y e U L then

cx.nl DEE 421 C45

Compare to quadratic reciprocity

Also get structure of W F for

2 adic fields F

am ChapVl th 2.29



2 Fdegree n extension

Qe

Recall IF'Yf Y In m 23 Then
4
Nfl

as a group 1 2

1 If I E F then WCF1 7611
e Say L Et F
a If 1 is a sun of fro squares then

m 2

WCf1El45tofdlyb7Otheruise.WCF _218 to him

In each case Iw Fll It
2h 4

So It 4 anisotropic f f s in F
up to isometry



Local global principles for global fields

Esp Hasse Minkowski Theorem

F a global
fierce of a g Elf

The q isotopic IF of isotopiclearner
localfried

Eq et4

of anisotropic If q anisotropic
some Fn

Ex F Q Complete p Vp im.si a
gelR

wrt l l
wit l p Cheshabsray

Ex F FpCt rate from projective

f line our Fp
1 tf art Hcompletions Ff w't

irreducible

point E line ththiopslyAfp

Es For f t Ff FpAfD Pt at
on

1 EtElf Y LEITH REP

fo f o Ff Fp Kt D
If't I p

dg3pole of
order 3 at a



This theorem is special for q fi fans

Fails force forms

Ex 3 9
423 57 is isotropic

a e Call pbut is anisotropic IQ
seln.ru

Fails for q c forms

Ex 35 225 5 y 2 5 HE 325
is isotropic1112 and all Qp
but anisotropic IQ Gee Lea p.no

Related to observation

A g f of
a quadric hypersurface

of damn Q IP gcie.bz geo
pace

under the group 0cg

Some consequences of Hasse Mirko ski

For a f f g Iglobal field F

q is hyperbolic If q is hrpes.li eaccfn

Pf is 42 induction using H M

with decomposition Witt Cancellation



Com iw g min in 184
r v n s

has.ae 49 En
woiutzifex.to w index
of h's in of 8 1Er

Witt deump

these corollaries will be on the next problemht

If a Fx then

q represents
a over F 7

q represents
a one each Fm

Pf q reps a ove F

g I s a is esotropia IF

q c a
Lea E

q rep a over aK Fm

g f's te

of grover F q q over act far



Pf Either side implies di g din g

If this holds the

g E g Le

Es g g define the same class in UCF

q Lfc g is trivial in w CRI

i e is hype b lie IF

go 1 C Dg is hyperbolic all Far

par G

g E g l all Fm

Gwen 8 s IF

of Eq IF

Cil di g din g

Cil det g e det g c ETF

iii Ca SCgal sight for everydiscrete
valuation rmf

Hasse invariant
For g ca I

Slg II la I c BrCF

b sign godssignCgi forevery real ebs
valent

signature of a real f I



PI E is trivial For

Cc Cid Cicikal of Eq Fn

fer r any discrete
Valuation prairies result

dad GE g IR
feel complete

by Sylvertes Law of Inertiff
real qf's

At couple campletions Ey two regular gf

of the Sama din are isomedia

So q Eg
in every Fu

So done by prewar Cor

global f fed

0 Let f be a finite extension

of Fp Cx Then UCF 4
a p L

PI Say q is a qflF If din 924

then q is isotopic all Fr

since a E 4 f is isotopiaff

Thus h F E 4 UTS



For this want an anisotropic oof

overt of dcin 4

FI eiF tTpCx7

Since u Cfp 3

F anisotropic gf fo of din 2 over ftp

Let g got Go 8 f IF
unifermixir E C Ivf

et Nes E Ex EpccxD doused

As a gf over For d Cq deco go

Theseare anisotropic p
so qisanisotr.pk f

i q is anisotropic ove Fc Fn

F is a finite extension

of Fpu F far f R a

finite extension of Itp Cx DedDom

Proceed Similarly wrt a monilidedinaR

with uniformize IT a a finite reside.ae

field Rlm



What about a f fr Fa tf
It depends on whether there is a

real completion of F or if df

archimedean Completions
are Complex

assoc to F Q

Ex F Q one arch abs value

completion lR

Ex F Alfa two a d abs robes

Corresp to JI
94213

1.414213

Each has completion lR

Ex F Fa One and abs rake

completion Similarly fo Ici

Ex F Q EE Two a chess values

one with coaptation lR
use real et
one with completion 1C

Over IR I is anisotopia
So L IR D Pos def

So a f s if FalR
so if a fld F has a real completion



What if F has a red completions

F is totally imagine field
e.g QCFI.QG.tk totally comples

If F is a totally imagine A feels

then a Cfl 4

Pf is as for the global function case

but for a chained can absolute Values

use Ev E Q t a Q
a 4

For other fields lick dug

G Say din g 4 Then

q is isotropic F
f or rt for EIR the linage of q

under F For EIR is indefinite

Samepfs using q LIR
is esotropia

q is indefinite

Case of Q Cf den 82,4 then

q is isotropy q is indefinite 1112
Q



To handle the case of flds they
are not totally linegi ay and some

other fields that have ucf
D

There's a variant of h

the Elman Lam invariant Wcfl

the Snp of the dims of anisotropic
g f s IF that correspond to torsion
elements of WCF

For Q this eliminate Pos def g f's

f ng det gf's And then get
a Q1 4 More generally
h Fl 4 for all global fields

In general n F UCF for any

field F with no embedding F GR

See Lax Appandi to 86 of Chp Xl



Question Which rational s are the

Sum of three squares

Eg What is D Ki i D ove Q

Since we can multiply by squares clean

denominators it suffices to determine

which integers are in this set

Use Co of Hasse Minkowski

q reps a in Q g reps a i IRr.lt Gp

To rep a i IR a o

To rep a in Qp pode

Every elf in Ilp is a Sum of two squares

hence also in Qp since p is odd

For Chi recall If F is a non a denide

local field t f ca S P is an anisotropic

q.fi F of din 3 then 8 represents
all

the square classes
of F other than detq



Apply this logic D over

get q reps ever square
class'othe tha l

A unit in 2 is a square if it is finds

So a general element of QE is a square

if it is
a wait mods

So i need is in Dcg
n o ane n f 49 Asti

Equiv h o a e n t 49 Sb D a.se

Ex Which non O elements in are

Suns of 4 Squares

Again reduce to 2 0k Qp Ep z

For 42 Ok iff positive

For Qa if f 4486 D then
i D Ki 1 I ED K 1,177

If 4485 il then 4485 2 49
Sum of 3 squares Square

So yes for all pros integers



To prove Hasse Mirko ski

WMA q regular otherwise isotopic f

Proceed by induction on din f

Prove cases of din 9 42,34 separately

then start ideation with din 5

Fording q sa Ato

Then q anciotopic If and overfu I

sima.es

To be discussed


