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o Let E/IF be an elliptic curve over a finite field.
@ Let ¢ be a prime number.
@ What's the chance that /|#E(F)?

@ Actually, this was answered by Lenstra (F = IF,) and
Howe (F = F,).
@ In this talk, we'll give an answer for:

o Abelian varieties of arbitrary dimension
o Jacobians of curves of arbitrary genus
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@ Roughly, we show: The answer is approximately %.

® Actually, it’s closer to 5%1

@ Let a(g, r) be the chance that a curve C of genus g
satisfies Jac(C)(F)[¢] = (Z/¢)".
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S=P' —{0,1,00}

@ Fiber over A = Ag is
Exn ¥ = x(x—1)(x — Ap).

@ Varying choice of Ag € S(IF) varies elliptic curve &, /F.
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@ Let X — S be an abelian scheme over a finite field.

What is
[{s € S(F) : €] [Xs(F) [},

|S(F)]
@ Especially, C — S a relative curve. What is

[{s € S(F) : £ [Jac(Cs)(F) [},
|S(F)]| '

Think of this as a parametrized family of abelian varieties.
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o Let C/F be a proper, smooth curve of genus g > 1.
@ Jacobian Jac(C) is a g-dimensional abelian variety
which is:
o the smallest group variety containing C.
o the variety parametrizing degree zero line bundles on
C

o the variety such that Jac(C)(F) is the ideal class group
of F(C).

e For ¢ = 1, canonical isomorphism Jac(E) = E.
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@ realize it only uses addition or multiplication.
@ replace Z/N or (Z/N)* with Jac(C)(F).
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e Algorithm for producing papers:

@ identify algorithm or protocol over Z/N.
@ realize it only uses addition or multiplication.
@ replace Z/N or (Z/N)* with Jac(C)(F).

@ Some algorithms involve many choices of curve.
@ Quantities like
how often does ¢|#Jac(C)(F)

important for security /run-time analysis
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@ Cohen and Lenstra (1983) conjecturally describe
asymptotics of class groups of quadratic imaginary
number fields.

@ Concretely, a (finite abelian) group H occurs in such

class groups with frequency |Aut(H) I~

@ In particular, ¢| C1(Ok) with frequency
1 1

Aut(Z/0)] (-1
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e Consider ideal class groups of fields (f(x) € F[x])

Ko =F(x)[yl/ (v = f(x)) 2 F(x)[y/ f(2)].

e Equivalently, study hyperelliptic Jacobians.

@ Friedman and Washington 1989 conjecture: An abelian
(-group H occurs as CI(K)[¢] with frequency
proportional to 1/|Aut(H)|. (They take a limit over all
g

This conjecture is now a theorem (A.-)
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Jeff Achter separable, deg f = n.
@ Friesen 2000 gathers data, bounds, for (d,n) = (2,4).

@ Cardon and Murty 2001: Fix n odd. The number of f
with £|h(Kyf) is at least

g"(1/2+1/0),
Gives infinite supply of such function fields, but the
number of such f is ~ g", thus

gn(1/241/0)
lim 2 _——— =0,
i #Ky /T,
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B Consider K ¢ =y (X)[Y* — f(X)], f(X) € Fy[X] monic and
separable, deg f = n.

@ Friesen 2000 gathers data, bounds, for (d,n) = (2,4).

@ Cardon and Murty 2001: Fix n odd. The number of f
with £|h(Ky,f) is at least

qn(1/2+l/€) )

@ Chakraborty and Mukhopadhyay 2004: n even. They
produce at least /! /¢? f with ¢|h(Ky, £)-

@ Lee and Pacelli [2004-2006]: (Dedekind rings in) higher
degree extensions of F(x), e.g., K .
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@ Lenstra 1987: the proportion of elliptic curves E /F),
with ¢||E(F,)| is about 1/(¢ — 1), if p = 1 mod .

@ Howe 1993: Generalizes to IF;, computes proportion of
E/F, with given group structure.

o Gekeler 2003: Computes number of elliptic curves over
[F, with given trace and determinant of Frobenius.

Results stated here for divisibility, but can extract group
structure, too.
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@ X — § — [y, an abelian scheme of relative dimension

g.

_ |{s € S(Fy) : X:[¢](F,) # {0}}]
PR SR = q IS(F,)| q

_ |{s € S(Fy) : Xs[)(Fy) = (2/€)*8}]
Q(X — S, 4,F,) = 1 ‘S(Fq)}”’ .
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e C — § — [y, arelative smooth, proper curve.

P(C — $,,F,) = P(Jac(C) — S, F,)
Q(C — S5,(,F;) = Q(Jac(C) — S, ¢, Fy)

Thus, P(C — S, ¢, Fq) is the proportion of elements with
class number a multiple of /.
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Suppose X — S has connected (-adic monodromy group,
go = 1 mod (. If q sufficiently large, then:

1

Q(X — S,g,]Fq) > W

If ¢ € 1L, a set of primes of positive density, then:

1_

P(X = 5,4F,) > ;

O(1/62).

If monodromy group is known, get much more precise result.
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Given X — S, there exist 8 and v such that if = 1 mod ¢# is
sufficiently large, then:

1

Q(X — S,E,Fq) > W

If ¢ € L, a set of primes of density & > 0, then:

P(X — S,0,F,) > 5% _o(1/e).

There are bounds on 3, v and & purely in terms of g.
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In any reasonable family of function fields, the proportion
of members for which the class group:

@ has maximal /-rank (2g) is positive;
@ has an element of order / is at least 1/v/.

For universal families of curves, or of hyperelliptic curves,
v =1, 6 = 1, and the proportion members with an element
of order / in the class group is at least 1//.
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@ Get a corrected, proven Friedman-Washington
conjecture.

@ Frequency with which H appears as ¢-part of class
group is inversely proportional to a “symplectic
automorphism group” of H.

Recall: Friedman-Washington say this frequency should be
1/|Aut(H)|.
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o Let H, be space of monic separable polynomials of
degree n.

o If f € Hu(F),let Ky s = FracF[T, Y]/[Y? — £(T)].

e Kys =T (Cyy), Cyq,r smooth, projective of genus
g=3((n=1)(d—1)+1—ged(d,n)).

o If g >4, 0then:

Jeff Achter

[{f € HulFp)  Al|CUKp)Y 1
|’Hn Fy)| 240828+

This yields a lower bound for the density of such
extensions in families.
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@ We know that
E[¢)(F) = (2/1)*.
e P € E[(](F) is actually defined over F if it is fixed by
the Frobenius map Frg.
@ Our question reduces to:

Explain the distribution of Frg in GLy(Z/¢) as
the choice of E varies.



(-torsion: curves of genus g

Divisibility of
function field
class numbers

Jeff Achter

@ We know that

Jac(C)[](F) = (Z/0)%.

o A P €Jac(C)[¢|(F) is actually defined over F if it is
fixed by the Frobenius map Frc.

@ Our question reduces to:

Explain the distribution of Frc in GLoyg(Z /1) as
the choice of C varies.
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J m(S,s) = (y) — Aut(T;)


http://www.math.colostate.edu/~achter//mono.html

Algebraic monodromy

Divisibility of
function field
class numbers
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@ A cover X — S corresponds to
m(S,s) — Aut(X;)

@ Alocal system F of rank n A-modules corresponds to

m(S,s) 25 GL(F,) = GL.(A)

@ The monodromy group G of F is (the isomorphism
class of the Zariski closure of) the image of this
representation.
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e x € S(k) gives

X
m (Speck) — mi(S,7n)
o If k = [ finite, set
Fryr = x.(a — a7).

e Given F/X, get pr(Fryr) € GL,(A).



Equidistribution: finite

Divisibility of
function field
class numbers

Jeff Achter

@ Suppose monodromy group G finite.
@ W C G stable under conjugation.
@ Theorem [Katz, Deligne]

. #{x e S(F):pr(Fryp) € W} #W
lim = —

@ gap between left-hand and right-hand sides is ~ —L-.

VHF

Throughout, we’ll assume |F| = 1 mod /.
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e In triple cover of S!

m(S!,s) £ Aut(Ty)

/

Sym(1,2,3)
image is {id, (123), (132)}.
For each g, p~!(g) has density 1/3.

@ Chebotarev: If L/K Galois, then local Frobenius
elements are equidistributed in Gal(L/K).
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€[]

S
e X;[{] #0 <= p(Fr; —id) is not invertible.
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Study the mod — ¢ monodromy representation

(8, 7s) > Aut(Xy, [(]) = GLag (Fy) :

e Compute G = M(X — §,¢) = p(m(S,7s))
e Calculate W = {g € G : 1is an eigenvalue of g}.

Then
[{s € S(F) : (|| X:(F) [} _ [W]

|S(F)] ~ el
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The monodromy group is know when the family is:
@ My, the universal family of curves of genus g;
G szg(Z /¢) [Deligne-Mumford].
@ Hg, the universal family of hyperelliptic curves of
genus g; G = Sp, (Z/{) [JK Yu, A.-Pries]
e 77, a component of the universal family of cyclic cubic
covers of P! of genus g; G° = U*(Z/¢) for a certain
unitary group U* [A.-Pries]
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Can write down a formula, by studying:
e structure of unipotent classes in G(F);
@ how these classes behave over FFy;
@ the structure of their centralizers;

o and induction.
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e If Cis a hyperelliptic curve over a finite field I, then
the chance that ¢|#Jac(C)[¢](F) is about

1

(-1
@ The proportion of hyperelliptic curves C for which
Jac(C)[¢](F) = H is the proportion of y € Sp2g(IFg) for
which
ker(y —id) = H.

And that’s the Friedman-Washington conjecture!
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Let E/K be an elliptic curve without complex
multiplication. Serre proves:
o TyE = lim. E[¢"](K) has Gal(K)-action.
@ Characteristic polynomial of o € Gal(K) acting on T,E
Interlude on is in Z[X], and is independent of .
. e For ¢ > 0, image of Gal(K) in Aut(T,(E)) is large.

(T
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@ 7 : X — S proper smooth.
o Consider the sheaf R" 7, Q,.

@ Get a system of representations

—\ Pe i
m (S, 1) — Aut(H' (X7, Q)
Interlude on
monodromy

a which is compatible:

For s € 5(IF;), the characteristic polynomial of
p¢(Fr, /qu) has Z-coefficients, and is independent of /.

and, Frobenius elements generate the fundamental group
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Conjecture Let {F;} be a compatible system of
representations of 71 (S, s).

o There exists a number field E and a group G/F such
that M(Rlﬂ*(Qg» RE)N= GRE)j.
Interlude on @ Moreover, the monodromy representation comes from

monodromy

s a representation of G via base change.
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Conjecture Let {F;} be a compatible system of
representations of 71 (S, s).

o There exists a number field E and a group G/F such
that M(Rlﬂ*(Qg» RE)N= GRE)j.
Interlude on @ Moreover, the monodromy representation comes from

monodromy

s a representation of G via base change.

Chin proves something very close to this for G.
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@ Serre: E an elliptic curve without CM, then image of
Galois in T;(E) is GLy(Z,) for almost all /.

@ Conjecture Actual image of monodromy is
hyperspecial in G(E)), e.g., is G(O,), for almost all /.

Interlude on
monodromy

i @ Larsen proves this for a set of primes of density one.
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@ Use a general result of Larsen on compatible systems of
Galois representations:

@ Theorem [Larsen] For fixed X — S, there exist a group
G and a set of rational primes L of density one such
thatif £ € L, then

M(X — S, £) = G(Z/¢).

Arbitary

families
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Theorem

V /F n-dimensional vector space, G /F connected split
semisimple, G — GL(V) a representation. If maximal Ty C G
acts via a character which isn’t a power of a root, then:

[{v € G(F) : v fixes an element of V' }| - 1 4n)
|G(F)]| (-1 (-1

Arbitary
families

where 5(n) = (n!+n)/(£—1).
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@ Fix maximally split torus Tp C G.

e T acts on V by character xo; at least To(F) /(¢ — 1)
elements fix something.

@ Look for similar elements in other tori.

Arbitary
families
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Two GL;(F)-conjugacy classes of tori:
M0
o TO = (0 7\2)
o= (% B for fixed € with \/e ¢ F
ef a)’ ’
Note that T1 (F) = {a+ B/e} 2 F(\/e)™.

prbitary T; is obtained from Ty by twisting with w := ((1) (1)) .
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@ Suppose xo = det : diag(A1, A2) — A1As.
@ Gives [F-rational character of Ty:

Y = a+ Byv/e— N e r(¥)-
e Find |T;|/(¢ — 1) elements in each T;.

Arbitary
families
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@ Suppose xp is diag(A1, A2) — A1.
@ Xo does not twist to [F-rational character of Tj.
@ Balanced by action of Ty on V via

X1 - diag()\1,)\2) — 7\2.

Arbitary
families
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@ If /-adic monodromy is hyperspecial in a split
connected reductive group, then

P(X = S,0,q) > % —01/R).

@ Larsen: hyperspecial is density-one condition on
primes /.

Arbitary

trrzilies @ What if monodromy group isn’t connected?
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Fy, /T4, so that image of

m(S) ——= m(S) — GL(X7[¢*])

is connected.

Arbitary
families



Disconnected monodromy

Divisibility of
function field
class numbers

Jeff Achter Lemma There exists étale Galois S — S and extension
Fy, /T4, so that image of

m(S) —= m(S) — GL(X5[(™])
is connected.

@ In fact, image is connected component of identity of

original monodromy group.
Aty o Existence of S for one / is easy.
families

@ Independence of ¢ due to Serre (and Larsen).
e Can find a priori bound on deg(S" — S), [F,, : Fy ].




Disconnected monodromy
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Suppose X — S has disconnected monodromy group
M(X — S,£) =G, ¢ : S — S étale Galois of degree v,
M(X xS — S,0) =G W C G then

[{s € S : p(Frx.p) € W}
|S(Fy)|

S ]
v |G

Arbitary
families
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Suppose X — S has disconnected monodromy group
M(X — S,0) =G, ¢ : S — S étale Galois of degree v,
M(X xS —5,0) =G W C GO, then

[{s € S : p(Frx.p) € W}
|S(Fy)|

S ]
v |G

Arbitary Ingredients:

o p(Frx, r) constant in fibers of ¢.

families

e Equidistribution for S—S8.
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@ Cyclic covers of P!



Cyclic covers of P!
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Fixd, n, gcd(d, n) = 1. Study

Oar =Fy[Y, T]/(Y* = £(T))
haf = ‘Cl(Od,f)‘
where f € H,(F;), H, being the space of monic, separable

polynomials of degree n.
How is h; r mod ¢ distributed?

Cyclic covers
of P!
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For 0 in a set of positive density, if § = 1 mod ¢, then

[{A(T) € Hu(Fy) : 1, )}
[ (Ey)]
11 2(21) (1 = 1)!|SPag(4. (Z/2)
2 (7 — (8@, m), 0) = i .

RN where g(d,n) = 3(n—1)(d—1) +1—ged(d, n)).

of P!

Even without error term, strengthens work of Cardon, Murty,
Chakraborty, Pacelli, Lee.
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o Let Cgf} = Spec(Oyf)-

e Then Cgfjff is open in Cy ¢, a smooth, projective curve of
genus g. It’s a cyclic cover of the projective line.

@ Hypothesis on d, n implies

Cl(Oyf) = CUIF4(Cyyf)) = TJac(Cap)(Fy)

So, study the family Jac(Cq) — Hy.
Cyclic covers Let G = M(Iac(cd) — Hn, E),

of P!
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Cyclic covers
of P!

Cyclic covers of P!

e Error in equidistribution is of the form 2|G[B/,/7,
where B is such thatif ¢ : Y — H, Galois, étale,
ptdeg ¢, then

oY) := Z dim H (Y, Q,) < deg¢ - B.

e Estimate B by pulling back to Hy:

Ho= A" —{zi =z # j}ar, - )

Ha, n(T—an)



Cyclic covers of P!
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Let A be a hyperplane arrangement in a vector space V with
complement M(A). Let ¢ : Y — M (A) be an irreducible étale
tame Galois cover. Then

oc(Y) < (deg¢)oc(A).

Cyclic covers
of P!
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ikl  For sums of Betti numbers of covers of H,, use general
Class numbers
result on hyperplane arrangements:

Jeff Achter

Let A be a hyperplane arrangement in a vector space V with
complement M(A). Let ¢ : Y — M (A) be an irreducible étale
tame Galois cover. Then

oc(Y) < (deg¢)oc(A).

Ingredients:
Cyelic covers @ Poincaré duality: o.(Y) = o(Y).
of P @ Deligne and llusie: If ¢ : Y — X étale, then

x(Y) = (deg ¢)x(X), where x(U) = 3;(—1)hi(U).
@ Induction on dim V.
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@ Let V be an n-dimensional vector space.

o Let A= {Xj, -, X} be a finite set of hyperplanes in
V.

@ Goal: understand cohomology ring of

Cyclic covers
of P!
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@ Construct £(A), lattice of intersections of elements of
A, ordered by inclusion.

@ Let u be the Mobius function of L(A).

@ The rank of an element X € L(A) is
r4(X) = codimy (X).

Jeff Achter

Cyclic covers
of P!



Hyperplane complements
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@ Construct £(A), lattice of intersections of elements of
A, ordered by inclusion.

@ Let u be the Mobius function of L(A).

@ The rank of an element X € L(A) is
r4(X) = codimy (X).

Jeff Achter

e Cohomology groups of M(.A) given by

)Y ).
XeL(A)T4(X)=i

dim H (M (A),Q,)

Cyclic covers
of P!

In particular, note that i Betti number depends only
on elements of £(.A) with codimension at most i in V.
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@ Define Ay = {HN X : X € A}, an arrangement in H.
o If H is generic, X € L(.A) of positive dimension, then

ra(X) = ra,(Xn);

L(Ap) obtained from £(.A) by removing top row.

@ Conclusion: If H C V generic, then

H(M(A),Q,) 0<i<n-1

0 i=n.

(C)f\[;lllc covers I’li (M (AH)/ @Z) = {
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Xr—1 N Xy codim 2

X3 X X3 Xy oo X hyperplanes

Cyclic covers
of P! W

N ambient space

1N Xo

X1NXs XiNXy
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LiNH LyNnH...L,NH points

KoNH XisNH Xi4uNH Xr—1 N Xy codim 2

1NH XpNH XsNH XsNH...X,NH hyperplanes

Cyclic covers
of P!

H ambient space
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Conclusion
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Jeff Achter

@ Function field class numbers are often divisible.
@ Thanks!

Cyclic covers
of P!
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