Math 104 Exam 2, Fall 2004

Solutions
Part 1: Multiple Choice
6 dz
1. Evaluate/g m
a) m/2 b) 7/9 c)0
d) In/27 e) In(v2+1) f) divergent

We can either use an integration formula or (inverse) trigonometric substitution.
If we use a formula, we use

i

L gect —‘+C
; .

/dixdx——sec
T V1?2 — a? a

So we have a = 3 in this case. Note that this is an improper integral, since the
lim lim —sec™

integrand is discontinuous at x = 3. We get
/6 dz B /6 dz B :17‘
35 Va2 —9  so3tJs x/22—9  s-3T3 3
1 1
= lim 3 (sec_1(2) —sec! (g)) =3 (sec_l(Q) - sec‘l(l))

s—3t

1 /7 T
= (2 _-p) = =

3(3 ) 9

which is answer (b).
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2. Find the absolute minimum value of 8 when

0 = tan ' (z — 2) — tan"*(z), x € (—00,00) .
a) m b) w/2 c) w/4 d) 7/3
e) 0 f) —m/4 g) —m h) —m/2

The derivative of 6 is

de 1 1 1 1

dr — 14+ (@x—22 142> 5H5—4dr+a2 1+22°

The derivative is defined for all z, so the critical numbers occur when df/dx = 0.

do

— =0

dx
< = 1

5—dr+22 14 a2

<— 1422 = 5—4dz+ 22
<= 4y = 4
<= r = 1.

We have 6(1) = tan™!(—1) — tan™!(1) = —2 tan" (1) = —27/4 = —7/2.
To check that this is really an absolute minimum, let us see what happens to 6(x)
when x — $o0.

ligl tan '(z —2) —tan"'(z) = 7w/2-7/2 =0
lim tan~'(z —2) —tan '(z) = —7w/2+7/2 =0
Hence 6(1) = —m/2 is the absolute minimum value of 6, which is answer (h).



. Which of the differential equations has the following slope field?
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b) y = xy

)y =y*—2y+1
d)y' =2* -y

o)y =y’ —y—2)
By =ve+ty

We can see from the slope field that the slopes are the same along each horizontal
line. This means that y' only depends on y, i.e. ¥ = f(y). Hence the differential
equation is either (a),( ¢), or (e). We can also see from the slope field that the sign
of y’ changes at y = —1, y =0, and y = 2.

a) can be rewritten as y' = (y+4)(y+1)(y — 1), so v’ changes sign at y = —4, —1, 1.
c) can be rewritten as 3’ = (y — 1)?, so always y’ > 0.

e) can be rewritten as vy’ = (y + 1)y(y — 2), so y’ changes sign at y = —1,0, 2.

This means the answer is (e).



w/3
4. Evaluate / tan® z sec* © dx.
0

a) 27/4 b) 9/4 c) v2/2—1 d)0
e) V3/2 -2 f) 1/v/3 g) 22 -2 h) oo

We use that sec? x = tan? z + 1 to reduce the exponent of sec z to 2. Thus we obtain
/3 w/3
/ tan®z sec’ z do = / tan® x (tan®z + 1) sec® z dx
0 0

substitution: © = tanz, du = sec?z dx

new limits: 2 =0=u=0,and z = 7/3 = u =3
V3
= / w?(u? + 1) du
0

1 1 V3
= <—u6—|— —u4) ‘

6 4 0
_22r 927
6 4 4

which is answer (a).

Another way:

We can also use tan?z = sec?z — 1 to reduce the exponent of tanx to 1. Then we
obtain

w/3 /3
/ tan’®z sec* z do = / tanz (sec’ z — 1) sec* x dx
0 0

substitution: u = secx, du = secx tanx dx

new limits: t =0=u=1,and x =7/3 = u =2

2
= / (u?* — 1)u® du
0

B 16142
= (5" -7) I

64 16 (1 1)_27

which is again answer (a).



1 1
5. Evaluate / Tt dx.
o 22+x—6

4 2Inb5 —31In4 In6 —Inb
a) 2 b) n n ) n n

3 3 5

11 In2+1n3 In2—-2In3

ke =" ° it
) ) 8
We expand the integrand into partial fractions:

r+1 r+1 A B

24+ 1—6 (v+3)(r—2) x+3+:)3—2'
To find A and B we multiply through by (z + 3)(z — 2) to get
r+1=A(x—-2)+ B(x+3).
Now we plug in the zeros of (z + 3)(x — 2):

r=-3: =2 = —5A = A=2/5
r= 2: 3 = 5B = B=3/5.

We obtain

/1 z+1 d /1<2 1 +3 1 >d
———dx = - - x
0o 224+ —06 o \bz+3 bax—2
2 3 1
= <gln|x+3|+gln|x—2|) ’0

2 2
— s ln4+§ln1— (g ln3+§ln2>

= %ln2—21n3—§ln2
5 5 5

B In2—-2In3

N 5

which is answer (g).



Part 2: Free Response

1. (10 points) Find the limit
. Y
lim (1 +r+w )

z—0t

This is an indeterminate form, namely 1°°. Hence we first evaluate

lim In ((1—|—x+x2)1/x) .

z—0t+
We get
1
lim In ((1 +z+ x2)1/x) = lim = In(1+z + 2?)
z—0+ z—0t T
— fim In(1+ x + 2?)
z—0t X

0
This is the indeterminate form 0

so we can use ['Hopital.

1+ 22
z—0t 1
1+2
= lim e 1.

=0+ 1 + 2 + 22

So lim In ((1 +x+ x2)1/“3) = 1, which means that

z—0t

lim (1+x+x2)l/x:e.

z—0t



2. (10 points) Solve the initial value problem

d
(x+1)£+2y:x, r>-—-1, y0)=1.

We first bring the differential equation into standard form:

dy_l_ 2 x
dr "z+1? Tzl
2 x
Hence P(x):x+1,and Q(x):x_l_l.

The integrating factor is now
v(:c) _ efP(m)dx . . (:c+ 1)2 '

Thus the solution of the differential equation is
Jo(z)Q(z) de + C
v(z)
Jax(z+1)de+C
(x+1)?

33+ 222+ C
(x4 1)2

Now we use the initial condition y(0) = 1.

so C' = 1. Thus the solution of the initial value problem is

/342241
y(x) = (x4 1)2




. (15 points) Evaluate the integral

/e‘x sin(3z) dz.

We use integration by parts twice. Using wu= e™7, dv = sin(3z) dz,
du =—e "dzx, v=—(1/3) cos(3z),
we obtain
e 1 _ 1 _
/e ?sin(3z) de = —3¢ ? cos(3z) — / 3¢ ? cos(3x) dx .
Now we use u= e %, dv =(1/3) cos(3x) dx,
du =—e"dzx, v=(1/9) sin(3x).
We obtain
e 1 _ I _, . |
/e T sin(3z) der = —3e ? cos(3x) — <§e ¥ sin(3x) +/§ e~ " sin(3x) dx)
e . 1 1 .. 1 .
/e ?sin(3z) de = —3¢ ? cos(3x) — g€ ? sin(3z) — / g€ ? sin(3z) dx

Now we solve for / e " sin(3z) dx. We obtain

1 1 1
50 e *sin(3z) de = ~3 e * cos(3zx) — 9 e *sin(3z) + C
o (1 1.
= —e " (5 cos(3z) + 9 s1n(3x)> +C.
Thus
[esin(3e) e = —w(l (32) + = sin(3 ))+C
e sin(3r) dz = —75e 5 cos(3z) + g sin(3z
1
= 3 e ® (3 cos(3zx) +sin(3z)) + C .



4. (15 points) Evaluate the integral

1
/(x—1)2(552+1) d .

We expand the integrand into partial fractions:

1 A B Cx+ D

G- 12 @+ -1 (@=12 211

To find A, B, C' we multiply through by (z — 1)?(z% + 1) to get
1 = Alx—1)(@*+ 1)+ B(z*+ 1)+ (Cx + D)(z — 1)
= A(@®—2°+2—1)+ B(2®*+ 1)+ (Cx + D)(2* — 2z + 1)
= 2 (A+0)+2*(-A+B-20+D)+z(A+C—2D)+ (-A+ B+ D)

Comparing coefficients, we get the following system of linear equations

A +C =0
—-A +B -2C +D = 0
A +C -2D = 0
—-A +B +D =1

Subtracting the third from the first equation, we get D = 0.

Subtracting the second from the fourth equation, we get 2C' =1, i.e. C' =1/2.
Thus the first equation gives A = —1/2, and the fourth equation gives B = 1/2.
We obtain

1 11 1 1 /2
/(:L'—l)2(552+1) de = /<_§:E—1+§(:L'—1)2+x2—|—1> da

11 1.,
5;"‘1111(3} —|—1>>—|—C.

1
_ (—— Injz— 1] —
2



5. (15 points) Evaluate the integral

2

| =
—dx
16 — x2

We use (inverse) trigonometric substitution:

r=4sinf, dr=4cosbdb.

We obtain
x? 16 sin® 6
2 dr = [ =" " 4coshdf
/ﬁﬁ?a7 Tcosf °®

:/mmww

= /8(1 — cos 20) db
= 80 —4sin20+C
= 80 —8sinf cosf+C

Now we use a triangle to get back to the original variable z.

V16 — 22
So

T

16 — 22
/xidm = 85111‘1(%)—8{76 L iC

V16 — 22
2
= 8sin! <£>—m+C’.
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1+ 1In 1
tnr and the z-axis for — < z < o0.
x e

6. (10 points) Find the area between y =

i
1

e
T R T N LI T N N

<
o

1/ e X

.
L I B R

We need to evaluate the improper integral

1 +1
/ tne dx
1/e T

We use the substitution u = 1+ Inz, du = 1/z dz.
This leads to the new integration limits:
r=1/e=u=0, and  — 00 = u — 0.

We obtain

/ +nxdx = / u du
1 0

/e x

and

[ee) t
/ uwdu = lim u du
0

t—o0o Jo
= lim u?/2 |
t—o00 0
= tlim t?/2 = .

Hence the improper integral diverges and the area is infinite.
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