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A Bije
tion Between S
hr�oder Paths and Permutations 21. Introdu
tionThe Catalan numbers C0;C1; : : : are given in 
losed form by Cn = 1n+1�2nn �, butthey may also be de�ned by the re
urren
eC0 = 1;Cn = nXk=1Ck�1Cn�k (n� 1):It is well known that Cn is the number of latti
e paths from (0;0) to (n;n) usingonly NORTH (0;1) and EAST (1;0) steps whi
h never pass below the line y= x.We refer to these paths as Dy
k paths. It is also well known that Cn is thenumber of permutations of 1;2; : : : ;n whi
h avoid the pattern 312. (See se
tion2 for de�nitions.) In [5℄ Carlitz and Riordan introdu
ed a q-analog Cn(q) of Cnwhi
h satis�es C0(q) = 1;Cn(q) = nXk=1Ck�1(q)Cn�k(q)qk�1 (n� 1):Observe that Cn(1) = Cn for n� 0. In [6℄ F�urlinger and Hofbauer showed thatCn(q) is the generating fun
tion for the area statisti
 on Dy
k paths and for theinversion number on 312-avoiding permutations. In [1℄ Bandlow and Killpatri
kprovided a 
ombinatorial proof of this result by giving a 
onstru
tive bije
tionfrom Dy
k paths to 312-avoiding permutations whi
h takes the area statisti
 tothe inversion number.In [8℄ Garsia and Haiman generalized Cn(q) by introdu
ing a polynomialCn(q;t) su
h that Cn(1;1) =Cn and Cn(1;q) =Cn(q;1) =Cn(q); this polynomialis now 
alled the q;t-Catalan polynomial. Garsia and Haiman 
onje
tured thatCn(q;t) is the Hilbert series of the diagonal harmoni
 alternates and showed thatit is the 
oeÆ
ient of the elementary symmetri
 fun
tion en in the symmetri
polynomial DHn(x;q;t), the 
onje
tured Frobenius 
hara
teristi
 of the moduleof diagonal harmoni
 polynomials. It is immediate from Garsia and Haiman'sde�nition that Cn(q;t) = Cn(t;q). Moreover, Haglund [9℄ has found a statisti
on Dy
k paths, 
alled the t-statisti
, su
h that Cn(q;t) is the generating fun
tionfor the area and t-statisti
s on Dy
k paths. One important open problem is to�nd an involution on Dy
k paths whi
h takes the area statisti
 to the t-statisti
and the t-statisti
 to the area statisti
.Closely related to the Catalan numbers are the S
hr�oder numbers R0;R1; : : : ,whi
h are de�ned by the re
urren
eR0 = 1;Rn+1 =Rn+n+1Xk=1Rk�1Rn+1�k (n� 0):



A Bije
tion Between S
hr�oder Paths and Permutations 3(No simple 
losed form for Rn is known.) In [3℄ Bonin, Shapiro, and Simionshowed that Rn is the number of latti
e paths from (0;0) to (n;n) using onlyNORTH (0;1), EAST (1;0), and DIAGONAL (1;1) steps whi
h never pass be-low the line y = x. We refer to these paths as S
hr�oder paths. In [13℄ Westshowed that Rn is also the number of permutations of 1;2; : : : ;n;n+1 whi
havoid the patterns 4231 and 4132. We refer to these permutations as S
hr�oderpermutations. (For other families of pattern-avoiding permutations 
ounted bythe S
hr�oder numbers, see [10℄.) The q-analogs of the S
hr�oder numbers, 
alledthe S
hr�oder polynomials, are de�ned by the re
urren
eS0(q) = 1;Sn+1(q) = Sn(q)+n+1Xk=1Sk�1(q)Sn+1�k(q)qk (n� 0):Observe Sn(1) =Rn for n� 0. In [2℄ Bar
u

i, Del Lungo, Pergola, and Pinzaniused some te
hni
al ma
hinery to show that Sn(q) is the generating fun
tion fora generalized area statisti
 on S
hr�oder paths and for the inversion number onS
hr�oder permutations.The S
hr�oder numbers and Catalan numbers are related byRn = nXk=0�2n�kk �Cn�k (n� 0):Moreover, observe that every Dy
k path is a S
hr�oder path and that everypermutation whi
h avoids 312 also avoids 4231 and 4132. So if we view Sn(q) asa sum over S
hr�oder paths then we obtain (a multiple of) Cn(q) by restri
tingthe sum to Dy
k paths. Similarly, if we view Sn(q) as a sum over S
hr�oderpermutations then we obtain (a multiple of) Cn+1(q) by restri
ting the sum to312-avoiding permutations.Our main goal is to �nd a symmetri
 q;t-S
hr�oder polynomial whi
h gener-alizes Cn(q;t). Re
ently Egge, Haglund, Killpatri
k, and Kremer have found aq;t-S
hr�oder polynomial whi
h generalizes Cn(q;t), but it is not known whetherthis polynomial is symmetri
. In this paper we advan
e on our goal by extendingproperties of Cn(q) to Sn(q). Spe
i�
ally, we generalize the work of Bandlow andKillpatri
k by giving a 
onstru
tive bije
tion from S
hr�oder paths to S
hr�oderpermutations whi
h takes the area statisti
 to the inversion number.In se
tion 2 we give the ne
essary de�nitions and ba
kground for this paper.In se
tion 3 we 
onstru
t a bije
tion between S
hr�oder paths and S
hr�oder per-mutations and prove that this bije
tion maps the area statisti
 to the inversionnumber. In se
tion 4 we dis
uss some open problems related to this work.2. S
hr�oder Numbers and PolynomialsThe S
hr�oder numbers R0;R1; : : : are de�ned by the re
urren
eR0 = 1;



A Bije
tion Between S
hr�oder Paths and Permutations 4Rn+1 =Rn+n+1Xk=1Rk�1Rn+1�k (n� 0) (2.1)and form the sequen
e fRng1n=0 = f1;2;6;22; : : :g:A S
hr�oder path is a latti
e path in Z2 from (0;0) to (n;n) 
onsisting of stepsin the (0;1) dire
tion (NORTH steps), the (1;0) dire
tion (EAST steps) and the(1;1) dire
tion (DIAGONAL steps) su
h that there are no points (x;y) on thepath for whi
h x > y. In other words, a S
hr�oder path is a path from (0;0) to(n;n) 
onsisting only of NORTH, EAST and DIAGONAL steps that never goesbelow the diagonal. We write Pn to denote the set of S
hr�oder paths from (0;0)to (n;n). For example, P2 
onsists of the paths illustrated below.
The S
hr�oder number Rn is known to 
ount S
hr�oder paths from (0;0) to(n;n), thus R2 = 6. The length of a S
hr�oder path is the number of NORTHand DIAGONAL steps in the path, thus a S
hr�oder path � 2 Pn has length n.S
hr�oder paths whi
h 
ontain no DIAGONAL steps are 
alled Dy
k paths andthe number of su
h paths is given by the Catalan number Cn = 1n+1�2nn �. TheS
hr�oder numbers are related to the Catalan numbers byRn = nXk=0�2n�kk �Cn�k (n� 0):This relation 
an be explained by 
ounting S
hr�oder paths a

ording to howmany DIAGONAL steps they 
ontain. Spe
i�
ally, for 0 � k � n let Dk de-note the set of S
hr�oder paths from (0;0) to (n;n) whi
h 
ontain exa
tly kDIAGONAL steps. Clearly Rn =Pnk=0 jDkj, so it is suÆ
ient to show jDkj =�2n�kk �Cn�k. To do this, observe that if a S
hr�oder path has k DIAGONAL stepsthen it has a total of 2n�k steps. To form a S
hr�oder path with k DIAGONALsteps, �rst 
hoose whi
h of the 2n�k steps will be diagonal. This 
an be done in�2n�kk � ways. Then �ll in the remaining steps with a Dy
k path of length n�k,whi
h 
an be done in Cn�k ways. It follows that jDkj= �2n�kk �Cn�k, as desired.Both the S
hr�oder numbers and the Catalan numbers have many other 
om-binatorial interpretations. See [12, Exer
ise 6.19, p. 219℄ for an extensive listof 
ombinatorial interpretations of the Catalan numbers. See [12, Exer
ise 6.39,p. 239℄ for an extensive list of 
ombinatorial interpretations of the S
hr�odernumbers.The re
urren
e (2.1) satis�ed by the S
hr�oder number 
an also be visualizedusing the S
hr�oder paths. For k � 2, letAk = fS
hr�oder paths from (0;0) to (n+1;n+1) that �rst tou
h y = x at (k;k)g:



A Bije
tion Between S
hr�oder Paths and Permutations 5In other words, for k� 2, the set Ak 
onsists of those S
hr�oder paths for whi
h kis the smallest positive integer su
h that (k;k) is a point on the path. In addition,let A1 be the set of paths that start with a NORTH step and then an EASTstep and let A01 be the set of paths that start with a DIAGONAL step. Then
learly Rn+1 = jA01j+Pn+1k=1 jAkj. It remains to show that jAkj = Rk�1Rn+1�kand jA01j=Rn.If a path �rst tou
hes the diagonal at (k;k) then it must go from (0;1) to(k� 1;k) without tou
hing the diagonal points (1;1), (2;2), : : : , (k� 1;k� 1).The number of su
h paths is Rk�1. On
e the path tou
hes (k;k) it must then
ontinue to (n+1;n+1) without going below or to the right of the diagonal. Thenumber of su
h paths is Rn+1�k. Thus for k � 2 we have jAkj = Rk�1Rn+1�k.Paths in A1 start with a NORTH step followed by an EAST step and then 
antake any valid path from (1;1) to (n+1;n+1). The number of su
h paths isRn. (Note: Rn = R0Rn sin
e R0 = 1.) Paths in A01 start with a DIAGONALstep and then 
an take any valid path from (1;1) to (n+1;n+1). Again thereare Rn ways to do this so jA01j=Rn. Therefore,Rn+1 = jA01j+n+1Xk=1 jAk j=Rn+n+1Xk=1Rk�1Rn+1�k:For example, if n = 9 and k = 3, then any path in A3 must go from (0;0) to(0;1), then take some path from (0;1) to (2;3) without tou
hing (1;1) or (2;2).Sin
e the 
hosen path is in A3, it must then go from (2;3) to (3;3) and then it
an take any valid S
hr�oder path from (3;3) to (10;10). One example of su
h apath is illustrated below.

The S
hr�oder numbers also 
ount 
ertain kinds of pattern-avoiding permu-tations. A 4132-avoiding permutation � 2 Sn is a permutation � = �1�2 � � ��n
ontaining no subsequen
e �i�j�k�l with i< j <k < l su
h that �i>�k >�l>�j .



A Bije
tion Between S
hr�oder Paths and Permutations 6That is, we say � avoids 4132 whenever it 
ontains no subsequen
e whose ele-ments are in the same relative order as 4132. A 4231-avoiding permutation isde�ned similarly. A S
hr�oder permutation is a permutation that is both 4132-and 4231-avoiding. The S
hr�oder number Rn 
ounts the S
hr�oder permutationsin Sn+1 [2℄. (See [10℄ for other sets of pattern-avoiding permutations 
ounted bythe S
hr�oder numbers.)A statisti
 on a permutation, latti
e path, or other 
ombinatorial obje
t
ounts some property about that obje
t. The inversion statisti
 (or inversionnumber) of a permutation � 2 Sn is de�ned byinv(�) = X1�i<j�n�i>�j 1:For example, if � = 743216598, then inv(�) = 14 sin
e ea
h of the pairs 21, 31,41, 71, 32, 42, 72, 43, 73, 74, 65, 75, 76, and 98 
ontributes 1 to the sum. Thegenerating fun
tion for the inversion statisti
 on Sn is given byX�2Sn qinv(�):In addition to de�ning statisti
s on permutations, we 
an de�ne statisti
son S
hr�oder paths. Given a S
hr�oder path � 2 Pn, the area statisti
, a(�), isthe number of full squares and upper half-squares that lie below the path and
ompletely above the diagonal. For example, for the S
hr�oder path shown belowthe squares 
ounted by the area statisti
 are shaded, giving an area statisti
 of21.

The generating fun
tion for the area statisti
 on S
hr�oder paths is given byX�2Pn qa(�) = Sn(q);and is known as the S
hr�oder polynomial [3℄. Spe
ializing q = 1 in the S
hr�oderpolynomial gives the usual S
hr�oder number Rn while restri
ting the sum to



A Bije
tion Between S
hr�oder Paths and Permutations 7paths using only NORTH and EAST steps (Dy
k paths) gives a multiple of theq-Catalan polynomial. Bar
u

i, Del Lungo, Pergola, and Pinzani [2℄ showedthat Sn+1(q) = Sn(q)+n+1Xk=1Sk�1(q)Sn+1�k(q)qk (n� 0): (2.2)To visualize this re
urren
e, use notation similar to our explanation of there
urren
e for the S
hr�oder numbers. That is, for k � 2, let Ak denote the setof S
hr�oder paths for whi
h k is the smallest positive integer su
h that (k;k) isa point on the path. In addition, let A1 denote the set of paths that start witha NORTH step and then an EAST step and let A01 denote the set of paths thatstart with a DIAGONAL step. For 1� k � n+1, letAk(q) = X�2Ak qa(�)and A01(q) = X�2A01 qa(�):Clearly, Sn+1(q) =A01(q)+n+1Xk=1Ak(q):Then to understand the S
hr�oder re
urren
e in (2.2), it is ne
essary to under-stand why Ak(q) = Sk�1(q)Sn+1�k(q)qkand why A01(q) = Sn(q):Sin
e a path in Ak �rst tou
hes the diagonal at (k;k) it must go from (0;1) to(k� 1;k) without tou
hing the diagonal points (1;1), (2;2), : : : , (k� 1;k� 1).The number of su
h paths is Rk and the sum of their weights is Sk(q). To thesepaths we must add the k half-squares just above the diagonal from (0;0) to(k;k). Thus the parts of the paths from (0;0) to (k;k) in Ak give us a weight ofqkSk(q). From (k;k) the paths must 
ontinue on to (n+1;n+1) without goingbelow the diagonal. These paths have weight Sn+1�k(q), giving a total weightfor paths in Ak of Ak(q) = qkSk�1(q)Sn+1�k(q):Any path in A01 starts with a DIAGONAL step, whi
h has a weight of zero, andthen 
ontinues on from (1;1) to (n+1;n+1), so the total weight of these paths



A Bije
tion Between S
hr�oder Paths and Permutations 8is just Sn(q). ThusSn+1(q) = Sn(q)+n+1Xk=1 qkSk�1(q)Sn+1�k(q):Using the previous example of a path in A3, the additional 3 half squares ofweight q3 are shaded in bla
k in the diagram below.

3. A Bije
tion Between S
hr�oder Paths and S
hr�oder Per-mutationsBefore stating and proving our main theorem, we will des
ribe a well-de�nedmethod for writing any permutation � 2 Sn as a produ
t of adja
ent transposi-tions whi
h will prove useful.Let � 2 Sn and let si denote the transposition that inter
hanges the numberin position i with the number in position i+1 when applied to �. Write � as aprodu
t of adja
ent transpositions si by �rst determining a spe
i�
 sequen
e ofadja
ent transpositions whi
h, when applied to �, will give the identity permuta-tion. Then � 
an be represented by the inverse of this sequen
e of transpositions.To determine the spe
i�
 sequen
e of adja
ent transpositions, suppose n isin position i in �. Then sn�1sn�2 � � �si+1si (applied right to left) moves then to position n and leaves the relative order of the numbers 1 through n� 1un
hanged. Now lo
ate n�1 in the resulting permutation. Suppose n�1 is inposition j. Then the sequen
e sn�2sn�3 � � �sj+1sj moves the n� 1 to positionn�1. Continuing in this manner will give the identity permutation. Then � 
anbe represented as the inverse of this sequen
e of transpositions. Sin
e s2i = id, itfollows that s�1i = si so the inverse of this sequen
e of transpositions is the samesequen
e written in reverse order. Thus � is represented by a produ
t of adja
enttranspositions si whose subs
ripts form a series of in
reasing subsequen
es, i.e.,



A Bije
tion Between S
hr�oder Paths and Permutations 9�=�1�2 � � ��j with j�n su
h that ea
h �i is a produ
t of adja
ent transpositionswhose subs
ripts are stri
tly in
reasing. In this representation, j is the minimumnumber of su
h subsequen
es.For example, let � = 2 3 1 6 8 7 9 5 10 4:Then s9 moves the 10 to the last position, givings9(�) = 2 3 1 6 8 7 9 5 4 10:Next s8s7 moves the 9 to the 9th position, s7s6s5 moves the 8 to the 8thposition, s6s5 moves the 7 to the 7th position, s5s4 moves the 6 to the 6thposition, s4 moves the 5 to the 5th position, the 4 is already in the 4th position,s2 moves the 3 to the 3rd position, and s1 moves the 2 to the 2nd position. Then� 
an be represented as the inverse of this sequen
e of transpositions, so� = s9 = s7s8 = s5s6s7 = s5s6 = s4s5 = s4 = s2 = s1:(The symbol = has been added above only as a delimiter for the sake of read-ability.) In this example, � = �1�2 � � ��8 where �1 = s9, �2 = s7s8, �3 = s5s6s7,�4 = s5s6, �5 = s4s5, �6 = s4, �7 = s2, and �8 = s1.We now use this method of writing a permutation as a produ
t of transpo-sitions to des
ribe a fun
tion f from Pn to the set of S
hr�oder permutations inSn+1. This fun
tion will turn out to be a bije
tion whi
h takes the area statisti
to the inversion number.Suppose � is a path in Pn. Then for ea
h lower half-square below the paththat lies at the top of 
olumn j, draw a diagonal arrow from ea
h square in
olumn j+1 and row k to the square in 
olumn j and row k�1, for ea
h k > j.For example, if � is the path in the pi
ture below, then draw the diagonal arrowsas illustrated.

Label shaded full squares and upper half-squares on the diagonal with an sj ifthe square is in 
olumn j. Then let �1 be the sequen
e of si's with de
reasing



A Bije
tion Between S
hr�oder Paths and Permutations 10subs
ripts obtained by reading the top row of squares below the path from rightto left, writing an sj for ea
h shaded square or upper half-square in 
olumn j. Ifthere is a diagonal arrow at the end of row k in 
olumn i+1, follow the diagonalarrow down to the square in row k� 1 and 
olumn i and 
ontinue to read thesequen
e of si's in shaded squares from right to left. When there are no moresquares to the left that lie under the path or no more diagonal arrows at the endof the row, then �1 is 
omplete. Follow the same pro
ess to obtain �2, startingwith the row of shaded squares that lies below the topmost row. Filling in theexample from above with the 
orre
t si's we obtain the following pi
ture.

From this pi
ture we �nd that �1 = s10s9s8s7, �2 = s9s8s7s6s5, �3 = s7s6s5s4,�4 = s6s5s4, �5 = s5s4, �6 = s2s1 and �7 = s1.For ea
h i, let �0i be the sequen
e of sj 's in �i written in reverse order. Inthe above example, �01 = s7s8s9s10, �02 = s5s6s7s8s9, �03 = s4s5s6s7, �04 = s4s5s6,�05 = s4s5, �06 = s1s2 and �07 = s1. We de�ne f(�) 2 Sn+1 by writing f(�) =�01�02 � � ��0k. In the example above, f(�) = 3 2 1 8 10 7 11 6 4 5 9.Lemma 1. If � is a S
hr�oder path then f(�) is a S
hr�oder permutation.Proof. We argue by indu
tion on n, the length of the S
hr�oder path. The resultis immediate when n= 1, sin
e 12 and 21 are both S
hr�oder permutations.Now assume that if � is a S
hr�oder path of length n� 1 then f(�) is aS
hr�oder permutation in Sn. Let �̂ be a S
hr�oder path of length n. If there areno squares or upper half-squares under the path in the top row, then f maps �̂to a permutation with n+1 in the (n+1)st position. In this 
ase, it is enough to
he
k that the permutation in positions 1 through n is a S
hr�oder permutation.By indu
tion, the path from (0;0) to (n�1;n�1) maps to a permutation in Snthat is a S
hr�oder permutation, thus adding n+1 to the end of the permutationstill gives a S
hr�oder permutation.Suppose there exist squares or upper half-squares under the S
hr�oder path�̂ in row n. Let �1 = snsn�1 � � �sjsj�1 � � �si be the sequen
e of transpositionsobtained when reading shaded squares from right to left starting with the top



A Bije
tion Between S
hr�oder Paths and Permutations 11row, as in the de�nition of f . Removing the squares asso
iated with thesetranspositions from the S
hr�oder path leaves a S
hr�oder path of length n� 1whi
h by indu
tion maps to a S
hr�oder permutation in Sn. Let � denote thispermutation in Sn. It remains to 
he
k that si � � �sj�1sj � � �sn�1sn(�(n+1)) is4132 and 4231-avoiding, i.e. a S
hr�oder permutation.Suppose the permutation � ends in (n-k+1)(n-k+2)� � � (n-1) n and n-k is inposition i in � with i � n�k�1. Then the element in position n�k of � is anumber less than n� k. With this in mind, we will make use of the followingresult.Lemma 2. The permutation si � � �sj�1sj � � �sn�1sn(�(n+1)) 
an fail to be 4132or 4231 avoiding only if n+1 moves two or more positions to the left of n-k.Assuming for the moment that Lemma 2 holds, it is enough to show thatn+1 moves at most one position to the left of n-k, for n-k de�ned as above.Re
all that f(�̂) = si � � �sj�1sj � � �sn�1sn(�(n+1)) for some i. If i�n�k�1,then si � � �sn 
an move n+1 at most one position to the left of n-k, sin
e n-k is inposition l in � with l � n�k�1. Thus the resulting permutation is both 4132and 4231 avoiding and so f(�̂) is a S
hr�oder permutation.Suppose i < n� k� 1 and let n-k be in position l in �. Sin
e (n-k+1)(n-k+2)� � �(n-1)n remain �xed in �, then sn�k+1 : : : sn�1sn 
orrespond to upperhalf-squares on the diagonal in the S
hr�oder path and sn�k 
orresponds to thefull square in 
olumn n�k and row n�k+1 in the S
hr�oder path. The remainingsi : : : sn�k�1 also must 
orrespond to full squares in the S
hr�oder path. However,ea
h of these full squares must have either a full square or an upper half-squarebelow it, sin
e � 
orresponds to a S
hr�oder path. Thus i � l and so n+1 
anmove at most one position past n� k in f(�̂). Therefore f(�̂) is a S
hr�oderpermutation.We now give a proof of Lemma 2.Proof. (of Lemma 2) Suppose : : :n+1 : : : i : : :k : : : j : : : forms a 4132 or 4231 pat-tern for some k <n�k. If n-k is to the left of i, then : : :n�k : : : i : : :k : : : j : : : wouldhave formed a 4132 or 4231 pattern in �, but � is a S
hr�oder permutation so itavoids these patterns. If n-k is between i and j then : : :n+1 : : : i : : :n�k : : : j : : : isa 4132 or a 4231 pattern. In this 
ase, n+1 is two or more positions to the leftof n-k. If n-k is to the right of j, then : : :n+1 : : : i : : :n�k : : : l : : : is a 4132 or a4231 pattern, where l is the element in position n�k so l < n�k. Again in this
ase, n+1 is two or more positions to the left of n-k.To show f is a bije
tion, we des
ribe its inverse map. To do this, suppose weare given a S
hr�oder permutation �. Use the method des
ribed at the beginningof this se
tion to write � as a produ
t of transpositions, obtaining �= �01�02 � � ��0k .Re
all that ea
h �0i is a subsequen
e of adja
ent transpositions with in
reasingsubs
ripts. For ea
h i, if �0i has length l and ends with sm, then shade inthe squares of Z2 in the mth row and in 
olumns m through m� l+1. Forexample, if the given S
hr�oder permutation is � = 3 4 2 1 8 6 11 10 9 5 7 then



A Bije
tion Between S
hr�oder Paths and Permutations 12�= s7s8s9s10s7s8s9s7s8s5s6s7s5s2s3s1s2s1 and the shaded squares are as in thefollowing pi
ture.

To obtain a S
hr�oder path from the diagram, we slide 
ertain of the shadedsquares down, using the following pro
edure.(1) Find the right-most 
olumn 
ontaining an unshaded square or upper half-square with a shaded square above. Choose the highest su
h square orhalf-square in the 
olumn.(2) Shift all of the shaded squares whi
h are both above and weakly to theleft of the 
hosen unshaded square or half-square down by one square.If the area 
hosen is a half-square, then the 
hosen half-square be
omesshaded and the top shaded square in its 
olumn be
omes a shaded lowerhalf-square.(3) Repeat steps 1 and 2 until there are no unshaded squares or upper half-squares below a shaded square or half-square.On
e the sliding pro
edure is 
omplete, we de�ne g(�) to be the S
hr�oderpath atop the resulting shaded region. In our example we obtain the pathillustrated below.
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tion Between S
hr�oder Paths and Permutations 13The following result 
on
erning the sliding pro
edure above will be useful.Lemma 3. Suppose � is a S
hr�oder permutation. In step 1 of the sliding pro
e-dure above, the unshaded area sele
ted will always be an upper half-square onthe diagonal.Proof. Arguing by 
ontradi
tion, suppose at some stage the unshaded area 
ho-sen is a square. Then the part of our diagram surrounding this square looks asfollows.
If the transpositions 
orresponding to the top row of this pi
ture are sm�l : : : smthen the transpositions 
orresponding to the se
ond row are sm�l+k : : : sm�1 forsome k su
h that 0< k < l�1. These two rows of transpositions will produ
e apattern of type m+1 a m b in �, where a�m�1 and b�m�1. If a < b thenthis is a 4132 pattern. If b < a then this is a 4231 pattern. In either 
ase, wehave a 
ontradi
tion.Lemma 4. Let f and g be the maps des
ribed above. If � is a S
hr�oder paththen g(f(�)) =�. If � is a S
hr�oder permutation then f(g(�)) = �. In parti
ular,g = f�1.Proof. Suppose � is a S
hr�oder permutation, and that �= �1 : : :�k when writtenas a produ
t of transpositions as previously des
ribed, in whi
h ea
h �i is aprodu
t of transpositions with in
reasing subs
ripts. By the �rst part of the
onstru
tion of g(�), the string �i may be written in the shaded squares andupper half-squares in row i of the diagram obtained before applying the slidingpro
edure. By Lemma 3 and the 
onstru
tion of f , these strings are never brokenunder the sliding pro
edure involved in the 
onstru
tion of g. The result follows.Lemma 5. Suppose � is a permutation with k inversions. Then when � is writtenas a produ
t of adja
ent transpositions as des
ribed then � has exa
tly k termsin the produ
t. In other words, every transposition in the produ
t representationof � 
orresponds to an inversion in �.Proof. Suppose �=�1�2 � � ��k when written as a produ
t of transpositions in themanner des
ribed, in whi
h ea
h �i is a produ
t of transpositions with in
reas-ing subs
ripts. Suppose �i = sjsj+1 � � �sl. Then this sequen
e of transpositionsrepeatedly inter
hanges the position of l+1 with the element to the left of l+1.By 
onstru
tion the element to the left of l+1 is always less than l+1, so ea
htransposition introdu
es exa
tly one inversion.
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hr�oder Paths and Permutations 14Theorem 1. The fun
tion f is a bije
tion from S
hr�oder paths to S
hr�oder per-mutations that maps the area statisti
 to the inversion number.Proof. It is immediate from Lemma 4 that f is a bije
tion. It follows fromLemma 5 and the 
onstru
tion of f that f maps a S
hr�oder path with areastatisti
 k to a S
hr�oder permutation with inversion number k.4. Open ProblemsAs yet, no generalization of the q;t-Catalan polynomial to a q;t-S
hr�oder poly-nomial Sn(q;t) su
h that Sn(q;1) = Sn(1;q) = Sn(q) and Sn(q;t) = Sn(t;q) isknown. However, Egge, Haglund, Killpatri
k, and Kremer have re
ently founda t-statisti
 that is equidistributed with the area statisti
 on S
hr�oder paths. Inother words, if Sn(q;t) is the generating fun
tion for the area statisti
 and thisnew t-statisti
 on S
hr�oder paths from (0;0) to (n;n) then Sn(q;1) = Sn(1;q) =Sn(q). It is not known whether Sn(q;t) = Sn(t;q). The problem of �ndingan involution on Dy
k paths from (0;0) to (n;n) whi
h reverses the area andt-statisti
s also remains open.Referen
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