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Abstract

We introduce a generalization of the Robinson-Schensted-Knuth algorithm to composition tableaux
involving an arbitrary permutation. If the permutation is the identity our construction reduces to Ma-
son’s original composition Robinson-Schensted-Knuth algorithm. In particular we develop an analogue
of Schensted insertion in our more general setting, and use this to obtain new decompositions of the
Schur function into nonsymmetric elements (which become Demazure atoms when the permutation is
the identity). Other applications include Pieri rules for multiplying these generalized Demazure atoms
by complete homogeneous symmetric functions or elementary symmetric functions, a generalization of
Knuth’s correspondence between matrices of nonnegative integers and pairs of tableaux, and a version
of evacuation for arbitrary permutations.

1 Introduction

Let N denote the set of natural numbers {0, 1,2, ...} and P denote the set of positive integers {1,2,...,}. We
say that v = (71,72, . .., 7s) is a weak composition of m into n parts if each 7; € Nand ) ;" | v; = m. Letting
vl = >°, i, the (column) diagram of v is the figure dg’() consisting of |y| cells arranged into columns so
that the i*" column contains 7; cells. For example, the diagram of v = (2,0,1,0,3) is pictured in Figure 1.
The augmented diagram of -, denoted by @('y), consists of the diagram of v together with an extra row of
n cells attached below. These extra cells are referred to as the basement of the augmented diagram. We let
A(7) be the partition that results by taking the weakly decreasing rearrangement of the parts of 4. Thus if
~v=(2,0,1,0,3), then A(v) = (3,2,1,0,0).

Figure 1: The diagram of v = (2,0,1,0,3) .

Macdonald [6] defined a famous family of symmetric polynomials Py(x1,a,...,2,;q,t), which have
important applications to a variety of areas. In [5] he showed that many of the properties of the Py, such
as satisfying a multivariate orthogonality condition, are shared by a family of non-symmetric polynomials

E,(z1,...,%n;q,t), where v is a weak composition with n parts. Haglund, Haiman and Loehr [1] obtained
a combinatorial formula for E.(z1,...,%,;¢q,t) in terms of fillings of dg(y) by positive integers satisfying

certain constraints. It will be simpler for us to phrase things in terms of a transformed version of the
E, studied by Marshall [7] which we denote by E,(z1,...,2n;¢,t). The E, can be obtained from the E,
by sending ¢ — 1/q, t — 1/t, reversing the z-variables, and reversing the parts of . The corresponding



combinatorial expression for Ew(xl, ..., Zp;0;0) from [1] involves what Mason [8], [9] later calls semi-skyline
augmented fillings. It was previously shown [9] that E,Y(xl,...,mn;O,O) equals the “standard bases” of
Lascoux and Schiitzenberger [4], which were renamed Demazure atoms to avoid confusion with other objects
called “standard bases”. Mason introduced a generalization of the RSK algorithm involving semi-skyline
augmented fillings, and used this to give combinatorial proofs of several results involving Demazure atoms.
For example, her generalized RSK gives a bijective proof that for any partition (3,

sp(@1,.. ) = Y Ey(11,...,2430,0). (1)

p
A(v)=8

Mason’s extended RSK is also instrumental in work of Haglund, Luoto, Mason and van Willigenburg who
developed the theory of a new basis for the ring of quasisymmetric functions called quasisymmetric Schur
functions [2], [3]. In particular these authors use it to prove a generalization of the Littlewood-Richardson
rule, where the product of a Demazure atom, or Demazure character, or quasisymmetric Schur function and
a Schur function is expanded in terms of Demazure atoms, Demazure characters, or quasisymmetric Schur
functions, respectively.

Let €, denote the identity 1 2 --- n in S, and €, the reverse of the identity n m —1 --- 1. In [8], [9]
and in [2],[3] the basements of the diagrams @(7) are always filled by either €, (i.e., ¢ is in the ith column
of the basement), or by €,. In this article we show that many of the nice properties (such as an insertion
algorithm) of Mason’s extended RSK hold with the basement consisting of an arbitrary permutation o € S,.
In particular we define a weight preserving bijection which shows

sp(@1,... wn) =Y EY(w1,...,7,) (2)

where the sum is over all weak compositions v such that X(y) = 8 and 7; > 7; whenever ¢ < j and o; > 0.
Here Efy’(a:l, ..., Ty) is the version of E‘W(xl, .+, Tp;0,0) with basement 0. In the special case when o = €,
there is only one term in the sum above so that Eg" = sg, while if ¢ is €, then (2) reduces to (1).

As with Mason’s insertion algorithm, we shall see that our insertion algorithm with general basement
also commutes in a natural way with the RSK algorithm. This useful fact will allow us extend results of
Mason to our more general setup. Moreover, we shall give a precise characterization of how the results of our
insertion algorithm vary as the basement ¢ varies. If 0 = €, our algorithm becomes essentially equivalent to
ordinary RSK insertion, while if ¢ = ¢,,, it reduces to Mason’s insertion algorithm.

The outline of this paper is as follows. In section 2, we formally define the objects we will be working
with, namely permuted basement semi-standard augmented fillings relative to a permutation o (PBF’s). In
sections 3 and 4, we describe our insertion algorithm for PBF’s and derive its general properties. In section
5, we use it to prove analogues of the Pieri rules for the product of a homogeneous symmetric function
hn(x1,. .., 7,) times an EJ(r1,...,,) and the product of a elementary symmetric function e, (z1,...,75)

times an Ef; (z1,...,2n). In section 6 we develop an analogue of the RSK algorithm for permuted basements
and prove several of its basic properties. Finally, in section 7 we study the analogue of evacuation for PBF’s.

2 Permuted basement semi-standard augmented fillings.

The positive integer n is fixed throughout, while v will always denote a weak composition into n parts and
o a permutation in S,. We let (4,j) denote the cell in the i-th column, reading from left to right, and the

j-th row, reading from bottom to top, of @(fy) The basement cells of @(’y) are considered to be in row 0 so
that @(’y) =dg'(v) U{(4,0) : 1 <i < n}. The reading order of the cells of @(7) is obtained by reading the
cells in rows from left to right, beginning at the highest row and reading from top to bottom. Thus a cell
a = (i,7) is less than a cell b = (¢, j') in the reading order if either j > j’ or j = j' and ¢ < ¢’. For example,
ifv=(0,2,0,3,1,2,0,0,1), then @(v) is pictured in Figure 2 where we have placed the number 7 in the i-th
cell in reading order. An augmented filling, F', of an augmented diagram @(’y) is a function F' : @(’y) — P,
which we picture as an assignment of positive integers to the cells of El;('y) We let F'(i,j) denote the entry



in cell (4,7) of F. The reading word of F, read(F), is obtained by recording the entries of F' in the reading
order of dg’(7). The content of F is the multiset of entries which appear in the filling F. Throughout this
article, we will only be interested in fillings F’ such that entries in each column are weakly increasing reading
from top to bottom and the basement entries form a permutation in the symmetric group S,,.
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Figure 2: The reading word order of the cells of the augmented filling for v = (0,2,0,3,1,2,0,0,1).

Next we define type A and B triples as in [8]. A type A triple in an augmented diagram of shape v is a
set of three cells a, b, ¢ of the form (i, k), (4,k), (i,k — 1) for some pair of columns 7 < j of the diagram and
some row k > 0, where y; > ;. A type B triple is a set of three cells a,b, ¢ of the form (j, k + 1), (4, k), (j, k)
for some pair of columns 7 < j of the diagram and some row k£ > 0, where ~; < ;. Note that basement cells
can be elements of triples. As noted above, in this article our fillings F' have weakly increasing row entries
top-to-bottom, so we always have the entry values satisfying F'(a) < F'(c). We say that a triple of either type
is an inversion triple if the relative order of the entries is either F'(b) < F(a) < F(c) or F(a) < F(c) < F(b).
Otherwise we say that the triple is a coinversion triple, i.e. if F(a) < F(b) < F(c). Figure 3 depicts type A
and B triples.

Type A triple Type B triple

! ! T !

column i column j column i column j
% 2> Yj % < Yj

Figure 3: Type A and B triples.

A semi-standard augmented filling is a filling of an augmented diagram with positive integer entries so
that (i) the column entries are weakly increasing from top to bottom, (ii) the basement entries form a
permutation of 1,2,...,n if there are n cells in the basement, and (iii) every Type A or B triple is an
inversion triple. We say that cells ¢; = (21,y1) and ca = (22, y2) are attacking if either ¢; and ¢y lie in the
same row, i.e. y; = ys, or if ¢q lies strictly to the left and one row below cs, i.e. if x1 < 3 and yo = y; + 1.
We say that filling F' is non-attacking if F(c1) # F(c2) whenever ¢; and co are attacking. It is easy to see
from our definition of inversion triples that a semi-standard augmented filling F' must be non-attacking. A
superscript o on a filling F', as in F?, means the basement entries form the permutation o.

We say that a filling F? is a permuted basement semi-standard augmented filling (PBF) of shape v with
basement permutation o if .

(I) F7 is a semi-standard augmented filling of dg(y),
(I1) F°((i,0)) = o0; for i = 1,...,n, and
(ITI) for all cells a = F (i, j),b = F7(i1,j — 1) such that i; < iy and ~;, < 7,,, we have b < a.
We shall call condition (III) the B-increasing condition, as pictured in Figure 4.
Given a PBF F¢ of shape v , we define the weight of F'7, W (F7), to be

W(FU) = H TFo(i,g)- (3)

(i,5)€dg’ ()
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Figure 4: The B-increasing condition.

Let PBF(v,0) denote the set of all PBFs F7 of shape v with basement o. We then define

ES(v1, a2, mn) = Y. W(F). (4)
FoecPBF(vy,0)

The following fact about PBFs will be used frequently in the sequel.

Lemma 1. Let F° be a PBF of shape v and assume that i < m and v; > Ym. If F7(i,5) > F°(m,j) for
some j > 0, then F7(i, k) > F°(m,k) for all k > j.

Proof. Arguing for a contradiction, suppose that the Lemma fails. Then let & be the smallest £ such that
¢>jand F7(i,£) < F?(m,¥£). This implies the triple {(¢, k), (m, k), (i,k — 1)} is a type A coinversion triple
since

Fo(i,k) < F7(m,k) < F°(m,k—1) < F°(i,k —1).

Since we are assuming that F'° has no type A coinversion triples, there can be no such k. O

We end this section by considering the two special cases of PBFs where the basement is either the identity
or the reverse of the identity. In the special case where the basement permutation o = €,, a PBF is a semi-
standard augmented filling as defined by Mason in [8]. Next consider the case where F» is a PBF of shape
~ with basement €,. We claim this implies 7; > ;41 for all . For suppose 7; < ;1. Then (i + 1,1) must
be a cell in Fé and F& (i +1,1) < F*(i+1,0) =n —i <n —1i+ 1 = F®(7,0) so that the cells b = (7,0)
and a = (i + 1, 1) would violate the B-increasing condition for Fé». Thus in the special case of a PBF Fé~,
the shape v must be a partition, i.e. we must have v; > 72 > --- > 7,. But then Lemma 1 implies that
the entries of F'®» must strictly decrease in rows reading from left to right. Since the elements of F¢» must
weakly decrease in columns reading from bottom to top, we see that F®» is what could be called a reverse
row strict tableau with basement €, attached. It follows that for v a partition, ES*(z1, 22, ..., 2,) is equal
to the Schur function s, (z1,z2,...,2n).

3 An analogue of Schensted insertion

In [8], Mason defined a procedure k — F to insert a positive integer k into a semi-skyline augmented filling,
which is a PBF with basement permutation equal to the identity. In this section, we shall describe an
extension of this insertion procedure which inserts a positive integer into a PBF with an arbitrary basement
permutation.

Let F° be a PBF with basement permutation o € S,,. We shall define a procedure k& — F° to insert a
positive integer k into F?. Let F° be the extension of F° which first extends the basement permutation o
by adding j in cell (§,0) for n < j < k and then adds a cell which contains a 0 on top of each column. Let
(z1,11), (x2,¥2), . .. be the cells of this extended diagram listed in reading order. Formally, we shall define
the insertion procedure of k — (z1,41), (z2,y2), ... of k into the sequence of cells (z1,¥1), (x2,¥y2), - . ..

Let ko = k and look for the first ¢ such that F7(z;,v;) < ko < F(x;,1; — 1). Then there are two cases.



Case 1. If F° (24,9;) = 0, then place kg in cell (z;,y;) and terminate the procedure.

Case 2. If F7(x;,5;) # 0, then place ko in cell (z;,%;), set ko := F°(z;,y;) and repeat the procedure
by inserting kg into the the sequence of cells (;11,¥yi+1), (Tit2, Yit2), ... In such a situation, we say that

Fe(x;,y;) is bumped in the insertion k — F7.

The sequence of cells that contain elements which are bumped in the insertion k& — F? plus the final
cell which is added when the procedure is terminated will be called the bumping path of the insertion. For
example, Figure 5 shows an extended diagram of a PBF with basement permutation equal to 6 1 34 2 5. If
we insert 5 into this PBF, then it is easy to see that the first element bumped is the 4 in column 1. Therefore
this 4 will be replaced by 5 and we will insert 4 into the remaining sequence of cells. The first element that
4 can bump is the 2 in column 4. Thus that 4 will replace the 2 in column 4 and 2 will be inserted in the
remaining cells. But then that 2 will bump the 0 in column 5 so that the procedure will terminate. Thus
the circled elements in Figure 5 correspond to the bumping path of this insertion. Notice that the entries of
F7 in the bumping path must strictly decrease as we proceed in reading order.

ol -
3 0 13
@[o|3]0 5 3

> 511(3|2@|0 o0 5013
6|1(3|4]2]5|=1|6|1]|3 5

Figure 5: The bumping path of an insertion into a PBF.

The following lemmas are needed in order to prove that the insertion procedure terminates and the result
is a PBF.

Lemma 2. Let ¢; = (i1,71) and ca = (i2,72) be two cells in a PBF F7 such that F7(¢1) = F7(c2) = a, ¢
appears before co in reading order, and no cell between ¢ and co in reading order contains the entry a. Let
cy = (i, 71) and ¢y = (i%, j4) be the cells in k — F° containing the entries from c¢i and co respectively. Then
1> Ja-

Proof. Consider the cell ¢; = (i1,j1 — 1) immediately below ¢; in the diagram F“. Note that ¢; attacks all
cells of F7 to its right that lie in same row as well as all cells to its left that lie one row below the row of ¢;.
Since entries in cells which are attacked by ¢; must be different from F7(cy), it follows that co must appear
weakly after ¢; in reading order. If ¢ = ¢; = (i1,71 — 1), then the entry in cell ¢; cannot be bumped because
that would require F? (i1, j1) < ko < F(i1,71 — 1). Thus either ¢ is not bumped in which case the Lemma
automatically holds or ¢y is bumped in which case its entry ends up in a cell which is later in reading order
so that j; = j§ > j1 — 1> jj.

Thus we may assume that F7(c;) > F7(c;) and that ¢, follows ¢; in reading order. This means that
the element ¢3 = (ig,j2 + 1) which lies immediately above ¢y follows ¢; in reading order and the entry in
cell ¢z must be strictly less than a by our choice of co. If the entry in ¢; is not bumped, then again we can
conclude as above that the entry in ¢y will end up in a cell which follows ¢; in reading order so that again
j1 =j1 > j1 — 1> j}. Finally, suppose that the entry a in cell ¢; is bumped. Since F7(¢3) < a = F7(cg), it
follows that F7(cz) is a candidate to be bumped by a. Thus the a that was bumped out of cell ¢; must end
up in a cell which weakly precedes ¢3 in reading order and hence it ends up in a row which is higher than
the row of co. But then the entry in co either is not bumped or ends up in a cell which follows ¢y in reading
order so that the final resting place of the entry in cs lies in a row weakly below the row of ¢3. Thus the
lemma holds. O

Lemma 3. Suppose that F° is a PBF and k is a positive integer. Then every type A triple in k — F is
an inversion triple.

Proof. Suppose that F? is of shape v = (71,...,7n) where n > k. Consider an arbitrary type A triple

{a = (z1,91),b = (z2,91),¢c = (x1,y1 — 1)} in F? := k — F°. If {a,b,c} form a coinversion in F?, then



F?(a) < F7(b) < F7(¢). Since the entries in the bumping path in the insertion k — F° form a strictly
decreasing sequence, only one of {F?(a), F°(b), F?(c)} can be bumped by the insertion procedure k — F°.
Let F' be the extended diagram corresponding to F“ as defined in our definition of the insertion k — F?. We
claim that the triple conditions for F° imply that either F7(b) < F7(a) < F?(c) or F?(a) < F(c) < F?(b).
This follows from the fact that F is a PBF if a,b, ¢ are cells in F?. Since the shape of F? arises from
~v by adding a single cell on the outside of -y, we know that ¢ is a cell in F'?. However, it is possible that
exactly one of a or b in not in F° and is filled with a 0 in F°. If it is b, then we automatically have
Fo(b) < F?(a) < F°(c). If it is a, then the column that contains a is strictly shorter than the column that
contains b because in F?, it must the be case that the height of column z; is greater than or equal to the
height of column x5 since {a, b, ¢} is a type A triple in F7. But then the B-increasing condition for F° forces
F°(c) < F?(b) and, hence, F'?(a) < F°(c) < F°(b) must hold.
We now consider two cases.

Case 1. [7(b) < F°(a) < F7(c).

Note in this case, 0 < F'?(a) so that a is a cell in F'°. Moreover the entries in a and ¢ cannot be bumped
in the insertion & — F'? since their replacement by a larger value would not produce the desired ordering
F?(a) < F7(b) < F?(c). Thus it must be the case that F7(b) was bumped in the insertion k — F’. We now
consider two subcases.

Subcase 1.a. [7(a) < F7(b).

We know that F7(b) bumps F7(b). We wish to determine where F7(b) came from in the insertion process
k — F°. It cannot be that F"(b) = k or that it was bumped from a cell that comes before a in the reading
order since it would then meet the conditions to bump the entry F(a) in cell a as F°(a) < F7(b) < F(c).
Thus it must have been bumped from a cell after a but before b in reading order. That is, F7(b) = F(d)
where d = (z3,y1) and 1 < 3 < 2. Thus we have the situation pictured in Figure 6.

row y; a E E|

row y;-1 c
column Xq column x 3 column x 2

Figure 6: Picture for Subcase 1.a.

However, this is not possible since if v,, > 7,,, then the entries in cells a, d, and ¢ would violate the
A-triple condition for F'? and, if v,;, < 7., then the entries in cells ¢ and d would violate the B-increasing
condition on F“.

Subcase 1.b F7(a) = F7(b).

Again we must determine where F"(b) came from in the insertion process & — F?. To this end, let r
be the least row such that r > y; and F°(z1,7) < F?(x1,7 — 1). Then we will have the situation pictured
in Figure 7 where d is the cell in column x; and row r. Thus all the entries of F'? in the cells in column x;
between a and d are equal to F7(a).

Now the region of shaded cells pictured in Figure 7 are cells which are attacked or attack some cell which
is equal to F”(a) and hence their entries in F” must all be different from F?(a). Thus F?(b) cannot have
come from any of these cells since we are assuming that F°(a) = F7(b). Thus F?(b) must have come from a
cell before d in reading order. But this is also impossible because F” (b) would then meet the conditions to
bump F°(d) which would violate our assumption that it bumps F(b).
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Figure 7: Picture for Subcase 1.b.

Case 2. F7(a) < F7(c) < F7(b).

The entry in cell ¢ is the only entry which could be bumped in the insertion & — F? if we are to end
up with the relative ordering F?(a) < F7(b) < F?(c). Since F°(c) is bumped, this means that ¢ is not in
the basement. But if we do not bump either @ or b in the insertion k¥ — F° and a and b are cells in F, it
must be the case that a and b are cells in F'? and that there is no change in the heights of columns z; and
2. Thus 75, > 7z,. Let ¢ be the cell immediately below ¢ and b be the cell immediately below b. Thus we
must have F7(c) < F7(c) < F7(c). We now consider two subcases.

Subcase 2.a. F7(c) = F7(b).
Let 7 be the least row such that > y; and F?(xa,7) < F7(z2,7 — 1). Then we will have the situa-
tion pictured in Figure 8 where d is the cell in column x5 and row r. Thus all the entries of F'? in the cells

in column x5 between b and d are equal to F7(b).

=——Towr

]

column Xy column Xy

Figure 8: Picture for Subcase 2.a.

Now the region of shaded cells pictured in Figure 8 are cells which are attacked or attack some cell which
is equal to F7(b) and hence their entries in F° must all be different from F?(b). Thus F?(c) cannot have
come from any of these cells since we are assuming that F7(b) = F?(c). Hence F7(¢) must have come from
a cell before d in reading order. But this is also impossible because F7(¢) would then meet the conditions
to bump F?(d) which would violate our assumption that it bumps F°(c).



Subcase 2.b. F7(b) < F7(c).

First consider the A-triple ¢,¢,b. We cannot have that F7(b) < F9(c¢) < F7(c) since that would imply
F7(b) < F?(b) < F?(c), which would violate our assumption that F7(a) < F?(c) < F?(b). Thus it must
be the case that F7(c) < F7(c) < F?(b). But then we would have F7(b) < F7(c) < F7(c) < F?(b) which
would mean that F7(c) satisfies the conditions to bump F7(b). Since it does not bump F7(b), it must be
the case that F?(c) came from a cell which is after b in the reading order. We now consider two more subcases.

Subcase 2.b.i. F7(¢) is in the same row as F(b).

Assume that F7(¢) = F?(d) where d = (x3,51) and x5 < 3. It cannot be that v,, < 7., since
then the B-increasing condition would force that F7(b) < F7(d) = F?(c). But that would mean that
F(b) < F7(c) < F?(c) which violates the fact that F(c) < F?(c) < F?(b). Thus it must be the case
that v, > vz, and, hence, b, b, d is a type A triple. As we cannot have F7(b) < F7(d) = F7(c), it must be
that case that F7(c) = F°(d) < F7(b) < F?(b). But this is also impossible because we are assuming that
F7(b) < Fo(c).

Subcase 2.b.ii. F7(c) is in the same row as F(c).

In this case, let e1,...,es,es41 = ¢ be the cells in the bumping path of the insertion of k& — F? in row
y1 — 1, reading from left to right. Thus we are assuming that F7(c) = F7(e,). For each e;, we let e; be the
cell directly below e; and €; be the cell directly above e;. Thus we have the picture in Figure 9 where we are
assuming that s = 3 and we have circled the elements in the bumping path.

él 62 é:; a b
(o) b
€ €2 €3 L

Figure 9: Picture for Subcase 2.b.ii.

Since the elements in the bumping path decrease, we have that F7(e1) > -+ > F7(es) > F7(es41) =
F7(c) and that for each i, F7(e;11) < F7(e;) < F7(e;p1). Let ej = (25,51 —1). Thus z441 = 2.
We claim that we cannot have that 7., < ~.,,, for any ¢ since the B-increasing condition would force
Fo(eiy1) > F7(e;) > F?(e;). Thus we must have v,, > -+ > v, > Y, > Ya,. Now consider the triples
{ei,e;,b}. We are assuming that F'7(c) = F7(esq1) < F(e,yq) = F7(c) < F7(b). But since F7(es41) <
F7(es) < F(eyy 1), the {e,e,,b} A-triple condition forces F7(es) < F7(e,) < F7(b). Now if e,_; exists,
then we know that F'7(es) < F7(es—1) < F7(e,) and, hence, the {es_1,e, 1, b} A-triple condition also implies
that F7(es—1) < F7(e,_1) < F7(b). If es_o exists, then we know that F7(es_1) < F7(es—2) < F(e,_q)
and, hence, the {es_2,e, 4,0} A-triple condition must also imply that F7(es_2) < F7(e,_5) < F7(b).
Continuing on in this way, we can conclude that for all j, F7(e;) < F7(¢;) < F?(b). Next consider the
€, e, b A-triple conditions. We are assuming that F°(b) < F7(c) = F?(es). Thus it must be the case that
F7(b) < F7(es) < F(es). But since F7(es) < F7(es—1) < F7(e,), the €5_1,e5_1,b A-triple condition
implies that F7(b) < F7(€5-1) < F7(es—1). If e5_o exists, then since F7(es_1) < F(es—2) < F7(e,_4), the
€s—2,€s_2,b A-triple condition also implies that F(b) < F?(€s_2) < F?(es—2). Continuing on in this way,
we can conclude that for all j, F7(b) < F7(g;) < F(e;).

Thus in this case, we must have F7(b) < F(e1) < F7(e1) < F7(e;) < F°(b). Now the question is
where can the element z which bumps F?(e;) come from? We claim that z cannot equal k or come from
a cell before b in reading order since it satisfies the condition to bump b and b is not bumped. Thus it
must have come from a cell d = (x3,y1) which lies in the same row as b but comes after b in reading order.
In that case, we must have F7(e;) < F7(d) < F7(e1) < F?(b). Thus it cannot be that v,, < v, since
the B-increasing condition would force F?(b) < F'?(d). Thus 74, > 7z,. But in that case, we would have



F7(b) < F°(d) < F°(b) which would be a coinversion A triple in F°.
Thus we have shown that in Subcase 2, ¢ could not have been bumped and, hence, there can be no
coinversion A triples in k — F7. O

Lemma 4. Every type B triple in k — F? is an inversion triple.

Proof. Suppose that F7 is of shape v = (v1,...,7,) where n > k. Consider an arbitrary type B triple
{b=(x1,11),a = (zo,y1 + 1),¢ = (z2,51)} in F? :=k — F°. If {a,b, ¢} is a coinversion triple in F?, then
F?(a) < F7(b) < F7(c).

We claim that it cannot be that v;, = 75,. That is, we are assuming that in F, the height of column x
is less than the height of column z9 so that if v;, = 74,, then we must have added a cell on top of column
To in the insertion k — F?. Now if ¢ is not at the top of its column in F?, then a is a cell in F'? and there
must be a cell b on top of b in F?. Moreover the entries in cells a, b, ¢, and b did not change in the insertion
k — F°. But then {b,b,a} is a type A triple in F° and since F°(a) < F°(b), the {b,b,a} A-triple condition
implies that F7(a) < F°(b) < F°(b). But then Lemma 1 would force that F7(z1,7v,,) > F°(z2,7s,)-
Moreover, the B-increasing condition would force F°(x1,vs,) < F7(t,7,, +1) for all ¢t such that x1 <t <
and (¢,vz, +1) is a cell in F'?. But now consider what happens in the insertion k¥ — F'” when we reach cell
(71,72, +1). Say we are trying to insert k into the cell. In F'?, the cell (x1,~,, +1) contains a 0 and the only
reason we cannot place k in cell (x1,7;, +1) is that k > F(z1,7,, ). As the insertion continues either we end
up with & being inserted into cell (2, ., +1) or the bumping path involves cells of the form (¢,7,, +1) with
x1 < t < 3. In the latter case, all the elements in the cells (¢,7,, + 1) are strictly bigger than F7(z1,7vs,) so
that by the time we reach cell (x2,7,, + 1), we must be trying to insert some element which is strictly bigger
than F7(x1,7v., + 1) into cell (z2,7,, + 1). Thus in either case, we must be trying to insert some element
z which is strictly bigger than F7(z1,7,,) into cell (z2,7,, + 1). But then z > F(x1,7v4,) > F7(22,Ys,)
so that z cannot be inserted in (x2,7,, + 1) which contradicts our assumption that we placed an element
on top of column x5 in the insertion k — F°. Thus the only other possibility that b and ¢ are at the top
of their columns in F? and we end up placing an element in cell a in the insertion k¥ — F?. But again, the
B-increasing condition would force F7(z1,y1) < F7(t,y1 + 1) for all ¢ such that x; <t < 23 and (¢t,y1 + 1)
is a cell in F?. But now consider what happens in the insertion & — F° when we reach cell (z1,y; + 1).
Say we are trying to insert k into the cell. In F'?, the cell (z1,y; + 1) contains a 0 and the only reason we
cannot place k in cell (z1,7z, + 1) is that k > F(z1,y1) = F°(b). As the insertion continues either we end
up with k being inserted into cell (x9,%; + 1) or the bumping path involves cells of the form (¢,3; + 1) with
21 < t < 3. In the latter case, all the elements in the cells (¢,y; + 1) are strictly bigger than F°(b) so that
by the time we reach cell a = (3, y; + 1), we must be trying to insert some element which is strictly bigger
than F?(b) into cell a. Thus in either case, we must be trying to insert some element z which is strictly
bigger than F7(b) into cell a. But then we would have F7(a) > F?(b) = F°(b) which would violate our
assumption that F7(a) < F7(b).

Thus it must be the case that v,, < vz, and a, b, ¢ are cells in F'?. Since the entries in the bumping path
of the insertion k — F7 form a strictly decreasing sequence, only one of {a,b, ¢} is affected by the insertion
procedure. The B-increasing condition together with the B-triple condition on {a,b,c} in F° imply that
F?(b) < F?(a) < F?(c). Therefore the only entry whose replacement with a larger entry would yield the
desired relative order is the entry in cell b. Note that b is not in the basement since basement elements are
never bumped in the insertion & — F?. Let b be the cell directly below b and ¢ be the cell directly below
c. The B-increasing condition in F” implies that F7(b) < F°(c). If F7(b) is replaced by the entry F7(b)
where F7(a) < F?(b) < F7(c), then we must have that F7(b) < F7(b) < F°(b) < F7(c).

We claim that is is not possible that F7(a) = F7(b). Let r be the least row such that r > y; and
Fo(z9,7) < F?(x9,7 —1). Then we will have the situation pictured in Figure 10 where d is the cell in
column zo and row r. Thus all the entries of F'? in the cells on column zo between a and d are equal to
F?(a). Now the region of shaded cells pictured in Figure 10 are cells which are attacked or attack some
cell which is equal to F?(a) and hence their entries in F° must all be different from F(a). Thus F7(b)
cannot have come from any of these cells since we are assuming that F(a) = F?(b). Thus F?(b) must have
come from a cell before d in reading order. But this is also impossible because F?(b) would then meet the
conditions to bump F7(d) which would violate our assumption that it bumps F?(b). Thus it must be the
case that F7(a) < F7(b).



rowr d

row yj a
row y-1 b c
b c

column Xq column Xy

Figure 10: The cells attacked by cell equal to F7(a).

Now consider the question of where F7(b) comes from in the insertion k — F°. First F?(b) cannot have
come from a cell that precedes a in reading order because we have that F7(a) < F7(b) < F7(c) so that F7(b)
meets the conditions to bump F7(a). Thus F?(b) must be in a cell which comes after a in reading order.
We then have two cases.

Case 1. F7(b) is in cell d which is in the same row as a.

In this case, we have the situation pictured in Figure 14.

b c
b 4
column Xq column Xy column X3

Figure 11: F7(b) is in the same row as a.

It cannot be that 7., < 7., because the B-increasing condition for /' would imply that F'7(c) < F7(d) =
F?(b). Thus it must be the case that Yy 2 Vas- But then {a,¢,d} would be a coinversion type A-triple as
we are assuming that F7(a) < F7(d) = F°(b) < F7(c).

Case 2. F7(b) is in the same row as b.

In this case, let e1,...,es,es41 = ¢ be the cells in the bumping path of the insertion of k¥ — F? in row
y1 — 1, reading from left to right. Thus we are assuming that F"(b) = F7(es). For each e;, we let e; be the
cell directly below e; and €; be the cell directly above e;. Thus we have the picture in Figure 15 where we
are assuming that s = 3 and we have circled the elements in the bumping path.

Since the elements in the bumping path decrease, we have that F7(ey) > -+ > F7(es) > F7(es41) =
Fo(b) and that for each i, F7(e;11) < F7(e;) < F(e;11). Let ej = (zj,y1 —1). Thus zy41 = 1.
We claim that we cannot have that ., < v.,,, for any i since the B-increasing condition would force
F7(eiq1) > F7(e;) > F7(e;). Thus we must have 7., > --- > 7, > 7,,. Similarly, we cannot have that
.. < Ya, since otherwise the B-increasing condition would force F7(b) = F(e,) < F?(a). Thus we must
also have v, > -+ > v, > Vg,.
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Figure 12: Picture for Subcase 2.

Now consider the A-triples {e;,e;, ¢} for i = 1,...,s. We are assuming that F7(b) = F7(e,) < F7(c)
so that the {es,e,,c} A-triple condition implies that F7(es) < F7(e,) < F7(c). But then F7(es) <
Fo(es—1) < F7(e,) so that the {es_1,e,_;,c} A-triple condition also implies that F7(e;_1) < F7(e,_;) <
F?(c). Continuing on in this way, we can conclude that the {e;, ¢;, ¢} A-triple condition implies that F7(e;) <
Fo(e;) < F7(c) for each i = 1,...,s. Next consider the A-triples {€;,e;,a} for i = 1,...,s. We are
assuming that F°(a) < F7(b) = F?(e,) so that the {&,,e,, a} A-triple condition implies that F(a) <
Fo(es) < F7(es). But then F7(es) < F7(es—1) < F7(e,) so that the {€s_1es_1,a} A-triple condition
also implies that F7(a) < F7(€s—1) < F?(es—1). Continuing on in this way, we can conclude that the
{€i, e;,a} A-triple condition implies that F?(a) < F?(e;) < F?(e;) for each i = 1,...,s. Thus it follows that
F7(a) < F7(e1) < F7(e1) < F(c).

Now consider the element z that bumps F?(ep) in the insertion £ — F'?. We must have F7(e1) < z <
F7(eq) so that that F7(a) < z < F?(c). Thus it cannot be that z = k or z = F?(d) for some cell d which
precedes a in reading order because that would mean that z meets the conditions to bump F?(a). Thus it
must be that z = F?(d) for some cell d which follows a in reading order and is in the same row as a. Suppose
that d = (¢,y1) where ¢ > x9. Then it cannot be that v,, < 7 since otherwise the B-increasing condition
would force F?(c) < F°(d) = z. Thus it must be that v, > . But then the fact that F7(a) < z < F7(c)
would mean that a, ¢, d would be a coinversion A-triple in F7.

Thus we have shown that it is impossible that we bump b in this situation and, hence, there can be no
coinversion B-triples in k — F“. O

Lemma 5. It F° is a PBF, then F° = k — F° satisfies the B-increasing condition.

Proof. Suppose that F7 is of shape v = (v1,...,7,) where n > k. Consider an arbitrary type B triple
(b= (z1,1),a = (2,91 +1),¢ = (z2,y1)} in F? := k — F? as depicted in Figure 13. Let b denote the
cell immediately above b and b denote the cell immediately below b. Suppose F7(b) > F?(a) so that the
B-increasing condition fails in F?. Then there are two possibilities.

b 2]
n <——— Trowyy
b

I

column Xy column Xy
Figure 13: A type B triple.

First it could be that {a,b, c} forms a type B triple in F?. This means that v,, < v,, and hence the B-
increasing condition forces F7(b) < F?(a) and F?(b) < F?(c). Thus the {a,b,c} B-triple condition implies
that F7(b) < F?(a) < F?(c) in this case. As the elements in the bumping path decrease, it must be the
case that F7(b) is bumped and F?(a) is not bumped.

Consider the question of where F7(b) comes from in the insertion k — F°. First F?(b) cannot have come
from a cell that precedes a in reading order because we have that F7(a) < F7(b) < F7(c) so that F7(b)
meets the conditions to bump F7(a) since F?(a) # F?(b) by Lemma 2. Thus F7(b) must be in a cell which
comes after a in reading order. We then have two cases.
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Case 1. F7(b) is in cell d which is in the same row as a.

In this case, we have the situation pictured in Figure 14.

b c
b 4
column Xq column Xy column X3

Figure 14: F7(b) is in the same row as a.

It cannot be that 7., < 7., because the B-increasing condition for /' would imply that F7(c) < F7(d) =
F7(b). Thus it must be the case that v;, > 7,. But then {a,¢,d} would be a coinversion type A-triple as
we are assuming that F(a) < F7(d) = F7(b) < F(c).

Case 2. F7(b) is in the same row as b.

In this case, let eq,...,es,es41 = ¢ be the cells in the bumping path of the insertion of k¥ — F'7 in row
y1 — 1, reading from left to right. Thus we are assuming that F”(b) = F?(es). For each e;, we let e; be the
cell directly below e; and €; be the cell directly above e;. Thus we have the picture in Figure 15 where we
are assuming that s = 3 and we have circled the elements in the bumping path.

él éz é3 a
() ‘
1 () €3 b [

Figure 15: Picture for Subcase 2.

Since the elements in the bumping path decrease, we have that F7(e1) > --- > F7(es) > F7(es41) =
Fo(b) and that for each i, F7(e;41) < F7(e;) < F7(e;yq). Let ej = (27,41 — 1). Thus z4q = 2.
We claim that we cannot have that 7., < ~.,,, for any ¢ since the B-increasing condition would force
F7(eit1) > F7(e;) > F7(e;). Thus we must have v,, > --- > 7. > 7,,. Similarly, we cannot have that
.. < 7a, since otherwise the B-increasing condition would force F7(b) = F7(e,) < F?(a). Thus we must
also have 7, > -+ > 72, > 7y,

Now consider the A-triples {e;,e;, ¢} for i = 1,...,s. We are assuming that F7(b) = F7(e,) < F7(c)
so that the {es, e,,c} A-triple condition implies that F7(es) < F7(e,) < F7(c). But then F7(es) <
F7(es—1) < F7(e,) so that the {es_1,e,_;,c} A-triple condition also implies that F7(es_1) < F7(e,_;) <
F?(c). Continuing on in this way, we can conclude that the {e;, ¢;, ¢} A-triple condition implies that F7(e;) <
Fo(e;) < F7(c) for each i = 1,...,s. Next consider the A-triples {€;,e;,a} for i = 1,...,s. We are
assuming that F7(a) < F7(b) = F?(e,) so that the {e,,e,,a} A-triple condition implies that F(a) <
F7(e,) < F7(es). But then F7(es) < F(es—1) < F7(e,) so that the {€s_1e5_1,a} A-triple condition
also implies that F7(a) < F?(€s_1) < F7(es—1). Continuing on in this way, we can conclude that the
{€i, e;,a} A-triple condition implies that F?(a) < F?(e;) < F?(e;) for each i = 1,...,s. Thus it follows that
F7(a) < F7(e1) < F7(e1) < F7(c).

Now consider the element z that bumps F?(ep) in the insertion £ — F'7. We must have F7(e1) < z <
F?(e;) so that that F7(a) < z < F?(c). Thus it cannot be that z = k or z = F'?(d) for some cell d which
precedes a in reading order because that would mean that z meets the conditions to bump F?(a). Thus it
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must be that z = F?(d) for some cell d which follows a in reading order and is in the same row as a. Suppose
that d = (t,y1) where t > x3. Then it cannot be that v,, < 7 since otherwise the B-increasing condition
would force F?(c) < F?(d) = z. Thus it must be that v,, > . But then the fact that F7(a) < z < F7(c)
would mean that a, ¢, d would be a coinversion A-triple in F7.

The other possibility is that v,, = 7z, and we added an element on the top of column x5 during the
insertion k — F so that in F7, the height of column z; is strictly less than the height of column zs. Now
suppose that 74, = 7z, = ¥1 so that in the insertion k& — F'?, the procedure is terminated by adding an
element in cell a. In such a case it must be that F7(b) = F7(b) > F?(a). Again consider the question of
where F7(a) came from. It can not be the case that F7(a) = k or was bumped from a cell before b in the
reading order because the F?(a) could be placed on top of F7(b) and F°(b) = 0 in this case. Thus F7(a)
must have been bumped from some cell d between b and @ in reading order. But this is impossible since
F?(b) > F?(d) = F?(a) would mean that b and d do not satisfy the B-increasing condition in F°. Thus we
must have 7,, = vz, > y1. Then the triple {b,b,a} is a type A triple in F'”. We now have two possibilities,
namely, either (i) F°(b) < F?(b) < F°(a) or (ii) F°(a) < F°(b) < F°(b).

If we are in case (i), then consider the type A triple {b, b, ¢} in F°. We cannot have that F?(c) < F?(b) <
F?(b) since then we would have F?(a) < F7(c) < F?(b). Thus it must be the case that F?(b) < F7(b) <
F?(c). But then F?(b) must have been bumped and F?(a) must not have been bumped since the elements
in the bumping path form a decreasing sequence. But again this is impossible since we have

F?(b) < F?(c) < F7(a) < F (D)

which means that F?(b) does not meet the condition to bump F(b).

If we are in case (ii), then consider the top row y, of these columns z; and x5 in F?. The entry in cell
e = (z1,y,) must be greater than the entry in f = (22,¥,) by Lemma 1 as F?(x1,y;+1) = F(b) > F(a) =
F?(x9,y1 +1). Then the new entry F"(x27yr + 1) added to column xs must have been bumped from a
position after (x1,y, + 1) in reading order, for otherwise it would be inserted on top of (x1,y,). But since
Fo(xg,yr+1) < F(x9,y,) < F(x1,y,), then F7 (25,1, + 1) and F°(z1,v,) would violate the B-increasing
condition.

Thus we have shown that the assumption that F7(b) > F7(a) leads to a contradiction in all cases and,

hence, F7 must satisfy the B-increasing condition. O
Proposition 6. The insertion procedure k — F7 is well-defined and produces a PBF.

Proof. Let F° be an arbitrary PBF of shape « and basement ¢ € S,, and let k be an arbitrary positive
integer less than or equal to n. We must show that the procedure k — F? terminates and that the resulting
filling is indeed a PBF. Lemma 2 implies that at most one occurrence of any given value will be bumped to
the first row. Therefore each entry ¢ in the first row will be inserted into a column at or before the column
o~ 1(i). This means that the insertion procedure terminates and hence is well-defined.

Lemmas 3 and 4 imply that k& — F? is a semi-standard augmented filling. Therefore £k — F? is a PBF
since k — F'7 satisfies the B-increasing condition by Lemma 5. O

Before proceeding, we make two remarks. Our first remark is concerned with the process of inverting our
insertion procedure. That is, the last cell or terminal cell in the bumping path of k¥ — F? must be a cell
that originally contained 0 in F. Such a cell was not in F° so that the shape of F7 is the result of adding
one new cell ¢ on the top of some column of the shape of F?. However, there are restrictions as to where
this new cell may be placed. That is, we have the following proposition which says that if ¢ is the top cell of
a sequence of consecutive columns which have the same height in & — F'?, then ¢ must be in the rightmost
of those columns.

Proposition 7. Suppose that o € S, and F? is a PBF with basement o and k < n. Suppose that F° has
shape v = (Y1,---,Vn), the shape of k — F% is § = (01,...,0,), and (z,y) is the cell in §/v. If x < n, then
14+ # Yagj for 1 < j<n—z. In particular, if v <n, then 0y # dp1; for 1 <j<n—zx.

Proof. Arguing for a contradiction, suppose that * < n and 1+ v, = v;4; = y for some j such that
1<j<n-—=z Let G =k — F? and a = G?(x,y), b=G(x + j,y) and ¢ = G(x,y — 1). Let F° and G°

13



InF ° In G®

0 0 0
0 b @ b <—— rowy
c c
col. col. col. col.
X X+j X X+j

Figure 16: The end of the bumping path in k — F°.

be the fillings which result by placing 0’s on top of the columns of F'? and G? respectively. Thus we would
have this situation pictured in Figure 16 for the end of the bumping path in the insertion k& — F°.

Hence b is at the top of column z+j in both F'“ and G? and neither b nor ¢ is bumped during the insertion
of k — F°. Note that the B-increasing condition in F° forces that ¢ < b. The {(z,v), (z + j,v), (z,y — 1)}
A-triple condition in G? implies that

G (z,y) =a<G%(z,y—1)=c< G (x+j,y) =b.

Now consider the question of where a came from in the bumping path of the insertion k£ — F?. It cannot
be that a = k or a was bumped from a cell before (x + j,y 4+ 1) because of the fact that a < b would allow
a to be inserted on top of b. Thus either (i) a = F7(z,y + 1) for some z > x + j or (ii) a = F9(z,y) for
some z < x. Case (i) is impossible since then we would have 7,4; < 7, and the B-increasing condition in
F? would force b < a.

If case (ii) holds, let eq,...,es,es541 = (z,y) be the cells in the bumping path of the insertion of k& — F*@
in row y, reading from left to right. Thus we are assuming that a = F(es). For each e;, we let e; be the
cell directly below e;. Thus we have the picture in Figure 17 where we are assuming that s = 3 and we have
circled the elements in the bumping path.

0 0
€ €2 €3 (x,y-1),

Figure 17: Picture for case (ii).

Since the elements in the bumping path decrease, we have that F7(e;) > --- > F7(es) = a and that
for each i, F7(ej11) < F7(e;) < F7(e;41). Let ej = (25,y). Thus 2,41 = x. We cannot have v, < 7.,,,
for any 4 since the B-increasing condition in F° would force F'7(e;4+1) > F?(e;) > F?(e;). Thus we must
have 7., > -+ > ~,,. Since c is at the top of its column in F'?, we also have that v., > v, = 7..,,. Thus
Ver 20 2 Vag > Vo

Now consider the A-triples {e;, e;, (z+7,y)} fori =1,...,sin F7. We have established that F?(es) = a <
¢ <b=F(x+j,y). Thus it follows from the {es, e,, (x+J,y)} A-triple condition that F7(es) < F7(e,) < b.
But then F7(e;) < F7(es—1) < F7(e,) so that the {es_1,e,_1, (x+7,y)} A-triple condition also implies that
F7(es—1) < F(e,_;) < b. Continuing on in this way, we can conclude from the {e;,e;, (z + j,y)} A-triple
condition that F7(e;) < F7(g;) <bfori=1,...,s.

Now consider the element z that bumps F?(ep) in the insertion £ — F'7. We must have F7(e1) < z <
F?(e;) < b. Thus it cannot be that z = k or z = F?(d) for some cell d which precedes (z + j,y + 1) in
reading order because that would mean that z meets the conditions to be placed on top of b. Thus it must
be that z = F7(d) for some cell d which follows (x + j,y + 1) in reading order. Suppose that d = (t,y + 1)
where ¢ > © + j. We are assuming that (z + j,y) is the top cell in column z + j. Thus it must be the case
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that v;4; < 7. But then the B-increasing condition in F'° would force b < z which is a contradiction. Thus
case (ii) cannot hold either which implies 1 + v, # Va1 ;- O

Except for the restrictions determined by Proposition 7, we can invert the insertion procedure. That is,
to invert the procedure kK — F'?, begin with the entry r; contained in the new cell appended to F'* and read
backward through the reading order beginning with this cell until an entry is found which is greater than r;
and immediately below an entry less than or equal to r;. Let this entry be r;_;, and repeat. When the first
cell of k — F7 is passed, the resulting entry is r; = k and the procedure has been inverted.

Our second remark concerns the special case where o = €, and k < n. Then we claim that our insertion
procedure is just a twisted version of the usual RSK row insertion algorithm. That is, we know that F'7 must
be of shape v = (71, ...,7n) where 41 > 5 > -+ > 7, and that F'? is weakly decreasing in columns, reading
from bottom to top, and is strictly decreasing in rows, reading from left to right. Now if £ < F7(1,~1), then
we just add k& to the top of column 1 to form k — F°. Otherwise suppose that F7(1,y1) > k > F7(1,y1 +1).
Then all the elements in F' that lie weakly above row 3; + 1 and strictly to the right of column 1 must
be less than or equal to F?(1,y; + 1). Thus the first place that we can insert & is in cell (1,y; + 1). Thus
it will be that case that & bumps F?(1,y; + 1). Since elements in the bumping path are decreasing and
all the elements in column 1 below row y; + 1 are strictly larger than F?(1,y; + 1), it follows that none
of them can can be involved in the bumping path of the insertion k¥ — F?. It is then easy to check that
since F7(1,y1 + 1) < n — 1, the result of the insertion k — F° is the same as the result of the insertion of
Fe(1,y; + 1) into the PBF formed from F° by removing the first column and then adding back column 1
of F7 with F?(1,y; + 1) replaced by k. Thus our insertion process satisfies the usual recursive definition
of the RSK row insertion algorithm. Hence, in the special case where the basement permutation is €, and
k < m, our insertion algorithm is just the usual RSK row insertion algorithm subject to the condition that
we have weakly decreasing columns and strictly decreasing rows instead of strictly increasing columns and
weakly increasing rows.

4 General Properties of the insertion algorithm

In this section, we shall prove several fundamental properties of the insertion algorithm k — F?. In partic-
ular, our results in this section will allow us to prove that our insertion algorithm can be factored through
the twisted version of RSK row insertion described in the previous section.

Let s; denote the transposition (i,7 4+ 1) so that if 0 = 07 ...0,, then

§$;0 =01...04-10{41040;42...0n,.

Our next lemma will describe the difference between inserting a word w into E° versus inserting w into
E#7. Recall that E? is the empty filling which just consists of the basement whose entries are o1,...,0,
reading from left to right. If w = wy ... wy, then we let

w—>E”:wt—>(...(w2—>(w1—>E"))...).

Theorem 8. Let w be an arbitrary word whose letters are less than or equal to n and suppose that o =
01...04 18 a permutation such that o; < 0;41. Let F7 = w — E%, v = (y1,...,7n) be the shape of F7,
F#%9 =w — E%° and § = (§1,...,0n) be the shape of F*°. Then

1. {isvis1} = {0, 6i41} and 6; > 0441,

2. F%i9(j k) = Fo(j,k) for j #i,i+1 so that y; = &; for all j #i,i+1,

3. for all j, {F*°(i,5), F5(i+1,5)} ={F°(4,4),F°(i + 1,5)}, and

4. F%9(i,5) > F*°(i 4+ 1,7), where we let F5(i+1,5) =0 if (i + 1,5) is not a cell in F°.

Proof. Before starting our proof, we pause to make an observation. Namely, since F*? is a PBF and
F#9(i,0) = 0441 > 0; = F*9(i4+1,0), Lemma 1 implies that F*°(4,5) > F*°(i+1,j) for all j if §; > ;11.
Thus condition (1) will automatically imply condition (4).
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We proceed by induction on the length of w. If w consists of a single letter wy, then in w; — E7, there
there will be a o4 in the basement such that w; is placed on top of o4 since we are assuming w; < n. We
then have three cases.

Case 1. se{l,...,i—1}.

In this case wy will be placed on top of o4 in wy — E®? so that F'7 = F*%,

Case 2. s {i+2,...,n}.

In this case it must be the case that w; > o for all j <44 1. Hence it will still be the case that w; will be
placed on top of o4 in wy; — E®? so that F'7 = F*%i?,

Case 3. s € {i,i+ 1}

In this case it must be that w; > o; for all j <4 — 1 and either w; < o; in which case w; will be placed
on top of g; in wy — E? or ;41 > wy > o; in which case w; will be placed on top of o;41 in w; — E°.
However, in either case, wy < ;41 so that w; will be placed on top of (s;0); = 0;41 in w; — E%7.

It is then easy to check that conditions (1)-(4) hold in each of the three cases.

Now suppose that the theorem holds for all words of length less than ¢. Then let
G=w...wi—1 — E% and H =w; ... w;—1 — E*7 and suppose G has shape o = (a1, ...,a,) and H has
shape 8= (Bi1,...,B,). Let G and H be the fillings with 0’s added to the tops of the columns of G and H
respectively. Let G=w; — G and H=w, — H and suppose that G has shape v = (v1,...,7) and H has
shape § = (01, ...,0,). We compare the bumping path of w; — H to the bumping path in w; — G. That is,
in the insertion process w; — H, suppose we come to a point were we are inserting some element ¢ which
is either w; or some element bumped in the insertion w; — H into the cells (4, j) and (i + 1,7). Assume by
induction, that the insertion of w; — G will also insert ¢ into the cells (4, 7) and (i +1, j). This will certainly
be true the first time the bumping paths interact with elements in columns ¢ and 7 + 1 since our induction
assumption ensures that G restricted to columns 1,...,7i — 1 equals H restricted to columns 1,...,i—1. We
let v = H(i,j), y=H(i+1,5),z=H(i,j — 1), and y = H(i + 1,5 — 1). Our inductive assumption implies
that if # > 0, then « > y and if z > 0, then z > y. Our goal is to analyze how the insertion of ¢ interacts
with elements in cells (i,7) and (i + 1,;) during the insertions w; — H and w; — G. We will show that
either
(A) the bumping path does not interact with cells (¢,7) and (i 4+ 1,5) during both the insertions w; — H
and w; — G,
(B) the insertion of ¢ into cells (i,7) and (i + 1, j) results in inserting some ¢’ into the next cell in reading
order after (i + 1,7) in both w; — H and wy — G, or
(C) both insertions end up terminating in one of (i,j) or (i + 1, j).
This will ensure that w; — H and wy — G are identical outside of columns i and i+ 1 thus proving condition
(2) of the lemma. We now consider several cases.

Case .z =y =0.

This means that z and y sit on top of columns i and i + 1 respectively in H. Since {G(i,j),G(i + 1,5)} =
{H(i,j), H(i+1,7)}, it must be that 2 and y also sit on top of columns i and i + 1 in G also. We also know
that either (a) G(i,j —1) =z and G(i+1,j—1) =y or (b) G(i,j— 1) =y and G(i,j — 1) = z.

First suppose that ¢ < z. Then in w; — H, the insertion will terminate by putting ¢ on top of z. This
will ensure that in H, the length of column i will be greater than the length of column i + 1. In case (a), the
insertion wy; — G will terminate by placing ¢ on top of z and in case (b) the insertion w; — G will terminate
by placing ¢ on top of y if ¢ <y, or by placing ¢ on top of z if y < ¢ < z. In either case, it is easy to see
that conditions (1)-(4) will hold. a

Next suppose that x < ¢, Then in w; — H, ¢ will not be placed in either cell (i, ) or (i + 1,5) so that
the result is that ¢ will end up being inserted in the next cell in reading order after (i 4+ 1, 5). But clearly in
both cases (a) and (b), ¢ will not be placed in either cell (4,7) or (¢ + 1,7) in the insertion w; — G so that
the result is that ¢ will end up being inserted in the next cell in reading order after (i + 1, j).

Case Il. > 0,y =0, and y > 0.
In this case, y is at the top of a column in H. We have four possible cases in G, namely,
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C:v'i,j :(i—l—l,j):.%',(:;(i,j—l):
(C) G:(Zv.] 7(Z+17])207Q(Z7.]_1):

These four cases are pictured in Figure 18
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Figure 18: Possibilities in G.

First consider the case where in the insertion w; — H, ¢ does not bump = and the insertion terminates
with ¢ being placed on top of 3. Then we know that 6; > §;,1 and H is a PBF so that it must be that case
that 2 > ¢ by Lemma 1 and, hence, ¢ does not bump z in the insertion w; — G in either case (A) or (C).
Since ¢ can be placed on top of y, we have ¢ < y < z. Thus ¢ cannot bump z and can be placed on top of
either z or y. Tt follows that in cases (A) and (C) the insertion w; — G must terminate by placing ¢ in cell
(i41,7) and in cases (B) and (D) the insertion w; — G must terminate by placing c in cell (4, 7). Tt follows
that in all cases cells (,7) and (i 4+ 1,7) will contain ¢ and z in some order in G which means that (1) -(4)
will hold in this case.

Next consider the case where in the insertion w; — H, ¢ bumps z and x terminates the insertion by
being placed on top of y. Then clearly we will have §; > §;11. We also know that x < ¢ < z and z < y.
This rules out case (D) since otherwise a; < ;41 and {G(i,j — 1) =y, G(i+ 1,7 — 1) =z,G(i + 1,j) = 2}
would violate the B-triple condition for G. Now if G satisfies case (A), then G and H agree on the entries
in {(4,7),(¢+1,7),(:,7—1),(i+ 1,5 — 1)} so that in the insertion w; — G, ¢ will also bump z and x will be
placed on top of y. In case (B), ¢ will just be inserted on top of z. In case (C), ¢ will bump z if ¢ < y and
otherwise ¢ will just be inserted on top of z. Thus in all three cases {G(i,7),G(i + 1,5)} = {x,c} so that
condition (1)-(4) will hold in this case.

Next consider the case where in the insertion wy — H, ¢ bumps x and = cannot be placed on top of y so
that x is inserted in the next cell in reading order after (i 4+ 1,7). Then we must have y < z < ¢ < z. This
rules out cases (B) and (C) since = cannot sit on top of y. It is also the case that ¢ cannot sit on top of y so
that it is easy to see that in both cases (A) and (D), ¢ will bump z and the result is that 2 will be inserted
in the next cell in reading order after (i + 1, j).

Finally consider the case where ¢ does not bump z and ¢ cannot be placed on top of y in the insertion
w; — H so that ¢ is inserted in the next cell in reading order after (i + 1, ). The fact that ¢ does not bump
x means that either ¢ > x or ¢ < x. The fact that ¢ cannot be placed on top of y means that ¢ > y. If
¢ >z >y, then it is clear that in cases (A)-(D), ¢ does not meet the conditions for the entries in cells (i, 5)
and (i + 1,7) to change so that so that the result is that ¢ will be inserted in the next cell in reading order
after (¢ +1,7). If ¢ < z, then we have y < ¢ < z. Thus x cannot sit on top of y so that cases (B) and (C)
are ruled out. Case (A) is the same as in H. However in case (D), we still have that ¢ cannot sit on top of
y and ¢ cannot bump « so that so that the result is that ¢ will be inserted in the next cell in reading order
after (i +1,5).

Case III. z,z >0 and y =y = 0.

In this case, there are no cells in H in positions (i + 1,5) and (i + 1,j — 1). But this means that either
G is identical to H or there are no cells in G in positions (i,5) and (i,7 — 1) and G(i + 1,j) = = and
G(i+1,j—1) = z. Thus, in this case as far as the insertion of ¢ into cells (4, j) and (i+1, j), we see the same
possibilities for bumping in both the insertions wy — H and wy — G. Thus either ¢ will bump z and z will
be inserted in the cell following (i + 1, j) in reading order in both the insertions w; — H and w; — G or ¢
will not bump z and ¢ will be inserted in the cells following (i + 1, 7) in reading order in both the insertions
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w; — H and w; — G.

Case IV. z,z,y,y > 0.
In this case, we know that (i,7), (i +1,7), (4,7 — 1) and (i+ 1,5 — 1) are all cells in G. Once again we have
four possible cases in G, namely,

(A) G(i,j) =2,G(i+1,j) =y, G(i,j —1) =z and G(i + 1,5 — 1) = y,
(B) G(i,j) =y, G(i+1,j) =2,G(i,j — 1) =z and G(i +1,j — 1) =y,
(C) G(i,j) =2,G(i +1,j) =y,G(i,j — 1) =yand G(i +1,j — 1) =z,
(D) G(i,j) =y, G(i+1,j) =2,G(i,j — 1) =yand G(i + 1,j — 1) = z.

These are pictured in Figure 19.

rowj —= | x|y y | x x|y y| x
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<
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<
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col. col. col. col. col. col. col. col.
i+l i+l i i+l i+l

Figure 19: Possibilities in G.

Note that if we are in case (A), then the same thing will happen in both the insertions w; — H and
w; — G as ¢ is inserted into cell (i, j) and ¢’ emerges from cell (i + 1, j) to be inserted into the cell following
(i 4+ 1,7) in reading order so there is nothing to prove in this case.

First suppose that in the insertion w; — H, ¢ bumps z, but z does not bump y so that the result is that
x will be inserted into the cell following (i + 1,7) in reading order. Since y < z, the reason that x does not
bump y must be that 2 > y. Thus it must be the case > 2 > y > y. This means that cases (B) and (C)
are impossible since x cannot sit on top of y in G. But then ¢ > z > y so that in the insertion w; — G, ¢
cannot bump y in case (D). Thus in case (D), ¢ will bump z so that the result is that = will be inserted into
the cell following (i + 1,7) in reading order as desired.

Next consider the case where ¢ does not bump x but bumps y. Since ¢ does not bump « then we either
have (i) ¢ > z or (ii) ¢ < x. If (i) holds, then ¢ > x > y so once again ¢ cannot bump y. Thus (ii) must
hold. Since ¢ bumps y, we have that y < ¢ < y. Thus we have two possibilities, namely, y < ¢ <y < z or
y <c <z <y<wx First suppose that y < ¢ <y < z. Then cases B and C' are impossible since = cannot
sit on top of y. In case D, ¢ will bump y but y cannot bump «x since y < x so that y is inserted in the next
cell after ( Jril,j). Next suppose that y < ¢ < & <y < zx. Then in case B, ¢ will bump but y cannot bump
x since y < x, so that y is inserted in the next cell after (i+1,7). In case C, ¢ does not bump z since ¢ < x
so that ¢ will bump y and y will be inserted in the next cell after (i 4+ 1, 7). In case D, ¢ will bump y but y
cannot bump z since y < x, so that y is inserted in the next cell after (i 4+ 1,7). Thus in every case, y will
be inserted in the next cell after (i + 1, ).

Next consider the case where in the insertion w; — H, ¢ bumps x, and then x bumps y so that the
result is that y will be inserted into the cell following (i + 1, j) in reading order. In this case we must have
y<z<y<zand z <c <z Incase (B), it is easy to see that in the insertion w; — G, ¢ will bump y
since y < x < ¢ < z, but y will not bump z so that the result is that y will be inserted into the cell following
(i 4+ 1,7) in reading order. In case (C), ¢ will bump = and then z will bump y if ¢ < y. However if ¢ > y,
then ¢ will not bump z but it will bump y. Thus in either situation, the result is that y will be inserted
into the cell following (i 4+ 1,j) in reading order. Finally consider case (D). If ¢ < y, then ¢ will bump y
but y will not bump z so that again the result is that y will be inserted into the cell following (i+1,7) in
reading order. Now if ¢ > y, then we must have that y < z <y < ¢ < z. We claim that this is impossible.
Recall that o; and ;4 are the heights of column i and i + 1 in G, respectively. Now if a; > 41, then
{G(i,5) = y,G(i,j — 1) =y,G(i + 1,7) = x} would be a type A coinversion triple in G and if a; < a;41,
then {G(i,7 — 1) =y, G(i + 1,j) =2,G)i+ 1,7 — 1) = 2} would be a type B coinversion triple in G.
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Finally consider the case where ¢ does not bump either x or y in the insertion w; — H so that c is
inserted into the cells following (i 4+ 1,5) in reading order. Then either ¢ < y < z so that ¢ cannot bump
either x or y in cases (B)-(D) or ¢ > z > y so again ¢ cannot bump either  or y in cases (B)-(D). Thus in
all cases, the result is that ¢ will be inserted into the cells following (i + 1, ) in reading order.

Thus we have shown that conditions (A), (B), and (C) always holds which, in turn, implies that conditions
(1)-(4) always hold. O

Before we proceed, we pause to make one technical remark which will be important for our results in
Section 5. That is, a careful check of the proof of Theorem 8 will show that we actually proved the following.

Corollary 9. Suppose thatc =01 ...0, € Sp, 0; < 0441, andw =wy ...w; € {1,...,n}". Forj=1,...,t,
let FY = w;...w; — E7 and Fjsi” =wy...w; — E%7. Let F§ = E° and Fy*° = E®*°. Let a9 be the
shape of F{ and BY) be the shape of F77. Then for all i > 1, the cells in a® /o= and O /01 e in
the same Tow.

Proof. 1t is easy to prove the lemma by induction on ¢. The lemma is clearly true for ¢ = 1 since inserting
wy into either E7 or E®° will create a new cell in the first row. Then it is easy to check that our proof of
Theorem 8 establishing properties (A), (B), and (C) for the insertions wy — FZ ; and w; — F;*7 implies
that the cells in a® /a®=Y and ) /B¢ must lie in the same row. O

For any alphabet A, we let A* denote the set of all words over the alphabet A. If w € {1,...,n}*, then we
let P?(w) = w — E?, which we call the o-insertion tableau of w and let v7 (w) = (v{(w), ...,y (w)) be the
composition corresponding to the shape of P?(w). Theorem 8 has a number of fundamental consequences
about the set of o-insertion tableaux of w as o varies over the symmetric group S,. Note that P (w)
arises from w by performing a twisted version of the RSK row insertion algorithm. Hence v~ (w) is always
a partition.

Then we have the following corollary.

Corollary 10. Suppose that w € {1,...,n}*.
1. P?(w) is completely determined by P (w).
2. For all o € S, 77 (w) is a rearrangement of v (w)).

3. For all o € S, the set of elements that lie in row j of P?(w) equals the set of elements that lie in row

j of P (w) for all j > 1.

4. Forallo € Sy and all 1 < i < j <, if 0; > 0, then 77 (w) > 77 (w) and for all s, P?(w)(i,s) >
P (w)(j, s)-

Proof. For (1) and (4), note that if ¢ = oy...0, where 0; < 0,41, then Theorem 8 tells us that P7(w)
completely determines P*“(w). That is, to obtain P®*?(w) from P?(w) we need only ensure that when
both (7,7) and (i + 1, 5) are cells in P?(w), then the elements in those two cells in P?(w) must be arranged
in decreasing order in P%?(w). If only one of the cells (4,7) and (i + 1,7) is in P?(w), then the element in
the cell that is occupied in P?(w) must be placed in cell (7, ) in P%°(w). Moreover, it is clear that if (4)
holds for P?(w), then (4) must also hold for P*:?(w). Since we can get from ¢, to any o € S,, by applying
a sequence of adjacent transpositions where we increase the number of inversions at each step, it follows
that P?(w) is completely determined by P (w). Note also that (4) holds for P (w) automatically so that
property (4) must also hold for all P?(w).

For (2) and (3), note that for any o € S,,, we can get from o to €, by applying a sequence of adjacent
transpositions where we increase the number of inversions at each step. Thus it follows from Theorem 8 that
the set of column heights in v*" (w) must be a rearrangement of the set of column heights of v (w).

Moreover, it also follows that the set of elements in row j of P¢ (w) must be the same as the set of elements
in row j of P?(w). Note that all the elements in a row of a PBF must be distinct by the non-attacking
properties of a PBF. O
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Mason [8] introduced a shift map p which takes any PBF F with basement equal to €, to a reverse row
strict tableau p(F') by simply putting the elements which appear in row j of F' (where j > 1) in decreasing
order in row j of p(F), reading from left to right. This map is pictured at the top of Figure 20. We can then
add a basement below p(F') which contains the permutation €, to obtain a PBF with basement equal to &,.

We can extend this map to PBFs with an arbitrary basement ¢ in a natural way. That is, if F'7 is a
PBF with basement o € S,,, let p,(F?) be the PBF with basement €, by simply putting the elements which
appear in row j of F“ in decreasing order in row j of p,(F7) for j > 0, reading from left to right. This
map is pictured at the bottom of Figure 20. To see that p,(F?) is a reverse row strict tableau, we need only
check that p,(F7) is weakly decreasing in columns from bottom to top. But this property is an immediate
consequence of the fact that every element in row j of F'7 where 5 > 1 is less than or equal to the element
it sits on top of in F.

Mason [8] showed that for any reverse row strict tableaux T, there is a unique PBF Fr with basement
equal to €, such that p(Fr) = T. Thus p~! is uniquely defined. In fact, Mason gave a procedure for con-
structing p~1(T). That is, assume that T has k rows and that P; is the set of elements of T that lie in row i.

Definition of p~! [8]. Inductively assume that the first i rows of T, { P, ..., P;_1} have been mapped to a
PBF F(~1) with basement €, in such a way the elements in row j of F(*~1) are equal to Pjforj=1,...,i—1
Let P, = {1 > ag > -+ > ag,}. There exists an element greater than or equal to a; in row ¢ — 1 since
a1 sits on top of some element in 7. Place o on top of the left-most such element in row ¢ — 1 of F(~1,
Next assume that we have placed aq,...,ar_1. Then there are at least k elements of P;_; that are greater
than or equal to a4 since each of aq, ..., a; sit on top of some element in row i — 1 of T'. Place aj on top
of the left-most element in row i — 1 of F(~1) which is greater than or equal to aj; which does not have one
of ay,...,ai_1 on top of it.

(3] (3]
4| 4|
2] 4] " 3
(1] [3] [5] 503[1
1]2]3]4]s
(3] (3]
4| 4]
(2] [4] Py 4
3[1]s 5 1
3254\1‘ 5432\1‘

Figure 20: The p and p, maps.

Now suppose that w € {1,...,n}*. We let rr(w) be the word that results by reading the cells of P (w)
in reverse reading order. Thus rr(w) is just the word which consists of the elements in the first row of
P (w) in increasing order, followed by the elements in the second row of P (w) in increasing order, etc.
For example, if w =13 24 321 4, then P*(w) is pictured in Figure 21 so that rr(w) =123434122.

Since our insertion algorithm for basement €, is just a twisted version of the RSK row insertion algorithm,
it is easy to see that rr(w) — E“ = P (w). But then we know by part (3) of Corollary 10 that for all
j > 1, the elements in the j-th row of P (rr(w)) = rr(w) — E is equal to the set of elements in the j-th
row of P (w) since both sets are equal to the elements in the j-th row of P (w) = P (rr(w)). Thus

p(P=" () = p(P* (rr(w))) = P (w) = P (rr(w))

Since there is a unique PBF F with basement €, such that p(F) = P (w), we can conclude that P (w) =
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Figure 21: The reverse reading word rr(w).

P (rr(w)). But then by part (1) of Corollary 10, it must be the case that P?(w) = P?(rr(w)) for all
o € S,,. Thus we have the following Theorem.

Theorem 11. (1) If u,v € {1,...,n}* and P¢(w) = P (u), then P°(u) = P°(w) for all o € Sy,.

(2) For any PBF T with basement equal to €, and any o € S,,, there is a unique PBF F° with basement o
such that po(F7) =T.

Theorem 11 says that we can construct P°(w) = w — E° by first constructing P (w) = w — E® by
our twisted version of RSK row insertion, then find 7r(w) which is the reverse reading word of P (w), and
then compute 7r(w) — E°. However, it is easy to construct rr(w) — E? = p;1(P® (w)). That is, suppose
that w = wyws ... w; is the strictly increasing word that results by reading the first row of P (w) in reverse
reading order. Now consider inserting w = wyws ... ws into E7. It is easy to see wg will end up sitting on
top of 0; in the basement where 4 is the least j such that o; > w,. Next consider the entry w,_,. Before the
insertion of wg, ws_1 sat on top of o, in the basement where a is the least b such that o, > ws_1. Now if a
equals 7, then wg will bump ws_1 and ws_1 will move to o. where c is the least d > i such that o4 > ws_.
Thus once w, placed, ws_1 will be placed on top of o, in the basement where a is the least b such that
op > ws—1 and w, is not on top of o,. We continue this reasoning and show that w = wyws ... ws — E? can
be constructed as inductively as follows:

First place ws on top of o; in the basement where 7 is the least j such that o; > w,. Once we have
placed ws,...,w,4+1, place w, on top of o, in the basement where u is the least v such that o, > w, and
none of wg, ..., w41 are on top of g,.

It then should be clear that as we insert the second row, each element will sit on top of an element of
in the first row according to the same procedure. That is, the inductive procedure to construct p, (P (w))
is essentially the same as the inductive procedure to construct p~! except that the basement is ¢ instead of
€n. We can record this formally as follows.

Procedure to construct p (P (w)) = rr(w) — E°.

Step 1. Let w;...ws be the first row of P®(w) in increasing order. First place ws on top of o; in
the basement where ¢ is the least j such that o; > w,. Then having placed wy, ..., w,41, place w, on top
oy in the basement where w is the least v such that o, > w, and none of wy, ..., w,4+1 are on top of g,.

Step i > 0. Inductively assume that the first i rows of P (w) , {Py,...,P;_1} have been mapped to
a PBF F(~1) with basement ¢ in such a way that the elements in row j of F(~1 are equal to P; for
j=1,...,i—1. Let P, = {a3 > ags > --- > as,} be the i-th row of P (w). There exists an element greater
than or equal to a in row 7 — 1 since there a; sits on top of some element in P (w). Place a1 on top of the
left-most such element in row i — 1 of F(*~1) . Next assume that we have placed aq,...,a_1. Then there
are at least k elements of P;_; that are greater than or equal to «aj since each of aq,...,a; sits on top of
some element in row i — 1 of P (w). Place ay, on top of the left-most element in row i — 1 of F*~1) which
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is greater than or equal to o which does not have one of a,...,a_1 on top of it.

We then have the following theorem which shows that the insertion w — E? can be factored through
the twisted RSK row insertion algorithm used to construct w — E®.

Theorem 12. . If w € {1,...,n}* and 0 € S,, then P°(w) = w — E7 equals p,; (P (w)) where
Pér(w) =w — E.

There are several important consequences of Theorem 12. First we will show that our insertion algorithm
satisfies many of the properties that the usual RSK row insertion algorithm satisfies. Consider the usual

Knuth equivalence relations for row insertion. Suppose that u,v € {1,2,...}* and z,y,z € {1,2,...}. The
two types of Knuth relations are

(1) uyzzv «~ uyzav if x <y < z and
(2) uzzyv ~uzzyv if x <y < z.

We say that two words w,w’ € {1,2,...}* are Knuth equivalent, w «~ w’ if w can be transformed into
w’ by repeated use of (1) and (2). If w «~ w’, then w and w’ give us the same insertion tableau under row
insertion. In our twisted version of row insertion the two types of Knuth relations become

(1)* uyzzv «~* uyzzv if z <y < x and
(2)* uzzyv ~* uzzyv if z <y < x.

Then we say that two words w,w’ € {1,2,...,n}* are twisted Knuth equivalent, w «~* w’, if w can be

transformed to w’ by repeated use of (1)* and (2)*. Therefore if w «~* w’, then P®(w) = P (w'). Then
Theorem 12 immediately implies the following.

Theorem 13. Suppose that w,w’ € {1,2,...,n}* and w «~* w’'. Then for all o € Sy, P°(w) = P°(w’).

It also follows from Theorem 12 that for every partition +y, the map p, ! gives a one-to-one correspondence
between the set of reverse row strict tableaux of shape «v whose entries are less than or equal to n and the
set of PBF's with basement o whose entries are less than or equal to n and whose shape is a rearrangement
of v. That is, we have the following theorem.

Theorem 14. Let v = (y1,...,7n) be a partition of n. Then

Sy(T1,...,2n) = Z EZ(x1,...,2n) (5)

S5
A(8)=~

where the sum runs over all weak compositions 6 = (01, ...,0,) which are rearrangements of .

Note that in Theorem 14, the set of weak compositions that actually appear on the right hand side of
(5) depends on o. That is, we know by Corollary 10 that if o; > o;, then in a PBF F? with basement
0 = 01...0p, the height of column ¢ must be greater than or equal to the height of column j in F?. For
example, consider sz 1,0y(21, 72, 23). In Figure 4 we have listed the eight PBFs with basement €3 = 3 2 1
over the alphabet {1,2,3}. Below each of these PBFs G, we have pictured piq5(G), pias(G) and p3h(G).
One can see that

52,1,0) (%1, T2, 23) = E(12273170) (21,2, 23) + E(1227%71)(x1,x2, x3) + E(lfio) (z1,m2,3) +

B0 0y (@1, w2, 3) + By 1) (01,02, 23) + E(G3 o) (41, T2, 23),
s2.1,0) (X1, 22,23) = Ei7 o)1, %0, w3) + B o) (21, 22, 13) + Efg5 1) (21, %2, 23),

and
$(2,1,0) (%1, T2, 3) = E?glﬁ,o) (x1,22,23) + E€217%,1)($17932,$3)-
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[3] [3] (2] (2] 1] 1] (2] 1
3(2 3|1 3|2 3|1 3(2 301 2|1 2|1
30201 30201 3021 3021 30201 30201 3021 3|21
[3] [3] 2] 2] (1] 1] 2] (1]
23 3 2|3 3 23 1 3 12 12
123 123 123 123 123 123 123 123
[3] (3] 2] 2] 1] 1] 2] 1]
3 13 32 13 32 13 12 12
‘1 3 13 2‘ ‘1 32 13 2‘ ‘1 32 132 32 132
3 (3] 2 2] 1 1] 2] 1]
3| [2] [3]1 3 2 31 3 2 31 21 21
[3[1]2] [3]1]2] [3]1]2 3[1]2] [3]1]2 s[a]2] [3]t]2] [3]1]2
Figure 22: PBFs corresponding to s(21,0)(z1, 22, 3).
5 Pieri rules
The homogeneous symmetric function hg(z1,...,z,) and the elementary symmetric function ey (z1, ..., z,)

are defined by

hi(z1,...2n) = Z Xy @y, and

1<ip < <ig<n

ep(z1,...2) = Z Ty - T

1<iy<--<ip<n

The Pieri rules for Schur functions state that

hi(z1, ... xn)su(z1,...,T0) = Z sx(T1,. .., xn) (6)
HCA

where the sum runs over all A such that A/ does not contain two elements in the same column and that

er(@1,. .. Tp)su(T1, ..., 2n) = Z sx(@1,. ..y p) (7)
HCA

where the sum runs over all A such that A/ does not contain two elements in the same row.
The main goal of this section is to prove an analogue of the Pieri rules for the products

hi(z1, . xn)Eg(xl, ..., Ty) and
er (1, . xn)ﬁ]ﬁ;(xl, cey ).

We start with a simple lemma about the effect of inserting two letters into a PBF.

Lemma 15. Suppose that F° is a PBF, G° =k — F° and H° = k' — G°. Suppose F° is of shape o, G
is of shape B, H? is of shape v, T is the cell in dg'(B) — dg'(«), and T" is the cell in dg'(y) — dg’'(B). Then

1. if k > K, then T is strictly below T' and
2. if k < k', then T appears before T’ in reading order.

Proof. There is no loss in generality in assuming that o = o1...0, € S, where n > maz(k,k’). Assume
F? is the diagram that results by adding 0’s on top of the cells of F'? as in the definition of the insertion
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k — F?. Let ci,ca,... be the cells in reading order that are in F'° but not in the basement. We will prove
this result by induction on the number of cells p in the list ¢, ca, . . ..

First suppose that p = 0 so that F'? just consists of the basement permutation o. Then k will be inserted
in cell (4,17) where ¢ is the least j such that k < o;. Now if ¥’ < k, then it is easy to see that k' will be
inserted on top of k in the insertion ¥’ — G so that T' will be strictly below T".

If k' > k, then suppose that k is in position (¢,1) in G°. Then it is clear that &’ cannot be placed in any
of the positions (j,1) with j < ¢ since k could not be placed in any of those positions. Hence &’ either bumps
k or is placed in the first row in some cell to the right of k. In either case, T preceeds T’ in reading order.

Now if p > 0, there are two cases.

Case 1. k is placed in cell ¢; which is either equal to ¢; or in the same row as c;.

In either case, ¢; is a cell on top of a column in F?. Let ¢; be the cell immediately above ¢;. Then the
cell ¢ will be the first cell in reading order in G?. If k¥’ < k, then k' will be placed in & so that ¢; = T' and
¢; =T'. Thus T will occur below T".

If k < k', then k' cannot be placed in ¢;. Thus either ¥’ bumps k in cell ¢; or it is inserted into cells of
F7 after ¢;. In cither case, T' follows ¢; = T in reading order.

Case 2. k is placed in cell a ¢; which is not in the same row as c;.

Let ¢; be the first cell in our list which is not in the same row as cell ¢;. If £’ is not placed in any of the
cells ¢1,...cj_1, then we are inserting k followed by & into the sequence F7(c;), F7(cj+1),... so the result
follows by induction. However, the only way that &’ can be placed in a cell ¢; in the same row as ¢ is if
k' < k in which case 7' = ¢;. In that case, T lies in a row below the row of c¢; so that T lies strictly below
T’ O

Theorem 16. Let v = (v1,...,7n) be a weak composition of p and o € S,,. Then

hi(z1, . wn)Ej:(wl, cey X)) = ZEZ(Q?I, cey X)), (8)

where the sum runs over all weak compositions « = (aq,...,qn) of p+ k such that (i) dg’(v) C dg'(«), (it)
dg'(a)/dg' () has no two elements in the same row, and (iii) if (x,y) € dg’(a)/dg' (), then (x,y) must be
at the top of column the rightmost column x of height y in dg' (), i.e. a, =y, and if x < z, then o, # «,.
(Condition (iii) says that (x,y) must always be the right-most cell at the top of a set of columns that have
the same height in a.) Similarly,

er (1, . mn)E'fY’(zl, ceyTp) = ZE§($17 ce ), (9)
B

where the sum runs over all weak compositions 8 = (81, ..., Bn) such that (a) dg'(v) C dg'(B), (b) dg'(B)/dg’ (7)
has no two elements in the same column, and (c) if (x,y) € dg’'(B)/dg’(v), then (x,y) must be at the top of
column x in dg(B), i.e. B =y, and if x <n and Bz = Prt1, then (x + 1,y) € dg'(B)/dg’ (7).

(Condition (c) says that if we remove elements from the tops of a sequence of columns in S to get 7, then
that set of elements is a set of elements reading from right to left.)

Proof. The left hand side of (8) can be interpreted as the weight of the set of pairs (w, F'?) where w =
wy...wp and n > wy > -+ > wg, > 1, F7 is a PBF of shape v with basement o, and the weight W (w, F?)
of the pair (w, F'7) is equal to W (F7) Hle Za,;. The right hand side of (8) can be interpreted as the sum
of the weights of all PBFs G? with basement o such G has shape a = (aq,...,q,) for some a which is a
weak composition of p 4+ k such that dg’(«) satisfies conditions (i), (ii), and (iii).

Now consider the map © which takes such a pair (w, F7) to

O(w,F?)=w— F* =G"°.

Let GY =wy...w; — F7 fori=1,...,k and let G§ = F?. Then let ¢; be the cell in dg’'(G7)/dg(G?_,) for
t=1,...,k. It follows that G° must be of shape o = (o, ..., ;) where « is a weak composition of p + k.
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By Lemma 15, we know that ¢;;1 must be strictly above ¢; for i = 1,...,k — 1. Also, by Proposition 7, we
know that ¢; must be at the top of some column of dg’(«) and that no column to the right in dg¢’(a) can
have the same height as the height of the column that contains ¢; in «. It follows that G is a PBF of some
shape @ = (1, . .., a,) which satisfies conditions (i), (ii), and (iii) of the Theorem. Moreover, it is clear that
W(G7) = W(w, F'?). Since our insertion procedure can be reversed, it is easy to see that © is one-to-one.

To see that O is a bijection between the pairs (w, F'7) contributing to the left hand side of (8) and the
PBFs G contributing to the right hand side (8), we must show that for each G contributing to the right
hand side (8), there is a pair (w, F'?) contributing to the left hand side (8) such that w — F7 = G°. Suppose
that G? is a PBF with basement o such G? has shape oo = (o, ..., ay) for some « that meets conditions
(i)-(iii). Let ¢, ...,c1 be the cells of dg’(«)/dg’(7y) read from top to bottom. Because ¢ is at the right-most
top of a sequence of columns in « of the same height, it follows from our remarks following Proposition 7
that we can reverse the insertion procedure starting at cell ¢,. Thus we can first reverse the insertion process
for the element in cell ¢, in G to produce a PBF F_; with basement o and shape o with ¢; removed and
a letter wy such that wy, — FJ_; = G?. Then we can reverse our insertion process for the element in cell
ck—1 of FY_; to produce a PBF F}7_, with basement ¢ and shape a with ¢ and c;_; removed and a letter
wg—1 such that wi_1wr — FY_, = G. Continuing on in this manner we can produce a sequence of PBF’s
Fg,...,F¢ | with basement o and a word w = wy ... wy such that w;...wy — F7; = G° and the shape
of F7 | equals o with the cells ¢;, ¢jt1, - . ., ¢, removed. Thus Fy will be a PBF with basement o and shape
a such that w — F§ = G?. The only thing that we have to prove is that w; > --- > wy. But it cannot
be that w; < w;41 for some 7 because Lemma 15 would imply that c¢; appears before ¢;;1 in reading order
which it does not. Thus © is a bijection which proves that (8) holds.

The left hand side of (9) can be interpreted as the weight of the set of pairs (u, H?) where u = uy ... ug
and 1 < wuy < -+ < up < n, H? is a PBF of shape v with basement o, and the weight W (u, H?) of the
pair (u, H?) is equal to W(H?) Hle Zy,;. The right hand side of (9) can be interpreted as the sum of the
weights of all PBFs K¢ with basement o such that K has shape 8 = (f1,. .., 8,) for some § which satisfies
conditions (a)-(c) of the Theorem.

Again consider the map © which takes such a pair (u, H?) to

O(u,H°) =u— H? = K°.

Let K¢ =wuy...u; — H? fori =1,...,k and let K§ = H?. Then let ¢; be the cell in dg'(K{)/dg (K{_ ;)
fori=1,...,k. By Lemma 15 we know that ¢; must appear before c;;; in reading order for¢ =1,...,k—1.
Since c;y; sits on the outside of the shape of K7, it cannot be that ¢; and ¢;4; are in the same column
because then ¢;;1 would have to sit on top of ¢; and ¢; would not appear before ¢; 1 in reading order. In
fact, it cannot sit on top of any of the cells ¢y, ...,¢; for the same reason. It follows that K is a PBF of
some shape 8 = (f31,...,8n) such that the dg¢’(v) C d¢’(8) and dg'(8)/dg’ () has no two elements in the
same column and 3 is a weak composition of p + k. It follows from Proposition 7 that for a maximal set S
of columns of the same height in 3, the only elements in those columns which could be among the set of ¢;’s
is a consecutive set of elements at the tops of the those columns reading from right to left. It follows that
£ must also satisfy condition (c) of the Theorem. Moreover, it is clear that W(G?) = W(w, F'?). Since our
insertion procedure can be reversed, it is easy to see that © is one-to-one.

To see that © is a bijection between the pairs (u, H?) contributing to the left hand side of (9) and the
PBFs K7 contributing to the right hand side (9), we must show that for each K? contributing to the right
hand side of (9), there is a pair (u, H?) contributing to the left hand side of (9) such that u — H? = K°. So
suppose that K7 is a PBF with basement o such K7 has shape 8 = (81, ..., 8,) which is a weak composition
of p + k which satisfies conditions (a)-(c).

Let cg, ..., c1 be the cells of dg’(5)/dg’ () read in reverse reading order. Since dg’(3)/dg’ () has no two
elements in the same column and (3 satisfies condition (c), it is not difficult to see that ¢, must be on the
outside of shape 3. Moreover, ¢y is the right-most cell at the top of a set of columns of the same height
in the shape of 8 so that we can reverse our insertion process starting at cell ¢. Similarly, ¢x_1 is on the
outside of 8 with ¢, removed, and, in general, ¢; must be on the outside of § with c,..., ;41 removed.
Moreover, since f satisfies condition (c), ¢; is always the right-most cell at the top of a set of columns of
the same height in the shape of 8 with cg, ..., c;+1 removed. This means that we can reverse our insertion
process starting with cell ¢; after we have reversed the insertion process starting at cells c,...,c;11. Then
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we first reverse the insertion process for the element in cell ¢; in K7 to produce a PBF HY_; with basement
o and shape 8 with ¢, removed and a letter u; such that v, — H7_; = K?. Then we can reverse our
insertion process for the element in cell c;_; of H_; to produce a PBF Hf_, with basement ¢ and shape
B with ¢; and c,—1 removed and a letter uy_, such that uy_jur, — H7_, = K?. Continuing in this manner
we can produce a sequence of PBF’s Hf,..., H]_; with basement o and a word w = wu; ...uy such that
w;...w, = HY ; = G and the shape of HY ; equals 8 with the cells ¢;, ¢;41,. .., c, removed. Thus Hf will
be a PBF with basement ¢ and shape 8 such that v« — HJ = K?. The only thing that we have to prove
is that u; < -+ < ug. But it cannot be that u; > u;y; for some ¢ because Lemma 15 would force ¢; 11 to
appear in a row which is strictly above the row in which ¢; appears which would mean that ¢;;; does not
follow ¢; in reading order. Thus O is a bijection which proves that (9) holds.

O

6 A permuted basements analogue of the Robinson-Schensted-
Knuth algorithm

We are now ready to state an analogue of the Robinson-Schensted-Knuth Algorithm for PBF’s.
Let A = (ai,j) be an arbitrary n X m-matrix with nonnegative integer entries and let 0 = 01 ...0, € S,.

For each pair 4, j such that a; ; > 0, create a sequence of a; ; biletters ; . Let w4 be the unique two-line

array consisting of such biletters so that the top letters are weakly increasing and for all pairs with the same
top letter the bottoms letters are weakly increasing. For example, if

11010
11020
A=10 0 2 1 of,
1100 1
0000 0

then
1 11 2 2 2 2 3 3 3 4 4 4

T1 2 41 2 4 433 4125

Let u4 be the word consisting of the top row of wa and v be the word consisting of the bottom row of w 4.
Let P§ = Qf = E° be empty PBFs with basement 0. We say that F§ is the initial insertion PBF and Qg
is the initial recording PBF relative to o.

Now suppose that ug =41 ...47; and v4 = ji...J;. Then insert the biletters of w4 into the insertion and
recording PBFs using the following inductive procedure. Assume that the last k biletters of w4 have already
been inserted and the resulting pair of PBFs is (Px?, Qx?). Map the entry j;—x into Py’ according to the
procedure j; p — P?. The resulting filling is P¢, ;. Record the position of the new entry by placing the
entry i;_j into the leftmost empty cell in this row of Q% which lies immediately above a cell greater than
or equal to i¢—. The resulting filling is Q7, ;. Repeat this procedure until all of the biletters from w4 have
been inserted. The resulting pair (P,7,Q,7) := (P?,Q?) is denoted by ¥, (A). For example, ifc =14253
and A is the matrix given above, then ¥,(A) = (P?,Q7) is pictured in Figure 23.

Next consider the special case where o = €,. Note that P» = j;j;_1...j51 — E® is constructed by a
twisted version of the usual RSK row insertion algorithm. In that case, the recording PBF Q¢ is constructed
in the same way that the usual RSK recording tableau is constructed except that we are constructing tableaux
such that columns are weakly decreasing reading from bottom to top and the rows are strictly decreasing
reading from left to right. Thus W¢ is just a twisted version of the usual RSK correspondence between
N-valued n x m-matrices and pairs of column strict tableaux of the same shape. In particular, we know
that if A is an N-valued n x n-matrix and A7 is its transpose, then W¢ (A) = (P Q%) if and only if
U, (AT) = (Q%, P%).

wA

Theorem 17. Let o =01 ...0, € S,,. The map ¥, is a bijection between N-valued n X n matrices and pairs
(P7,Q%) of PBFE’s of shapes (a, 8) and basement o such that A\(a) = X(B), o > o , and B; > ; whenever
1< j and o; > 0j.
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Figure 23: U, (w4) = (P7,Q7).

Proof. Suppose that A is an N-valued n X n matrix and ¥,(4) = (P?,Q7). The filling P’ is a PBF by
Lemma 6. The shape a of P? satisfies o; > «; for all inversions ¢ < j of o by Corollary 10. It is also easy
to see that our definition of ¥, ensures that A\(a) = A(8).

We must prove that the filling Q7 is a PBF. The columns of Q“ are weakly decreasing from bottom to
top by construction. For any given 4, the bottom elements of biletters whose top elements are i are inserted
in weakly decreasing order. It then follows from Lemma 15 that ¢ cannot occur twice in the same row in Q°.

To see that every triple is an inversion triple, consider first a type A triple consisting of the cells a =
(z1,y1), b = (x2,91), and ¢ = (x1,y1 — 1) where x; < x2 as depicted below.

@

This triple would be a type A coinversion triple only if Q7(a) < Q7(b) < Q%(c). Since we can not have
two equal elements in Q° in the same row, it must be that Q7(a) < Q7(b) < Q7(¢). There are now two
cases. First if Q7(b) < Q7(c¢), then under the ¥, map, Q°(c) was placed first in Q7, then Q°(b) was
placed, and then Q7 (a) was placed. But this means at the time Q7 (b) was placed, it could have been placed
on top of Q7(c) which is a contradiction since the ¥, map requires that Q°(b) be placed in the left-most
possible position subject to the requirement that the columns are weakly decreasing. The second case is
when Q7(b) = Q7(c). In that case, Lemma 15 ensures that the cells created by the insertion of the bottoms
of biletters whose tops equal Q7 (b) are created from bottom to top. This means that the biletter which
created cell ¢ in Q7 must have been processed before the biletter which created cell b. But this means that
under the ¥, map, Q7 (c) was placed first in Q?, then Q7 (b) was placed, and then Q?(a) was placed which
we have already determined is impossible. Thus there are no type A coinversion triples in Q.

Now suppose that there exists a = (z2,y), b = (1,5 — 1), and ¢ = (22,y — 1) (where z; < x2) which
form a type B coinversion triple in Q7 as depicted below.

o [

We know that Q7 (b) # Q7(c) since we cannot have two equal elements in the same row in Q. Thus we must
have Q% (a) < Q7 (b) < Q%(c). Now if Q7 (a) < Q7(b), then under the ¥, map, Q7 (c) was placed first in Q°,
then Q7 (b) was placed, and then Q%(a) was placed. However, if Q7(a) = Q7(b), then Lemma 15 ensures
that the cells created by the insertion of the bottoms of biletters whose tops equal Q7 (b) are created from
bottom to top. This means that the biletter which created cell b in Q7 must have been processed before
the biletter which created cell a. Thus in either case, under the ¥, map, Q°(c) was placed first in Q7, then
Q° (b) was placed, and then Q7 (a) was placed. The only reason that Q7 (a) was not placed on top of Q7 (b) is
that there must have already existed an element e which was on top of Q7(b) at the time Q7 (a) was placed.
This means that Q% (a) < e since the cells in Q7 are created by adding elements in weakly decreasing order.
However since we can not have two equal elements in the same row, we must have that Q7 (a) < e. Thus we
know Q%(x1,y) > Q7 (z2,y). But this means that if we added an element z in cell (2, y + 1) which sits on
top of Q7 (a), then the only reason that z was not placed on top of e = Q7(z1,y) is that there must have
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already been an element in Q7(z1,y + 1) at the time we added z. But then we can argue as above that it
must be the case that Q7 (z1,y+1) > Q7 (z2,y+ 1). Then we can repeat the argument for row y + 2 so that
if (zg,y +2) is a cell in Q7, then (z1,y + 2) must have already been filled at the time we added an element
to (x2,y+2) and that Q7 (z1,y+2) > Q7 (x2,y+2). Continuing on in this way, we conclude that the height
of column z; in QF is greater than or equal to the height of column x5 in Q. But that is a contradiction,
since if {a, b, c} is a type B triple, the height of column z; in Q7 must be less than the height of column 9
in Q7. Thus there can be no type B coinversion triples in Q.

Note that our argument above did not really use any properties of Q7(c), but only relied on the fact
that Q7 (a) < Q?(b). That is, we proved that if z; < zo and Q% (z1,y — 1) > Q(z2,y), then the height of
column z; in Q% must be greater that or equal to the height of column x5 in Q7. But this means that if the
height of column z; in Q7 is less than the height of column x5 in Q7, then Q%(z1,y — 1) < Q7(z2,y), which
is precisely the B-increasing condition. Thus Q is a PBF.

Next consider the shape 3 of Q7. We must prove that ; > 3; for all inversions ¢ < j of 0. Consider the
shape (1) of Q7 after we have placed j, into Q7. Since j, is placed on top of the leftmost entry o(k) such
that o(k) > jn, the first k — 1 entries of o are less than o(k) and hence the claim is satisfied after the initial
insertion.

Assume that the claim is satisfied after the insertion of each of the last & — 1 letters of w4 and consider
the placement of the entry j,_, in Q7. Let s be the index of the column into which j,_ is placed. Let
t be an integer less than s such that o(t) > o(s). Then column ¢ is weakly taller than column s before
the placement of j,_i by assumption. If column ¢ is strictly taller, then the placement of j,_x on top of
column s will not alter the relative orders of the columns. If the heights of columns ¢ and s are equal, then
the highest entry in column ¢ was inserted before the highest entry in column s, for otherwise the columns
would violate the condition immediately after the highest entry of column s was inserted. But then j,_
would be inserted on top of column ¢, a contradiction. Therefore the shape 8 of Q7 satisfies the condition
that 8; > B; for all pairs (i, j) satisfying ¢ < j and o; > 0.

Thus we know that ¥, maps any n x n matrix A to a pair of PBFs (P?,Q%). Now suppose that
ug = t1...% and vqg = j1...J¢ and 0 = o01...0, where 0; < 0;41. We would like to determine the
relationship between Q7 and Q®?. We established in Corollary 9 that as we consider the sequence of
insertions

e B i B
Jtjt—1 = E7 jije1 — E%7

Jt--J1 = B gi... 51— B

the new cells that we created by the insertions at each stage were in the same row of £ as in F®?. This
implies that for all j, the elements in row j of @7 and Q®“ are the same. But then it is easy to prove by
induction on the number of inversions of ¢ that for all j, the elements in row j of Q7 and Q% are the same.
That is, p(Q7) = Q% . Since there is a unique PBF @ with basement ¢ such that for all j, the elements in
row j of @ and Q* are the same, it follows that Q% = p;*(Q%) for all o. Since P° = jyji_1...j1 — E°
for all o, we know by the results of Section 3 that P° = p_1(P) for all . Thus it follows that for any
N-valued n x n matrix A,
U, (4) = (P7,Q7) = (o, (P™), 07 1(Q))-

Since W, and p, ! are bijections, it follows that ¥, is also a bijection between N-valued n x n matrices A
and pairs (P, Q) of PBFs with basement o.

We note that another way to define the inverse of ¥, is given by choosing the first occurrence (in reading
order) of the smallest value in Q7, removing it from Q, and labeling this entry j;. Then choose the rightmost
entry in this row of P? which sits at the top of its column and apply the inverse of the insertion procedure

to remove this cell from P?. The resulting entry is then i;. Repeat this procedure to obtain the array w4.
O

Note that our proof of Theorem 17 allows us to prove the following corollary which says that for any
o € S,, the map ¥, can be factored through our twisted version of the RSK correspondence.
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Corollary 18. For any N-valued n X n matriz A,

Vo (A) = (P7,Q%) = (p5 ' (P7), p5 1 (Q)) (10)

where the map

Ve, (4) = (P, Q™) (11)
is a twisted version of the usual RSK correspondence.

Corollary 18 allows us to prove that our permuted basement version of the RSK correspondence ¥,
satisfies many of the properties that are satisfied by the RSK correspondence. For example, we have the
following theorem.

Theorem 19. Suppose that A is an N-valued n x n matriz and AT is its transpose. Then for all o € S,
U, (A) = (P7,Q%) + ¥, (AT) =(Q7,P°). (12)

Proof. By the usual properties of the RSK correspondence, we know that

Ve, (A) = (P©,Q™) = Ve, (AT) = (Q™, P™). (13)
Then (12) follows immediately from (13) and (10). O
6.1 Standardization
Let w = wy...w, € {1,...,n}* be a word and let P°(w) = wy...w, — E°. One can standardize w in

the usual manner. That is, if w has i; j’s for j = 1,...n, then the standardization of w, st(w), is the
permutation that results by replacing the 1’s in w by 1,... 41, reading from right to left, then replacing the
2’s in w by i1 + 1,...,41 + i2, reading from right to left, etc.. If st(w; ... w,) = s1 ...y, then we define the
standardization of P?(w) by letting st(P°(w)) = s1...8, — E°.

In the special case where o = &,, there are two different ways to find st(P?(w)). That is, we can compute
st(P®) = st(w) — E® directly or we can compute P*» = w — E® and then standardize the reverse row
strict tableau P®:. Here, for any reverse row strict tableau T, st(F) is the standard reverse row strict
tableau obtained by replacing the 1’s in 7" by 1,...,4; in order from top to bottom, then replacing the 2’s
in T by i1 + 1,...,41 + 2, reading from top to bottom, etc.. This follows from the fact that the usual
standardization operations for words and column strict tableaux commute with RSK row insertion; see [10].
Thus our standardization operations for words and reverse row strict tableaux commute with our twisted
version of RSK row insertion. That is, suppose w = wy ... w, € {1,...,n}* and st(w) = s1...8,. Then
w— E =T if and only if s1...s, — E* = st(T). Because our insertion algorithm where the basement
permutation is €, can be factored through our twisted version of RSK row insertion, the same thing happens
when the basement is o. That is,

st(P(w)) = $1...8, > E°
= po (P (st(w)))
P (st(Pe (w))).

We can summarize the above discussion in the following two propositions.

Proposition 20. Let w = w;...w, € {1,...,n}* and st(w) = s1...8,. If P7(w) = wy ... w, — E7 is of
shape v where |y| = n, then the PBF st(P°(w)) = $1...8, — E7 is a PBF whose shape is a rearrangement
of 7.

Proof. We have proved above that st(P?(w)) = p, *(st(P® (w))). Since the shape of st(P (w)) is A\(v), we

know that p;!(st(P (w))) is a rearrangement of ~. O
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Proposition 21. The standardization of words and PBFs commutes with our insertion algorithm relative

to the basement o in the sense that for any w = wy ... w, € {1,...,n}*, we have the following commutative
diagram.
P (w) P (st(w)) = st(P?(w))
Po Pyt
T st(T)

A specific example of this process for w =43 13 2 3 4 1 is pictured in Figure 24.

w =43132341
st(w) =86253471

n n
3 4
W= EC = 3] st(w) —= EC = 5|
4 7
3142 (3] [2] [6] 8|
31526‘4‘7‘8‘ 3l1]5[2]6]|a]7]8
i Py i p;l
- 3 4
W%EH=T st ?
4 7
403 1 8 3
8|7 54\3\2\1\ 3 654\3\2\1\

Figure 24: An example of the commutativity of standardization with the insertion algorithm with basement
0=31526478.

By the same reasoning, we can show that the RSK algorithm for PBFs with basement ¢ also commutes
with standardization. That is, suppose we are given an N-valued n x n matrix A such that the sum of the
uA
VA

entries of A is less than or equal to n. Then if wa = and

v (4) =0, (1) = (77,0,

VA

it will be the case that

7 Evacuation

The evacuation procedure on reverse semi-standard Young tableaux associates to each reverse SSYT T a
new reverse SSYT evac(T) through a deletion process coupled with jeu de taquin. Specifically, let T be
a reverse SSYT with n cells whose largest entry is m and let a be the element in cell (1,1). Remove the
entry a from T and apply jeu de taquin to create a new reverse SSYT, T”, with n — 1 cells. The skew shape
sh(T)/sh(T") therefore consists of one cell which is then filled with the complement, m + 1 — a, of a relative
to m. Repeat this procedure with 7" (but without changing the value of m) and continue until all of the
cells from T have been evacuated and their complements relative to m have been placed into the appropriate
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locations in the diagram consisting of the union of all the one-celled skew shapes. This resulting diagram is
a reverse semi-standard Young tableau called evac(T).

We define an evacuation procedure on standard PBFs with basement o as follows. Given a standard
PBF F° with basement o, we define evac(F°) = p,!(evac(p,(F?))). That is, we first use the p, map to
send F'? to a reverse tableau p,(F?). Then we apply the usual evacuation procedure to produce a reverse
tableau evac(p, (F?)) and next apply p, ' to map evac(p(F?)) back to a standard PBF with basement o.
We claim that in the special case where o = ¢, is the identity, then we can define the evacuation procedure
directly on the semi-standard PBF which will allow us to compute evacuation without using jeu de taquin.

Procedure 22. Let F* be an arbitrary PBF of size n whose largest entry is m, and let R; be the collection
of entries appearing in the i'" row of Fr, reading from bottom to top. Let ey be the largest element in the
first row of F», Cy be the column containing ey, and let hy be the height of C1 in F. Assign m+ 1 — e
to row Ry, in evac(F").Remove ey and shift the remaining entries in column Cq down by one position so
that there are mo gaps in the column. Next rearrange the entries in the rows in the resulting figure according
to the same procedure that we used in defining the p;} map to produce a PBF F{™. Repeat the procedure
on the new diagram F{™. That is, let ea be the largest element in the first row of Fy™, let Co be the column
that contains ez, and let he be the height of column Cy in Fy™. Assign m + 1 — ey to row Rp, in evac(F).
Remove es and shift the remaining entries in column Co down by one position so that there are no gaps in
the column. Next rearrange the entries in the rows of the resulting figure according to same procedure that
we used in defining the pe_”1 map to produce a PBF Fy"~*. Continue in this manner until all of the entries
have been removed. The PBF evac(F*) is produced by letting row i contain the complements of each entry
relative to m (as described above) associated with a column of height i and applying the map p;nl to send the
resulting entries in the given rows to their appropriate places.

See Figure 23 for an example of this procedure.
Theorem 23. If F» is a PBF, then one can construct evac(Fe) = p_!(evac(p(F))) by procedure 22.

Proof. Let F be a PBF with basement ¢, and let G = p_'(F). Let e; = F(1,1) so that ey is the largest
element in the first row of F' and hence it will be the largest element in the first row of G. Now consider the
jeu de taquin path of the empty space created by the removal of e from F. That is, in jeu de taquin, we move
the empty space to cell (2,1) and put F(2,1) in cell (1,1) if F(2,1) is defined and either F(2,1) > F(1,2)
or F(1,2) is not defined. Otherwise, we put F(1,2) in cell (1,1) and move the empty space to cell (1,2). In
general, if the empty space is in cell (4, j), then we move the empty space to cell (i 41, 5) and put F(i+1,7)
into cell (¢, 5) if F(i4+1,j) is defined and either F(i+1,j) > F(i,j+1) or F(i,j+1) is not defined. Otherwise,
we put F(¢,5+ 1) in cell (4, ) and move the empty space to cell (¢, + 1).

Now suppose in the evacuation of e; = F(1,1), the path of the empty space ends in row s and that ¢; is
the right-most column involved in the jeu de taquin path in row ¢ for ¢ = 1,...,s. Thus the jeu de taquin
path involves cells (1, 1),...,(c1,1) inrow 1 of F, cells (¢1,2),...,(c2,2) inrow 2 of F', cells (co,3),...,(c3,3)
in row 3 of F, etc.. If F; is the PBF with basement €, that results from evacuating e;, it follows that in
Fy, each of the elements F'(c;,7 + 1) will end up in row i of Fy and all the other elements will be in the
same row in Fy as they were in F. We claim that in G = p_!(F), the column containing e; consists of
e1, F(c1,2), F(c,3),...,F(cs—1, ), reading from bottom to top. Once we prove the claim, it will follow
that in our direct evacuation of e; in G to produce G5, the elements in row i of F; and G7" are the same.
But then p(GY") = F so that p_'(F1) = G{" since the row sets of Fi completely determine p_'(F1). The
theorem then easily follows by induction.

To prove the claim, note that the elements in the first row of F' must all be distinct so that in constructing
p;ﬂl (F), each element 7 in row 1 of F will be placed on column i. Now the fact that (2,1),...,(c1, 1) are in
the jeu de taquin path means that F(2,1) > F(1,2),F(3,1) > F(2,2),...,F(c1,1) > F(c; — 1,2). The fact
that F'(cq,2) is in the jeu de taquin path means that F'(¢1,2) > F(c; +1,1) or F(c; +1,1) is not defined. It
then follows that in constructing p_ ! (F'), the elements F(1,2),... F(c; — 1,2) can be placed on the columns
occupied by F'(2,1),..., F(c1,1) but not on top of any of the columns occupied by F(c1+1,1), F(c1+2,1),.. ..
Thus the F(1,2),...F(c; — 1,2) will be placed somewhere in the columns occupied by F(2,1),..., F(e1,1).
Thus when we place F(c1,2) in the left-most available column, it must go on top of e; since it can not
go on top of any of the columns occupied by F(c¢; + 1,1), F(c; + 2,1),.... Finally any elements strictly
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right of (¢1,2) in row 2 must be placed on top of columns occupied by elements strictly to the left of the
column containing e; in row 1 of F'. Now consider the construction of the third row of p;ﬂl (F). The elements
F(1,3),...,F(c;1 —1,3) can go on top of the elements F'(1,2),..., F(c; —1,2) since F(i,3) < F(i,2) for all i
for which both F'(4,3) and F'(i,2) are defined. Next the fact that (¢c;+1,2),..., (c3,2) are in the jeu de taquin
path means that F'(¢c; +1,2) > F(c1,3),...,F(ca —1,3) > F(c2,2). Thus F(c1,3), F(c1+1,3),..., F(cg,3)
can go on top of the elements F(c; 4 1,2),..., F(cz,2) in row two of p_'(F). The fact that (cz,3) is in the
jeu de taquin path of e; in F means that F'(ca,3) > F(ca+1,2) so that none of F(c; +1,3),...,F(c2,3) can
go on top of elements F(cz +1,2), F(cz +2,2), ... in row two of p_*(F). Hence F(1,3),...,F(c; —1,3) will
be able go on top of elements F'(1,2),...,F(c1 —1,2),F(c1 +1,2),...,F(c2,2) in row 2 of p_ ' (F) but they
can not go on top of the elements F(cz +1,2), F(cz +2,2),... in row 2 of p_ ' (F). Hence it must be the case
that F'(1,3),...,F(c2 —1,3) end up on top of elements F(1,2),..., F(c; —1,2), F(c1 +1,2),...,F(c2,2) in
row 2 of p_!(F). Since F(cz,3) can not go on top of the elements F(cy 4 1,2), F(cz + 2,2),... in row 2 of
p;ﬂl (F), the only place left to place F(ca,3) is on top of column that contains e;. Continuing on in this way
establishes the claim. O
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Figure 23: The evacuation procedure on a PBF with basement es.
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