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Abstract

Cycle-counting rook numbers were introduced by Chung and Gra-
ham [7]. Cycle-counting g-rook numbers were introduced by Ehrenborg,
Haglund, and Readdy [9] and cycle-counting g-hit numbers were intro-
duced by Haglund [14]. Briggs and Remmel [4] introduced the theory
of p-rook and p-hit numbers which is a rook theory model where the
rook numbers correspond to partial permutations in Cj ! Sy, the wreath
product of the cyclic group Cp and the symmetric group S», and the hit
numbers correspond to signed permutations in Cp ¢ Sn. In this paper,
we extend the cycle-counting g-rook numbers and cycle-counting g-hit
numbers to the Briggs-Remmel model. In such a setting, we define a mul-
tivariable version of the cycle-counting g-rook numbers and cycle-counting
g-hit numbers where we keep track of cycles of permutations and partial
permutations of C}, ¢ S, according to the signs of the cycles.

1 Introduction

We let [n] = {1,...,n}, N = {0,1,2,...} denote the natural numbers, P =
{1,2,...}. A board is a subset of P x P. We label the rows of P x P from
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bottom to top with 1,2,3,..., and the columns of P x P from left to right with
1,2,3,...,and let (i, ) denote the square in the i-th row and j-th column. Given
b1,...,bn, € N, we let F(by,...,b,) denote the board consisting of all the cells
{(1,j) : 1 <i<n&1<j<b}. If aboard B is of the form B = F(by,...,b,),
then B is skyline board and if, in addition, b; < by < -+ < b,, then B is a
Ferrers board.

Given a board B C [n] X [n], we let

1. N;(B) denote the set of all placements of k rooks in B such that no two
rooks lie in the same row or column and

2. Ci(B) denote the set of placements of k rooks in B such that there is at
most one rook in each column.

Elements of N (B) will be called rook placements and elements of Cj,(B) will be
called file placements. For k = 1,...,n, we let rp(B) = [Nx(B)| and fx(B) =
|Ck(B)|. By convention, we set ro(B) = fo(B) = 1. We refer to ri(B) as the
k-th rook number of B and f;(B) as the k-th file number of B.

Let S;, denote the symmetric group, i.e. the group of all permutations of
1,...,nunder composition. Given a permutation o = oy ...0, € 5,, we identify
each o € S, with the rook placement {(o;,7) : i = 1,...,n} on [n] x [n]. We
let F,, denote the set of all functions f : [n] — [n]. We will identify f € F,
with the rook placement {(f(¢),4) : ¢ = 1,...,n} on [n] x [n]. For example, if
0=23154¢€S, and f is the function given by f(1) =3, f(2) =1, f(3) =3,
f(4) =1, and f(5) = 4, then the rook placement associated with o is given on
the left in Figure 1 and the file placement associated with f is given on the right
in Figure 1. We let

Hyn(B) = [{o€S,:lonB|=k}| and
Fin(B) = HfeFn:|fNB] =k}

We shall refer to Hy ,,(B) as the k-th hit number of B relative to [n] x [n]
and Fj ,(B) as the k-th fit number of B relative to [n] x [n].
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Figure 1: Rook placements associated with permutations and functions.

Kaplansky and Riordan [20] proved the following fundamental relationship
between the rook numbers and the hit numbers of a board B C [n] x [n].



Theorem 1. For any board B C [n] X [n],
> Hyn(B)ah =Y ri(B)(n — k)l(z — 1), (1)
k=0

Similarly, Miceli and Remmel [18] proved that

Theorem 2. For any board B C [n] X [n],

n

Z Fpn(B)a* =" fr(B)n"*(z - 1)F. (2)
k=0

k=0

With each rook placement P € Ny (B), we can associate a directed graph
Gp = ([n], Ep) where Ep is the set of (¢, j) such that P has a rook in cell (i, j).
Similarly, for each file placement F' € Ci(B), we can associate a directed graph
Gr = ([n], Er) where Ep is the set of (4, j) such that F' has a rook in cell (4, j).
For example, Figure 2 for the graphs associated with rook and file placements
in the [6] x [6] board. For any rook or file placement P, we let cyc(P) denote
the number of cycles in the graph of P.
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X
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X | X
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1 2 3 4 5 6

Figure 2: Graphs associated with rook and file placements.



For any board B C [n] x [n], we let

Tk (Bv y) = Z yCYC(P) )

PeN(B)
fk(Bv y) = Z yCyC(P)7
PeCi(B)
Hk,n(va) = Z yCyC(P), and
0€Sy,|loNB|=k
Frn(By) = >y

fEF,,|fNB|=k

For k > 1, welet (y) Tk=y(y+1)---(y+k—1) and (y) lk=yly—1)---(y -
E+1). Welet (y) To= (y) lo= 1. We then have the following analogues of
Theorems 1 and 2.

Theorem 3. For any board B C [n] X [n],
ZHknBy ZrkBy ) Taek (z — 1)". (3)
Theorem 4. For any board B C [n] X [n],

ZFknByﬂs —kaBy y+n—1)"" e -1 (4)

k=0

Proof. The proofs of both theorems are essentially the same. That is, replace x
by x + 1 in equations (3) and (4). Thus we must prove

Z Hkm(va)(x + 1)k = Zrk(va)(y) Tn—k " (5)
k=0

k=0
and . .
D Fon(B,y)+1)F =" fiu(By)(y+n—1)"Fak, (6)
k=0 k=0

For (5), we consider configurations C' which consist of a rook placement
corresponding to a permutation o € S,, where we circle some of the rooks that
fall in BNo. We then let cyc(C') denote the number of cycles in the graph of the
underlying permutation of C' and circle(C) denote the number of circled rooks
in C. It is then easy to see that the left-hand side of (5) can be interpreted
as counting y¥°(©) geirele(C) gyer all such configurations. The right-hand side of
(5) can be interpreted as follows. First pick the circled rooks which corresponds
to a placement Q € N (B) for some k. Then we need to compute

= >y ™
c



where the sum runs over all configurations whose set of circled rooks equals Q.
But this sum is easy to compute. That is, let ¢ be the first column that does
not contain a rook in Q. Then there are n — k rows in which to place a rook in
column 7 that do not contain rooks in (). We claim that there is exactly one row
r where placing a rook in cell (¢,7) completes a cycle in the graph of Q. That
is, if there is no rook in ) which is in row ¢, then ¢ is an isolated vertex in the
graph of @ so adding a rook in cell (,4) will give a loop on vertex ¢ and hence
increase the number of cycles by 1. Clearly in such a situation, placing a rook
in cell (¢,7) for j # i cannot complete a cycle. If there is a rook in @ in row ¢,
then there must be a maximal length path p in the graph of @@ which ends in
vertex ¢ since there are no edges out of ¢ in the graph of Q. If this path starts
in vertex j, then there is no rook in row j in . Hence if we add a rook to cell
(i,7), then we will complete a cycle. Clearly, adding a rook to any other row in
column ¢ will not complete a cycle in this case. Thus the placement of a rook
in column 7 will contribute a factor of (n — k — 1 +y) to A(Q,y). But then we
can repeat the argument for every placement Q" which arises from @ by adding
a rook in the next empty column, say column 7;. That is, for each such @Q’, the
addition of a rook in column 4; will contribute a factor of (y + n — k — 2) to
A(Q,y). Continuing on in this way, we see that

AQuy) =+n—k-1y+n—k=2)---() =) Tns-

Thus another way to sum y<¥¢(©)zcircle(©) gyer all configurations is

Yt Yy @a@u)

k=0 QeN(B)

2k Z yCyC(Q)(y) Tk

I
[M]=

k=0  QeN(B)
=3 ) Tk 3 49
k=0 QEN}

Tk (Ba y)(y) Trn—k xk-

[
M=

>~
Il
o

The argument to prove (6) is similar. That is, we consider configurations
C which consist of a file placement corresponding to a function f : [n] — [n].
where we circle some of the rooks that fall in BN f. We then let cyc(C) denote
the number of cycles in the graph of the underlying function of C' and circle(C)
denote the number of circled rooks in C. It is then easy to see that the left-
hand side of (6) can be interpreted as counting y°°(¢)zeele(C) gver all such
configurations. The right-hand side of (6) can be interpreted as follows. First
pick the circled rooks which corresponds to a placement F' € Ci(B) for some k.
Then we need to compute

B(F,y) =Y y¥© (8)
C



where the sum runs over all configurations whose set of circled rooks equals
F. In this case, we see that each non-empty column contributes a factor of
n — 1 + y since there is no restriction on which rows we can place a rook in
an given column. Thus B(F,y) = (n — 1 +y)"~*. Thus another way to sum
yoyelC) geirele(C) gyer all configurations is

zn: ok Y yUIB(F,y)

k=0  FeCy(B)

zn: :Ek Z ycyc(F) (y +n— 1)n7k

k=0  FeCy(B)

_ :Ck(y +n— 1)n7k Z ycyc(F)
k=0 FeCy,

= fu(B.y)ly+n—1)"" "k,
k=0

O

Chung and Graham [7] proved that for Ferrers boards F(b,...,b,) C [n] X
[n], we have the following factorization theorem.

Theorem 5. Let B = F(by,...,b,) C [n] x [n] be a Ferrers board. Then

[[@+oi—i+) [T @+bi—ity)=> rasBy)@) lk. (9
ibi>i k=0

by <i
We let
[n]q = qq __11 =1+-¢" 1,
[n]g! = [1]g[2]g - -~ [nlg, and
nl _ [nlg!
[’f] o [Klg![n —Klg!
be the usual g-analogues of n, n!, and (Z) In general, we let [z], = q;:f.

Then for k > 1, we let [z], Th= [x]4[z + 1]q- - [x + k — 1] and [z], |x=
[z]g[z —1]g - [z — (k= D)]g. We let [x]g To= [z]q o= 1.

In an unpublished paper, Ehrenborg, Haglund, and Readdy [9] defined a ¢-
analogue of the cycle counting rook numbers 7 (B, y, q) for Ferrers boards which
generalized the g-analogue of the rook numbers for Ferrers boards introduced
by Garsia and Remmel [11]. They proved the following generalization of Chung
and Graham’s theorem.

Theorem 6. Let B = F(by,...,b,) C [n] x [n] be a Ferrers board. Then

H [x+b —i+1], H [z+b; —i+yl, ZZTn—k(B,y,Q)[ﬂ?]q k. (10)

1:b; <1 i:b; >1 k=0



Haglund [14] also extended the definition of the ¢g-hit numbers of Garsia and
Remmel [11] for Ferrers boards by defining ¢, , y-hit numbers algebraically by
the equation

Hk,n(Bax7y7q)Zk (11)

NE

~
Il

n

0
> k(B @)lalg T T (10— 270,
k=0

i=k+1

Haglund [14] developed several connections between formulas for the ¢, x,y-
hit numbers and hypergeometric series. Later Butler [5] gave a combinatorial
interpretation of Hy, ,,(B,x,vy,q) for Ferrers boards.

The main goal of this paper is to define the analogues of cycle-counting rook
numbers, cycle-counting file numbers, and cycle-counting hit and fit numbers
and their g-analogues relative to the group Cj ¢S, which is the wreath product
of the cyclic group C,, of order p with the symmetric group S,. In particular,
we extend the combinatorics of cycle-counting rook numbers and cycle-counting
hit numbers to the rook theory model of Briggs and Remmel [4] where rook
placements correspond to partial signed permutations in C},0S,, and hit numbers
correspond to signed permutations in Cp 2 Sp,.

Let w=e 7 . One can think of the group of C}, 1S, as the group of matrices
under matrix multiplication where the underlying set is the set of matrices that
one can form by starting with an n x n permutation matrix M and replacing
the 1’s by powers of w. Thus we can think of C},1S,, as the group of p"”n! signed
permutations where there are p signs, 1 = W%, w, w?,...,wP~1. We will usually
write the signed permutations in either one-line notation or in disjoint cycle
form. For example, if o € C3 1 Sg is the map with 1 — w5, 2 — 8, 3 — w?3,
4—w?l,5—4,6— w7, 7T— w2, and 8 — w6, then in one-line notation,

c=wd 8 w3 W'l 4 W7 w2 w6,
whereas in disjoint cycle form,
o= (w1l ws 4)(w2 8 w6 wW7)(w?3).

That is, in disjoint cycle form, to determine where 7 is being mapped, we ignore
the sign on ¢ and only consider the sign on the element to which it is mapped.
Given an r-cycle C' = (w%c, ...,w* "'¢y_1) in a signed permutation in C,1.S,,
we define sgn(C) = H:()l w®. Thus in our example,

sgn((w?1 wh 4)) =1,

sgn((w2 8 w6 w?7)) =w, and

sgn((w?3)) = w?.

Given o € C, 1 S,, we will write o(i) as €;0; where 0; € [n] = {1,...,n} and

where ¢; = sgn(o;) € {1, w, w? ..., wP~1} is called the sign of o;. For each
1 < i <n, we define |g;0;| = 0; and call this the absolute value of o (i).



Next we shall describe the rook model due to Briggs and Remmel [4] where
the rook placements correspond to partial signed permutations in Cp .S, and
the hit numbers count signed permutations in Cp ¢ .S,,. The idea of Briggs and
Remmel was to start with the [n] x [n] board and subdivide each row into p
subrows. We will call the resulting board B?. For example, if n = 6 and p = 3,
then B is pictured in Figure 3. We shall refer to the rows of the original [n] x [n]
board as levels and and label the levels with 1,...,n from bottom to top. We
label the columns with 1,...,n from left to right. Finally, within each level, we
label the sublevels from bottom to top with 1,w,w?, ... ,wP~L. We let (i, j, k)
denote the square that is in i-th column, the j-th level, and in the sublevel
labeled with w*.

Levels

w2
w 6
1
w2
w 5
1
w2
® 4
1
w2
w 3
1
w2
® 2

2
® 1

1 2 3 4 5 6
Figure 3: The board Bj.
In the Briggs-Remmel model, a board is a subset of BE. Given by,...,b, €

[pn], we let F'(by,...,b,) denote the board consisting of all the cells {(i, 7, k) :
1<i<n&1<pj+k<b}. If aboard B is of the form B = F(by,...,by),
then we say that B is skyline board and if, in addition, by < by < --- < b,, and
bi+1 > rp whenever (r — )p+1 < b; < rp , then we say that B is a Ferrers
board. Here the last condition for Ferrers boards in B? says that whenever there
are cells in level r in colum 4, column 7 4+ 1 must contain all the cells in the level
r. Finally, we shall say that a board B is a full board if whenever, B contains
a cell (4,7, k), then it must contain the cells (¢,j,7) for r = 0,...,p — 1. Thus,
example, a Ferrers board F'(by,...,b,) is a full board if and only b; is a multiple
of pforalli=1,...,n.
Given a board B C B?, we let

1. N¥(B) denote the set of all placements of k rooks in B such that no two
rooks lie in the same level or column and

2. CP(B) denote the set of placements of k rooks in B such that there is at
most one rook in each column.

Elements of N} (B) will be called p-rook placements and elements of C, (B) will



be called p-file placements. For k = 1,...,n, we let r7(B) = |N}(B)| and
[P (B) = |Fi(B)|. By convention, we set r5(B) = fI'(B) = 1. We refer to r{(B)
as the k-th p-rook number of B and f} (B) as the k-th p-file number of B.

Given a signed permutation, 0 = w*'oy...w* 0, € Cp 1 Sy, we identify o
with the p-rook placement {(oy,%,a;) : 4 =1,...,n} on BP. We let F? denote
the set of all functions f : [n] — [n] x {1,w,...,wP~}. We will identify f € F?,
with the rook placement {(i,4,a;) : f(j) = (4,a;) & j =1,...,n} on BE. For
example, if p =3 and 0 = 2 w?3 wl wW?5 4 w6 € Sg and f is the function given
by f(1) = (3,1), f(2) = (Lw), f(3) = (3vw2)’ f4)=(,1), f(5) = (4,1), and
f(6) = (3,w) then the 3-rook placement associated with o is given on the left
in Figure 4 and the 3-file placement associated with f is given on the right in
Figure 4. We let

Hy,(B)
Fy o (B)

{o € C, 1Sy i |onN B|=k}| and
{f eFL:[f N Bl =k}

We shall refer to Hy, ,,(B) as the k-th p-hit number of B relative to BE, and
FY ., (B) as the k-th p-fit number of B relative to B, .

X

Figure 4: p-rook placements and p-file placements associated with signed per-
mutations and signed functions.

With each p-rook placement P € N} (B), we can associate a directed graph
Gp = ([n], Ep) with labeled edges where Ep is the set of (4, j) such that P has
a rook in cell (i, 7, k) and we label the edge (i,j) with w*. Similarly, for each
p-file placement F' € CY(B), we can associate a directed graph Gp = ([n], Ep)
with labeled edges where Ef is the set of (4,7) such that F' has a rook in cell
(i,4,k) and we label the edge (i,7) with w*. For example, see Figures 5 and
6 for the graphs associated with 6-rook and 6-file placements in B3. For any
p-rook or p-file placement P, we let cyc;(P) denote the number of cycles in the
graph of P such that product of labels on the cycle is w.



Figure 5: The graph associated with a 3-rook placement.

For any board B C BE, we let

p—1
T;IZ(vaOa"'vyp—l) = Z Hycyci(P)a
PeN}(B) i=0

p—1
fI;:(vaOa--'vyp—l) = Z Hycyci(P),
Pec?(B) i=0
p—1
Hk,n(B7y0a"'7yp71) - Z Hycyc'i(g), and
c€CplSn,|cNB|=k =0
p—1
Fk,n(ByyO,-u,ypfﬂ — Z HyCYCi(f).

fEFL,|fNB|=k i=0

The outline of the paper is as follows. In Section 2, we shall prove the
analogues Theorems 3, 4, and 5 as well as give some examples of cycle-counting
p-rook and cycle-counting p-file numbers that correspond to classical numbers
like the Stirling numbers of the first and second kind and the Lah numbers. In
Section 3, we shall develop g-analogues of the cycle-counting p-rook and cycle-
counting p-file numbers and prove analogues of some of the results of Ehrenborg,
Haglund, and Readdy [9], Haglund [14], and Butler [5] on the g-cycle-counting
rook numbers and g, x, y-hit numbers.

10
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Figure 6: The graph associated with a 3-file placement.

2 Cycle-counting p-rook numbers, p-file, p-hit,
and p-fit numbers.

We start this section by proving the analogues Theorems 3, 4, and 5 for the
cycle-counting p-rook, p-file, p-hit, and p-fit numbers.
Suppose that p > 2. Then for k > 1, we let (y) Tk p= y(y+p)--- (y+p(k—1))

and (y) lkp=yly—p) - (y—pk—1)). Welet (y) Top= (¥) lo,,=1. We then
have the following analogues of Theorems 3 and 4.

Theorem 7. For any p > 2 and any board B C BY,

ZHg,n(BayOwuyypfl)l'k (12)
k=0
= TI];(vaO, cee yp—l)(yo R yp—l) Tnekop (z — 1)]@.

k=0

Theorem 8. For p > 2 and any board B C BY,,

ZFk,n(B7y0a"'aypfl)xk (13)
k=0

n

= ka(B,yo, cesYp—1)(Yo + - F Yp—1 +p(n — D) F(z — 1)k,
k=0

Proof. Fix p > 2. Again the proofs of both theorems are essentially the same.

11



That is, replace x by = + 1 in equations (12) and (13). Thus we must prove

n

Z (Byyos -y yp—1)(x + 1)F (14)
k=0
= k(vaOa---vyp—l)(y0+"'+yp—1) Tn—k,p xk
k=0
and
> Frn(B.yo, - yp-1) (@ + 1) (15)

= Zflf(BayO, ce 7yp—1)(yo + Yot +p(n o 1))n7kl‘k.

For (14), we consider configurations C' which consist of a rook placement cor-
responding to a signed permutation in o € Cy ! S,, where we circle some of the
rooks that fall in BN o. We then let cyc;(C) denote the number of cycles of
sign w’ in the graph of the underlying signed permutation of C' and circle(C')

denote the number of circled rooks in C. It is then eaby to see that the left-hand

side of (14) can be interpreted as counting z¢e() [P~ ! cyc ©) over all such

configurations. The right-hand side of (14) can be 1nterpreted as follows. First
pick the circle rooks which corresponds to a placement @ € N7 (B) for some k.
Then we need to compute

p—1
(C
AQyos--sypr) = 3 [ (16)

C =0

where the sum runs over all configurations whose set of circled rooks equals Q.

Again this sum is easy to compute. That is, let ¢ be the first column that
does not contain a rook in ). Then there are n — k levels in which to place a
rook in column ¢ that do not contain rooks in ). We claim that there is exactly
one level r where placing a rook in cell (i,r, k) for any 0 < k < p — 1 completes
a cycle in the graph of Q. That is, if there is no rook in @ which is in level 1,
then 4 is an isolated vertex in the graph of @) so adding a rook in cell (i, 1, k) will
give a loop on vertex i with label w* and hence increase the number of cycles
with sign w* by 1. Clearly in such a situation, placing a rook in cell (i, j, k) for
j#iand 0 <k <p—1 cannot complete a cycle. If there is a rook in @ in row
1, then there must be a maximal length path p in the graph of Q which ends in
vertex i since there are no edges out of ¢ in the graph of Q. If this path starts
in vertex j, then there is no rook in level j in Q). Hence if we add a rook to cell
(i,7,k) for any 0 < k < p—1, then we will complete a cycle. No matter what the
labels are on the edges of the path from j to 4 in the graph corresponding to @,
there will be exactly one choice of k which results in the completed cycle having
sign w® for any given i € {0,...,p — 1}. Clearly, adding a rook to any other

12



level in column 4 will not complete a cycle in this case. Thus the placement of
a rook in column ¢ will contribute a factor of (yo +-- -+ yp—1 +p(n —k —1)) to
A(Q, Yo, ---,Yp—1). But then we can repeat the argument for every placement
Q' which arises from @ by adding a rook in the next empty column, say column
11. That is, for each such @Q’, the addition of a rook in column 7; will contribute
a factor of (yo + -+ yp—1 +p(n — k —2)) to A(Q, Yo, -- -, Yp—1)-

Continuing on in this way, we see that A(Q,,vo,...,Yp—1) equals

o+ - +yp—1+p(n—k—-1)(yo+ - +uvp-1+pn+k—-2)) - (yo+ - +vp-1)
=Wo+  =vp-1+) Tn—kp -

Thus another way to sum z¢rcle(©) HP 1 CY ;(C)

n p—1
Zxk Z H yfyci(Q)A(vao, o Yp—1)

k=0  QENT(B)i=0

over all configurations is

n

CcycC
) Hyy(Q)y+0+'-'+yp71)Tn7k,p
QeN}(B) i=0

p—1
: cye, (@
Y+ 0+ ypet) Tooky Y [ us”
QEN}, i=0

Il
=
M: i
[}

>
Il
=]

k

I
M=

rlg(vaOa .. 'ypfl)(y() +F ypfl) Tnfk,p X

b
Il
o

The argument to prove (15) is similar. That is, we consider configurations
C' which consists of a file placement corresponding to a function f : [n] —
[n] x {1,w,...,wP™1}, where we circle some of the rooks that fall in BN f. We
then let cyc;(C) denote the number of cycles of sign w’ in the graph of the
underlying function of C' and circle(C) denote the number of circled rooks in
C. It is then easy to see that the left-hand side of (15) can be interpreted as
counting xcrele(©) | ! cyc @ over all such configurations. The right-hand
side of (15) can be 1nterpreted as follows. First pick the circled rooks which
corresponds to a placement F € C}(B) for some k. Then we need to compute

p—1
Ccyc.(C
B(F7y07"'7yp—1):ZHin1( ) (17)

C =0

where the sum runs over all configurations whose circled rooks equals F. In
this case, we see that each non-empty column contributes a factor of yg + - - - +
yp—1 + p(n — 1) since there is no restriction on which levels we can place a rook
in any given column. Thus B(F,yo,...,yp-1) = (yo+- - +yp—1 +p(n—1))"F

13



circle(C HP 1 Cy ( )

Thus another way to sum x over all configurations is

zn:xk Z H e (F)BFyo,maypﬂ)

k=0 FeCy(B) =0

DY Hycy Olyo 4+ ypr +p(n —1)"*

k=0  FeCP i=0

cye, (F)
Yo+ ypo1 +p(n—1)"F Y H yern
Fecy(B) i=0

n

>
Il
=]

F2(B,yo, - yp—1) (Yo + -+ yp—1 + p(n — 1))""F

[
NE

>
Il

0

O

Next we shall prove so-called factorization theorems of p-rook numbers and
p-files numbers for full Ferrers boards B C BE.

Theorem 9. Let p > 2 and B = F(by,...,by,) be a full Ferrers board contained
in BE. Then

I] @+bi=pi—1) J[ @+bi—pityo+-+y-1) (18)

i:b; <pi i:b; >pi
= (Byos- 5 Yp-1)(@) Lk
k=0
and
H (z +b;) H (x+bi—p+yo+-+yp-1) (19)
i:b; <pi i:b; >pi

= frsfk(vaOa"'ayp—l)xk
=0

i

Proof. The assumption that B is a full board implies that b; is divisible by p
for all . Since both sides of the (18) and (19) are polynomials in x of degree n,
it is enough to prove that (18) and (19) holds for infinitely many integers.

First we shall show that (18) holds for infinitely many integers px where
x € P. Given « € P, we let B, denote the board, which results by adding
a-levels of length n below B. For example, if p = 3, B = (3,6,6,6,9,9), and
x = 6, then the board B, is pictured in Figure 7. We call the boundary between
B and the z-levels that we added below B the bar.

We let N (B,) denote the set of all placements of k rooks in B, such that
there is at most one rook in each level and each column. Given a placement

14



bar

Figure 7: The board B,.

P e NP(B,), we let wt(P) = f;ol yicyc"(PﬁB). Then we claim that (18) where
x is replaced by px arises from two different ways of computing

S(BayOW"aypfl) = Z wt(P)
PENE(By)
Next we prove a key lemma.

Lemma 10. Suppose that Q € NF(B;) is a p-rook placement of t rooks in the
first i — 1 columns of B,. Let D;(Q) denote the set of all p-rook placements P
that result from @ by adding a rook in column i. Then

Z pﬁ Y CYEP) _

PeD;(Q) i=0
_ cyc. B . .
(bi+pr—pt+1)+yo+-+yp 1) [Iod v’ {9 ik by > i,
(b; + px — pt +p) [Ty yicyc"'(QmB) if by < pi.

Proof. First we claim that there is exactly one level j above the bar such that
placing a rook in a cell (7, j, k) will complete a cycle in the graph of @ N B if
b; > pi and there is no level j above the bar such that placing a rook in a cell
(1,7, k) will complete a cycle in the graph of @ N B if b; < pi. That is, suppose
that b; > pi. Then if there is no rook in N B which is in level 4, then i is an
isolated vertex in the graph of @ N B so adding a rook in cell (7,1, k) will give
a loop on vertex i with label w* and hence increase the number of cycles with
sign w® by 1. Clearly in such a situation, placing a rook in cell (i, 5, k) for j # i
and 0 < k < p—1 cannot complete a cycle. If there is a rook in @ N B in row 1,
then there must be a maximal length path p in the graph of @ N B which ends

15



in vertex 7 since there are no edges out of ¢ in the graph of @ N B. If this path
starts in vertex j, then j < ¢ < b;/p and there is no rook in level j in @ N B
above the bar. Hence if we add a rook to cell (7,4, k) for any 0 < k < p — 1,
then it will complete a cycle. No matter what the labels are on the edges of
the path from j to ¢ in the graph corresponding to @, there will be exactly one
choice of k which result in the completed cycle having sign w® for any given
i €{0,...,p—1}. In such a situation, we will call the level j such that adding a
rook in a cell (i, j, k) completes a cycle, the special level relative to Q. It easily
follows that in this case,

p—1 D
CyC,. (P CYyC, B
> 1 y Y = by pr—p(t 1) + o+ Yp1) [] y Y ne),
PeD;(Q) =0 =0

Alternatively, if b; < pi, then we must have that b, < -+ < b;_1 < p(i —1)
since we are assuming that B is full Ferrers board. This implies that there can
be no edge which ends in i in the graph of Q N B. Hence i is an isolated vertex
in the graph @ N B. Thus placing a rook in cell (¢, j, k) where j < ¢ can not
create a new cycle. Thus it easily follows that in this case,

-1

p—1 P
cyc, (P cyc,(QNB
S TTw" = it po—pt) TL ¥ 9™
PeD;(Q) i=0 i=0

O

Now think of adding rooks column by column starting from the left to form
an element P € NP(B,). In the first column, we have b; + pz choices. If by > p,
then if we add a rook in cell (1,1, k) then we create a cycle of sign w* and we
do not create a cycle otherwise. Thus the first column will contribute a factor
of (px+bi—p+yo+---+yp—1) if by > p and a factor px + b; otherwise. Next if
we start with a placement Q) € ./\/f_l(Bm) of 1 —1 rooks in the first 4 — 1 columns
of By, then we will have pz + b; — p(i — 1) cells to add a rook in column i. By
Lemma 10, our choices for placing a rook in these px + b; — p(i — 1) cells will
contribute a factor of (pz+b; —pi+yo+- - -+yp—1) if b; > pi and will contribute
a factor of (pxr 4+ b; — p(i — 1)) otherwise. Thus it follows that

SWo- - yp-1) = [ wr+bi—pli—1) [[ Ge+bi—pityo+-- +yp-1).

i:b; <pi i:b; >pi

Next suppose that we fix a p-rook placement @ € N?_, (B) of n — k rooks
above the bar. Then we want to compute

Bg = > wt(P). (20)

PeN?E(B):PNB=Q

In this case, there will be k columns below the bar which do not contain rooks
in Q. If the columns are 1 < i3 < -+ < i < n, then it is easy to see that
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we have pz choices to place a rook below the bar in column i;. Once we have
placed a rook in column i; below the bar, we will have px — p choices to add
a rook below the bar in column i5. Continuing on in this way it is easy to see
that we have (pz)(pz —p)--- (px — p(k — 1)) = (pz) |lr,p ways to extend @ to
a placement in N?(B,). By definition, the weight of any such placement P is

| s ! cyc @ Thus

SWo,-- - yp-1) = Z > Hy '(pz) Lryp

k= OQGN” k(B i=0

p2) Lrp > Hycyc @

QeN?_,(B)i=0

M= 10 |

7‘2,]@(37:{]0, e 7yp—1)(px) lk,p .

~
Il

0

The proof that (19) holds for px for infinitely many x € P is essentially the
same. That is, we let C}.(B;) denote the set of all placements of k rooks in
B, such that there is at most one rook in each column. Given a placement
F € CE(By), we let wt(P) = []iZ O1ycyc 25 " Phen we claim that (19) where

x is replaced by px arises from two different ways of computing

T(va()v---vyp—l) = Z wt(P)
PeCh(Bz)

By essentially the same argument that we used to prove Lemma 10, we can
prove the following.

Lemma 11. Suppose that Q € CY(B,) is a p-file placement of t rooks in the
first i — 1 columns of B,. Let E;(Q) denote the set of all p-file placements P
that result from @ by adding a rook in column i. Then

> pﬁ Y CYEP) _

PcE;(Q) i=0
B . .

(bi +pz—p+yo+ - yp1) [Ty 4O gy > pi,
(bs +px) [To2g v 0 @B if by < pi.

This given, we can argue as above that as we add rooks in columns from
left to right that the i-th will give a contribution of (px + b;) if b; < pi and a
contribution of px + b; —p+yo + - - - + yp—1 if b; > pi. Thus

T(B,yo,-- - yp-1) = |] Gz +b:) [ Gr+bi—p+yo+--+yp1).

i:b; <pi 1:b; >pi
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Next suppose that we fix a p-file placement @ € C?_, (B) of n — k rooks
above the bar. Then we want to compute

Dg = > wt(P). (21)

PeCE(B,):PNB=Q

In this case, there will be k columns below the bar which do not contain rooks
in Q. In each such column, we have px choices to place a rook below the bar.
Thus we have (pz)*¥ ways to extend @ to a placement in CZ(B,). By definition,

the weight of any such placement P is Hf;ol y::yci(Q). Thus

n p—1
To,- - pp-t) = > > Lo D)

k=0 Qec? _, (B) i=0

n

p—1
_ Z(px)k Z Hyicyci(Q)
fa-

k=0 Qecr _, (B) =0
n

= Z k(Bay()w"vypfl)(px)k'
k=0

O

Classical combinatorial numbers such as the Stirling numbers of the first
and second kind and the Lah numbers have nice rook theory interpretations. In
the next two subsections, we shall consider the analogues of such numbers for
cycle-counting p-rook and p-file numbers.

2.1 Cycle counting p-Stirling numbers

Let s, and S, denote the Stirling numbers of the first and second kind,
respectively. They are defined by the equations

() |ln = Zsmkxk and

The numbers S, and ¢, = (—1)"”“5”,;C have nice rook theory interpre-
tations. That is, let St, = F(0,1,...,n — 1) be the staircase board, then
Snk = Tn—k(Sty) and ¢,k = fn—k(Sty). For the p-rook and p-file numbers, the
obvious analogue of the staircase board is St2 = F(0,p,2p,...,(n — 1)p). In
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that case (18) and (19) become

(@) Thp = Zfﬁ_k(Sth,yo, oy Yp_1)z” and (22)
k=1

x’ﬂ = Z Trpy,fk(Stﬁ) y07 s 7yp—1)($) lk,P . (23)
k=1

Because the height of the i-th column of St is less than pi for all ¢, no cycle
counting is involved in the definitions of f?_, (St£,y) and r? _, (St£,y) so that
they are independent of (yo,...,yp—1). Thus if we let

Sﬁ,k = rﬁ—k(Stfwy()v"'vypfl) and
sfz,k = (_1)n7kf5_k(5t£ay07"'7yp71)7

then these are the p-Stirling numbers of the first and second kind as defined by
Briggs and Remmel [4]. They satisfy the following recursions:

Stk = S p1 +PES (24)

n

with initial conditions 56'70 =1 and Sﬁ}k =0ifk<Oork>nand

p Y p
Sn—i—l,k - sn,k—l - pnsn,k (25)

with initial conditions s, = 1 and s}, , = 0if k£ < 0 or k > n. We note that
Briggs and Remmel actually defined jo,q—analogues of SP, which are special
cases of generalized Stirling numbers of the first and second defined by Remmel
and Wachs [19].

A more interesting case from the point of view of the cycle counting is to
consider the board St,, = F(p,2p,...,np). Let

5P
Sﬁ}k(yo, v Yp1) =10 (St Yo, Yp—1)
and

. 5P

Cz,7k(y07 s 7yp*1) = g_k(Stna Yo, - - - 7yp71)~
In that case, (18) and (19) become

(T4+yo+- - +Yp-1) Tnp= Z 5Z,k(y07 e »ypfl)xk (26)
k=1
and .
(@+yot+ - +yp-1)" =Y Sh (Yo Yp-1)(@) L - (27)
k=1

Replacing by —z in (26) and then multiplying by (—1)™ gives

n

(@ = (o + - +yp-1)) bnp= D _(~1)" 7" (g0, yp-1)a”  (28)
k=1
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Thus if we let

& o yp) = ()" (Yo, Yp-1)

and replace x by « +yo + - - + yp—1 in (28), we obtain that

(J?) ln,P: Z §Z,k(y07 o 7yp—1)(x + Yo +-- 4+ yp—l)k- (29)
k=1

Comparing (27) and (29), it is easy to see that the matrices
||S£7k(y(), ey Yp=1)||n, k>0 and ||§Z7k(yo, -+ oy Yp—1)||n, k>0 are inverses of each other.
We claim that we have the following recursions:

S£+1,k(yoa e Yp—1) (30)

= Sﬁ,k—l(yov cee 7yp71) + (pk + Yo + - 'ypfl)Sik(yOa .. '7yp71)

with initial conditions S§ o(vo, - - -, Yp—1) = 1 and S}, ; (vo, .- -, Yp-1) = 0if k <0
or k> n and

cfH»l}k(yOa e ,yp—l) (31)
=ch 1Yo Yp—1) (0 +yo + - yp-1)eh 1 (Yo, -5 Yp—1)

Ly

with initial conditions c{ (4o, - .-, yp—1) = 1 and ¢} , (yo, ..., yp—1) = 0if £ <0
or k > n. Both recursions have the same proof. "That is, to prove (30), we
partition the p-rook placements corresponding to N7 1o k(gtn+1) by whether
they have a rook in the last column or not. That is, it is easy to see that
those rook placements that have no rook in the last column correspond to rook
placements in N£+1_k(5~'tn) and hence

-1

Z pl_[ y(ljyci (P)

p has no rook in the last column =9
P€N5+lik(stn+1)

p—1
cyc, (P &
= Z Hyz'y (") =5§,k_1(yo,.~,yp71)'

PEN? | _(St,) =0

If Q € N?_,(St,) of n — k rooks in the first n columns, then there will be
n—+1— (n—k) levels in which we can put a rook in the last column to extend @
to a placement P in the last column. If P comes from placing a rook in a cell
(n+1,n+1,i), then we create a loop labeled with w® so that

= oever) T eye,@

cyc, (P cyc,(Q
H yiy =Y H yiy :
1=0 =0
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If P comes from placing a rook in a cell (i,n + 1,k) with ¢ < n, then it is easy
to see that we cannot complete a cycle in the graph of @ so that

-1

" oeyer) T eye, @)
i=0 =0

It follows that for each such @, the sum of Hf;ol yfyc"(P) over P’s such that P
extends @ by adding a rook in column n is

p—1
(k + o + - yp1) [L > P
i=0
Thus it follows that

p—1

3 T oeve ™

» has a rook in the last column *=°
PEN5+1_1‘,(Stn,+1)

p—1
=Pk+yo+-yp1) D Hyicyci(@
QENT_, (Sty) =0

= (pk+yo+ - +yp-1)S) (Yo, -, Yp—1)-

The recursion (31) is proved in a similar way by considering what happens
when we partition the p-file placements in C? +1-1(Stn41) according to whether
they have a rook in the last column or not.

2.2 Cycle counting p-Lah numbers
The Lah numbers L, ; are defined by the equation,

() Tn= Z Log(z) Lk -
k=1

They can also be defined by the following recursion
Ln—i—l,k = Ln,k—l + (n + k)Ln,k (32)

with initial conditions Loo = 1 and L, = 0if K < 0 or kK > n. The L, s
have a nice rook theory interpretation, namely, L, x = rn—x(Ly) where £, is
the Ferrers board consisting of n columns of height n — 1, see [11]. From this
interpretation, it is easy to see that

!
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That is, to create a rook placement of n — k rooks in £,,, we first pick the n — k
columns that will contain the rooks. We can do thisin (,",) = (}) ways. Then
we have to place the rooks in these columns starting from the left. We clearly
have n—1 choices where to put a rook in the left most column, then n—1—1 ways
to place a rook in the next column, etc. Thus we will have (n—1) |,_x= g::g:
ways to place the rooks in the n — k columns that we chose.

For the obvious cycle-counting analogue of the L, ;’s for C}, ¢ Sy, consider

the Ferrers board £F which consists of n columns of height p(n — 1). We let

Lo ko, - yp—1) = (L5, 505+, Yp—1)- (34)

In this case, (18) becomes

Zz:- ({E + Yo +-+ ypfl) Tnfl,p: ZLZ7k(y07 ) ypfl)(x) lk,p . (35)
k=1
Note that

n+1
STL o yp-1)(@) Ly
k=1

=z-(@+yo+- -+ Yp—1) Tnp
=@+yo+-Fyp-1+tpm—1)z - (T+yo+ - +yp-1) Tn-1p

n

=@ +yot+- Y +pm—1) Y LE (Yo, Yp-1)(@) Lrp
k=1

S LY W yp-1) () Lkp (@ —kp+yo -+ +yp1 +p(n+k—1))
k=1

M- 11>

sz,k(yo, oo Yp—1)(T) Lkt1,p

+2 Lo vp-1)(@) Lip (o + - +ypa +p(n+k—1)).

E
Il
—

It thus follows that

P o, Yp1) (36)
=LF (o, yp—1) + (ot Fyp1 Fp(n+ k= 1))LE | (Yo, Yp-1)-

We also have an analogue of the (33) in this case. That is, we want to

compute
" eve.n)
cyc, (P
> IIw™
PeN?_ (L£7) =0

We divide the p-rook placements in N , (£P) into two sets, Ni consisting of
those p-rook placements with no rook in the last column and N, consisting of
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those p-rook placements that have a rook in the last column. For Np, there are
(Z:;) = (Zj) ways to choose the n — k columns in which we are going to place
the rooks. If ¢ < n — 1, then the height of the i-th column is greater than or
equal to pi. Hence, we can use Lemma 10 to argue that as we place the rooks
in the columns from left to right, the sum of Hf;ol yicyc"'(P) over the possible

placements in the n — k columns that we choose is

(P(n—=2)+yo+- - +yp-1)(P(n=3) +yo+ +yp—1) -+ (P(k—=1)+yo+- - +yp-1).

Thus
" oeyery)  (n—1
PeN; i=0
For Ny, there are (nfzil) = (";1) ways to choose the columns in which we

are going to place the rooks in the first n — 1 columns. As above, the sum of

Hf;ol yicyc'i(P) over the possible placements in the n —k columns that we choose
is

(p(n—2)+yo+ - +yp—1) P —3)+yo+-+Yp—1) - Pk +yo+ -+ yp-1)-

Once we place these rooks, we still have to place a rook in the last column.
However, the height of the last column in £P is (n — 1)p < mp. Thus by
Lemma 10, the factor contributed by placing the rook in the last column in the
n—1—(n—k—1) =k levels which are possible is pk. Thus

p—1
(P n—1
Z HinYQ( >:< N )(pk)(pk+yo+---+yp1) Thk—1,p -

PEN3 i=0

Hence,

n—1
sz,k = (k_1>(p(k_1)+y0++yp—l) Tn—k,p

n—1
+< k >(Pk)(]9k+y0++yp1) Tnfkfl,p~

3 (-analogues of the cycle counting p-rook and
p-hit numbers

In this section, we shall develop g-analogues of cycle counting p-rook numbers
and cycle counting p-hit numbers.

First we shall recall the definitions of the g-analogues of the p-rook and p-hit
numbers as defined by Briggs and Remmel [4]. Let B = F(by,...,b,) be a
Ferrers board contained in BE. A rook in cell (i, 7, k) is said to rook cancel all
cells in level j that lie strictly its right, all cells that lie directly below it, and
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itself. Then for any given P € N} (B), we let invg(P) equal the number of
uncancelled cells in B. For example, in Figure 8 we have pictured a placement
in B=F(6,9,12,12,15,15) C B3 and we have put dots in cells which are rook
cancelled by rooks in P. Thus invg(P) = 30 as there is a total of 30 squares
which are not rook cancelled by rooks in P.

X0
X0
X leoe
0
o
o
0 0 0 0
X o o o o
o o o o o
0 0
o o
o o
° X ° °
o o o o
o o o o

Figure 8: An example of rook cancellation.

Suppose that p > 2. Then for k > 1, we let

Wlg Tk = [Ylly+plg---[ly+pk—1); and
Wlg Ly = Wlaly —plg--- [y —pk = 1),

We let [ylq To,p= [¥lq lo,p=1. Then for any Ferrers board B = F (b1, ...,b,) C
BP, Briggs and Remmel defined

B q): Z qinv(P) (37)
PeN?

and

n

ZHkn B, q)z Zrk B, q)lp(n — k)l Ln—kp H (x—qu). (38)

b=n—k+1
Briggs and Remmel [4] then proved the following two theorems.

Theorem 12. Let B = F(by,...,b,) € BP be a Ferrers board. Then

n n

H[x-i-bi— (i —1)] Zr (B, q)pz] lryp - (39)
i=1 k=0
Theorem 13. Let B = F(by,...,b,) C BP be a Ferrers board. Then Hy, (B, q)
is a polynomial in q with non-negative integer coefficients for all k =0,... n.

In fact, Briggs and Remmel proved p, g-analogues of Theorems 12 and 13
but we shall not concern ourselves with p, g-analogues in this paper.

Given a Ferrers board B = F(by,bo,...,b,) C BP, we will also use the
notation B = B(hY,dy;...;hY, d;) which uses the step heights and depths as
pictured in Figure 3.
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hy

h’f

n
Figure 9: The Ferrers board B = B(hY,dy;...;hY,d;)

We define the g-analogue of the cycle-counting p-rook number by

p—1
j(P) inv Pl i
TII;(Bv q,Yo;- - - 7yp—1) = Z H[y]];yc q (P)+Zj= (s 1)EJ(P)7
PENT(B) \J=0

(40)
where

inv(P) is the number of uncanceled cells (considering one sub level as one cell)
when a rook cancels all the cells below it, and all the cells to the right in
the same level with the rook,

E;(P) isthe number of i’s such that b; > i and there is no rook from P in column
i on or above s!(P), where

s/(P) , for i such that b; > pi, is the unique sub level which, considering only
rooks from P in column 1 through ¢ — 1 of B, completes the w; cycle.

Then we have the following g-analogue of the factorization theorem.

Theorem 14. Let B = F(by,...,b,) be a full Ferrers board contained in BP.

I1 e +0i—pG =Dy JT e +0—pityo -+ ypmly (41)

i:b; <pi i:b; >pi

I
NE

rﬁ_k(Ba q,Yo, - - 7ypfl)[px]q ‘Lkvp :

b
Il

0

Proof. Tt is not difficult to show that it is enough to prove (41) holds whenever
Z,Y0,- - -, Yp—1 are positive integers. The proof is similar to the proof of Theorem
9. Given x € P, we consider the extended board B, by adding z-levels of length
n below B. Then suppose that yo,...,yp—1 are fixed elements of P. For a given
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P e NP(B,), we let

p—1

wi(P) = | [l e ™| g+ im0 B (),

3=0
Then we claim that (41) arises by calculating

S(Bvqay()v"'vyp—l) = Z U}t(P)
PeNE (Bg)

in two different ways. First, we can fix a p-rook placement @ € N?_, (B) of
n — k rooks in B, and place k rooks below the bar. In this case, there are k
columns below the bar which do not contain rooks in . First consider the
contribution that comes from placing rooks below the bar in the first available
column, reading from left to right.

If we place a rook in the top cell of the first available column, then it would
contribute ¢° to inv(P). If we place that rook one cell below, then it would give
q', and so on. Thus, we gain

"+ + g = [pa]g

to inv(P). Once we place a rook in the first available column, then we can use
the same argument to show that the next available would give a contribution of
[pxz — plq to inv(P). Continuing this way, it is easy to see that we contribute

[palglpz = plg - - - [pz = p(k = 1]

to inv(P) as we extend Q to a placement in N?(B,). Thus

S(Bv%yov"'vypfl) :Z Z wt(Q)

k=0 QENT_, (B)

n p—1
cyc; inv 0=y — j
=Y eloben >0 | [Tsld ™ | gD R @
k=0 QEN?_, (B) \i=0

3

rsz(Ba q, Y0, - - - ayp—l)[px]q ‘l’kvp
=0

x>

which is the left hand side of (41).

On the other hand, we can calculate S(B,q, yo,--.,yp—1) by adding rooks
column by column, reading from left to right. We need the following analogue
of Lemma 10.

Lemma 15. Suppose that Q € NF(B,) is a p-rook placement of t rooks in the
first i — 1 columns of B,. Let D;(Q) denote the set of all p-rook placements P
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that result from @ by adding a rook in column i. Then

it pr—pt+1)+tyo+ -+ yp-1]qwt(Q) if by > pi,
2, wilP)= {[bi = plt+ 1) + plt(@Q) i b < pi
(12)

PeD;(Q)

Proof. The proof is similar to the proof of Lemma 10. That is, if b; < pi, then
any placement of a rook in column ¢ will not contribute to E;(P N B) for any
j. Now there are pz + b; — p(i — 1) uncancelled squares in the i-th column. If
we place a rook r; in the j-th uncancelled cell from the top in column 4, then
r; will contribute a factor ¢/~! to wt(P) as the contribution to inv(P) from r;
will be 7 — 1. Thus in this case, the placement of r; will contribute a factor of
wi(Q) YL P il = wt(Q)[px + bi — pli — Vg to X pep, ) wHP)-

If b; > 4, then there is a level [; < ¢ such that placing a rook r; in level
£; in column ¢ will complete a cycle relative to the rooks in Q). Assume that
if we place a rook in cell (;,4,s), then we complete a cycle of sign w*s. Thus
W', ... w1 must be a rearrangement of 1,w,...,wP" . In addition, assume
that there are pt; uncancelled cells above level £; in column i. Then as before,
placing a rook in the j-th uncancelled cell from the top where j < pt;, will
give a factor of ¢/ =1 to >_pep, (@) WH(P). Thus the placements of a rook in the
top pt; cells will give a factor of wt(Q)(1 + g+ -+ + ¢?" 1) = wt(Q)[pts]4 to
> pepi(@) WHE)-

Now consider the effect of placing a rook r; in cell (I;,4,p—1). Then r; would
contribute a factor of

[yu,),l]qqpt”’ — q;m‘q: R qpti-‘ryu,p,l—l

to wt(P). Here [y,, ], comes from the fact that we completed a cycle of sign
w¥ -1 and ¢P% comes from the contribution of r; to inv(P). Note r; makes no
contribution to E;(P) for any j in this case. Next consider the effect of placing
a rook r; in cell (I;,4,p — 2). Then r; would contribute a factor of

ptit+l Yu, ;=1 qptf,+yup,1 N qpti+yup,1+yup,2—1

[yup_2]qq q

to wt(P). Here [yy, ,]q comes from the fact that we completed a cycle of sign
whr=2 qPt+1 comes from the contribution of 7; to inv(P), and ¢¥*»-1 ! comes
from the fact that the placement of r; contributes 1 to £, (P). Next consider
the effect of placing a rook r; in cell (I;,4,p — 3). Then r; would contribute a
factor of

ti+2 Yu, 1 —1+Yu, o—1
[yup—3](1qp i q Up—1 y“p 2

_ qpt¢+yrup_1+yrup_2 IS qpt,ierup_l+yup_2+yup_371

to wt(P). Here [y, ,], comes from the fact that we completed a cycle of sign
wr=3, gP%+2 comes from the contribution of 7; to inv(P), and ¢¥*»—1 Iy, —1

comes from the fact that the placement of r; contributes 1 to both E,,_, (P)
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and E,, ,(P). Continuing on in this way, one can show that the contribution
of all the possible placements of r; in level ¢; in column 7 contribute a factor of

wt(Q)g"" [yo + - Yp—1lq 10 3 pe p, () WHP)-
We have pz + b; — p(i — 1) — pt; — p uncancelled cells below level ¢; in
column ¢. If we place a rook 7; in the s-th such cell reading from the top, then
-1
r; contributes a factor of gPtiHP+Hs—1g2i=o ¥i—1 = gptityot-Fyp—1ts—1 g wt(P).

) _ . . . p—=1, _
Here ¢P'itPTs=1 comes from the r; contribution to inv(P) and ¢>=i=0 ¥~ comes

from the fact that r; would contribute 1 to E;(P) for j =0,...,p—1. It follows
that the contribution to }_ pc p. () wt(P) over all possible placements of rooks
in the remaining px + b; — p(i — 1) — pt; — p uncancelled cells is

wt(Q)qpti+yO+"'+yp—l[px +b; —p(i _ 1) — pt; — p]q-

Hence the total contribution to ) pcp. () wt(P) of the placements of rooks in
the i-th column in the case where b; > pi is

p—1
wt(Q)([ptlg + ¢ D wily + ¢ =0 Vilpz 4 b — p(i — 1) — pt; — plg)
=0

=wt(Q)[pr +bi —pi+yo+ -+ Yp-1lg
as desired. O

If we start with a placement @ € N |(B;) of ¢ — 1 rooks in the first ¢ — 1
columns of B, then we get the factor [pz + b; — pi + yo + -+ + Yp—1]q from
placing a rook in the column ¢ if b; > pi and the factor [pz + b; — p(i — 1)]4 if
b; < pi. Thus,

5(37Qay07"'ayp—l):
H [pr +b; —p(i —1)], H [pz +bi —pi+yo+ - +Yp-1lg

itb; <pi i:b; >pi
which is the right hand side of (41). O

We say that full Ferrers board B = F'(b1,...,b,) C B} is reqularif b; = p-¢;
where ¢; > ¢ for 1 < i < n, For the rest of the paper, we will only consider the
regular full Ferrers board B = F(by,...,b,) C BE. Now if B = F(pcy,...,pcn)
is a regular full Ferrers board contained in BF, then, in the notation B =

n’

B(WY,dy;...;hi,di), Y = p - h; where h;’s are the number of levels of the
corresponding step. Then by Theorem 14,

n n

> ot (Boa,yor - yp-1)[palg Lip= [ [Ipz+p(ci =) +yo+- - +yp-1lg. (43)
k=0 =1

We let the right hand side of (43) be

n

PR[B,z,Y0,---,Yp—1] := H[px +plei —9) +yo+ -+ Yp—1lg-
i=1
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Define Ai}k(Bv q; Yo, - - - 7yp—1) by
erpy,fk(Ba q,Y0, -+, yp—l)[yo + U + yp—l]q Tkap z

X H (1 — zg¥ottue- vp(i= 1) ZA (B,q, yo,...,yp,l)zk. (44)
i=k+1 k=0

Note that when ¢ = 1, by changing z to z~! and multiplying 2™ on both sides,
we can transform (44) to

ZAnn w(By1yo, -y yp—1)2F

= ZT?(B, 17y05 s 7yp—1)(y0 +o 4+ yp—l) Tn—k,p (Z - 1)k

By comparing it to the result of Theorem 7, we can see that
Ai7k(Bv ]-a Yo, -« ypfl) = Hg_km(vaOa v 7yp*1)'

To derive a recursion of Aﬁ,k(Bv ¢ Y0, - - -, Yp—1), we define a more general version
of it. That is, we define A? , (B, x,¢,yo0,...,Yp—1) by

ZA Bacqyo,...,yp,l)z’C =

n

o (Boqyo, - Yp1)[palg Thyp 2 % H — 2P PO,
k=0 i=k+1

Remark 1. We note that

Ai}k(Bv q,Y0, - - - 7yp—1) = A'Ir)p,k(Bvxv q,Y0, - - - ayp—l)’m:;,0+...+?/p71 )

p

and A%k(B, 4,90, - - -, Yp—1) is a generalization of Ay (x,y, B) as defined by Haglund
in [14] and used by Butler in [5].

The following two propositions are generalizations of results of Haglund [14
Lemma 5.1, Lemma 5.7].

Proposition 1. Suppose B = F(pb1,...,pb,) is a regular full Ferrers board
contained in BE. Then we have

Afl7k(Bvx7y0a ceey ypfl)

S N R AR C TP

where PR[B,Q, Yo, - - 'aypfl] = H?:l j+p(Ci - Z) +yo+---+ ypfl]q'
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Proof. The right hand side of (45) is

5], e[ 37,

X Z[p]g[j]qp [] - 1](1‘p T [J - s+ 1](17’747;.;75(B5 q,Y0, - - - 7yp—1)
s=0

= [p](rnfs(B)QﬁgOa---;yp—l)

" Z { n+x Lp (—1)k=igp("2") ([x]qP)J Ulgp - [ — s+ 1gr

j>s

= [p]srnfs(B)QﬁgOa---;yp—l)

—u—s ([1gr )uts

u>0
Jj=u+s

%Z@ B%%ww%ﬂZﬂZfi]@ka@ﬂ

u>0

([s = Klgr)u ([7]gr)s ([ + 8]gr )u [ U+ s :|
(nt+a—k+ts+1lgp)h  ([s+1e)u u |

__ZE:Uj J(B @Yo, Up1) Y [ Z'j:i ] (1575 ([l

u>0
([=k + S]q”)S([x + s]qp)u
>0 ([1]q1’)u([n +r—k+s+ l]qp)u

X

n

:Z[p]srfz—s(Ba q, Y0, - - - ayp—l)

s=0
ne —s ("3 ([n = K+ 1]gr ks
x [ s Lp (— 1)k~ )([“]Q”)S([n+x—k+s+1]q,,)k,
_Z Tﬁ S(B q, yo,---,yp_ﬂ |: Z:j :| ’ (—1)k_sqp(kgs)

—An’k(B,x,yo, e Yp—1)-

Proposition 2. Suppose B = F(pby,...,pby) is a regular full Ferrers board
contained in BY. Let H; :=h1+---+ h;, D; :==dy + - -+ d;, and the notation
B — h; — dj refers to the board obtained from B by decreasing h; and d; by
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one each and leaving the other parameters fized. Then we have the following
recursion for A} (B, 2,40, -, Yp—1)-

Ai,k(Ba Z,Yo,- - 7yp71) =

_|_..._|_yp1]

[p] {k Y H -Di+d 142 AP (B = hy—dy,z,yo, . yp1)

qP

- + Y
+ [Pl (—q’”(”*“ D |:k+Hl_Dl+dl_1+—yO > Ur 1}
qp

_ _ yot+--+yp—1
+qp(k+HL Di+d;—24+———"L— )[n + x]qp> X Afl_Lk_l(B —hi—di,x, Y0, Yp—1)-

Proof.

A

I

—~

Bax7y07"'7yp—1)

{ n+x LP [ r+s—1 LP (_kasqp(’“;")ﬁ[psjup(q — i)+ Yo+t Yp-1lg

k

[
M=

k—s s
s=0 i=1
i n+x r+s—1 (*3%)
— - _1\k—s p("5°
B |:k_8:|17[ 8 ]p( 1) @
s=0 q q

X[ps+pH —Dy+d—1)+yo+ -+ yp-1]qPR[B — hy —di, 5,90, .- -, Yp—1]

[
M=

n—_l—x r+s—1 (1) =?C)PR[B — hy — di, 5,90, - -, Yp—1]
k—s . s o

I
o

S

Fo Y
X{[p]|:k+Hl—Dl+dl—1—|——yO » Yp 1:|
qP

_qP(S+Hz*Dz+d1*1+7110+...:yp71 )

k= sl }

= [p] {k—i—Hl—Dl+dl—1+—y0+”'+yp_l}
qp

p

k
n-+x r+s—1 B k—s
: Z:O |: k—s :|q17 |: S :|qp (_l)k qu( ’ )PR[B_hl _dl’s’yo""’yi)—l]

k
_ [p]qp(S+Hl_Dl+dl_1+%) % Z[n+$]qp |: n+x—1 ] |: r+s—1 :|
P qr

k—s—1 S
s=0

w (—1)F=2 @) F)PRIB — by — di, 5,50, - - yp1]
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k
o Y ~1
:[p]{mﬂl—pﬁdl—uw} §j[‘”s } (—1)k=>
9P s=0 qP

x {[ nﬁ;l LP #0304 [ thjll LP qp((k—;—l)Mﬂl)}

x PRIB — hy — di, 8,50, - - - Yp—1]

k-1
_ p(s+H—D+d_1+”0+'“$) n+x—1 z+s—1
Pl XZO[””]Q” k—s—1 ], s ],

x (1) qP(CT R DPRIB — by — dy, 5,50, 1]

m+m+%1}

= [p] |:k—|—Hl —Di+d -1+ Airnzfl,k(B — Ry —dl,x,yo,...,yp_l)

qP

+[plAY 1 1 (B —hi—di, 0, -, Yp—1) {qp(k+Hl_Dl+dl_2+

yot-+yp—1 )
3

[0+ z]gr

_gpinta=1) [k+Hl—Dl+dl—1+y0+"'+yp1] }
p "

4—---+—yp_1}

= [p] |:k—|—Hl —Di+d -1+ Yo Airnzfl,k(B — Ry —dl,x,q,yo,...,yp_l)

qP

Yo+ typ—_1 )

+ [p]qp(kJrH"iDler"fQJrf [n +r—k—H +D —d+1- M]
qp

p
X Afz—l,k—l(B - hl - dlvxv q,Y0, - - - 7yp71)~

O

Proposition 3. If B; = B(hY,dy;--- ;hY |, di—1; h] —pj, di—j; hfﬂ, div1;. .3 hY dy)
is the board obtained from a regular Ferrers board B by decreasing by by pj and
d; by j (here we assume that j < hy,d; where hi = phy), then

k
Afz,k(Bvxquy()v"'vyp*l) = [p]é[]]qp' Z Afhs(ijxvq’y()w"vypfl)

{ T _I€1+S } [ n—Ti+z—s } g E=9) (Tikk=3=1) (46
J—k+s qP qP

where T) = H — Dj_1 + %

Proof. The proof can be done by induction on j and by using the recursion in
Proposition 2. The proof is similar to the proof of [14, Theorem 4.1, Theorem
5.8]. O

By using Proposition 2, we can derive a recursion for Af%k(B, Y05 - - Yp—1)-
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Theorem 16. Suppose B = F(pby,...,pb,) is a reqular full Ferrers board con-
tained in BY. Let H; := h1 +---+ hy, D; := d1 + --- 4+ d;, and the notation
B — h; — dj refers to the board obtained from B by decreasing h; and d; by
one each and leaving the other parameters fized. Then we have the following
recursion for AY (B, q, o, Yp—1)-

Az,k(B)Q7yOa"'7yp—l) = (47)

4y,
[p] %"‘k"’dt -1 Azfl,k(B_ht _dt;Q7yOa"'ayp—1)
qP

Yo+ typ_1

+ [p]qp( ) n—k—di+ 1A} |y (B =l —de,q: 50, Yp—1),
where hy and d; are the height (number of levels) and the depth of the last step
of B.

We note that it follows from Theorem 16 that if B = F(pby,...,pb,) is a
regular full Ferrers board in B2 and yo, ..., yp—1 are non-negative integers, then
Aﬁ,k(Ba 4, Yo, - - -, Yp—1) is a polynomial with non-negative coefficients in ¢g. Here
are some small examples.

Example 1. When By has only one square, i.e., By = F(p), then

A?O(Bla q,Y0; - - - 7yp—1)

p—1
=P = Z H[yj]cycj<P>qmv<P>+z_';;3<yrl>Ej<P>
PeN?P(By) [7=0

= [yp_1] - @ + [Yp—2] - gt o (o] ,qp—1+2§;f(yj—1)

p—1
= [yp—l] . qO _|_ [yp—Q] . qyp—l + [Z/p—B] . qyp—1+yp—2 + . _|_ [y()] . q2j=1 Yj
= [yo + e +yp71]’

Allj,k(Bh q,Y0, - - - 7yp—1) = 0, f07“ k> 0.

A B ayor . ypmr) = o+ +ypillyo + -+ ypor + )
Agk(EEL 4 Y0s- - Yp—1) =0, for k> 0.
Ag,O(\:Ha q,Y0, - - - ayp—l) = [yO + -+ yp—1]2

Ag,l(\:Ha q,Y90, -, yp*l) = q(y0+...+yp71)[p] [yO + -+ yp*l]a
AIQ),Q(\:Ha q,Y90, -, ypfl) =0.

Based on the g-statistics for the cycle counting hit numbers defined by Butler
in [5], we conjecture similar g-statistics for the cycle counting p-hit numbers.
Before we make a precise statement, we need some definitions.

)
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For a full regular Ferrers board B C BE, let N?(B) = Up_; N} (B). For
p € N?(B), Butler’s statistic sp ,(P) [5] is defined as the number of squares on
BP which neither contain a rook from P nor are cancelled, after applying the
following cancellation scheme :

1. Each rook cancels all squares to the right in its row,

2. each rook on B cancels all squares above it in its column (squares both
on B and strictly above B),

3. each rook on B which also completes a cycle cancels all squares below it
in its column as well,

4. each rook off B cancels all squares below it but above B.
Define cyc ;(P) by

cycs;(P) = Z cyc; (P).

Since b; > pi, there exists a unique level, say w, in column ¢ such that,
considering only rooks from P in column 1 through column i —1 of B, completes
a cycle. At i*® column, define E;(P) by

Ei(P) =
D, if there is no rook from P in column 7 on or above the level u
0, if there is a rook from P in column 4 above the level u

p—1—7, if there is a rook on the level u completing a cycle of sign w.

Then we conjecture the following combinatorial formula for Afl’ w(Bya, Yo, -y Yp—1)-

Conjecture 1. Let H, ;(B) be the set of all placements corresponding o €
Cp 1Sy, such that |0 N B| = k. Then, for a full reqular Ferrers board B C BF,

A;Dl’k(B’ q,Y0, - - - 7yp—1)
p—1 -
= Z H[yj]cycj(P) qSB.b(P)-i-Z?:l Ei(P)-i-Z;:é[(yj—l)("—cyczj(P))].
PEHp n—r(B) \J=0
(48)

An obvious approach to prove Conjecture 1 is to give a combinatorial proof
that the recursion for Afl’k(B, ¢ Y0, - -, Yp—1) in (47) holds. We were not able
to find a natural way to partition the rook placement in A (B) to account for
the two terms on the right hand side of (47). Our next example will show that
while we can verify the recursion holds for B = F(p,2p,3p,4p) C [4] x [4p],
the way that we partition the rook placements in B to account for the two
terms on the right hand side of (47) is quite complicated. Thus we do not see
how the recursion can be derived naturally by extending the rook placements
corresponding to the permutations in S;,_1.
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Example 2. We consider a staircase board B = F(p,2p,3p,4p) C [4] x [4p].
Then B — hy — dqy = F(p,2p, 3p) and the recursion (47) when k =1 is

AZ,I(B7 q,Y0, - - - 7yp71) = [y0+ : '+yp71 +p]qA§,1(B_h4_d4a q,Y0y - ypfl)
+ qvot Tt pl 3 AL o(B — ha — da, ¢, Yo, - - - yp-1)- (49)
For a rook placement P € Hy, n—i(B), let
p—1 ~
wt(P) = H[yj]cycj(P) qu,b(P)+ i1 Ei(P)-S-Z?;S[(yj—l)(n—cyczj(P))].
=0

Then for o = (1)(2)(3) € Ss,

o|eo|X]
o|X|eo
X|o|o
AR (B—hy—d )= t(P) = 4+ 3
3,0 4 4,9,Y05 - - -3 Yp—1 w [yO yp—l]q'
PeCplo

This can be extended to a placement in Hq 3(B) as follows.

X|o|o|e
eolo|X|eo
o|X|o|e@
ool X] oy = (14)(2)(3), Z wt(P) = [yo + -+ + yp_l]gqytw+~~+yp_1[p]q,
Pecpldl
(50)
o|X|o|e
o o|X|eo
° o| X|
Xelele| 5y =(1)(24)(3), Z wt(P) = [yo + -+ yp_l]gqyo+---+yp—1[p]q,
PECpZ(72
(51)
o|lo|X]|e
ele| | X
o|X|o|@
Xiele[e] 55 =(1)(2)(34), Z wt(P) = [yo + -+ + ypil]gqyl)‘i’"'ﬁ’ypfl lo-
PeCplos
(52)
There are four permutations in Ss which contribute to 141:;1(B—h4—cl47 @Yo - - Yp—1)

and they can be extended to a placement in Hy 3z as follows.

o X]|eo
ol |X]
X|o|eo

a=(1)(23), Y wi(P) = [yo+ -+ yp-1]5a" T o]
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b<(o |0 |@

o< eo|e

oo 0 <

<|o|o |0

o< oo

oo <o

[ ]
>

°
o[ <|e|e0

e |e]e

oo |0 [~

e oo

oo <o

a1 = (1)(23)(4), Y wt(P) = [yo + -~ + ypa]ig? ™ TP,

(53)

az = (1)(243), Y wt(P) = [yo + -+ + yp_1)2g2 W00 p]2,

(54)

B=(13)(2), Y wt(P) = [yo+ -+ yplga” ™ [l

Br=(13)(2)4), > wt(P) = [yo + -+ + yp-1]ig" TP,
Cpfs
| (55)

B = (143)(2), Y wt(P) = [yo + - + yp_1] o>Vt T [p]2,
CpiB2
(56)

v =(132), Y wt(P) = [yo + -+ + yp1)2g2 W0t [p]2
Cply
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oo X|
X|o|o|o
olo|X]|eo
Xlele] ~ =(132)(4), Z wt(P) = [yo + - + yZF1]{21(]2(yo+---erpﬂ)er[p]?l7
Cpim
(57)
X|o|o|eo
oo X]
olo|X]|eo
X|oo] ~, = (1432), Z wt(P) = [yo + - +ypil]qq3(y0+"'+yp71)[p]?]y
Cply2
(58)
o[X
Xl o|eo
Xlel 5= (12)(3), Y wt(P) = [yo + - + yp-1]5qtH P[],
Cpld
=
oo X|
o|X|e
X|o|o|e@
Xlele] 6, = (12)(3)4), Y wt(P) = [yo + -~ + ypa]gg"t T 2],
Cp251
(59)
X|o|o|eo
olo|X]|eo
oo 0| X]
Xlelel 5, = (142)(3), Y wt(P) = [yo + - + ypalga® ot plg.

Cp152
(60)

(50)+(55)+(59) has a common factor gvo* +¥p=1[p],[3]» which is the coefficient
of AQO(B —hs —da, q,Y0,- -, Yp—1) in (49) and the rest makes AQO(B — hy —
A1, ¢, Yo, - -+ Yp—1)-

(50) + (55) + (59) = [yo + - + yp—1lqg” T T [l (1 + ¢ + ¢*)
yorr e [yo + -+ ypfl]g[p]q[g]qp
vort =1l [3]gp A o (B — by — da, 4, Y0, - -, Yp—1),

Similarly, ((51) 4+ (60)), ((52) + (56)), ((54) + (58)) and ((53) + (57)) have a
common factor [yo + - -+ + yp—1 + plg which is the coefficient of Ay (B — hy —

=4q
=4q
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d47 q,Y0, - - - 7yp—1) imn (49)

((51) + (60)) + ((52) + (56)) + ((54) + (58)) + ((53) + (57))
= ([?JO +ot yp—l]?zqyOererpfl Ple([yo + -+ Yp—1lg + grote [p]q))
(lyo + -+ ypalog” Tt plg([yo + - - + Yp—1lqg + ¢ T 1 [pl,))

_|_
(o + -+ ypalg @O P2([yo + -+ iy + T pl,))
_|_

(lyo + -+ + Yp—1)2q” T T Pl ([yo + -+ + Yp—1lg + ¢ T [p]y))
=(lyo+---+ ypfl]q + qy0+"'+yp71 [p]q)
X {lyo + -+ yp-1lg@” T Dl(lyo + - -+ yp-ilg + g7 p])
_|_[y0 4+ ypil]?lqyl)‘i’"“i'llpfl [p](l + qp)}
=[yo+ - +yp-1+plg
X gt plyfyo + -+ yp—1lg ([Yo + -+ Yp—1 +plg + [2glyo + -+ yp-1]g)
=[yo+- +yp-1+plgAs 1 (B —ha —da; ¢, 90, -, Yp-1)-
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