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On the Monotone Column Permanent
conjecture

James Haglund! and Mirké Visontai'

Y Department of Mathematics, University of Pennsylvania, 209 South 33rd Street, Philadelphia, PA 19104

Abstract. We discuss some recent progress on the Monotone Column Permanent (MCP) conjecture. We use a general
method for proving that a univariate polynomial has real roots only, namely by showing that a corresponding multi-
variate polynomial is stable. Recent connections between stability of polynomials and the strong Rayleigh property
revealed by Briindén allows for a computationally feasible check of stability for multi-affine polynomials. Using this
method we obtain a simpler proof for the n = 3 case of the MCP conjecture, and a new proof for the n = 4 case. We
also show a multivariate version of the stability of Eulerian polynomials for n < 5 which arises as a special case of
the multivariate MCP conjecture.

Résumé. Nous présentons des développements récents concernant la conjecture Monotone Column Permanent (MCP).
Nous utilisons une méthode générale pour prouver qu’un polyndme univarié a uniquement des racines réelles, c’est-
a-dire que nous prouvons qu’un polyndme correspondant a plusieurs variables est stable. Les nouveaux liens, établis
par Brindén, entre la stabilité des polynomes et la propriété forte de Rayleigh, permettent de vérifier facilement la
stabilité de polyndmes multi-affines. En utilisant cette méthode nous obtenons une preuve plus simple pour la con-
jecture MCP pour le cas n = 3, et la premiere preuve pour le cas n = 4. Nous présentons également une version
multivarée de stabilité des polyndmes d’Euler pour le cas n < 5, qui apparait comme un cas spécial de la conjecture
MCP multivarée.
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1 Introduction

We discuss some recent progress on the Monotone Column Permanent (MCP) conjecture of Haglund,
Ono and Wagner (HOW99; |Hag00).

The Monotone Column Permanent (MCP) conjecture Let A be an n x n matrix with real entries
weakly increasing down columns, i.e., a;; < aj41, fori = 1,...,n — 1,57 = 1,...,n. Then, the
polynomial p(z) = per(B), the permanent of matrix B with b; ; = a; ; + z has only real zeros.

The conjecture was proven for some special cases in (HOW99), but the general case was left open for
n > 3 and the proof for the n = 3 case was rather lengthy (May)). In this paper we give a new proof
for the n = 3 case and prove the n = 4 case. We also prove a special case for n = 5 and conjecture a
multivariate version of the stability of Eulerian polynomials.

1.1 Real rootedness and stability

To prove real rootedness of a polynomial f, i.e., that all roots of f are all real, we will use a method

of showing that a multivariate generalization of f is stable. Similar ideas have been applied before in

different contexts, e.g., the multivariate Heilmann—Lieb and Lee—Young theorems (HL72; [Sok05), and

recently remarkable results were proved concerning reality of roots, using stable polynomials in (BBOS).
We start our discussion with some necessary definitions first.

Stability We call a polynomial f € Rzy, ..., z,] stable if
(Vi:S(z) > 0) = f(z1,...,2n) #0.

For a univariate polynomial f(z) € R[z] stability is equivalent to the fact that f(z) has only real roots.
Observe that if f(z1,...,2,) is a stable multivariate polynomial then g(z) = f(z, ..., 2) is also stable.
By this observation it is clear that the following conjecture would imply the MCP conjecture:

Multivariate MCP conjecture Let A be an n x n matrix with real entries weakly increasing down
columns, i.e., a;; < a;41,5 fori = 1,...,n —1, 5 = 1,...,n. Then, the multivariate multi-affine
polynomial f(z1,...,2,) = per(B) with b; ; = a; ; + z; is stable.

In fact, the authors conjecture a stronger version of the above conjecture.

Multivariate k-permanent MCP conjecture Let A be an n x m matrix with real entries weakly increas-

ing down columns, i.e., a; ; < a;4q1;fore =1,...,n—1,j5 =1,...,m. Let B be the n x m matrix
with entries b; ; = a;; + z;. Let I, J be index sets of size k& < min(n, m) and denote by [B]; s the
k x k submatrix of B containing the rows I = {i1,...,4;} and columns J = {j1,...,jx}. Then, the
multivariate multi-affine polynomial f(21,...,2m) = >_; ; per([B]s,s) is stable. The sum goes over all

possible I and J, k-subsets of {1,...,n}and {1,...,m}, respectively.

1.2 Bréndén’s criterion
In our discussion we will deal with a restricted class of multivariate polynomials:

Multi-affine polynomial A multivariate polynomial is multi-affine if it has degree at most one in each
variable.

Recently, in (Bra07) the following useful characterization of multi-affine stable polynomials was shown.
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Theorem 1.1 (Brindén) A multivariate multi-affine polynomial with real coefficients f € Rlz1, ..., z,]
is stable, if and only if forall ¢ e R" and1 <i < j<n
of of *f
A f = 2L — . > 1

This equivalent condition is often referred to as the strong Rayleigh property.
The k-permanent conjecture is trivial for £ = 1. Consider the n = k = 2 case. Let A = < Z ccl >

denote a monotone column matrix. Then for

+ +
Pz =per (210 2T0) (it )t @)+ (a4 D)2+

using Brdndén’s criterion we need to show that
Aiof =221 4+a+b)(2z2+c+d)—2((z1+a)(z2+d) + (1 +b)(22+¢)) =

=(a+c)(b+d)—2(ad+bc) = (a—b)(c—d) >0,

which is a consequence of the monotone column property of A.

Note that it is possible to apply this method straightforwardly to the n = k = 3 case and perhaps
larger matrices, however the computations become soon intractable. In the following section we present
observations that allow us to restrict ourselves to 0 — 1 matrices.

2 Reducing the conjecture to 0-1 matrices

Lemma 2.1 [fthere is a counterexample to the k-permanent MCP conjecture, then there is a counterex-
ample A such that there are only two different entries in each column of A.

Proof: If there are no counterexamples to the conjecture the lemma is true. Otherwise, let k£ denote the
smallest number for which the k-permanent MCP conjecture is false. Clearly, £ > 1. Let A be a minimal
size counterexample for this & with n rows and m columns, and assume that A has a column with at least
three different values in it. W.l.o.g., we can assume that this is the first column, i.e., o« = ap_1,1 < ag,1 =
B =a¢1 < agp1,1 =y forsomel < k <1 < n. We will show that by changing all occurrences of 3 to o
or vy we obtain a matrix which is also a counterexample. Clearly, the first column of the matrix will have
one less different values (and all other columns remain unchanged). Hence, by repeating this procedure
in each column we will arrive at a counterexample matrix that has only two different entries per column.

Using the notation of the conjecture, denote the matrix with entries b; ; = a; ; + 2; by B and the
multivariate multi-affine polynomial obtained by summing over all k-permanental minors of B by f.
Since A is a counterexample there are complex numbers &;,4 = 1...,m with positive imaginary part
such that f(&1,...,&,) = 0. On the other hand, by expanding the permanent along the first column we
get that

f(Z17€27"' afm) = le(€27"',€m) +Bq(€2a7§m) +r(£27"'7£m)

where the polynomials p(za, ..., 2m), q(22,...,2m) and r(z2, ..., 2, ) do not depend on z; nor on .
Note that p is the polynomial obtained by summing over all k£ — 1-permanental polynomial of a monotone
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matrix (obtained from A by deleting the first column). And since ¥(§;) > 0 for i = 2...m, by the
minimality of A and k we get that p(&a, ..., &) # 0.

We need to show that if we change all occurrences of 3 to « (or all occurrences of 3 to «y) in the column
then the modified matrix is also a counterexample, i.e., 21p + g+ r = 0 (or z1p + vq + r = 0) for some
z1 with positive imaginary part. Let w; = 7%-5-7" and we = 7%;5-{ Since 2 is a linear function of 3 in
z1p+ g+ r =0,and (&) > 0 where §; = —%, it must be the case that I(w;) > 0 or (wz) > 0.
O

Lemma 2.2 [f there is a counterexample to the k-permanent MCP conjecture, then there is a counterex-
ample A with entries 0 and 1 only.

Proof: By the previous lemma we can assume that each column j in A has at most two different entries.
Consider the case when there are two different values in each column, namely c¢; < d;. Since multiply-
ing a complex number z by a positive real number and adding a real number to z does not change the

sign of its imaginary part, (z), it is easy to see that f(z1,...,2m,) = per(a;; + z;) is stable if and
only if g(21,...,2m) = f((d1 —c1)z1 —¢1,- .-, (dn — Cn)2Zm — Cm) 1s stable. To conclude, note that
g(z1,...,2m) = per(a;; + z;) where a;; € {0,1} for all 4, j. For the case when ¢; = d; for some i the
proof is similar. O

3 Results for the MCP conjecture

Note that in Lemma [2.T| the same proof goes through if we only consider matrices A of size n x m with
m < n, and restrict ourselves to the k = m case. Then the p # 0 assumption for the coefficient of z; still
holds, because p is in fact the sum of the (m — 1)-permanents of a matrix of size n x (m — 1).

3.1 A new proof for the 3 x 3 case

By Lemmas[2.T|and[2.2] in the 3 x 3 case we only need to verify the monotone column 0-1 matrices. Due
to symmetry considerations we can restrict ourselves to (g) = 20 matrices, the number of Ferrers boards
fitting in a 3 x 3 square. Furthermore, 16 out of these matrices have an all O or all 1 column, which means
that we can factor z; or z; + 1, respectively, from the permanent and reduce the question to a 3 X 2 matrix.
Let us check the conjecture for these matrices first.

In the 3 x 2 case if we have an all O (or all 1) column the problem is trivial since we can factor the
polynomial, hence it is stable. There are 3 matrices which do not have an all 0 or all 1 column:

0 0 0 0 0 0
0o 0 |, 0 1 |, and 1 1
11 11 11

Denote by f(c,....c,.) the polynomial obtained by taking the permanent of matrix B with b;; = a;; + zj,
where the corresponding matrix A is an n x m Ferrers matrix with ¢; ones in column j for all j.
The permanents
Jay = 21220+ 1) + 21(222 + 1) + (21 + 1)220 = 62120 + 221 + 229,
faz2 = 21222 +2) +21(222 + 1) + (21 +1)(222 + 1) = 62120 + 421 + 225 + 1,
f(g,g) = 21(22’2 + 2) + (21 + 1)(222 + ].) + (Zl + 1)(222 + ].) = 62122 + 421 + 42'2 +2
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all satisfy (I), i.e., they all have the strong Rayleigh property:

ALQf(Ll) = (622 + 2)(62’1 + 2) — 6(62’122 +2z1 + 222) 4 >0,
Al’gf(l,g) = (62’2 + 4)(621 + 2) - 6(62122 + 421 4 229 + ) =22>0
A172f(2,2) = (622 + 4)(621 + 4) - 6(62122 + 4z + 429 + 2) 4>0
Now we only need to check the following 3 x 3 matrices:
0 0 O 0 0 O 0 0 O 0 0 O
0o 0 0 |, 0011, o1 1|, 1 11
1 11 1 1 1 1 1 1 1 11
Following the notation from above, the permanents
faa,1) = 6212023 + 22120 + 22123 + 22023,
faa2) = 6212023 + 42122 + 22123 + 22023 + 21 + 22,
fa,22) = 6212023 + 42122 + 42123 + 22023 + 221 + 22 + 23,
f(27272) = 6212223 + 4212’2 + 42123 + 42223 + 221 + 222 + 22’3

all have the strong Rayleigh property

Arafai1y = 4232, >0,
Aipfaiz = (2z3+1)2>0,
Arsfane = 225 >0,
Aipfaze = 2(zs+ 1)2>0
Assfazz = (2z21+1)2>0,
Aipfon2 = 4(z+1)2>0

Note we did not check A; ; f > 0 for all possible 7, j pairs, the remaining cases follow by symmetry.
As a consequence we obtain that the MCP conjecture holds for 3 x 3 matrices.
3.2 A proof for the 4 x 4 case

The above computation reveals one weakness of this method, namely that we have to check the strong
Rayleigh property for all pairs, i.e., we need to verify A; ; f > 0 forall ¢ < j. In (WWQ9) a new criterion
was introduced to reduce the computation required.

Theorem 3.1 (Wagner and Wei) Ler f(z1,...,2,) be a multi-affine polynomial with positive coeffi-
cients. Then f has the strong Rayleigh property if and only if

of

92, and fi.,—0 = f(21,-++,20-1,0, 2041, -+, 2n)
zL

have the strong Rayleigh property for all ¢, and (1)) holds for some pair i < j.
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This theorem is helpful because it is sufficient to check now A; ; f > 0 for only one index pair. We
were checking the stability of 0 f /0z, already. Since, if A is an n X n matrix then 9 f /0z, is the permanent
corresponding to the n x (n — 1) matrix obtained by removing column ¢ from A (we were checking this,
in case column ¢ had only zeros or only ones). Checking the stability of f|.,— is an extra overhead but
overall saves more time than if we had to check A; ; f > 0 for all index pairs.

Let us verify the conjecture for 4 X 4 matrices. Again, to verify the conjecture for matrices with an all
0 or all 1 columns we reduce the problem to 4 x 3 and 4 X 2 matrices consequently. The permanents of
4 x 1 matrices are trivially stable. Here are the 6 matrices of size 4 x 2 with no all 0 or all 1 columns:

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 1 1 1
0o 0 |’ 0o 1 |’ 0o 1\’ 1 1)’ 1 1) 1 1
1 1 1 1 1 1 1 1 1 1 1 1
We need to verify the strong Rayleigh property for the corresponding polynomials:
Ja,y = 122122+ 321 + 322
Jao) = 122120 +621 +322 + 1
fas) = 122120+ 921 + 322 + 2
fo2) = 122120 + 621 + 622 42
fee3) = 122120 +921 + 622 +4
f33) = 122120 +921 + 922 + 6
They are all stable since,
Arafany = (1221 + 3)(1222 + 3) — 12(122120 + 321 + 322)
Arpfa = (1221 +3)(1220 +6) — 12(122120 + 621 + 322 +1) = 6>
Arafas = (1221 +3)(1222 +9) — 12(122122 + 921 + 322 +2) = 320
A1afo2) = (1221 +6)(1222 + 6) — 12(122120 + 621 + 622 +2) = 12>0
A1 fi2,3) = (1221 +6) (1222 +9) — 12(122120 + 921 + 620 +4) = 6>0
Ar2fia) = (1221 +9)(1222 +9) — 12(122122 + 921 + 922 +6) = 9=

Now, we need to verify the stability of the 4 x 3 matrices (with no all O or all 1 columns):

0 0 0 0 0 0 0 0 0 0 00 0 0 0
0 0 0 0 0 0 0 01 0 00 0 01
0 0 0 |° 0 o0 1] 0 0 1 |° 01 1 |° o1 1}’
1 11 111 1 11 111 1 11
0 0 O 0 0 O 0 0 O 0 0 O 0 0 O
0 11 0 0 0 0 01 0 1 1 1 11
o1 1}’ 11 1 |’ 11 1) 11 1 1 11
1 11 1 11 1 11 1 11 1 11
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The polynomials and their Rayleigh differences are:

faay = 24212023 + 62122 + 62123 + 62023

fa2) = 24212023 + 122122 + 62123 + 62223 + 221 + 229

fa,3) = 24212023 + 182129 + 62123 + 62223 + 421 + 420

f(17272) = 24212923 + 122123 + 122129 + 62023 + 421 + 229 + 223
fa23) = 24212023 + 182122 + 122123 + 62223 + 821 + 422 + 223 + 1
fa,33) = 24212023 + 182122 + 182123 + 62223 + 1221 + 42p + 423 + 2

f(27272) = 242’1222’3 + 122’12’2 + 122123 + 122223 + 421 + 422 + 4Z3

fe23) = 24212223 + 182120 + 122123 + 122923 + 821 + 822 + 423 + 2
f233) = 24212223 + 182122 + 182123 + 122025 + 1221 + 822 + 823 + 4
f(37373) = 24212923 + 182129 + 182123 + 182923 + 1227 + 1229 + 1223 + 6

Aiafainy = 3622

Arafaae = 43z +1)°

Arzfaiz) = 2423

Aiafas = 4(323+2)°

Avsfangs = 1223

A1ofa22) = 8(325+3z3+1)

Assfao2 = 4(122% 4621 + 1)

Aipfaes = 2(1225+182347)

Aisfaos = 4(325+3z+1)

Aosfaos = 2(1227 462 +1)

Arafass = 12(z3+1)°

Aosfass = 4(3z+1)°

Aiafi222 = 16(325 4+ 323 + 1)

Aipfa2s = 4(1225 +1823+7)

Ai3f23 = 8(325 + 32 + 1)

Aiafias3 = 24(z3+1)°

Aosfess = 4321 +2)°

Aiofiaaz = 36(z3+1)°

Finally, we have to show the stability of 4 x 4 matrices. Instead of computing the Rayleigh differences
potentially (3) = 6 times for each matrix, we employ Theorem and compute only one Rayleigh
difference per matrix. We already have that the partial derivatives are stable, since these are exactly the
polynomials which are the permanents of 4 x 3 matrices. Now we need to show the stability of f|.,—o.
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These polynomials have one of the three following forms. They can be a permanent of a 3 x 3 matrix
obtained by removing the last row of the 4 x 3 matrix, or the sum of two permanents (one obtained by
removing the third row and another obtained by removing the last row of the original matrix), or three
permanents of 3 x 3 matrices (obtained by the respective submatrices of the given 4 x 3 matrix by removing
the second, third and last row).

The 3 x 3 case we have already solved in Section [3.1} the sum of two permanents can be reduced to a
single 3 x 3 permanent case, by expanding the permanent along the last row:

Z1+ar 2z2+az z3+as
21+b1 22+by 23403
z1+c z2+c2 z3tcs
z1+dy zo+dy z3+d3

Z1+ar z2+az z3+as
= per z1+b1 z2+by z3+ b3 +
z1+c1 zZo+4+c2 z3+c3

per

-0 O

z1+a1 za+ax z3+az
per z1+b1 zo+by z3+ b3
z14+d1 zp+dy z3+ds

z1+ay Zz2 + az z3 +as
= 2per 21+ by 2o + ba z3 + b3

Note that in this case the other rows are identical, and since the entries in the last rows are the largest ones
their average also preserves the monotone column property.

For the sum of three permanents we can also argue similarly. Note that if there are two columns with
the same number of ones, then two of the summands are identical and we can sum the permanents by
expanding along the row in which they differ. Here factoring out 3 and placing the average in the row will
preserve the monotone column property. The only case when all columns have different number of ones
is when

-0 o o
—_ =0 o
—_ == O

The corresponding polynomial f = 18212023 + 122120 + 82123 + 42223 + 421 + 229 + 23 is stable,
because the

Aiof = 2(725 +1023 +4)
Ajsf = 4(325 +32+1)
Agsf = 2(1223 462 + 1)

differences are always positive.
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We check the strong Rayleigh property for all the 15 matrices of size 4 x 4 with no all 0 or all 1 columns:

Arafai1y = 362323

Arafaii2) = 24232,@%

Arafai13 = 82324+ 482%22 + 42% + 422 + 242%24 + 242322
Arafaa22 = 8z324+ 482322 + 425 + 1625 4 242324 + 482325
Arafai23 = 162324+ 4823%23 + 16232, + 162’2 + 482'%24 + 482323
Aiafaiss = 122323

Araf222 = 42324+ 242%23 + 225 +222 + 1223%24 + 122327
Aiafap223 = 42324+ 242323 + 225 + 827 + 122324 + 242327
Aipfa233 = 8zazs+24z32; + 825 + 82 + 24232 + 242373
Aiafasss = 4(3z3za+ 24+ z3)2

Aipfo229 = (62324 + 42+ 223+ 1)°

Arofooos = 4(3z324 + 224 + 223 +1)°

A1pfe2ss = 4Bza+1)%(z3+1)°

Aiaf333 = 4(3z4+ 2)%(23 + 1)?

Aiafisss = 36(za+1)%(zs +1)7

The 6 differences which are not complete squares are also non-negative, since they have the following
non-positive discriminants (when they are considered as a polynomial in z3):

—192z], —192(2z4 + 1)%22, —768(z4 + 1)222, —482F, —48(2z4 + 1)%22, —192(z4 + 1)222,
and positive leading coefficients:
4(12234+624+1), 4(12234+624+1), 16(322+324+1), 2(12234+624+1), 2(1223+624+1), 8(323+324+1).

3.3 Proof for a5 x 5 matrix and the Eulerian polynomials

There is an interesting connection between the Eulerian polynomial and the multivariate MCP conjecture.
Let A be the n x n matrix with all zeros above and on the diagonal and all ones below. Denote the
permanent of B where b;; = a;; + 2z; by f(21,...,2,). The univariate polynomial obtained by setting
z; = z for all 7 is the Eulerian polynomial modified by a rational change of variables:

z
142

flz,...,2)=(z+1)"A, < ) = A(n, k)2 (1 4+ 2)"F, 2)
k=1

where A, (z) is the generating polynomial of the Eulerian numbers, A(n, k), e.g., the number of per-
mutations of n letters with &k weak excedances. (A number ¢ is a weak excedance in permutation m =
Ty - - - Ty if m; > 4.) To show @) we can identify permutations of n letters with placements of n rooks
on an n X n board, with a rook on (¢, j) interpreted as 7; = j in the permutation 7 = my7g - - - 7,,. The
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2%(1 4 2)"~* terms in the expansion of the permanent f(z, . .., z) correspond to rook placements with
rooks on or above the diagonal (each rook contributes a a factor of z to the term). Hence the coefficient
of 2F(1 + 2)"~* is exactly A(n, k).

Therefore, this multivariate generalization of the Eulerian polynomials is a natural candidate to be
proven stable, which would imply the well-known fact that Eulerian polynomials have only real zeros.

We already proved that for n < 4 these polynomials are stable. Now we show that for n = 5 this
special case of the multivariate MCP conjecture also holds.
Let

N

I
SO O OO
_0 o oo
_ -0 OO
= OO
_ = = O

Let f = f(0,1,2,3,4)- We check the strong Rayleigh property for all 1 <14 < j < 5. Since we can factor
out z; from f notethat Ay of = Ay 3f =Aj4f =A15f=0.

Nosf = 227(2162522 + 3362725 + 2402422 + 3542425 + 13227 + 13224 + 7222 + 10225 + 37)
Aouf = 427(T52325 + 1202525 + 482328 + 722522 + 1222 4+ 1825 + 7 + 5123 + 3023)

Aosf = 427(272324 + 482524 + 242325 + 362525 + 623 + 624 + 2+ 1827 + 923)

Azaf = 2231502025 + 962225 + 2882322 + 4802525 + 1222 + 1825 + 7 + 6025 + 20423)
Assf = 427272024 + 722525 + 242520 + 327 + 324 + 1 + 962524 + 922 + 3623)

Agsf = 227(2162325 + 662923 + 962529 + 1 + 1922323 + 1229 + 1225 + 623 + 4823)

We verified by a computer that these are always non-negative by the following procedure. For example,
consider g(29,23) = Ay 5f/227. The coefficient of 22 in g(22,23) is 12(1822 + 822 + 1) > 0 and the
discriminant of g(z2, z3) viewed as a polynomial in z3 is —48(384z5 + 28823 + 9322 + 142y + 1) < 0,
since this quartic polynomial has negative leading coefficient and has no real roots.
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