Math 210 Jerry L. Kazdan

Vectors — and an Application to Least Squares

This brief review of vectors assumes you have seen the basic properties of vectors
previously.

We can write a point irR" as X = (x,...,X,). This point is often called &ector. Fre-
guently it is useful to think of it as an arrow pointing from the origin to the point. Thus,
in the planeR?, X = (1,—2) can be thought of as an arrow from the origin to the point
(1a _2) .

Algebraic Properties
Alg-1. ADDITION: If Y = (y1,...,¥n), thenX+Y = (X3 +VY1,.--,Xn+Yn)-
Example In R%, (1,2,-2,0)+(—1,2,3,4) = (0,4,1,4).
Alg-2. MULTIPLICATION BY A CONSTANT: CX = (CX,...,CX).
Example In R4, if X = (1,2, -2,0), then—3X = (-3, -6,6,0).
Alg-3. DISTRIBUTIVE PROPERTY C(X +Y) = cX+cY. This is obvious if one writes it
out using components. For instance HA:

c(X+Y) =c(x1+Y1,%X2+Y2) = (CXg + CY1,Cx2 + CY2) = (CX1,CX2) + (Cy1,CYy2) = CX +CY.

Length and Inner Product

IP-1. ||X]|| := /X2 +---+xZ is thedistancefrom X to the origin. We will also refer to

| X|| as thelengthor normof X. Similarly || X —Y|| is thedistance betweeX andY .
Note that||X|| = 0 if and only if X = 0, and also that for any constaotwe have||cX|| =
[l[IX][. Thus, [|=2X]| = [|2X][ = 2||X].

IP-2. Theinner productof X andY is, by definition,
(X, Y) = Xay1 +X2Y2 + - - - + XnYn. 1)

(this is also called thdot productand writtenX - Y'). The inner product of two vectors is a
numbernotanother vector. In particular, we have the vital identj/||? = (X, X).
Example In R*, if X =(1,2,-2,0) andY = (—1,2,3,4), then (X,Y) = (1)(-1) +
(2)(2) +(=2)(3) +(0)(4) = 3.

IP-3. ALGEBRAIC PROPERTIES OF THE INNER PRODUCTThese are obvious from the
above definition of X, Y).

(X+Y,W) = (X, W) + (Y, W),

(eX,Y) =c(X,Y),

Y, X) = (X,Y).



REMARK: If one works with vectors having complex numbers as elements, then the definition of
the inner product must be modified to

(X, Y) :=X1¥1 +Xo¥o + -+ + Xn¥n, (2)

wherey, means the complex conjugateaf (note: many people put the complex conjugate on the
Xj instead of they;j). The purpose is to insure that the fundamental propxly? = (X, X) still
holds. Note, however, that the propefly, X) = (X,Y) is nowreplacedby (Y, X) = (X, Y).

IP-4. GEOMETRIC INTERPRETATION

Y
(X, Y) = [IX]l[JY]| cosb, X
where@ is the angle betweeX andY. Sincecog—8) = 6
cost, the sense in which we measure the angle does not
matter.

To see this, we can restrict our attention to the two dimensional plane contairamgl Y .
Thus, we need consider only vectorsRA. Assume we are not in the trivial case whéte
orY are zero. Letr andf3 be the angles that = (x1,x2) andY = (y1,y2) make with the
horizontal axis, s® =3 —a. Then

x1 = ||X]| cosa and  x=||Y|sina.
Similarly, y1 = ||Y||cosB andy» = ||Y|| sinf3. Therefore

(X,Y) =x1y1+X2y2 = ||X]|||Y]| (cosa cosp + sina sinp)
=[[X||[[Y]lcogB —a) = [ X]|[[Y]| cosB.

This is what we wanted.

IP-5. GEOMETRIC CONSEQUENCE X andY are perpendicular if and only ifX,Y) =0,
since this means the anglebetween them i90 degrees s@osd = 0. We often use the
word orthogonalas a synonym foperpendicular

Example The vectorsX = (1,2,4) and (0,—2,1) are orthogonal, sincéX,Y) =0—4-+
4=0.

Example The straight line—x+ 3y = 0 through the origin N

can be written agN, X) =0, whereN = (—1,3) andX =

(x,y) is a point on the line. Thus we can interpret this line <N,X> =0
as being the points perpendicular to the vedtorThe line
—X+3y =7 is parallel to the line-x+4 3y =0, except that it
does not pass through the origin. This same velitas perpendicular to it. 1y is a point
on the line(N, X) = ¢, so(N, Xo) = ¢, then we can rewrite its equation €s, X — Xg) =0,
showing analytically thalN is perpendicular toX — Xg.
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Many formulas involving||X|| are simplest if one rewrites them immediately in terms of
the inner product. The following example uses this approach.

Example [PYTHAGOREAN THEOREM If X andY are orthogonal vectors, then the
Pythagorean law holds:
2 2 2
XY= = [X]=+ Y]~

SinceX andY are orthogonal, thefX, Y) = (Y, X) =0, so, as asserted

IX4+Y[[2=(X+Y,X+Y)
= (X, X) + (X, Y) + (Y, X) +(Y,Y)
=[IX[2+ Y2

REMARK: Given a vectorX, if (X,V) =0 for all vectorsV, then X = 0. To prove
this, since we can pick any vector fof, this is true in particular iiv. = X. But then
1X]|? = (X, X) = 0 so the only possibility isX = 0. Geometrically, this says that the only
vector that is perpendicular to every vector is the zero vector.

IP-6. MATRICES AND THE INNER PRODUCT If Ais ak x n matrix (k rows, n columns),
we first compute(X, AY) for some vectorX € R" andY € RK . Lete; = (1,0,0,...,0),
e =(0,1,0,...,0), ...be the usual standard basis vectorsA ¥ (&j) , it is easy to see
that Ae is the first column ofA, Ae, the second column and so on. Thigs, Ae)) = ap;.
Similarly,
(a1, Agy) = &j. 3)

There is an important related matrix called @djoint and written A*. It is defined by
requiring that

(X, AY) = (A*X,Y). 4)

for all vectorsX andY. This formula looks abstract but is easy to use. Say the elements
of A* areay,. We would like to compute they,’s in terms of the known elements; of
A. From (3) applied tA*, we know that(A*e, e3) = (e3, A*ep) = a32. But the definition
(4) and (3) tell us thatA*ey, e3) = (&0, Ag3) = ap3. Putting these together we find that
032 = az3. In the same wayp, = ay. In other words, the first row ofA* is simply the
first column of A. Thus we interchange the rows and columnsAotfo get A*. For that
reasonA* is often called théransposeof A and writtenAT .
A matrix A is calledself adjointor symmetriaf A= A*. It is calledskew-adjoinr anti-
symmetridf A= —A*. An obvious property is thad™ = (A*)* = A.
As an example, let’s obtain the properB)* = B*A*. We begin using the definition (4)
applied toAB:

((AB)*X,Y) = (X, (AB)Y). (5)

But (AB)Y = A(BY) so
(X, (AB)Y) = (X, A(BY)) = (A"X, BY) = (B*(A"X),Y) = ((B*'A") X, Y). (6)
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Comparing (5) and (6) we find th@AB)* = B*A*.
One consequence is thAfA is a symmetric matrix, becauséd\*A)* = A*A™ = A*A.

In particular A*A is a square matrix. SimilarhAA" is a symmetric matrix. For many
applications it is useful to notice that*AX, X) = (AX, AX) = ||AX||? > 0 for all X.

Derivatives of Vectors
D-1. If X(t) = (x1(t),...,Xn(t)) describes a curve iR", then itsderivativeis
dX(t)
One can think of this as theelocity vector It is tangent to the curve.

Example If X(t) = (2cog,2sint), then this curve is a circle of radils traversed counter-
clockwise. Its velocity isX’(t) = (—2sint,2cog) and itsspeed||X’(t)|| = 2. For instance,
X'(0) = (0,2) is the tangent vector & (0) = (2,0). The curveY(t) = (2c0s3,2sin3)
also describes the motion of a particle around a circle of ra@jumit in this case the speed
is [Y'(t)[| =6

D-2. DERIVATIVE OF THE INNER PRODUCT If X(t) andY(t) are two curves, then

d L dX(t) dv(t)
g X, Y(©) = (=57 Y(O) +(X(t), —57)- (7)

or, more briefly,(X,Y)" = (X", Y) + (X, Y').
To prove this one simply uses the rule for the derivative of a product of functions. Thus

X0, Y1) = Soay oyt )

= (XqY1+XaY1) + (Xoy2 + XoYho) + - - -

= (Xy1+XoY2+ -+ )+ (Xayy +Xeyo + )
=X Y)Y+ (X,Y').

Example
d

%||x<t>||2:a<x<t>,x<t>> = 2(X(t), X'(t))- ®)
As a special case, if a particle moves at a constant distarficen the origin, ||X(t)|| = c,
then 0 = dc?/dt = d||X(t)||?/dt = 2(X(t), X'(t)). In particular, if a particle moves on a
circle or a sphere, then the position vecft) is always perpendicular to the velocity
X'(t). This also shows that the tangent to a circké(t), is perpendicular to the radius
vector, X(t).



Orthogonal Projections

Proj-1. ORTHOGONAL PROJECTION ONTO A LINE Let X andY be given vectors. We
would like to writeY in the formY = cX+V, whereV is perpendicular toX. Then the
vectorcX is theorthogonal projection of Y in the line determined by the vectx.

How can we find the constactand the vectok ? We use the only fact we know: thdtis
supposed to be perpendicularXo Thus we take the inner Y
product ofY = cX+V with X and conclude thatX,Y) = :
c(X, X), that is

X,Y)

X1z

Now that we knowc, we can simply defin& by the obvious formuld/ =Y —cX.

At first this may seem circular. To convince your self that this worksXlet (1,1), and
Y = (2,3). Then compute andV and draw a sketch showing, Y, cX, andV .

SincecX LV, we can use the Pythagorean Theorem to conclude that

2 2 2 2 2 2
Y] = eZIX= + (V17 = e[

From this, using the explicit value @ffound above we conclude that

2
vz (52 ) e

and obtain th&chwarz inequality
O < (XYL 9)
Notice that this was done without trigonometry. It used only the properties of the inner

product.

Proj-2. ORTHOGONAL PROJECTION INTO A SUBSPACEIf a linear space has an inner
product andS is a subspace of it, we can discuss the orthogonal projection of a vector into
that subspace. Given a vectdr if we can write

Y=U+V,

whereU isin SandV is perpendicular té&, then we call the projection ofY into Sand
V the projection ofY perpendicular t&5. The notationd = PsY, V = PSiY is frequently
used for this projectioitV .



Y
2

By the Pythagorean theorem
IYIZ=UP+IVIZ (U =P,V =PgY).

It is easy to show thahe projectionPsY is closer toY than any other point irS. In other

words,
IIY = PsY || < [|Y = X]| forall X in S.

To see this, given anX € Swrite Y — X = (Y — PsY) + (PsY — X) and observe that —
PsY is perpendicular tds while PsY and X, and hencePsY — X are inS. Thus by the
Pythagorean Theorem

IY = X2 = IY = PsY [+ [[PsY — X||? > [[Y — PsY 1%

This is what we asserted.

Problems on Vectors

1. a) For which values of the constaatandb are the vectort) = (1+a,—2b,4) and
V =(2,1,—1) perpendicular?

b) For which values of the constaat andb is the above vectdd , perpendicular to
bothV and the vectoW = (1,1,0)?

2. LetX = (3,4,0) andY = (1,—,1).

a) Write the vectolY in the formY = cX+V, whereV is orthogonal toX. Thus,
you need to find the constantand the vectoV .

b) Compute||X||, ||Y]|, and|V|| and verify the Pythagorean relation

IV[I = [leX||?+ V]2
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. [CONVERSE OF THE PYTHAGOREAN THEOREWIf X andY are real vectors with the
property that the Pythagorean law hold||2 +||Y||? = | X + Y|, thenX andY are
orthogonal.

. If a vector X is written asX = aU + bV, whereU andV are non-zero orthogonal
vectors, show thaa = (X, U)/||U]||? andb = (X, V)/|[V]?.

. The origin and the vectorX, Y, and X +Y define a parallelogram whose diagonals
have lengthX +Y and X —Y . Prove theparallelogram law

IXHY[2+[1X = YIJ2 = 201X + 21| Y|

This states that in a parallelogram, the sum of the squares of the lengths of the diagonals
equals the sum of the squares of the four sides.

. a) Find the distance from the straight lig&e— 4y = 10 to the origin.

b) Find the distance from the straight lia&+ by = c to the origin.

c) Find the distance between the parallel limes- by = c andax+by=y.
d) Find the distance from the plame+ by+ cz= d to the origin.

. The equation of a straight line iR3 can be written a(t) = Xg+tV, —c0 <t < oo,
where Xy is a point on the line an¥ is a vector along the line (in a physical setting,
V might be thevelocityvector).

a) Find the distance from this line to the origin.

b) If Y(s)=Yo+SW, —o0 < s< o0, is another straight line, find the distance between
these straight lines.

. @) Show thatX,Y) = Z (X +Y||2—||X = Y|[2). This formula is the simplest way
to recover properties of the inner product from the norm.

b) As an application, show that if a square mafas the property that it preserves
length, so||RX|| = || X]|| for every vectorX, then it preserves the inner product,
that is, (RX, RY) = (X, Y) for all vectorsX andY..

. If one uses the complex inner product (2), show that the elem€éndse the transpose

conjugate A" = (), of the elements oA = (ay).



10. a) If a certain matribXC satisfies(X, CY) = O for all vectorsX andY, show that

C=0.
b) If the matricesA andB satisfy (X, AY) = (X, BY) for all vectorsX andY, show
that A= B.

11. a) Give an example of &x 3 anti-symmetric matrix.
b) If Ais any anti-symmetric matrix, show th&X, AX) = 0 for all vectorsX.

: : : : . dX : :
12. SayX(t) is a solution of the differential equatlo%T = AX, where A is an anti-
symmetrianatrix. Show that|X(t)|| = constant.

Application to the Method of Least Squares

THE PROBLEM. Say you have done an experiment and obtained the data geift4),
(0,-1), (1,-1), and(2,3). Based on some other evidence you believe this data should fit
a curve of the formy = a+ bx?. If you substitute your datéx;,yj) into this equation you

find

a+b(-1)%2= 1
a+b(0)?2 =-1 (10)
a+b(1)? =-1
a+b(2? = 3

Since these are four linear equations for the two unknoavaedb, it is unlikely they can
be solved exactly. We rewrite these equations in the matrix #évim- W, where

11 1
10 a -1

A= 1 1| V_(b), and W= 1
1 4

We refer toA as thedata matrixandW as theobservation vector

Instead of the probably hopeless task of solvilWg= W, we instead seek a vectyr that
minimizes the error (actually, the square of the error).

Q(V) := ||V — W%

If we are fortunate and find an exact solution®f =W, so much the better since then
Q(V) = 0. We will find this error minimizing solution in two different ways, one using
calculus, another using projections.



Summary. The general problem we are facing is:
Given: A data matrixA and an observation vectuy,
To find: The “best solution” ofAV =W. For us, “best” means minimizing the error
QV) = [|AV —W|]2.

SOLUTION USING CALcULUS. One approach is to use calculus to find the minimum by
taking the first derivative and setting it to zero. We will do this here only using calculus
of one variable (so we won’t use partial derivatives, although using these gives an entirely
equivalent approach).

SayV (this is what we want to compute) gives the minimum,@X) > Q(V) for all X.
We pick an arbitrary vectoZ and use the special family of vectaxgt) =V +tZ. Let
f(t) := QX(1) = AX(t) —W||%.

Since Q(X(t)) > Q(V) = Q(X(0)) we know thatf(t) > f(0) so f has its minimum at
t = 0. Thus f/(0) = 0. We compute this. From (8)

/() = 2(AX(t) =W, AX'(t)) = 2(AX(t) — W, AZ).
In particular,

0= f'(0) = 2(AV — W, AZ).

We use (4) to rewrite this aA*(AV — W), Z) = 0. But now sinceZ can beanyvector, by
theREMARK at the end of properetyp-5 above, we see that the desirédmust satisfy

A (A —W) =0,

AAV = AW . (11)

These are the desired equations to compute As observed above, the matriX‘A is
always a square matrix. The fundamental equation (11) is callenoimeal equation

Example We apply this idea to (10). Since
« (1111
A _<1 01 4)’

«x (4 6 N
AA_(6 18) and AW_<12).

The normal equation8*AV = A*W are then

4a+ 6b=2
6a-+ 180 =12.

that is,

then

Their solution isa= —1, b= 1. Thus the desired curse= a+ bx? that best fits your data
points isy = —1+ x°.



SOLUTION USING PROJECTIONS As above, given a matriA and a vectolV we wantV
that minimizes the error:

Q(V) = AV —W|]2.
Thus, we want to pick/ so that the vectol := AV is as close as possible W. Notice
thatU must be in the image oA. From the discussion of projections (demj-2 above),
we want to letU be the orthogonal projection ¥ into the image ofA.

How can we compute this? Notice tha¥ —W will then be perpendicular to the image
of A. In other words AV —W will be perpendicular to all vectors of the for&Z for any
vectorZ. Thus by (4) above

0=(AZ, AV —W) = (Z, A*(AV —W)).

But now since the right side holds fail vectorsZ we can apply th&@EMARK at the end
of Ip-5 above to conclude that

ATAV = A*W. (12)
These again are theormal equationsfor V and are what we sought. Of course they are
identical to those obtained above using calculus. Although this may seem abstract, it is
easy to compute this explicitly.

Example Here is a standard example using the normal equations. Say we arergiven
experimental data pointéxg, y1), (X2,¥2),...,(Xn, Yn) and want to find the straight line

y = a+ bx that fits this data best. How should be proceed? Ideally we want to pick the
coefficientsa andb so that

at+bxy = w1
at+bx = vy
a+bx, = yn

These aren equations for the two unknowrss b. If n> 2 it is unlikely that we can solve
them exactly. We write the above equations in matrix notatioA\as- Y, that is,

1 x Y1
w=| 1o (a): 2 | _y.
1 Xn yn
Next we want the normal equatiodS AV = A*Y. Now
1 X1
* 1 1 --- 1 1 % n oYX
A'A= _ .
<x1 Xp - Xn) (in ZXJZ)

1 X
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The computation oA*Y is equally straightforward so the normal equations are two equa-
tions in two unknowns:

(5w B2)(5)-(55,)
SXj Y b > XjYj
These can be solved using high school algebra. The solution is:

y—Yy=m(x-Xx), (13)

where
yi, and m= 25X —Y)
1<7<n Y (X —X)?
Notice that the straight line (13) passes througly).
In these and related computations it is useful to introduce the data as vectors:

X=(X1,X2,..., %) and y=(y1,¥2,...,Y¥n)

and, in occasionally confusing notation, identify the averagéth the vectorx= (X, ..., X)
having n equal components. We also use the “data inner product” and “data norm”

<X Y= XYL XY+ XY IX[Z ==X X

In statistics,<x— X,y — Yy~ is called thecovariance of x and ynd write Co\(x,y). Us-
ing this notation the slope of the above linenms=~<x— X,y —y> /|x—X]?. Of special
importance is theorrelation coefficient

_ =SX=XYy-y-
") = Ry

This measures how closely the data poi(tg, y;) fit the straight line. The Schwarz in-
equality asserts that(x,y)| < 1. If r(x,y) = +1 the data lies along a straight line with
positive slope, while ifr(x,y) = —1 the data lies along a straight line with negative slope.

If r(x,y) = 0 the data forms a cloud and does not really seem to lie along any straight line.
See most statistics books for a more adequate discussion along with useful examples.

Identical methods can be used to find, for instance, the cubic polynomniaa + bx+
cx? 4+ dx3 that best fits some data, or the plane a+ bx+ cy that best fits given data. The
technique of least squares is widely used in all area where one has experimental data. The
key feature is that the equations lbear in the unknown coefficienta, b, etc. However,

even if the equations are not linear in the unknown coefficiants, etc., frequently one

can find an equivalent problem to which the techniques apply. The following example
illustrates this.
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Example Say we are givem experimental data pointsi, y1), (X2, ¥2), ..., (Xn, Yn) and
seek an exponential curye= ae®™ that best fits this data. Ideally we want to pick the
coefficientsa andb so that

ad = vy,
ad = vy,

These aren equations for the two unknowres b. However, they are nonlinear imso the
method of least squares does not directly apply. To get around this we take the (natural)
logarithm of each of these equations and obtain

oa+bx = Inyl
a+bxo= Iny;

a+bx, = Inyp,

wherea = Ina. These modified equations diaear in the unknownsa and b, so we

can apply the method of least squares. After we krowve can recovea simply from

a=¢".

REMARK. Say one wants to fit data to the related cupe ae™+c. | don’t know any

way to do this using least squares, where one eventually solves a linear system of equations
(the normal equations). For this problem it seems that one must soleelmearsystem

of equations, which is much more difficult.

Example This is similar to the previous example. Say we are gimeexperimental data

points (X1, Y1), (X2,¥2), ..., (Xn, Yn) @and seek a curve of the form= r)t()xz that best
fits this data. Ideally we want to pick the coefficieatsindb so that
ax
1+bx n
ax
1+bx ¥
ax _
1+bxe Y-

These aren equations for the two unknowres b. However, they are nonlinear imso the
method of least squares does not apply directly. To get around this we rewrite the curve
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asy(1+bx?) = ax, that is,ax— bx?y = y. This equation is novinear in the unknown
coefficientsa andb. We want to pick these to solve the equations

axq —by1= y1
o — by, = Yo
ax — bRy = Yn.

with the least error. These are linear equations of the fAvha= W, where the data matrix
is

X1 —Xy
2

Xo —X

Xn —X%yb

so we solve the normal equatioASAV = A*"W as before.

Problems Using Least Squares

1. Use the Method of Least Squares to find the straightyireax+ b that best fits the
following data given by the following four point&;,y;), j =1,...,4:

(—2,4), (-1,3), (0,1), (2,0).

Ideally, you'd like to pick the coefficienta andb so that the four equatiorex; 4+ b =
yj, 1 =1,...,4 are all satisfied. Since this probably can’t be done, one uses least
squares to find the best possilslendb.

2. Find a curve of the forny = a+ bx+ cx? that best fits the following data

X|-21-1| 0 12| 3 4
y|4]11/-05/1.0|43|81|17.5

3. Find a plane of the forma = ax+ by+ c that best fits the following data
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4. The water level in the North Sea is mainly determined by the so-called M2 tide, whose
period is about 12 hours. The heigh{t) thus roughly has the form

H(t) = c+asin(2mnt/12) + bcog2mt/12),

where timet is measured in hours (nogn(2rt /12 andcog 2t /12) are periodic with
period 12 hours). Say one has the following measurements:

t (hours) 0| 2|46 | 8|10
H(t) (meters) 1.0{1.6|1.4|0.6|0.2|0.8

Use the method of least squares with these measurements to find the coastants
andc in H(t) for this data.

5. a). Some experimental data, y;) is believed to fit a curve of the form

B 1+x
" a+bx’

where the parameters and b are to be determined from the data. The method of
least squares does not apply directly to this since the paranseterdb do not appear
linearly. Show how to find a modified equation to which the method of least squares
does apply.

b). Repeat part a) for the curye= 25 bx’

). Repeat part a) for the curye= 21 bx’

d). Repeat part a) for the curye= axX°.

e). Repeat part a) for tHegistic curvey = Here the constarit is assumed

L
14erbx
to be known. [If b> 0, theny converges td. asx increases. Thus the value bfcan often

be estimated simply by eye-balling a plot of the data for latge

f). Repeat part a) for the curwe=1— e,

a-+ mx . .
g) Repeat part a) for the curwe= b++x assuming the constamt is known. [One

might find m from the data sincg tends tom for x large.]

h). Repeat part a) for the curye= T bsinx
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6. The comet Tentax, discovered only in 1968, moves within the solar system. The fol-
lowing are observations of its positigin, 8) in a polar coordinate system with center
at the sun:

r 2.70{ 2.00| 1.61|1.20| 1.02
0 48 | 67 | 83 | 108 | 126

(hereB is an angle measured in degrees).

By Kepler’s first law the comet should move in a plane orbit whose shape is either an
ellipse, hyperbola, or parabola (this assumes the gravitational influence of the planets
is neglected). Thus the polar coordinate®) satisfy

(- P
1—ecosd

where p and the eccentricitg are parameters describing the orbit. Use the data to es-
timate p and e by the method of least squares. Hint: Make some (simple) preliminary
manipulation so the parametgpsand e appeatinearly; then apply the method of least
squares.

15



