
Math 260, Spring 2012 Jerry L. Kazdan

Solution to Problem Set 8 #7

Remark: The technique for Problem 11b) is similar. One uses the result from 11a) ux =
(wr)(x/r) noting that on the right side, x arises in three places: wr , x , and r .

7. Say u(x, t) is a solution of the one space dimensional wave equation utt = uxx . Find a
linear change of variable

x =ar + bs,

t =cr + ds

so that v(r, s) := u(ar + bs, cr + ds) satisfies

∂v

∂r∂s
= 0.

Solution: By the chain rule:

v(r, s)r = uxxr + uttr = aux + cut. (1)

We next want to take the partial derivative of this equation with respect to s . This
must be done for both ux and ut . We first compute ∂ux(x(r, s), t(r, s))

/
∂s . It may

help to let w(x, t) := ux(x, t). Then, just as in equation (1)

∂w(x(r, s), t(r, s))

∂s
= wxxs + wtts = bwx + dwt = buxx + duxt.

Similarly, with z(x, t) := ut(x, t)

∂z(x(r, s), t(r, s))

∂s
= zxxs + ztts = bzx + dzt = butx + dutt.

Consequently,

v(r, s)rs = a[buxx + duxt] + c[butx + dutt] = abuxx + (ad + bc)uxt + cdutt.

We would like the right-hand side to be utt − uxx , so

ab = −1, ad + bc = 0, cd = 1.

One solution is a = c = d = 1, b = −1. That is, the desired change of variables is

x = r − s, t = r + s.
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