Math 313/515, Spring 2005 Jerry L. Kazdan

Homework Set 5, Due Thursday, Feb. 17, 2005
(Late papers will be accepted until 4 PM on Fri. Feb.)18

1. a) With the usual Euclidean norm &' show that for any vectorX, Y:
XY+ [1X = Y12 = 21X+ 2] Y%

Geometrically, this states that in a parallelogram, the sum of the squares of the
lengths of the diagonals equals the sum of the squares of the lengths of the sides.

b) Show that a parallelogram is a rectangle if and only if its diagonals have the same
length: | X+ Y| = [[X=Y]|.
2. Strang p. 193 #22, 28
3. Strang p. 202-203, #2, 3, 5,6, 7
4., Strang p. 204 #13, 16
5. a) Find an orthonormal basis for the planey—2z=0 in R3.

b) In R3, find theP matrix that projects a vector orthogonally into the planey —
2z = 0 usingbothof the following methods:

METHOD 1. Find an orthonormal basis for the plane and use it to construct the

projection.
METHOD 2. Find a vectore that is orthogonal to the plane and compute the
orthogonal projectior® along this vector. TheR =1 — Q (why?).

c) InR® compute the distance from the plare y— 2z = 3 to the origin.
d) InR3 compute the distance from the poitt 1,1) to the planex—y —2z= 3.

6. Strang p. 229-230 #15, 16, 18
7. Strang p. 230 #20, 24
8. Strang p. 231 #30, 31,

9. Strang p. 231-231 #33, 34



10. If a square matriA has the property thad? = A (this is the general property of a
projection) and the null space #éfis zero, show thaf = 1.

11. Strang p. 228 #2, 3,5

12. Letn := (a,b,c) € R3 be aunit vector ands the plane of vectors (through the origin)
perpendicular ton.

a) Show that therthogonal projection ok in the direction ofn can be written in the

matrix form
a® ab ac\ /x

x,mn=(nn")x=[ab B bc||y],
ac bc &/ \z

where (x, n) is the usual inner produch’ is the transpose of the column vector
n, andnn' is matrix multiplication.

b) Show that th@rthogonal projection Pof a vectorx € R into S is
Px=x—(x,n)n= (I —nn")x,

Apply this to compute the orthogonal projection of the vecter (1,—2,3) into
the plane inR® whose points satisfx —y+2z=0.

c) Find a formula similar to the previous part for the orthogamdlection Rof a
vector acrosss. Then apply it to compute the orthogonal reflection of the vector
v = (1,—-2,3) across the plane iRR® whose points satisfx —y+ 2z=0.

d) Find a 3x 3 matrix that projects a vector iR® into the planex—y+2z=0.

e) Find a 3x 3 matrix that reflects a vector i3 orthogonally across the plane
X—y+2z=0.

13. a) Letve R" be a unit vector andPx the orthogonal projection ok € R" in the
direction ofv, that is, if x = constyv, then Px= x, while if x L v, thenPx= 0.
Show thatP = w' (herev' is the transpose of the column vectoy. In matrix
notation, (P)ij = viv;.

b) Continuing, letQ be the orthogonal projection into the subspace perpendicular to
v. Show thatQ =1 —w'.

c) Letu andv be orthogonal unit vectors and IBtbe the orthogonal projection into
the subspace perpendicular to botandv. Show thatR=1 —uu™ —w" .



