
Math 313/515, Spring 2005 Jerry L. Kazdan

Homework Set 7, Due Thursday, March 17, 2005
(Late papers will be accepted until 4 PM on Fri. March 18)

1. a) Compute (by hand) the determinant of the following matrix:

A :=


1 2 −1 0

−1 −2 3 1
0 −1 4 −3
2 5 0 1


by reducing it to the determinant of a lower triangular matrix.

b) Compute the volume of the 4-dimensional “parallelogram”Q spanned by the vec-
torsV1 = (1,−1,0,2), V2 = (2,−2,−1,5), V3 = (−1,3,4,0), V4 = (0,1,−3,1).

c) The matrix

B :=


2 2 3 −1
0 −1 −2 7
0 0 1 −3
0 0 0 5


can be thought of as a map ofR4 to itself. Compute (by hand) the volume ofB(Q)
(this is the image ofQ under the mapB). Of course you can use any formulas,
just not a computer or a fancy hand calculator.

2. Compute (by hand) the determinant of the following matrix.

C :=


a 1 0 0 0
b 1 0 0 0
c 0 0 1 −b
c 0 0 1 −a
d e 1 f g


3. Use Cramer’s rule to solve the equationAX = Y , where A is given below andY is the

columnvectorY = (y1, y2, y3). Then observe you have computedA−1, so exhibit it.

A :=

 1 1 1
1 2 3
4 9 1

 .
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4. a) For what value(s) of the constantα are the vectors

X1 = (1,−2, 1), X2 = (2, α, 2), X3 = (1, 2, 3)

linearly dependent?

b) For what value(s) ofβ does the system of equations

x+2y+z= 0

−2x+βy+2z= 0

x+2y+3z= 0

have more than the trivial solutionx = y = z= 0? (Explain your answer.)

5. Let ∆n = detMn be the determinant of ann×n matrix Mn with a’s along the main
diagonal andb’s on the two “off diagonals” directly above and below the main diagonal
(this is a simple example of atridiagonalmatrix). Thus

M5 =


a b 0 0 0
b a b 0 0
0 b a b 0
0 0 b a b
0 0 0 b a

 .

a) Prove∆n = a∆n−1−b2∆n−2.

b) Compute∆1 and∆2 by hand. Then use the formula to compute∆3 and∆4.

REMARK : In a few weeks we will show how one can use part a). above to get a general
formula for ∆n].

6. After you write the following Matlab functions, please print a copy as part of the home-
work. IN ADDITION, please send a copy as an email attachment sent to our TA:
elber@math.upenn.edu so she can test it with some real input.

a) Given an angletheta (in degrees), write a Matlab functionR = rotz(theta)
that returns a 3× 3 matrix corresponding to a rotation inR3 by theta degrees
around thez axis.

b) Write a Matlab functiong = Transform(A,V) that takes a 3x3 matrixA and a
vectorV viewed as a 3×1 matrix and returns a 4×4 matrix,g = [A V; 0 0 0
1]. [This is thehomogeneous versionof the transformation generated byA andV
as in Homework Set 2 #11].
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END HOMEWORK SET 7

The following is for your information only. These are not assigned.

These problems outline of the solution to theBonus Problemfrom Homework 6. First, we
repeat the problem.

Bonus Problem Given a unit vectorn = ai +bj +ck in R3, find an explicit formula for a
3×3 matrix M that rotates a vectorv = xi +yj +zk in R3, about the “n axis” through a
specified angleθ. Thus, your matrixM will involve a, b, c, andθ .

1. a) For this problem you should review thecross productof vectors inR3.

Let v := (α,β,γ) andx := (x,y,z) be any vectors inR3. Viewed as column vectors,
find a 3×3 matrix Av so that thecross productv×x = Avx.

ANSWER:

v×x = Avx =

 0 −γ β
γ 0 −α
−β α 0

x
y
z

 ,

where the anti-symmetric matrixAv is defined by the above formula.

b) From this, one hasv× (v× x) = Av(v× x) = A2
vx (why?). Combined with the

cross product identityu× (v×w) = 〈u, w〉v−〈u, v〉w, show that

A2
vx = 〈v, x〉v−‖v‖2x.

c) If n = (a,b,c) is a unit vector, use this formula to show that (somewhat surpris-
ingly) the orthogonal projection ofx into the plane perpendicular ton is given
by

x− (x ·n)n =−A2
nx =−

−b2−c2 ab ac
ab −a2−c2 bc
ac bc −a2−b2


[Compare this with HW 5 #12a-b]].

2. Recall [see HW 5 #12b] thatu := x− (x · n)n is the projection ofx into the plane
perpendicular to the unit vectorn. Show that inR3 the vector

w := n×u = n× [x− (x ·n)n] = n×x

is perpendicular to bothn andu, and thatw has the same length asu. Thusn, u, and
w are orthogonal withu, andw in the plane perpendicular to the axisn.
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3. Let n ∈ R3 be a unit vector. Find a formula for the 3× 3 matrix that determines a
rotation ofR3 through an angleθ with n as axis of rotation (assuming the axis passes
through the origin). Here we outline how to find this formula — but before reading
further, try finding it on your own.

a) (Example) Find a matrix that rotatesR3 through the angleθ using the vector
(1,0,0) as the axis of rotation.

b) More generally, letu andw be orthonormal vectors in the plane perpendicular to
n. Show that the map

Rn : x 7→ (x ·n)n+cosθu+sinθw

rotatesx through an angleθ with n as axis of rotation. [Note: one needs more
information to be able to distinguish betweenθ and−θ ].

c) Using problem 2 to writeu andw, in terms ofn andx , show that one can rewrite
the above formula as

Rnx = (x ·n)n+cosθ [x− (x ·n)n]+sinθ(n×x)
= x+sinθ(n×x)+(1−cosθ)[(x ·n)n−x].

Thus, using problem 1, ifn = (a,b,c) ∈ R3 deduce that:

Rn = I +sinθ

 0 −c b
c 0 −a
−b a 0

+(1−cosθ)

−b2−c2 ab ac
ab −a2−c2 bc
ac bc −a2−b2

 .

d) Let An be as in Problem 1 (but usingn rather thanv). Show that

Rn = I +sinθAn +(1−cosθ)A2
n.

e) Use this formula to find the matrix that rotatesR3 through an angle ofθ using as
axis the line through the origin and the point(1,1,1).
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