
Algebra Problems
Math 504 – 505 Jerry L. Kazdan

1. a) Show that
√

2 is not a rational number.

b) Show that
√

3 is not a rational number.

2. a) Prove that there are infinitely many prime numbers.

b) Prove that there are infinitely many primes of the form 4n+3 (the 4n+1 case is
more difficult).

3. Let u× v denote the cross product inR3. For a fixed vectoru, for which vectorsz
can one solveu×v = z for v? To what extent is the solution unique?

4. If x and y are real numbers, show that the set of matrices of the form
( x y
−y x

)
is iso-

morphic to the field of complex numbersz= x+ iy.

5. Consider the matrixM =
[

1 −1
2 −1

]
.

a) Is there a real invertible matrixP such thatPAP−1 is a real diagonal matrix? If so,
find P. If not, state why not.

b) Is there a complex invertible matrixP such thatPAP−1 is a complex diagonal
matrix? If so, findP. If not, state why not.

c) Think of the elements ofM as belonging to the finite fieldZ/5Z . Is there an
invertible matrix P with entries in this finite field such thatPAP−1 is a Z/5Z -
valued diagonal matrix? If so, findP. If not, state why not.

6. Suppose that for a polynomialp∈ Z[x] we havep(2003) = 2003. Show thatp can
have at most three different integer roots. [REMARK : 2003 is a prime number.]

7. Thequaternionscan be defined as expressions of the formq = x+yi +zj +wk , where
x, y, z, andw are real numbers. They are added as vectors and multiplied using the
rules i2 = j2 = k2 = −1, ij = k = −ji , jk = i = −kj , ki = j = −ik and the usual
distributive rules. Define theconjugateby q̄ = x−yi−zj −wk .

a) Computeqq̄. Use this to show that everyq 6= 0 has a multiplicative inverse. Thus
show that the quaternions are a field, except they are not commutative under mul-
tiplication.
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b) Prove that theunit quaternions, that is, thoseq with x2 + y2 + z2 + w2 = 1 form
a group under multiplication, and that this group is isomorphic toSU2. Note that
clearly the unit quaternions can also be thought of as points on the unit sphere
S3 ∈ R4.

c) Let
I =

(
1 0
0 1

)
, i =

(
i 0
0 −i

)
, j =

(
0 1

−1 0

)
, k =

(
0 i

−i 0

)
.

Show that the set of matrices of the formQ = xI + yi + zj + wk is isomorphic to
the quaternions.

8. Consider the ring whose elements are

q = a+bi+c j +dk, where i2 = j2 = k2 =−1, i j =− ji = k,

with a,b,c,d ∈ Z/pZ, wherep is a prime.

Show that this ring is isomorphic to the ring of 2×2 matricesZ/pZ if p is odd but
not if p = 2.

9. Let G be a finite group of ordern andH a subgroup of orderk.

a) Prove thatn is divisible byk.

b) Conversely, ifn is divisible by k, mustG have a subgroup of orderk? Proof or
counterexample.

10. Let p be a prime number andG = Z/pZ. Find the total number of group homomor-
phismsG×G→G×G.

11. If G is a finite group andx,y∈G, theno(xy) = o(yx). Proof or counterexample.

12. LetG be a finite abelian group of odd order. Prove that the product of all the elements
of G is the identity.

13. a) Letp(x) be a polynomial with real coefficients. Ifz∈ C is a root, show that ¯z is
also a root.

b) p(x) be a polynomial with integer coefficients. Ifx = 5+2
√

3 is a root, show that
x = 5−2

√
3 is also a root.

14. Suppose thatH is a non-trivial subgroup of the additive group(R,+) of real num-
bers.
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a) Show that either (i)H is infinite cyclic, or (ii) for anyε > 0, there is anx∈H with
0 < x < ε.

b) If H is infinite cyclic, prove thatR/H is isomorphic to the multiplicative group
S1 = {z∈ C : |z|= 1} of complex numbers of modulus 1.

15. SupposeG is a finite group,H is a normal subgroup ofG, andP is a Sylow subgroup
of H . Prove thatG = H·NG(P).

16. In each case, decide whether the two groups are isomorphic:

a) (Z,+) and(Q,+)
b) (R,+) and(R>0, ·)

c) (Q,+) and(Q>0, ·)
d) (R∗, ·) and(C∗, ·)

17. Supposea,b,c ∈ Q are such thata+ b+ c, ab+ bc+ ca and abc are all integers.
Prove thata, b andc are integers. Can you generalize this?

18. Supposef (x) = ax2 + bx+ c has real coefficients and no real roots. Prove that the
quotient ringR[x]/( f (x)) is isomorphic to the field of complex numbersC .

19. Suppose we are given a surjective ring homomorphism from the polynomial ringC[x]
onto an integral domainR. Prove thatR is isomorphic to eitherC[x] or C .

20. Letk,n∈N How many group homomorphisms are there fromZ/kZ to Z/nZ? Justify
your assertions.

21. LetG be a group and letH be the subgroup generated by all elements of order 2 inG.
Show thatH is normal inG. [Note: If S= /0, remember group generated byS= {1} .]

22. LetG be a finite group and supposeG possesses a (normal) subgroupH with the two
properties

a). (G : H) = 2

b). H has odd order

Show directly (no Sylow, no Cauchy) thatG has an element exactly of order 2.

23. SupposeG is a group in which each element (6= 1) has order 2. Prove thatG is abelian.
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24. (variant of the previous problem) LetG be a non-abelian group of order 2k for some
integerk≥ 3. Prove thatG has an element of order 4 (no Sylow, no Cauchy).

25. Let G be a finite group and letΦ be the intersection of all the maximal subgroups of
G. Suppose that there exists an elementσ ∈G such thatσ together withΦ generates
all of G. Show thatG is a cyclic group.

26. Letφ(n) be the number of integersq with 1≤ q≤ n−1 such thatq is relatively prime
to n.

a) If (k,n) = 1, show thatφ(kn) = φ(k)φ(n).

b) If p is prime, showφ(pa) = pa−1(p−1)

27. LetG be a finite group of orderg, and letM be a minimal non-trivial subgroup ofG.
Show thatM is cyclic of prime orderp. Show further thatp | g.

28. Let A4 be the alternating group on four letters. It has order 12. Prove that it has no
subgroup of order 6.

29. Prove that a group is abelian if and only if the mapφ : a 7→ a−1 is an isomorphism.

30. If G is a group of odd order, show that the mapφ(a) = a−1 has precisely one fixed
point. [Remark: The converse is also true, but harder.]

31. Let ψ be an automorphism of a groupG. Write Fix(ψ) for the set of fixed points of
ψ , that is,

Fix(ψ) = {σ ∈G | ψ(σ) = σ}.

Show that Fix(ψ) is a subgroup ofG.

32. LetG be a finite group and letS be a non-empty subset ofG. Write

Z(S) = {σ ∈G | σs= sσ for all s∈ S}
N(S) = {τ ∈G | τsτ−1 ⊆ S for all s∈ S}.

ThenZ(s) andN(S) are sub-groups ofG.

a) Show thatZ(s)⊆ N(S) and

b) Z(s) is a normal subgroup ofN(S).
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33. If G is a finite group of orderg, and if for eachσ ∈ G we have ann×n invertible
matrix (overC), say T(σ), in such a way thatT(στ) = T(σ)T(τ), show that every
eigenvalue of eachT(σ) is a gth root of unity.

34. Let f (x) be a monic polynomial with real coefficients. Say

f (x) = p1(x) · · · pk(x)

is a factorization off into monic irreducible polynomials with real coefficients (repe-
titions are permitted). Prove that eachp j(x) has one of the forms

x−α or x2−βx+ γ,

whereα, β , andγ are real numbers.

35. Let f (x) be an irreducible polynomial with rational coefficients, and letf ′(x) be its
derivative. Show that there exist two polynomialsp(x), q(x) with rational coefficients
such that

p(x) f (x)+q(x) f ′(x) = 1.

Illustrate this for f (x) = x3−3x+1.

36. Let G be an abelian group and suppose thatT is a homomorphism ofG to the group
GL(n) of n×n invertible complex matrices. Suppose that for someσ∈G the non-zero
vectorv is an eigenvector of the matrixT(σ) with corresponding eigenvalueλ .

a) Show thatλ 6= 0.

b) Show that for eachτ ∈ G, the vectorT(τ)v is also an eigenvector ofT(σ) with
the same eigenvalueλ .

37. a) If p1, . . . , pn aren given integers and if(p1, . . . , pn) appears as a row of ann×n
integer matrix of determinant 1, show that thep j have no non-trivial common
factor.

b) Prove the converse in the casen = 2, that is, if p1 and p2 are relatively prime,
then(p1, p2) appears as a row of a 2×2 integer matrix whose determinant is 1.

38. Let σ be an element of a group and assume the order ofσ is finite, sayn. Write
τ = σ` . Show thatσ andτ have thesameorder if and only if(`,n) = 1.
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39. Let f (x) = x3−ax+1, wherea is an integer. Prove thatf (x) is irreducible over the
rationals provideda 6= 0 or a 6= 2. Further, in the casesa = 0 anda = 2, give the
factorization of f (x).

40. Let f (x) = xn +an−1xn−1 + · · ·+a0 be a polynomial with complex coefficients. Show
that by a linear substitutiony= x−α for someα ∈C the polynomialf (x) transforms
to g(y) = yn+bn−2xn−2+ · · ·+b0 with no yn−1 term. Findα explicitly in terms of the
coefficients of f .

41. Let G be a finite group and writeZ for the center ofG, that is, the subgroup of all
elements ofG. Prove that the index(G : Z) is nevera prime number. [An easier
version is to prove that(G : Z) 6= 2.]

42. Give (with proof) an example of a commutative ringR and an idealI in R which
cannot be generated by one element.

43. Let σ be an element of a groupG and suppose thatσ has ordern. Write n = ab with
(a,b) = 1. Show there exist unique elementsρ, τ∈G with ρ of ordera andτ of order
b such thatσ = ρτ = τρ .

44. Let G be the multiplicative group of 2×2 integer matrices with determinant 1. Find
σ, τ ∈ G with σ4 = τ6 = 1 andG generated byσ and τ. Show further thatστ has
infinite order.

45. For a finite groupG, write Z[G] for the set of formal linear combinations

∑
σ∈G

λσσ, where λσ ∈G.

Add these component-wise and multiply by using the group law and distributivity.
There is a map from the ringZ[G], so obtained, toZ, namely

∑
σ∈G

λσσ 7→ ∑
σ∈G

λσ.

This is a ring homomorphism. LetI be its kernel. Show thatI is generated as an ideal
by all elements{σ−1,σ ∈G} .

46. Let G be a group generated by two elementsσ τ . Suppose thatσ3 = τ3 = 1. Prove
that τστ−1 6= σ−1.
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47. LetN = {1,2,3, . . .} and writeΣ for the group of all one-to-one maps ofN onto itself
having the property:

If φ ∈ Σ there is some n = n(φ) such that m> n implies φ(m) = m.

Find all the normal subgroups ofΣ .

48. For positive integersn andk, definedk(n) =

{
1 if n 6 |k
1−n if n | k

. Show that

∞

∑
k=1

dk(n)
−k

= logn (n > 1).

49. Let α be a complex number with the following two properties:

a) α is a root ofXn +a1Xn−1 + · · ·+an = 0, where the coefficients are integers.

b) There is a prime numberp so thatpα is an integer.

Show thatα is an integer.

50. For each of the statements below give an example with details or a short statement why
such an example cannot exist.

a) A non-cyclic group of order 289 whose center is cyclic.

b) If p is a prime number, a finite field with 2p3 elements.

c) An infinite abelian group all of whose (proper) subgroups are finite.

d) A ring with no two-sided ideals but with many left ideals.

e) A vector spaceV over a fieldk so thatV has 100 elements.

51. Give examples of the following:

a) A finite commutative group that is not cyclic.

b) A commutative ring (that is not a field) with finitely many elements.

c) A commutative ring (that is not a field) with infinitely many elements.

d) A non-commutative ring with infinitely many elements.

e) A non-commutative ring with finitely many elements.

52. For each of the statements below give an example with details or a short statement why
such an example cannot exist.
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a) For each integern≥ 1, a polynomialp(x) of degreen (with rational coefficients)
that is irreducible over the rational numbers.

b) A non-abelian group all of whose subgroups are normal.

c) A non-abelian group all of whose proper subgroups are abelian.

d) A field k in which every homogeneous polynomial in two variables and having
degreed > 1 has a non-trivial zero. [Here “homogeneous” means for some inte-
ger j we have f (cx,cy) = c j f (x,y) for all c ∈ k while a non-trivial zero means
f (ξ,η) = 0 for someξ, η, at least one of which is not zero.]

e) A finite groupG of order g and a positive integerh so thath | g but G has no
subgroup of orderh.

53. Let R be a PID with the property that there exists a ring homomorphismφ : R→ Z.
Prove thatφ is an isomorphism. [Note: Part of the hypothesis is thatφ(1) = 1.

54. Prove that the additive group of rational numbers has no proper maximal subgroup.

55. Let G be a finite group and letM1, . . . ,Mn be the list of all its maximal subgroups.
Write H for the intersectionH = M1∩·· ·∩Mn.

a) H �G.

b) If an elementσ ∈ G together with the elements ofH generateG, then G is a
cyclic group.

56. Suppose thata, b and c are rational numbers satisfyinga+ b
√

2+ c
√

3 = 0. Prove
that a = b = c = 0.

57. a) LetG be a finite group such thatG/C(G) is cyclic. HereC(G) denotes the center
of G. Show thatG is abelian.

b) Show that any group of orderp2 where p is prime is abelian.

58. Let T : R3 → R3 be a linear transformation such thatT(v)⊥ v for any v∈ R3. Show
that T is anti-symmetric.

59. LetF be a field with 17 elements.

a) How many roots does the equationx5 = 1 have inF ?

b) How many roots does the equationx4 = 1 have inF ?
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60. Give an example of a polynomial ring with invertible elements of positive degree.

61. Does the polynomialx12−3x8 +1 have multiple complex roots?

62. Let G be the group of isometries of the three dimensional eucledian space which sta-
bilize a given cube.

a) What is the cardinality ofG?

b) Is G simple? (In other words, doesG have a non-trivial normal subgroup?)

c) DoesG have an element of order 12?

63. Prove that the multiplicative group of non-zero real numbers does not have a subgroup
of index 3.

64. Denote byM the ring of 5×5 matrices with integer elements.

a) DoesM have a subring isomorphic toZ[x], the ring of one-variable polynomials
with integer coefficients?

b) DoesM have a subring isomorphic to the factor ring ofZ[x] modulo the ideal
generated byx3(x−1)2?

65. Does the ring of 3×3 matrices over the reals contain a subring isomorphic to

a) the field of complex numbers?

b) the division ring of quaternions?

66. Compute the endomorphism ring of the additive groupQ+ of rationals. DoesQ+

contain maximal subgroups?

67. If F is a division ring such that the multiplicative group of nonzero elements ofF is a
finite direct sum of cyclic groups, thenF is a finite field.

68. LetG be the rotation group of a cube.

a) What is the cardinality ofG?

b) Is G isomorphic to a symmetric groupSn for somen?

69. Suppose that for a polynomialp∈ Z[x] we havep(2003) = 2003. Show thatp can
have at most three different integer roots. [REMARK : 2003 is a prime number.]
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70. LetZ2 denote the field of residue classes modulo 2 and consider the four factor rings:

a). R1 = Z2[x]/(x3 +x2) c). R3 = Z2[x]/(x3 +x2 +1),

b). R2 = Z2[x]/(x3 +x2 +x) d). R4 = Z2[x]/(x3 +x2 +x+1)

Determine:

a) Which (if any) of them contain(s) nonzero nilpotent elements?

b) Which (if any) of them contain(s) zero divisors?

c) Which (if any) of them form(s) a field?

d) Whether any two of these rings are isomorphic to each other.

71. Decompose the group algebrasQ(Z4) andC(Z4) into direct sums of their indecompos-
able ideals, i.e., decomposeF [g] into a direct sum of its indecomposable ideals where
g is the image ofx in the factor ringF [x]/(x4−1) and F is a field Q or C of either
rational or complex numbers, respectively.

72. Describe all groups of order 6.

73. LetZ2 denote the field of residue classes modulo 2 and consider the four factor rings:

a). R1 = Z2[x]/(x3 +x2) c). R3 = Z2[x]/(x3 +x2 +1),

b). R2 = Z2[x]/(x3 +x2 +x) d). R4 = Z2[x]/(x3 +x2 +x+1)

Determine:

a) Which (if any) of them contain(s) nonzero nilpotent elements?

b) Which (if any) of them contain(s) zero divisors?

c) Which (if any) of them form(s) a field?

d) Whether any two of these rings are isomorphic to each other.

74. If a polynomialp(x1, . . . ,xn) is the square of a rational functionr(x1, . . . ,xn), show
that r must itself be a polynomial.

[Last revised: August 25, 2003]
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