Algebra Problems
Math 504 — 505 Jerry L. Kazdan

1. a) Show that/2 is not a rational number.
b) Show thaty/3 is not a rational number.

2. a) Prove that there are infinitely many prime numbers.

b) Prove that there are infinitely many primes of the formru43 (the s+ 1 case is
more difficult).

3. Let u x v denote the cross product IR3. For a fixed vectowu, for which vectorsz
can one solvel x v =z for v? To what extent is the solution unique?

4. If x andy are real numbers, show that the set of matrices of the foriny) is iso-
morphic to the field of complex numbers= x+iy.

5. Consider the matrif = { ; :1 } .

a) Is there areal invertible matriR such thatPAP ! is a real diagonal matrix? If so,
find P. If not, state why not.

b) Is there a complex invertible matri® such thatPAP~1 is a complex diagonal
matrix? If so, findP. If not, state why not.

c) Think of the elements oM as belonging to the finite field/5Z. Is there an
invertible matrix P with entries in this finite field such th&®AP~! is a Z /5Z -
valued diagonal matrix? If so, fin@. If not, state why not.

6. Suppose that for a polynomial€ Z[x] we havep(2003 = 2003. Show thap can
have at most three different integer rootseEfRaRK: 2003 is a prime number.]

7. Thequaternionsan be defined as expressions of the fare x+vyi +z +wk, where
X, Y, z, andw are real numbers. They are added as vectors and multiplied using the
rulesi =j%2=k?=—1, ij =k = —ji, jk =i = —kj, ki =j = —ik and the usual
distributive rules. Define theonjugateby q = x—yi — 7 —wk.
a) Computegq. Use this to show that every+# 0 has a multiplicative inverse. Thus
show that the quaternions are a field, except they are not commutative under mul-
tiplication.
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b) Prove that thenit quaternionsthat is, thosey with X2+ y? + 22 +w? = 1 form
a group under multiplication, and that this group is isomorphiSith. Note that
clearly the unit quaternions can also be thought of as points on the unit sphere
S c R4,
c) Let
: i 0 : 0 0i
1=(39), i=( 1), i=(3%0), k=(70)
Show that the set of matrices of the foi@= xI + yi 4+ z + wk is isomorphic to
the quaternions.

. Consider the ring whose elements are

q=a+bi+cj+dk  where i?=j’=Kk’=-1,ij=—ji=k

with a,b,c,d € Z/pZ, wherep is a prime.

Show that this ring is isomorphic to the ring ofx2 matricesZ/pZ if p is odd but
notif p= 2.

. Let G be a finite group of orden andH a subgroup of ordek.

a) Prove than is divisible byk.

b) Conversely, ifn is divisible by k, mustG have a subgroup of ordét? Proof or
counterexample.

Let p be a prime number an@ = Z/pZ. Find the total number of group homomor-
phismsG x G — G x G.

If G is a finite group and&,y € G, theno(xy) = o(yx). Proof or counterexample.

Let G be a finite abelian group of odd order. Prove that the product of all the elements
of G is the identity.

a) Letp(x) be a polynomial with real coefficients. #fc C is a root, show that is
also a root.

b) p(x) be a polynomial with integer coefficients.xf= 5+ 24/3 is a root, show that
x=5—2y/3 is also a root.

Suppose thatl is a non-trivial subgroup of the additive groy®,+) of real num-
bers.
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a) Show that either (iH is infinite cyclic, or (ii) for anye > 0, there is arx € H with
O<x<E.

b) If H is infinite cyclic, prove thafR /H is isomorphic to the multiplicative group
S'={zeC: |z =1} of complex numbers of modulus 1.

Supposé&s is a finite groupH is a normal subgroup d&, andP is a Sylow subgroup
of H. Prove thatG = H-Ng(P).

In each case, decide whether the two groups are isomorphic:

a) (Z,+) and(Q,+) c) (Q,+) and(Q>o,")
b) (R,+) and(R-o,-) d) (R*-) and(C*,")

Suppose,b,c € Q are such thaa+ b+ c, ab+ bc+ ca and abc are all integers.
Prove thata, b andc are integers. Can you generalize this?

Supposef (x) = ax? 4 bx+ ¢ has real coefficients and no real roots. Prove that the
quotient ringR[x]/( f(x)) is isomorphic to the field of complex numbets

Suppose we are given a surjective ring homomorphism from the polynomiaCfihg
onto an integral domaiR. Prove thatR is isomorphic to eithefC[x] or C.

Letk,n € N How many group homomorphisms are there fré@ntkZ to 7 /nZ? Justify
your assertions.

LetG be a group and leil be the subgroup generated by all elements of order@.in
Show thatH is normal inG. [Note: If S= 0, remember group generated 8y- {1} .]

Let G be a finite group and suppo&epossesses a (normal) subgrddpwith the two
properties

a).(G:H)=2
b). H has odd order
Show directly (no Sylow, no Cauchy) th& has an element exactly of order 2.

Supposé& is a group in which each element () has order 2. Prove th&t is abelian.
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(variant of the previous problem) L&t be a non-abelian group of orde¥ Zor some
integerk > 3. Prove thatG has an element of order 4 (no Sylow, no Cauchy).

Let G be a finite group and le® be the intersection of all the maximal subgroups of
G. Suppose that there exists an elemert G such thato together with® generates
all of G. Show thatG is a cyclic group.

Letg(n) be the number of integerswith 1 < q < n—1 such thaq is relatively prime
to n.

a) If (k,n) =1, show thatp(kn) = @(k)@(n).
b) If pis prime, showy(p?) = p*1(p—1)

Let G be a finite group of ordeg, and letM be a minimal non-trivial subgroup @.
Show thatM is cyclic of prime ordemp. Show further thap | g.

Let A, be the alternating group on four letters. It has order 12. Prove that it has no
subgroup of order 6.

Prove that a group is abelian if and only if the mgpa — a~! is an isomorphism.

If G is a group of odd order, show that the ma@fa) = a~* has precisely one fixed
point. [Remark: The converse is also true, but harder.]

Let Y be an automorphism of a group. Write Fix(y) for the set of fixed points of
Y, that is,

Fix(Y)={oeG|w(o)=0}.
Show that FiXy) is a subgroup ofs.

LetG be a finite group and |5 be a non-empty subset &. Write

Z(S={oecG|os=soforallse S}
N(S) ={teG|tst 1 C Sforallse S}.

ThenZ(s) andN(S) are sub-groups oB.
a) Show tha®Z(s) C N(S) and
b) Z(s) is a normal subgroup dfI(S).



33. If G is a finite group of ordeg, and if for eacho € G we have am x n invertible
matrix (overC), say T(0), in such a way thaf (o1) = T(0)T (1), show that every

eigenvalue of eachi (o) is ag™ root of unity.

34. Let f(x) be a monic polynomial with real coefficients. Say
F(X) = pa(X) -~ (%)

is a factorization off into monic irreducible polynomials with real coefficients (repe-
titions are permitted). Prove that eaph(x) has one of the forms

X—0  or  X2—PBxX+y,

whereaq, (3, andy are real numbers.

35. Let f(x) be an irreducible polynomial with rational coefficients, and fi§tx) be its
derivative. Show that there exist two polynomigi&), g(x) with rational coefficients

such that
p(x) (%) +a(x) f'(x) = 1.
lllustrate this forf (x) = x3 — 3x+ 1.

36. Let G be an abelian group and suppose thas a homomorphism o6 to the group
GL(n) of nx n invertible complex matrices. Suppose that for sameG the non-zero
vectorv is an eigenvector of the matrik(o) with corresponding eigenvalue.

a) Show that # 0.
b) Show that for each € G, the vectorT (T)v is also an eigenvector of (o) with

the same eigenvaluk.

37. a) Ifpy,...,pn aren given integers and ifps, ..., pn) appears as a row of amx n
integer matrix of determinant 1, show that thg have no non-trivial common

factor.
b) Prove the converse in the case- 2, that is, if p1 and p, are relatively prime,

then (p1, p2) appears as a row of ax22 integer matrix whose determinant is 1

38. Let 0 be an element of a group and assume the ordes &f finite, sayn. Write
T =o’. Show thato andt have thesameorder if and only if(¢,n) = 1.
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. Let f(x) = x® —ax+ 1, wherea is an integer. Prove thait(x) is irreducible over the
rationals provideda # 0 or a # 2. Further, in the cases= 0 anda = 2, give the
factorization of f (x).

Let f(x) =x"+ an_1X"14+... +ag be a polynomial with complex coefficients. Show
that by a linear substitution= x—a for somea € C the polynomialf (x) transforms
to g(y) = y"+bn_2x""2+ - 4 b with no y'~* term. Finda explicitly in terms of the
coefficients off.

Let G be a finite group and writ& for the center ofG, that is, the subgroup of all
elements ofG. Prove that the indexXG : Z) is nevera prime number. [An easier
version is to prove thatG: Z) # 2.]

Give (with proof) an example of a commutative riRgand an ideall in R which
cannot be generated by one element.

Leto be an element of a group and suppose that has ordem. Write n = ab with
(a,b) =1. Show there exist unique elemeptst € G with p of ordera andt of order
b such thato = pt = 1p.

Let G be the multiplicative group of 2 2 integer matrices with determinant 1. Find
0,T € G with 0* =1% =1 andG generated byo andt. Show further thaot has
infinite order.

For a finite grougs, write Z[G]| for the set of formal linear combinations

AgO, Where Aq€G.
2

Add these component-wise and multiply by using the group law and distributivity.
There is a map from the ring |G|, so obtained, t&, namely

z )\0'0-'—> Z )\0‘.

oeG oeG

This is a ring homomorphism. Létbe its kernel. Show thdtis generated as an ideal
by all elements{oc—1,0 € G}.

Let G be a group generated by two elemeats. Suppose that® =13 = 1. Prove
thattot 1 # o 2.
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LetN=1{1,2,3,...} and writeX for the group of all one-to-one maps Nfonto itself
having the property:

If pcX thereissome n=n(p) suchthat m>nimplies @m)=m.

Find all the normal subgroups &f.

L : 1 if n fk
For positive integera andk, definedy(n) = I nf . Show that
1-n ifn|k
Z OII(—(n)zlogn (n>1).
& K

Leta be a complex number with the following two properties:

a) o isarootofX"+a;X"1+...+a,=0, where the coefficients are integers.
b) There is a prime numbegr so thatpa is an integer.

Show thata is an integer.

For each of the statements below give an example with details or a short statement why
such an example cannot exist.

a) A non-cyclic group of order 289 whose center is cyclic.

b) If pis a prime number, a finite field withp® elements.

c) An infinite abelian group all of whose (proper) subgroups are finite.
d) A ring with no two-sided ideals but with many left ideals.

e) A vector spac® over a fieldk so thatV has 100 elements.

Give examples of the following:

a) A finite commutative group that is not cyclic.

b) A commutative ring (that is not a field) with finitely many elements.
c) A commutative ring (that is not a field) with infinitely many elements.
d) A non-commutative ring with infinitely many elements.

e) A non-commutative ring with finitely many elements.

For each of the statements below give an example with details or a short statement why
such an example cannot exist.
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a) For each integem > 1, a polynomialp(x) of degreen (with rational coefficients)
that is irreducible over the rational numbers.

b) A non-abelian group all of whose subgroups are normal.
c) A non-abelian group all of whose proper subgroups are abelian.

d) A field k in which every homogeneous polynomial in two variables and having
degreed > 1 has a non-trivial zero. [Here “homogeneous” means for some inte-
ger j we havef(cx cy) = ¢/ f(x,y) for all ¢ € k while a non-trivial zero means
f(&,n) = 0 for someg, n, at least one of which is not zero.]

e) A finite groupG of orderg and a positive integeh so thath | g but G has no
subgroup of ordeh.

LetR be a PID with the property that there exists a ring homomorphgs® — Z.
Prove thatp is an isomorphism. [Note: Part of the hypothesis is th@) = 1.

Prove that the additive group of rational numbers has no proper maximal subgroup.

Let G be a finite group and leMy, ..., M, be the list of all its maximal subgroups.
Write H for the intersectiorH = M1N---NMp,.

a) H«G.

b) If an elemento € G together with the elements ¢1 generateG, thenG is a
cyclic group.

Suppose that, b and ¢ are rational numbers satisfyirap byv/2+ cv/3 = 0. Prove
thata=b=c=0.

a) LetG be afinite group such th& /C(G) is cyclic. HereC(G) denotes the center
of G. Show thatG is abelian.

b) Show that any group of ordes® where p is prime is abelian.

LetT : R — R? be a linear transformation such thRtv) L v for anyv € R3. Show
that T is anti-symmetric.

LetF be a field with 17 elements.
a) How many roots does the equatioh= 1 have inF ?
b) How many roots does the equatigh= 1 have inF ?
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Give an example of a polynomial ring with invertible elements of positive degree.
Does the polynomiak!?—3x8 + 1 have multiple complex roots?

Let G be the group of isometries of the three dimensional eucledian space which sta-
bilize a given cube.

a) What is the cardinality o6?
b) Is G simple? (In other words, do&s have a non-trivial normal subgroup?)
c) DoesG have an element of order 127

Prove that the multiplicative group of non-zero real numbers does not have a subgroup
of index 3.

Denote byM the ring of 5x 5 matrices with integer elements.

a) DoesM have a subring isomorphic td[x], the ring of one-variable polynomials
with integer coefficients?

b) DoesM have a subring isomorphic to the factor ring #fx] modulo the ideal
generated by (x—1)2?

Does the ring of & 3 matrices over the reals contain a subring isomorphic to
a) the field of complex numbers?
b) the division ring of quaternions?

Compute the endomorphism ring of the additive gr@ip of rationals. DoesQ™
contain maximal subgroups?

If F is a division ring such that the multiplicative group of nonzero elemenks isfa
finite direct sum of cyclic groups, thdn is a finite field.

LetG be the rotation group of a cube.
a) What is the cardinality o6?
b) Is G isomorphic to a symmetric grou@, for somen?

Suppose that for a polynomigle Z[x] we havep(2003 = 2003. Show thap can
have at most three different integer rootsENRRK: 2003 is a prime number.]
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LetZ, denote the field of residue classes modulo 2 and consider the four factor rings:

a). Ry = Za[X]/ (< +x2) c). Re=Za[X]/(C+x2+1),
b). Ry = Z[X] /(X3 + X2 +X) d). Rg = Zo[x] /(G + X%+ x+1)
Determine:

a) Which (if any) of them contain(s) nonzero nilpotent elements?
b) Which (if any) of them contain(s) zero divisors?

c) Which (if any) of them form(s) a field?

d) Whether any two of these rings are isomorphic to each other.

Decompose the group algebf@&Z4) andC(Z,) into direct sums of their indecompos-
able ideals, i.e., decompos$dg] into a direct sum of its indecomposable ideals where
g is the image ofx in the factor ringF[x]/(x* — 1) andF is a field Q or C of either
rational or complex numbers, respectively.

Describe all groups of order 6.

LetZ, denote the field of residue classes modulo 2 and consider the four factor rings:

a). Ry = Za[X]/ (0 +x2) c). Re=Za[X/(C+x2+1),
b). Ry = Z[X]/ (x® + X2 +X) d). Rg = Zo[x] /(63 + X%+ x+1)
Determine:

a) Which (if any) of them contain(s) nonzero nilpotent elements?
b) Which (if any) of them contain(s) zero divisors?

c) Which (if any) of them form(s) a field?

d) Whether any two of these rings are isomorphic to each other.

If a polynomial p(x1,...,%n) is the square of a rational functiar{xy,...,xn), show
thatr must itself be a polynomial.

[Last revised: August 25, 2003]
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