Analysis Problems
Penn Math Jerry L. Kazdan

In the following, when we say a function is smooth, we mean that all of its derivatives exist
and are continuous.

These problems have been crudely sorted by topic — but this should not be taken seriously
since many problems fit in a variety of topics.

1. A straight line ¢ is tangent to the cubic y = x> 4+ bx*> +cx+d. Let Q be the bounded
region between the line and the cubic. Let ¢ be the (unique) line that is parallel to ¢
and is also tangent to thee same cubic. This also defines a bounded region, R, between
¢" and the cubic.

a) Show that Q and R have the same areas.

b) What else can you say about the relationship between Q and R?

2. Find the elementary function having the following power series for |z| < 1.

= ;
a) Zl"nz D) Zn-i—l

0

3. Determine the sum of each of the following numerical series.

| > 1 > 2n+1 > (n+1)> = 2"

n=1 n=0 n=0 n=0

4. a) Find afunction f:R — R such that (") (0) = n forall n > 0. Your answer should
be expressed in terms of the elementary functions encountered in calculus (such as
x, sinx, €, etc.).

b) The same question with f")(0) = n?, for each n.

¢) Let g(x) be a smooth function and say g")(0) = b,. Find a function f:R — R
such that £(")(0) = nb,, for all n> 0.

5. Suppose f: R — R is a smooth function such that for all x, 0 <x <2 you know that
f'(x) =0. Prove that f is constant for 0 < x < 2. Include very brief self-contained
proofs of all the preliminary results you use (for instance, that a continuous function
on a closed and bounded interval attains its maximum at some point on the interval).



10.

1.

Let f(x) be a continuous real-valued function with the property

fx+y)=fx)+ 1)

for all real x, y. Show that f(x) = cx where ¢ := f(1). [REMARK: There is a very
short proof if you assume f is differentiable].

. Assume that f is defined in a neighborhood U of xp € R and has derivatives up to

order 2n— 1 for all x € U with f'(xp) = f"(x0) = --- = £~V (x9) = 0. Assume that
@) (x) exists and is positive. Show that f has a local minimum at x,.

Let {b,}, n=1,2,... be a sequence of real numbers with the property that b, ; <
by + by Prove that lim —— exists.

n—o n

Consider the sequence:
X,
Xpt1 =a™

Does it converge for a = v/2? What about other values of a > 0? [If it converges, its
limit is the intersection of y = a* with y = x.]

1
a) Let X;,j=1,2,... be a sequence of points in R>. If || X1 —X;|| < — » Show that
J
these points converge.
b) Let {X;} be a sequence of points in R” with the property that

Y1 X < e
J

Prove that the sequence {X;} converges. Give an example of a convergent se-
quence that does not have this property.

Let f:R — R be a continuous function with |f(x) — f(y)| < ¢|x —y| for some ¢ < 1
and all x,y. Show that f has fixed point (this is a point a with f(o) = o) and that this
fixed point is unique.

[SUGGESTION: First show that there is at most one fixed point. Then, for any xg, show
that the sequence x; defined recursively by x; = f(x;_1), k= 1,2,..., converges to
the desired fixed point.]

Give an example with ¢ =1 where f does not have a fixed point.



12.

13.

14.

15.

16.

17.

18.

19.

Let S={xeR:—-1<x<1}.

a) Give an example of a function f: § — R with the property that for some ¢ we have
|f(x) = F(y)| < c|x—y|'/3 forall x, y in S, but f is not everywhere differentiable.

b) If for some o > 1 and some ¢ > 0 a function & : S — R satisfies |h(x) —h(y)| <
clx—y|* for all x, y in S, what can you conclude about /?

a) Let f: R — R be a smooth function with the properties that f”(x) >0 and f(x) <
C for all x € R. Show that f(x) = constant.

b) Let f: R? — R be a smooth function with the properties that the hessian matrix
f"(x) is positive semi-definite and that f(x) < C for all x € R%. Does this imply
that f(x) = constant? Proof or counterexample.

Let C be the ring of continuous functions on the interval 0 <x < 1.
a) If 0 <c <1, show that the subset { f € C| f(c) =0} is a maximal ideal.

b) Show that every maximal ideal in C has this form.
Every maximal ideal of C([0,1]) is prime. Proof or counterexample.

Let f(x) : R — R be a bounded smooth function for —eo < x < 0. Show that f”'(c) =0
for at least one point c. Thus, f has at least one inflection point.

Suppose f: R — R is a smooth function such that: for every a,b € R with a < b, there
—f(b
is a unique & € (a,b) such that f/(§) = Jc(a)—pr()
a J—

points.

Prove that f has no inflection

Show that Tim 28 Y _ i (4. provided the limit on the right hand side

X—00 X X—00

exists and is finite.

Newton’s method for solving f(x) =0 given the approximate guess x; tells us to find
the next approximation, x;. 1, by solving f(xz)+ f/ (xx) (xg1 —xx) = 0 for xz 1. These
approximations may or may not converge, depending both on the function f(x) and
how close x; is to the desired solution.

Show that if f(x) =x?—c, where ¢ > 0, and if xo > 0, then Newton’s method always
converges to compute \/c.
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21.

22.

23.

24.

25.

26.

Show, directly from the definition, that /x is continuous at every x > 0. Is it uniformly
continuous for every x € [0,00)? Why?

Which of the following are uniformly continuous in the set {x > 0}? Justify your
assertions.

a). f(x)=2+3x b). g(x) =sin2x ). h(x)=x? d). k(x)=vx+1,

Assume that f(x) is uniformly continuous on the bounded open interval a < x < b.
Prove that f is bounded, that is, there is some M so that |f(x)| <M forall x € (a, b).

Let f: R — R be uniformly continuous. Prove that there are constants a,b such that
|f(x)| <a+Db|x| forall x.

Let a function g(x) be defined for |x| < 1.

a) Find an even function, geven(x), and an odd function, goqq(x), so that g(x) =
geven(x) +godd(x) :

b) Let f(x) be an even function with the property that |f(x) —g(x)| < € for |x| < 1.

c) Say a polynomial p(x) has the property that |f(x) — p(x)| <€ for |x| < 1. If f(x)
happens to be even, find an even polynomial with the same property.

Let a < b < ¢ be real numbers. Find a continuous invertible map ¢ : R — R with the
given following properties — or prove there is no such map.

a) (P(()) =a, (p(l) =D, (P<2> =,
b) ¢(0)=c, ¢(1)=a, ¢(2)=0,
c) (p(()):C? (P(l):b, (p(2):a,

Find diffeomorphisms (i.e., smooth invertible maps) between the following sets:
a) R— (0,)

b) R— (0, )

c) R—(-1,1)

d) (—1,1) — (0, 00)

e) R?— {(x,y)||y> 0} (upper half-plane)

f) R? — {(x,y) || —1<y< 1} (horizontal strip)
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27.

28.

29.

30.

31.

9 {y) [[-1<y<1}toR*— {(u,v)|[v>0}

h) Let h: R — R™ be a given smooth function. Find a diffeomorphism from {(x,y) |
|y > h(x)} o {(u,v) | [v>0}

a) Let A(f) = [a;j(t)] be a square matrix whose coefficients depend smoothly on a
real parameter ¢. If A(0) is a simple eigenvalue (that is, its algebraic multiplicity is
one), show that A(7) and the corresponding eigenvector v(¢) are smooth functions
of ¢t for ¢ sufficiently small.

b) If the above matrix A(z) is self-adjoint, derive the useful formula

Give an example of a 2 x 2 real symmetric matrix A(¢) with A(0) = I whose ele-
ments depend smoothly on the parameter ¢ but where the eigenvectors are not smooth
functions of ¢ near t = 0.

Let A() be an invertible matrix whose elements «;;(t) depend smoothly on a parame-
ter 7.

a) Compute the derivative of A~!(¢). Your formula should be a generalization of the

1x1 h g 41 __4
case where you are computing — —— = ——.
Y PUHRE 1 a(t) a?
b) Compute the derivative of detA(r). The simplest special case is when A(0) =1
and one computes the derivative at t = 0.

REMARK: This problem does not require that A be invertible, but if it is, one
useful way to write the answer is

(detA(r))' = det[A(r)] trace [A~! (1)A(¢)].

Consider the function f(A) := (detA)? defined on the “cone” of real symmetric posi-
tive definite matrices A. For which real value(s) of p is this function convex? [SUG-
GESTION: The formula (problem 29b) for the derivative of the determinant will help.]

Let f(x) be a continuous real-valued function with period 2w, so f(x+2m) = f(x) for
all real x. If also for some irrational o € R we know that f(x+2mo) = f(x) for all
real x, show that f(x) = constant. [SUGGESTION: Fourier series].



32. Find a smooth function f: R — [0, 1] with the following properties:

0, if x < 0;
fx)=< fl(x) >0, if0o<x<1;
1 ifx > 1.

Y

33. a) Find a function g € C'([0, 1]) with the properties:
g(0)=0, g(0)=0, g(1)=1,andg'(1)=1.

b) Find a h € C*(R) so that 4(x) =0 for x <0 and A(x) = x for x > 1. [SUGGES-
TION: One approach uses a function @ € C*(R) so that ¢(x) =0 for x < 0 and
¢(x)=1forx>1.]

1
34. a) Let x> 0. Show that lim —ke_l/x =0 for any integer k.

x—0 X

b) Define f: R — R by

flx) =

e for x > 0,
0 forx<O0,

Show that f is smooth, that is, f(x) and all of its derivatives exist and are contin-
uous for all real x. Sketch the graph.

¢) Show that each of the following are smooth and sketch their graphs:

=f(x —Xx X)= f)
¢ = A0, ) =
k(x) = h(x)h(4 —x), K(x) =k(x+2), H(x) = K(4x)
6= ¥ st-d =22

0x) =Y wix),  oxy)=K®K(©), (x,y) €R?

O(x)=K(||x||),  x=(x1,....0) ER"

35. Let B C R” be the open unit ball |x —a| < r. Exhibit a smooth function ¢ € C*(R")
that is positive on B and zero elsewhere. [SUGGESTION: One way to start is to use
N =e Y fort>0.]

36. Let 0 < a; < by be real numbers and write ar» = v/a;b; and by = %(al +by).
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37.

38.

39.

40.

a)
b)

9

Show that a, < b;.

Continue inductively to get a3 and b3 from a; < b; as above, etc. Show that lima,
and limb,, exist.

Furthermore, show that these limits are equal.

If we identify the points x = 0 and x = 1, we can think of the real interval [0, 1] as a
circle, S'. Thus for any real numbers x, y, we say that x =y if x —y is an integer. Let
o be an irrational number,

a)

b)

Show that the points x; = ko, k =1,2,... are dense in this circle. [REMARK: An
even stronger fact is true — the points x; are equidistributed. See problem 146.]

Let f:S' — S! be a continuous function, so f(1) = £(0). If we also know that
f(x+a) = f(x) forall x € S!, show that f = constant.

Let ¢, be a sequence of real numbers that converges to ¢. Show that their “aver-
age” (arithmetic mean), %[cl +cp+---+ ¢y, also converges to c.

Give an example of a sequence that does not converge but whose arithmetic mean
does converge.

If the arithemetic mean of a sequence converges, must the sequence be bounded?
Proof or counterexample.

Let the sequence b, > 0 have the property that lim, . b, = b > 0. Show that the
geometric mean also converges: (b1bs---b,)'/" — b.

Let f(¢) be a continuous function for 0 < < eo. If lim;_,., f(f) = ¢, show that

1
Jim o | f(e)dr=c.

1
Find the Taylor series centered at x =1 of —.

X

Let {a,} and {b,} be real sequences. Proof or counterexample.

a)
b)
c)
d)

If ¥ a, converges, then so does Za,%.
If Y a, and Y |b,| both converge, then so does Y a,b, .
If ¥ a2 converges, then so does Y. a,/n.

If ¥ a, converges and a, | O, then na,, — 0.

41. Let {ax }, {bx } be sequences of real or complex numbers.
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42.

43.

44.

45.

46.

a) Assuming the a; are positive, the series ) a; converges, and the sequence by is
bounded, show that the series Y a;by also converges.

b) Give an example showing that the above may be false if the a; are not all positive.
o) If Sy = Zilv ay 1s bounded and the sequence by is monotone decreasing with

limg_,.. by = 0, show that the series Y ayb; converges. The standard example is
ay = (—1)K, by =1/k. SUGGESTION: Use the following summation by parts:

N
Y awbi = [SnbN = Subni1] = [Suv1(bnsa—buy1)+---+Sv-1(bxy —by-1)] (1)
n+1

This analog of integration by parts is due to Abel.

d) If the series } a; converges and b; — 0, does the series Y a;b; necessarily con-
verge? Proof or counterexample.

e) If the series ) a; converges and the sequence by is monotone decreasing with
limg_,.. by = b, does the series Y ayby necessarily converge? Proof or counterex-
ample.

f) If p > 0, show that the series )~ ,n 7P cosn® converges unless 0 is an integer
multiple of 27 and 0 < p < 1. [Alternate: Discuss the convergence of the complex
series Y, Z"/n? on the unit circle |z| = 1.]

[Abel] Assume the real power series Y a,x" converges at x = 1. Prove it converges
uniformly for 0 <x < 1. [SUGGESTION: Use summation by parts (1)]

Apply Abel’s theorem (Problem 42) to the Taylor series for Inx and arctanx to justify
the following'
n+1

v ¥ =2 B L=

Let )" ya,z" be a power series with integer coefficients a,. Suppose that for some
z with |z] =1 the power series converges. Show that the power series is actually a
polynomial.

Discuss the convergence of

oo oo

1
a) sz2+n2 DY Xwaer PP

=1n=1 k=1n=1

- 1

——————— converge?
k,fél:l (k2+gz+n2)p g

For which p > 0 does the series

8
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47. Let f(x) := Za—z If the sequence a, is bounded, show that this defines f as a con-
T n

tinuous function for all x > 1.

ksinkx

1+k4

a) For which real x is f continuous?

48. Consider f(x Z

b) What can you say about the derivatives of f?

[=S) . 3n
49. Show that Y Smin %) i differentiable for all real .
=1

50. If A is a square real matrix, one defines e* by the power series
eA = Z F
k=0

a) If A isa 2 x 2 diagonal matrix, compute A,
b) IfA=(_7 1), compute .
c) fA= (8 %) , compute A

d) Show that for any A this series converges absolutely (see problem 164). For a
space such as R”, the simplest norm for matrices A is the operator norm ||Al| =

SUP,20 %, since then ||AB|| < ||A|||B|| (why?). For a more general norm in a
finite dimensional space, one can use that in a finite dimensional space all norms
are equivalent (why?).

e) If AB= BA, show that

In particular, this gives (e4)~! =e

(o)

1
51. Let {(s) = Z—S where s = 6+ if is complex. If 6 > 2, Show that |{(s)| > 0.
~ 1

52. For which real numbers ¢ does the series

[eo)

£0-90-5)(-)

=2

converge? Here are some hints for one approach:

9



53.

54.

a) Show that for any real a; one has (1 —ay)(1 —az)--- (1 —a,) < e~ (Ziay)
b) Show that

no1 1 1 1 31
/ dx<——|——+---+—</ —dx.
1 x+1 2 3 n 1 X

(-5(-5-(-9<(H)

Compute the Fourier series for f(x) =x, for —m < x < ®. Then use the “Pythagorean
theorem” (Parseval’s Identity) to compute 1+ % + 3% + ﬁ 4+

¢) Show that

Consider the Fourier series (formally, so we don’t yet worry about convergence)

flx)= Z cre’™ where c,eC 2)

—oo<lk<oo

with the complex inner product (f, g) = [™, f(x)g(x)dx.
a) Show that the functions ¢*** for integers k are mutually orthogonal.
b) Show that ¢, = ﬁ [™ f(x)e~**dx. The ¢, are the Fourier coefficients of f.

¢) If f€C'(|x] <) and is 27 periodic, show that |c;| < M/k for some constant M
independent of k.

I
d) Show that formally || f||* :/ If(O>=2n Z lck|? (Pythagoras).
-n —co<k<oo
e) Define the linear map Py by (Pyf)(x) := Yj<n cxe’™. Show that P} = Py, that
is, Py(Pnf) = Pyf, and also that (Pyf, g) = (f, Pvg) for any f and g (thus Py
is self-adjoint). These are summarized by saying that the map Py is an orthogonal
projection.

f) Show that ||f||* = ||Pvf[* + /(1 — Pv) f||* and hence that [|Py f]| < ||f]].

g) In any vector space V with an inner product, let 7/ be a subspace and Pv the
orthogonal projection of v € V into . Show that Pv is the point in W that is
closest to v by proving that for any w € W

v —=wl* = v —Pv[* + [Py —w].

h) As an application of part f), let Zy be the subspace of all functions of the form
Yik<N cxe’™ . Given a function f, show that for any function g € Zy one has
lf —Pnfll < ||f —gll- Thus, the Fourier projection Pyf is closer to f than any
other function in Zy.

10
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Let D = d/dx. Show that PyD = DPy, that is, Py(Df) = D(Pyf) for all contin-
uously differentiable 2m-periodic functions f.

55. This is a continuation of the previous problem 54 and treats the convergence of Fourier
series.

56.

57.

38.

a)

b)

By the Weierstrass approximation theorem, if f is a 2m-periodic function, then
given and € > 0 there is a function g of the form g =} <y are’™ so that in the
uniform norm ||f — g/, < € (why?).

Combine this with problem 54g) to conclude that ||f — Pyf|| < 2me and hence
deduce that the Fourier series (2) converges to f in this norm.

Here we consider the uniform convergence of Fourier series. If f is 271 periodic
and continuously differentiable, use problems 144a) 54h) to show that

If =Py fllu < V2m|f' —Pyf].

Thus, by part a) applied to f’ show that for a continuously differentiable function,
the Fourier series (2) converges uniformly to f.

Let C?([—1,1]) be the set of functions u(x) that have two continuous derivatives for
all —1 <x < 1. Show the following.

a)
b)
9)
d)

The linear space of all u € C?([—1,1]) that satisfy u” = 0 is two dimensional.
The linear space of all u € C?([—1,1]) that satisfy u” +u = 0 is two dimensional.
The linear space of all u € C?([—1,1]) that satisfy «” —u = 0 is two dimensional.

If a(x) € C([—1,1]), then the linear space of all u € C>([—1,1]) that satisfy u” +
a(x)u = 0 is at most two dimensional.

Assuming the existence of two C? functions ¢(x) and y(x) that satisfy u” +
a(x)u = 0 and the respective initial conditions

0(0)=1,0/(0)=0,  while  W(0)=0, ¥(0)=1,

show that the dimension of the space {u € C*([—1,1])|u” + a(x)u = 0} is exactly
two.

1
Show that every solution x(¢) of the differential equation x” + 3x' +2x = 17 tends

to zero as t — oo,

Show that the differential equation x*y” —y = 0 has no Taylor series solution (other
than y(x) = 0) that converges in some neighborhood of x = 0.

11



59.

60.

61.

62.

63.

Let y(¢) be a solution near = 0 of the differential equation
y—y*=1, with  y(0)=0.

Show that y(¢) cannot exist over the whole interval [0, 2].

Let a(t) and f(t) be periodic continuous functions with period 2w
a) Show that the equation u” = f has a 2w-periodic solution if and only if

2n
f(t)dt =0.
0
b) Show that the equation u” +u = f has a 2n-periodic solution if and only if both
JE® f(r)sintdt = 0 and [3™ f(t)costdt = 0.
¢) Show that the equation Lu := u” + au = f has a 2n-periodic solution if and only
if [§F £(1)z(t)dt = 0 for all 27-periodic solutions of 7’ + a(t)z = 0. [REMARK:
These are special cases of the Fredholm alternative: the image of L is the orthog-
onal complement of the kernel of the adjoint operator L*.]

Consider the linear differential operator Lu := u’ +a(t)u where a(t) is continuous and
periodic with period P, so a(t + P) = a(t) for all real ¢. Also, let f(¢) be a P-periodic
continuous function.

a) (Example) Show that the equation u’ = f has a P periodic solution if and only if
2 f(t)dr =0.

b) Show that the homogeneous equation Lu = 0 has a non-trivial P-periodic solution
u(z) if and only if [ a(t)dr =0.

) If [ a(t)dt # 0, show that the inhomogeneous equation Lu = f always has a
unique P-periodic solution u(t).
On the other hand, if f(f a(t)dt =0, find a necessary and sufficient condition for

Lu = f to have a P-periodic solution. If it has a P periodic solution, is this solution
unique?

(o]

. . a
If the sequence {a,} is bounded and ¢ > 1, show that the series Z —Z converges
n=1"
absolutely and uniformly in the interval ¢ < x < oo.

If the series Z cpx" converges uniformly for all real x, prove that all but a finite number

0
of the ¢, ’s must be zero (so the series is a polynomial).

12



64.

65.

66.

67.

68.

69.

Let {a; } be a sequence of complex numbers. If the power series ¥ aic® converges for
c|, show that Y a;z* converges absolutely
and uniformly in the disk {|z| < r} in the complex plane.

Let F(x) = { 0 x= x4 0 , and suppose that {F,(x)} is a sequence of continuous func-

tions that converges to F pointwise on the closed interval [0, 1]. Prove that the conver-
gence cannot be uniform on the open interval (0,1).

2

For which subsets of the real line does the series (H)—C—) converge uniformly?
n=0

For each of the following give an example of a sequence of continuous functions. Jus-
tify your assertions. [A clear sketch may be adequate — as long as it is convincing].

a) fu(x) that converge to zero at every x, 0 < x < 1, but not uniformly.
b) gn(x) that converge to zero at every x, 0 < x < 1, but fol gn(x)dx > 1.
¢) hy(x) converge to zero uniformly for 0 <x <o, but [y h,(x)dx> 1.
a) Let {a,} be a sequence of real numbers with the property that

a1 —ar| < Yag—ar|,  k=1,2,....

Show that this sequence converges to some real number.

b) NOTATION: |@|| = sup |@(x)|. Using this notation, let {u,(x)} be a sequence of
0<

continuous functions for 0 < x <1 with the property that
e — wel| < 5llue—wen ||, k=1,2,....

Show that the {u,} converge uniformly to a continuous function.

Let h(x,y) and f(x) be continuous for 0 <x <2, 0 <y <2. Let up(x) =0 and define
ur(x), k=1,2,..., recursively by the rule

U1 (x +/hxybtk

13



70.

71.

72.

73.

a) Show that if 0 < ¢ <2 is sufficiently small, then the u;(x) converge uniformly for
0 < x < ¢ to a continuous function u(x) that satisfies

7+ [ by *)

b) In the special case where h(x,y) =1 and f(x) = 1, solve equation (*) explicitly.
[This is easy. Let o0 = fol u(y)dy and then use (*) to solve for o].
From this, show that indeed for some value of ¢ a solution may not exist.

Let @(x), x € R” be a smooth function with the following properties:
). (x) >0 for ||x]| <1, @(x)=0 for |x]| >1,

ii). [pa@(x)dx=1.
Let @ (x) := k"@(kx). For a continuous function f(x) with f(x) = 0 for x outside a

compact set X, define
= [ fO0c—nar

a) Show that @(x) =0 for ||x|| > 1/k, and [p. @r(x)dx=1.
b) Show that the f; are smooth functions.
¢) Show that limy_.. fx(x) = f(x), and that this convergence is uniform.

d) Does the conclusion in part b) remains valid without assuming @(x) =0 for ||x|| >
1?

e) Show that the conclusion in part b) remains valid if one assumes only that f(x) is
continuous for all x, except that now the convergence is uniform only for x on any
compact subset of R".

If f(x) is a continuous function that is zero outside of a bounded region, for ¢ > 0 let

u(x,1) Z\F/f

Show that u(x,t) converges uniformly to f(x) as ¢ \, 0.

Show that the sequence of functions f;(x) := n’x"(1 —x) does not converge uniformly
on [0,1].
n’x?

Let hn(X) = m
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74.

75.

76.

7.

a) On the interval [—1,1], show lim, ../, (x) exists but that the convergence is not
uniform.

b) Is limy e [ 1} Ap(x)dx = [1,lim, ek, (x)dx? Justify your assertion.

Say one has a continuous function f(x) defined for all real x with the property that
there is a sequence of polynomials pi(x) that converge uniformly to f for all x. Thus,
given any € > 0, then for all sufficiently large k we have

sup| f(x) — pr(x)| < €.
xeR
Show that f(x) must itself be a polynomial.

[Dini] Let fj(x) > f2(x) > --- be a decreasing sequence of continuous functions de-
fined for 0 <x < 1.

a) If this sequence converges pointwise to zero, show that the convergence is uniform.

b) If this sequence converges pointwise to a continuous function, show that the con-
vergence is uniform.

c) If we replace 0 < x <1 by 0 <x < 1, must the convergence still be uniform?
Justify your assertion.

Let f(x) be a periodic 27 periodic C? function on the real line (so f, f’, and f” are
all 21 periodic). Show that its Fourier series converges uniformly to the function f(x)
for all real x.

a) If the series Y ¢, / n* converges (resp. converges absolutely) at x = xo, show that it
converges (resp. converges absolutely) for any x > xq.

b) If the series Y c, / n* converges at x = xg, show that it converges absolutely for
any x > xo+ 1. Also, give an example showing that if ¢ < 1, it may not converge
absolutely for x = xp+c.

c) Let A, — o be a strictly increasing sequence. If the (Dirichlet) series Zjlv ape e

converges (resp. converges absolutely) at some complex zg = xo + iyg, show that it
converges (resp. converges absolutely) for all complex z = x4 iy with x > xo. The
series Y aj / n® is a special case.

SUGGESTION: Without loss of generality, say zop = 0. Use summation by parts
along with the inequality (which you should prove)

e 9% — e*bZ‘ < M (e*“x — e*bx) forreal a < b and x > 0.
X
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The upshot of your proof should include the observation that the convergence is
uniform in any wedge-shaped region for the form {z = zo + re®®} where |8] <
const < T/2

x+1/n
78. Assume that g : R — R is continuous and let f,(x) := / g(s)ds.
0

a) Show that f,, converges to g pointwise.
b) If g is uniformly continuous, show that f,, converges uniformly to g.

¢) Give an example of a continuous function g where f,, does not converge uniformly
to g

79. For (x,y) # (0,0) let

2

Xy Xy Xy
= = h(x,y) = —>—.
flxy) = — 257 g(x,y) oy (x,y) = 72

while £(0,0) =0, g(0,0) =0, and #(0,0) =0.
a) Discuss the continuity of these functions.

b) Discuss the differentiability of these functions.

80. Give an example of a smooth function z = f(x,y) defined on all of R?

81. a) Find all of the critical points of (x4 2y2)e_(x2+y2) . Here (x,y) is a point in R?.
Classify these points as max, min, or saddles.
b) Let A be an invertible symmetric n X n matrix with distinct eigenvalues and let
f(x) = (x, Ax)e_”x”z. Here x is a point in R”. Find all the critical points of f
(there are 2n+ 1 of them).

82. Find the minimum of Q(x,y,z) := 5x* — 2xz + 3y* + 5z for all points (x,y,z) on the
unit sphere x> +y? 472 = 1.

83. Determine the extremal values of the function given implicitly by x* 4+ y* = x> +y2.

84. Find an exaple of oa smooth function defined on R? with exactly three critical points,
all non-degenerate, with one local maximum, one saddle, and one local minimum.
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85.

86.

87.

88.

89.

90.

91.

92.

Find an exaple of oa smooth function defined on R? with exactly two critical points,
both non-degenerate local minuma.

[J. Pendar] Find all critical points of p(x,y) := (1 +y)3x? +y? and determine if they
are local max, min or saddle points or neither. Does f have a global max or min?

Find all critical points of f(x,y) :=x®> —3x+ (x —e”)? and determine if they are local
max, min or saddle points or neither. Does f have a global max or min?

Let X C R3 be a surface (without self-intersections) defined by the points (x,y,z) that
satisfy f(x,y,z) =0, where f is a smooth function with grad f(x,y,z) # 0 on X.

If P is apointnoton X and Q € X is a point that is closest to P, show that the line PO
is perpendicular to X.

Let f(x,y) be a smooth function for all (x,y) in R?> Assume that the origin is not on
the surface z = f(x,y).

a) Show there is at least one point P on this surface that minimizes the distance to the
origin.

b) Show that the straight line between the origin and P is perpendicular to the tangent
plane to the surface at P.

Given any closed set Q in the plane, show there is a continuous function f > 0 with
the property that f = 0 only on Q. [In fact, there is a smooth function with this same
property, although it is more difficult to construct].

Let i : (x,,z) — (x,y, —2) be the reflection across the plane Q := {z =0} in R? and
let $* € R? be the unit sphere. Assume that the map f : S> — % commutes with /, so

foh=hof.
a) Show that f maps the plane Q into itself.
b) If f is one-to-one and f(x) = p € Q, show that x € Q.

c) Is the above assertion still true if f is not one-to-one? Proof or counterexample.

Let y(t) := (x(t), y(t)) map [0,1] — R? define a smooth curve I" C R? that does not
intersect itself. Assume ¥ (¢) # 0 for 7 € [0, 1]. Use 7 to find a diffeomorphism F :
R? — R? that maps I to the interval (s,0) C R?, where s € [0,2].
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93. Let f:R? — R be a smooth function with the property that [V f(x)| = 1 for all x =

d
(x1, x2) in R?. Prove that the integral curves of f, that is, the solutions of d—); =Vf(x),

are straight lines.

94. a)

b)

95. a)

b)

If u(xy,xs,...,x,) is a given smooth function, let u” ( ag a”jc ) be its second

derivative (Hessian) matrix. Find all solutions of det(«’ ) =1 in the special case

where u = u(r) depends only on r = /x? +---x2, the distance to the origin.

Let x = (x1,x2,...,X,) and A be a square matrix with detA = 1. If u(x) satisfies
det(u”) =1 (see above), and v(x) := u(Ax), show that det(v"') = 1 also. [Remark:
the differential operator det(u”) is interesting because its symmetry group is so
large.]

If f(x1,x2) = h(2x; +x2) for some differentiable function A(z), t € R, show that

of ,of _
2o =0 3)

Let f(x) = f(x1,...,n,) € C>(R"). Make a linear change of variables
n
Xi=) sijyj,
=1

where S = (s;;) is an invertible matrix of constants, so x = Sy. Write g(y) :=
f(Sy) = f(x), that is, g(y) is f(x) in the new coordinates. Show that

C))
ayk Jz: ax f
If we write f/ = <§7{,...,§7{> (as a row vector), (4) is just g'(y) = f/(x)S and
d dfd
should remind you of the one variable case a8 _ _f_x
dy dxdy

[Converse to part (a)] If f(x1,x2) is a differentiable function that satisfies (3), find
a linear change of variable y = Ax so that g(y) := f(Sy) satisfies g, =0.

Use this to conclude that g(y) = ¢(y;) for some function ¢ depending only on y;,
and hence that f(x) = h(2x; +x;) for some function #.

If one also knows that f(0,x;) =5 —sin(3x;), conclude that f(x) =5 —sin3(2x; +
x2).
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96. [continuation] Let f and g be in part b of the previous problem.

97.

98.

99.

a) Show that
azg n aZf
— = —=—SikSi¢-
dyr9yy it ox;ox; "

®)

If we use the notation f”(x) = <£lz—af%> (this is a symmetric matrix — why?), show
that (5) has the simpler matrix form g” = S” f’S, where S7 is the transpose of S.

b) Use the previous part to show that by an appropriate linear change of variable we
can always make g”(0) a diagonal matrix.

Let (ai j) be a positive definite matrix. If the smooth function u(xy,...,x,) has a local
9?2
minimum at a point P, show that Z ajj - > 0 [Using Problem 96, first
1<ig<n  O%iOXj | —p
<i,j<n X

do the special case where P is the origin.]

Let (a;j) be a positive definite 2 x 2 matrix of constants and let L be the linear differ-
ential operator
L Z o%u
u.= aij5s—=_—
1<i,j<2 axiaxj
acting on smooth functions u(x;, x;). Use Problem 96 to find a linear change of vari-
able y = Cx so that in these new coordinates L has the simpler form

d%u o%u

Lu= v .
! dy1dy1  9dy20y2

Generalize this to where (ai J-) is any invertible n X n constant matrix.

Let w(x) and u(x,y) be given smooth functions.

a) If w satisfies w” — c(x)w = 0, where ¢(x) > 0 is a given function, show that w
cannot have a local positive maximum. Also show that w cannot have a local
negative minimum.

b) If u satisfies 4uy, + 3uyy — Su = 0, show that it cannot have a local positive maxi-
mum. Also show that u cannot have a local negative minimum.

c) Repeat the above for a solution of 4uy, — 2uy, + 3uyy + Tux +uy — Su=0.

d) If a function u(x,y) satisfies the above equation in a bounded region D € R? and is
zero on the boundary of the region, show that u(x,y) is zero throughout the region.
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100. Let Q C R? be a connected open set and f : Q — R a differentiable function with the
9f (x,y)
ox
a) If Q is convex, prove that f(x,y) = h(y) for some function A(x).

property that = 0 throughout Q.

b) If Q={(x,y):1<|x| <2,y>0}U{(x,y): |x] <2,y <0}, give an example
9f (%)
ox

of a function f € C!(Q) that satisfies = 0 that does not have the form

f(x,y) = h(y).

101. For some connected open set Q € R”, let f: QQ — R be a real valued function with
the property that there is a constant L such that for all x, y € Q

|f(x) = f)] < Llx—yl. (6)

If this holds we say that the f is Lipschitz continuous with Lipschitz constant L.

a) If f is Lipschitz continuous in Q with Lipschitz constant L, show that it is uni-
formly continuous.

b) If f is differentiable in Q with |V f| <M and Q is convex, show that f is Lipschitz
with Lipschitz constant M .

c) If in the previous part Q is not convex, f may not be Lipschitz continuous there.
The following example illustrates this. Let € be the set from Problem 100b. Define

y if l<x<2,y>1
fxy) =<2 2—-y) if l<x<2,0<y<I
elsewhere in Q.

o

First note that f € C'(Q). Next, if 1 <a <2 and b > 0, with p = (a,b), ¢ =
(—a,b) show there is no constant L so that |f(p) — f(q)| < L|p — ¢| holds for all
b.

102. For some connected Q € R, let f; : Q& — R be a sequence of real valued functions
that are Lipschitz continuous with the same Lipschitz constant L [see Problem 101]. If
the f; converge pointwise in Q to some f, show that f is also Lipschitz continuous
with the same constant L.

If Q € R2, does the same conclusion hold? Explain.

103. A smooth function f(x) is called convex if at any point the curve y = f(x) lies above
its tangent line.
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a) If f”(x) > 0, show that the curve is convex — and conversely too.
b) Show that ¢ > 1+ x for all (real) x.

c) Conversely, if a > 0 has the property that a* > x+ 1 for all real numbers x, show
that a = e.

d) Let f(x) be a smooth convex function for all x € R. If it is bounded from above:
f(x) < const, show that f must be a constant.

e) Prove the analogue of part a) for a smooth function f(x) of n variables x =
X1,...,%,. Here you’ll need Taylor series in several variables, and also that the
appropriate generalization of f”(x) > 0 is that the second derivative “Hessian”

() . . . . :
matrix is positive semi-definite at every point x.
Bx,- ax j

f) Is the analog of part d) true for a function of several variables?

104. Let f(x) be a smooth function of x = (x1,...,x,) and assume that the Hessian matrix
f"(x) at every point is non-singular.

a) Atapoint p, let o(¢) := f(p+1v), t € R, be the restriction of f to the straight
line x = p+1v. Show that the Hessian matrix f”(p) is positive definite if and only
if ¢”(0) > O for all directions v. Is it enough if we only check the vectors v in an
orthonormal basis?

b) Show that f is convex if an only if the restriction of f to every straight line is
convex.

105. Say a smooth function f(x,y) defined near the origin on R? has an isolated critical
point at the origin and assume that as you approach the origin along any straignt line f
has a local minimum at the origin.

a) If this critical point is nondegenerate (that is, the second derivative matrix is not
invertible there), show that the origin is a strict local minumum, so, near the origin

f(x,y) > f(0,0) forall (x,y) # (0,0).
b) Give an example of a quartic polynomial showing that if this critical point is de-
generate there might be points arbitrarily near the origin where f(x,y) < f(0,0).

106. The following concerns global issues for critical points of functions of one and several
variables. For most people these are not obvious.

a) There is no smooth function on R? with exactly two critical points, both nonde-
generate local minima. Proof or counterexample.
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b) Say the smooth function f(x), defined for all real x has a strict local minimum at
the origin and no other critical points. Is f(0) necessarily the global minimum?
Why?

c¢) Say the smooth function g(x,y), defined for all (x,y) in the plane, has a strict local
minimum at the origin and no other critical points. Is g(0,0) necessarily the global
minimum? Why? [Caution. For most people this is not obvious].

107. Let f:R?> — R” be a smooth map.
a) If ||Vf(x)|| <M everywhere, show that ||f(x) — f(y)|| < M|x—y||.

b) Let A be the annular region A := {x € R? : 1 < ||x|| <2} and f:A — R" a smooth
map. If |V f(x)|| <M for all points in A, estimate || f(x) — f(y)|| for x and y in
A.

108. Let p(x) = aux" +---+ag, where a, # 0 be a polynomial with real coefficients.
a) If x = c is a simple root of p, show that it depends smoothly on the coefficients.

b) Show by examples that at a multiple root this may not be true. In fact, the root may
not even be a continuous function.

109. Let p(x) := (x —1)(x —2)---(x —6) = x5 —21x° 4 --- and let p(x,&) be the poly-
nomial obtained by replacing —21x°> by —(21 +¢)x>. Let x(g) denote the perturbed
value of root x = 4, so x(0) = 4. Compute the sensitivity of this root as one changes
€, that is, compute dx(€)/de) |£:0.

110. The following equations define a map F : (x,y,z) — (u,v,w):

u(x,y,z) = x+xyz*
v(x,y,2) = x>+
w(x,y,z) =2x+cz+2°

a) For which value(s) of the constant ¢ can the system of equations be solved for x,
y, z as smooth functions of u, v, w near the point p = (1,1,0)?

b) Compute the derivative of the inverse at F(p).
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111. The following equations define a map F : (x,y,z) — (u,v,w):

u(x,y,z) = x+xyz*
v(x,y,2) = y+xy
w(x,y,z) =24 cx+32°

Clearly F : (1,1,0) — (1,2,¢). Write p=(1,1,0) and g = (1,2,¢).
a) Compute the derivative F'(p).

b) For which value(s) of the constant ¢ can the system of equations: can be solved
for x, y, z as smooth functions of u, v, w near (1,1,0)? Justify your assertion(s).

¢) If ¢ is one of these “good” values, let G : (u,v,w) — (x,y,z) be the map inverse to
F . Compute the derivative G’(¢g) and use it to compute dy(u,v,w)/dv at q.

112. Let y = f(x,u) and z = g(x,u) be smooth functions with, say, f(xo,up) = yo and
g(xo,u0) = z0.
a) Under what condition(s) can one eliminate u from these equations to express z as
z=F(x,y) as a smooth function of x and y near x = xg, y =y ?

b) Assuming this, then compute dz/dx and dz/dy in terms of the derivatives of f and
g. To make this computation more specific, assume that

fexo,uo) =1, fulxo,u0) = —2, gx(xo,u0) =—3, and g,(xo,up) =4

113. If a square matrix A of real numbers is sufficiently close to the identity matrix, show
that it has a real square root B, that is, B2=A.

114. Let f(x) be smooth near the origin. If f(0) > 0, show that near the origin there is a
smooth function g such that f(x) = g%(x).

115. Let f(x) be smooth for x € R near the origin.

a) If f(0) =0, show that near the origin there is a smooth function g(x) so that
f(x) =xg(x). [This is of course obvious if f has a convergent Taylor series.]

b) If f/(0) =0 but f(0) > 0, show that near the origin there is a smooth function
g(x) so that f(x) — f(0) = x’g(x) and a smooth function % so that f(x) = h?(x).

116. Generalize the previous problems to a smooth function f(x) where x = (x,x2) €
R2.
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a) Here the assumption is that f(0) = 0.
b) Here assume that Vf(0) = O but that the 2 x 2 second derivative (or Hessian)

matrix,
f// I azf
' 8x,~ 8x j ’

is non-singular. The conclusion should imply that there are new (smooth) coordi-
nates u = u(x1,x2) and v=v(x1,x2) so that near the origin f(x) — f(0) = +u?> £v?,
where the + signs depend on the “signature” of Hess (f) at the origin. [The sig-
nature of a symmetric matrix is the number of positive and negative eigenvalues].

¢) Generalize this problem to functions f(xi,...,x,).

117. Let f: R" — R" be a smooth map with the property that F(0) =0 and f'(0) =1,
where I is the identity map. Show there is an n X n matrix A(x) whose entries depend
smoothly on x so that f(x) = A(x)x for all x near the origin. Also show that A(0) =1.

118. [The Morse Lemma for a smooth function z = f(x,y) of two real variables.] Assume
£(0,0) =0, 1(0,0) =0, 1"(0,0) is positive definite
and show that near the origin there are new coordinates u = u(x,y), v =v(x,y) so that

in these coordinates z = u? +v>. [SUGGESTION: First do the special case where f
already has the special form

f(x7y) = X2h11 (xay) +2th12(X7Y) —|—y2h22(x,y),
for smooth functions 4;;(x,y) where £11(0,0) =1, h12(0,0) =0, and £22(0,0) = 1].

119. a) Let G:R" — R" be a smooth map with the property that its first partial derivatives
are uniformly bounded for all points in R". Show there is a constant £ such that
for all x and y in R”

1G(x) =G| < klx—yl- @)

b) Let G:R" — R”" be a smooth map with the property (7) for all points in R”. Let
F(x) :=x+cG(x). If the real constant ¢ > 0 is chosen sufficiently small, show
that F is a diffeomorphism of R".

120. Let 0 < a < b be real numbers. Define

on
M =M(a,b) = %5/0 V a2cost + b2sin’t dt.

Show that a < M < b. [REMARK: the length of the ellipse x = asint, y = bcost is
21tM .|
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* sin
121. Show that the improper integral / Tde is convergent, but not absolutely conver-
0 X
gent.

122. For which real numbers s do the following improper integrals converge? Why?

I(s):/ t*|sint|dt and J(s):/ ¢’ sint dt
0 0

123. Let f: [0,1] — R be a continuous function.

1
a) Show that 7}im f(x)sin(Ax) dx = 0.
—o0 J()

1
b) Compute }}im |sin(Ax|dx.
—0 J()

c) (generalization) If @: R — R is continuous with period P, show that

1 |
lim ﬂnwmmmzaffmmm
0 0

A—o0

where ¢ := 71, f({) ¢(r)drt is the average of ¢ over one period.

124. Let f(¢) be continuous for —eo < f < oo, assume that [ |f(¢)|dt < oo, and define
F(x) = [ e f(1)d.

Show that F'(x)is continuous for all real x.

125. a) Describe the set of continuous functions { f(x)} for x € [—=, x]:

T
/ Fo)sinkedx =0, k=1,2,...

—T

b) Describe the set of continuous functions {f(x)} for x € [0, 7|:

T
/ f(x)sinkxdx=0, k=1,2,...
0

1
126. a) Let f(x) € C([0,1]). If/ fx)x"dx=0 forall n=0,1,2,..., show that f must
0

be identically zero.

1
b) Let f(x) € C([0,1]). If / f(x)x*dx = 0 for all k=0,1,2,..., what can you
0

conclude?
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1
c) Let f(x) e C([-1,1]). If / f(x)x"dx =0 forall n=0,1,2,..., what can you
-1
conclude?
1
d) Let f(x) € C([-1,1]). If/ Fo)xdx =0 forall k=0,1,2,..., what can you
-1

conclude?

127. Let f(x) be a continuous function for 0 < x < 10. Compute

n
lim [ f(L)e ™ dr.

n—oo 0

oo

128. Find a function f € C(R) so that f(x) > 0, and / f(x)dx < 2, but f(x) is not
0

bounded. [REMARK: This is in contrast to the infinite series result that if } a; con-
verges, then a; — 0.]

1 ,n—1
129. Compute lim nk/ Y dxfork=0andk=1.
Nn—oo 0 X+ 1

n—oo

1
130. Let f(x) be a continuous function for 0 < x < 1. Evaluate limn / f(x)x"dx.
0

(Justify your assertions.)

131. Let f(x) be a continuous function for 0 < x < 10. Find all real numbers ¢ for which

10
o.(f) = nlgrolo n¢ /0 f(x)e ™ dx. exists. If the limit Q.(f) exists, compute it.

132. Let f(x) be areal-valued continuous function defined for all x > 0. If lim,_.. f(x) =
¢, show that for any a > 0 the sequence

O, ::/ f(x")dx, n=1,23,...
0

converges.

133. Let f(x) be a uniformly continuous function in [0,e) and assume that / f(x)dx
0

exists. Is it true that lim f(x) = 0? Justify your response.
X—00
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1 1
134. Let f,(x) =n’x""'(1—x). Prove that lim [ f,(x)dx# [ lim f,(x)dx.
0 0 n—ee

n—oo

135. Let p(x) be a real polynomial of degree n. The following uses the inner product
1
(f:8) = Jo f(x)g(x)dx.
a) If p is orthogonal to the constants, show that p has at least one real zero in the
interval {0 <x < 1}.

b) If p is orthogonal to all polynomials of degree at most one, show that p has at
least two distinct real zeros in the interval {0 < x < 1}.

¢) If p is orthogonal to all polynomials of degree at most n — 1, show that p has
exactly n distinct real zeros in the interval {0 < x < 1}.

X dt
136. In number theory, the function Li (x) := / @ arises in estimating the number of
2

primes less than x. Show that Li (x) is asymptotically equal to x/logx for large x, that
is

L
lim HL)
X—00 X

=1,

logx

137. If f(¢) is a bounded piecewise continuous function, so |f(¢)| < ¢ for r > 0, define its
Laplace transform F(x) for x > 0, as

Flx) = /O T e ft) d.

Show that for x > 0 the function F(x) is differentiable and the derivative is continuous.

138. a) Let 8% = {(x,y,z) € R?: x> +y? + 7> = 1} be the unit sphere in R?. Compute
2x2 do, where do is the element of area on SZ.
S
b) Let 8" = {(x1,...,.%p1) € R"":xf 4+ ... x2, | = 1} be the unit sphere in R"*!.
Compute / x% do, where do is the element of “area” on S”. [Your answer will

S
involve G,, :— Area of §".

139. Let x be positive and consider [, e *dy. State a theorem showing that differentia-
tion under the integral sign is valid for x > ¢, where ¢ > 0. Differentiate n times to
deduce

n_—xy _
/0 y'e dy—x—nﬂ, for x>c.
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[Note that if x =1 we get I'(n+1) =n!.]

dy

—— forx>c¢>0.
x2+y2 -

140. Repeat the previous problem for /
0

a) Differentiate n-times to find
/°° dy m 1-3:5---(2n—3) 1
0 X24+y2  2\2-4-6---(2n—2) ) x2n- 1

b) Let x = \/n and prove that as n — oo the integral on the left tends to [ e dy,
which is known to be /7/2.

¢) Use the above to prove:

_ [1:3.5...(2n—3) o
}5?0(2-4-6---(2;1—2)) ﬁ_ﬁ'

141. a) Show that the integral F(x):= [y e ™ sint dt converges uniformly for x > 0 and
that G(x) := [y e “sinzdt converges unitformly ifx>e>0.
b) State a theorem that allows you to conclude F'(x) = —G(x).
c¢) Integrating G to deduce that F(x) = arc cotx. Then let x | O to conclude that

* sint o
[
0o t 2

142. Compute F(a) := [;° e~ cosxdx, assuming o > 0. [Hint: Find F/ — and justify.]
1 1
143. Let y: R — R define a smooth curve. Show that H/ y(t)dtH g/ ||1v(2)|| dt.
0 0

144. Let f(x), a <x < b be a smooth function.
a) If f(c) =0 for some a < ¢ < b, show that

fx)] < /ab\f’(t)!dt < \/E{/ab]f'(tﬂzdtr/z.

and hence, using the uniform norm || f/|unif := max,<y<p|f(x)

)

b b 1/2
e < [V 0lar < vo=a| ["i@Ra]
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b) If [7f(t)dr =0 (this replaces the assumption f(c) = 0), show that the above
inequality still holds.

c) Use the result of part b) to show that there are constants o and B so that for any
smooth f

1/2

e < [ 1701+ <] [T @R +150) a

145. Let f(x) € C(]a,b]). Show that

1 b 1 b
ew | [ rar] < o1 [esplrtoan
Similarly, let D € R? be a bounded region whose boundary is smooth enough that
the integral below all exist. Define the average, h, of a continuous function 4 by
h= % [[phdA, where dA is the usual element of area. Show that

Area
] dann
Area(D) JJp -

146. Let o be an irrational real number and let f(0) be a continuous 27 periodic function,
0 <0 < 2m. Prove that

T

1 N 1
lim — 2nko) = — do .
NLmeZlf( ko) 21 _nf(e) 0

[REMARK: This is a stronger version of problem 37 since it shows that the points
2nkal, k =1,2,... are not only dense but are equidistributed around the circle. Here
equidistributed means that in any two intervals, the limit of the ratios of the number of
points in these intervals is proportional to the length of the interval.]

147. The Gauss curvature of a surface z = u(x,y) is

2
UxxUyy — Uyy

D) =0 a2

If K(x,y) > ¢ >0 for (x,y) in a connected region , show that ¢ Area(Q) < . Thus
for instance, if K = 1 then Area(Q) < =, as happens for a hemisphere of radius
1. [SUGGESTION: Integrate K over Q and make the change of variable (pi, p2) =
(y, uy) = Vu.]
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148. a) Let A be a symmetric matrix with eigenvalue A and corresponding eigenvector

v, Av = Av. Show that
(v, Av)

vl

A=

b) If A is positive definite with positive definite square root P, so A = P, show that

9

1Pv]*
Iv?

A=

A standard ingredient in many problems involves the eigenvalues A and corre-
sponding eigenfunctions u of the Laplacian A = V2,

—Au=Au in D with u=0 on B,

Here D in R? is a bounded region with boundary B. As usual, to be useful one
wants numbers A so that there is a solution u# other than the trivial solution u = 0.

Show that
/ / IVul?dA

T [ea

[SUGGESTION: Use the divergence theorem].
In particular, deduce that A > 0.

149. a) Compute

b)

c)

d)

e)

// dxdy // dxdy // dxdy
r2 (14+4x2+9y2)2" J/r2 (1+x2+2xy+5y%)2" JJRr2 (14 5x% — 4xy +5y%)%"

dx\d
Compute / / 1% T~ Where C is a positive definite (symmetric) 2 x 2
r2 [1+ (x, Cx)]

matrix, and x = (xl,xz) € Rz

Let h(r) be a given function and say you know that [y h(f)dt =o. If C be a
positive definite 2 x 2 matrix. Show that

(x,Cx)) = .
/ / vdetC
Compute / / ~(5240+5v) gx gy

Compute // —(5x%—duy+5y*— 2x+3)dxdy
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f) Generalize part c¢) to obtain a formula for

/ h((x,Cx)) dV,
]Rn

where now C be a positive definite n X n matrix. The answer will involve some
integral involving % and also the “area” of the unit sphere §"~! in R”.

150. Let f be a Lebesgue integrable function on [0, 1] and assume that 0 < [, fdu <m(A)
for all measurable A C [0,1]. Show that 0 < f < 1 almost everywhere.

151. Let f be a Riemann integrable function and define F(x) := [ f(¢)dr. Show that F
is diffferentiable almost everywhere and F’/ = f almost everywhere. (This is also true
for Lebesgue integrable functions but much harder to prove).

152. a) Make sense of the following: “Let D; C R? be a family of bounded regions in the
plane with smooth boundaries. These regions depend smoothly on a real parameter
t .?5

b) As atest of the effectiveness of your definition, use it to compute the derivative of
10 = [ fly)axay,
Dy

at t =0 where f(x,y) is a given smooth function and D, is the family of ellipsoids
X+ (1+31)y> =1.

153. a) Let f:1— R be anon-decreasing function, where I = [a, b] is a bounded interval.
Prove that the set of points where f is discontinuous is either finite or countable.

b) In this assertion still valid if 7 is replaced by a non-compact interval? [Proof or
counterexample. ]

154. Let C denote the set of all continuous real-valued functions on the interval [0,1].
Show that ( is a vector space and that it is infinite dimensional.

155. Let B:={f € C(]0,1]) : f(x) > O0forallx € [0,1]}. Show that B is an open subset
of C([0,1]). What is the closure of B?

156. Let X and Y be metric spaces with the metrics dx and dy, respectively, and let
W =X x Y be the Cartesian product space of all pairs of points (x,y), where x € X
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and y € Y The simplest example is where X =Y =R so W = R%. If p = (x1,y;) and
q = (x2,y2), define the following metric on W:

d(p,q) = dx(x1,x2) +dy(y1,y2)

a) Show that d(p,q) has all the properties of a metric, so W is a metric space.
b) If both X and Y are bounded, show that W is bounded.

c) Ifboth X and Y are compact, show that W is compact.

d) Ifboth X and Y are complete, show that W is complete.

e) If both X and Y are connected, show that W is connected.

f) Say we define a different metric on W':

d>(p,q) = \/dx(x17XZ)2 +dy (y1,y2)%

Show that this is also a metric and that this metric is equivalent to the previous one.

157. Let Q be the interior of the unit square {(x,y) € R?|0<x<1,0<y <1} from
which the following vertical line segments have been deleted:

{x=1/22"o<y<1-1/2971, x=1/2%,1/2Y <y <1}, j=1.2,...

(draw a sketch). Clearly Q is bounded and simply connected. Show that it has the
property that given any L € R there are points in Q such that any curve in Q between
them has length greater than L. Thus the diameter of L is infinite. [The points on the
line segment x =0, 0 <y < 1 are called inaccessible boundary points.]

158. Show that every connected metric space with at least two points is uncountable.

159. Show that in a connected metric space (X,d) the only non-empty set which is both
open and closed set is all of X .

160. a) Let (V,|-|) be a vector space with a norm. Show that the norm comes from
an inner product (, ), (that is, |x|> = (x, x)) if and only if the norm satisfies the
paralleogram law:

e+ 32 4 [x = y|* = 2)x[* +2]y[?
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b) Show that the p-norm on C°([0,1]) defined by |f|, = [fol If1P1V/P, p>1 comes
from an inner product if and only if p = 2. [For simplicity, assume the vector
space is over the reals].

c) Show that |- | as defined in (b) is not a norm when p < 1.

161. Let T be a complete metric space with metric p and S any set. Denote by ‘B the set
of all functions from S to T with the (possibly infinite) metric

o(f,g) =supp(f(x), g(x)).

xeS

Show that B with this metric is complete.

162. (continuation) Let S be a metric space with metric d and T be a complete metric
space with metric p. Denote by C the space of all continuous functions from S to T
with the same (possible infinite) metric ¢ as in the previous problem. Show that C
with this metric is complete.

163. In a metric space M let d(x,y) denote the distance. A sequence x; is called a fast
Cauchy sequence if Y ;jd(xj11,x;) < oo.

a) In R give an example of a fast Cauchy sequence and also of a Cauchy sequence
that is not fast.

b) Show that every fast Cauchy sequence is indeed a Cauchy sequence.

¢) If there is a constant 0 < ¢ < 1 such that for all i
d(xit1,x) < ed(xi,xi-1)

show that x; is a fast Cauchy sequence.

d) Let f:R — R bea C! function. Given any real xo define x j recursively by the
rule xj1 = f(x;). If the first derivative of f is uniformly bounded,, so for all x
we have |f’(x)| < ¢ for some constant 0 < ¢ < 1, show that x; is a fast Cauchy
sequence.

e) Show that every Cauchy sequence has a fast Cauchy subsequence.

164. Let {X; } be a sequence of vectors in a normed linear space V. We say the infinite
series ) X; converges if the sequence of vectors Sy = Z]]V:lX_ j converges (to some
point of V'), while we say it converges absolutely if the series of real numbers Y || X/||
converges.
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a) If V is complete and }_X; converges absolutely, show that it converges. Also, give
an example showing that the assumption “V' is complete” is needed.

b) Give an example showing that a series may converge — but not absolutely.

c) If every absolutely convergent series in V' converges, show that V' is complete.

165. If x = (x1,...,%,) € R" and 1 < p < oo, define |[x]|, == [/ [xj[7] /" and ||x]}o :=
max ;< j<n ||
a) If n =2, sketch the unit balls ||x||, =1 for p =1,2,4 and oo.

b) Show that limy .o lx]| » = ||]/ee.

166. For any two sets S,7 C R", define

dist(S,T) = inf{dist(x,y) | x€ S,y € T}

a) If S is compact, T is closed and SNT = 0, prove that dist(S,T) > 0.

b) Does (a) remain true if S and 7" are any two disjoint closed subsets of R"?

167. Prove that a set K C R” is compact if and only if for each continuous function f :
K — R, the set f(K) is bounded.

168. Let (X,d) be a complete metric space and A C X a dense subset. If f:A — R isa
uniformly continuous function, show that f has a unique continuous extension to all
of X.

169. Let S C R” be an open set. Show that S can be covered by a countable number of
open balls.

170. Let C C R" be any closed set.
a) Show there is a continuous function f that is zero on C and f(x) >0 forall x ¢ C.

b) Show there is a smooth (C*) function f that is zero on C and f(x) > 0 for all
x & C. [SUGGESTION: Take a countable number of open balls B; that cover R" —C
and let @;(x) > 0 for x € B;, with @;(x) = 0 outside of B;. Then define f(x) =
Yj(cjfj(x), where c; > 0 is a decreasing sequence of numbers chosen so that f/(x)
is smooth.]
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171. [E. Borel] Let ag, ay, ...be any sequence of real numbers. Show there is a smooth
function f(x) with the property that a,, is its n" Taylor coefficient: a, = % £ (x)|

x=0"

[Last revised: August 24, 2011]
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