Calculus Problems

Math 504 — 505 Jerry L. Kazdan

1.

10.

. Compute li

) Calculatez
n=1

Sketch the pointéx,y) in the planeR? that satisfyly — x| < 2.

X
. A certain functionf(x) has the property tha/ f(t)dt = €‘cosx+C. Find both f
0

and the constart.

cOSX )1/><2
%—0 \ COS X '

. Sketch the curve that is defined implicitly ky+ y* — 3xy = 0. Calculatey’(0).

4n2 -1

Determine the indefinite integr7flog(1+x2) dx

. Let f(x) be a smooth function for & x< 1. If f’(x) =0 forall 0<x <1, what can

you conclude? Prove all your assertions.

Solve the initial value problerfil + & )yy = & with y(1) = 1.

. Let the continuous functiori(6), 0 < 6 < 2m represent the temperature along the

equator at a certain moment, say measured from the longau@eenwich.. Show
there are antipodal points with tisametemperature.

a) Letg(x) :=x3(1—x). Without computation, show tha”(c) = 0 for some 0<
c<1.

b) Let h(x) :=x3(1—x)3. Show thath’(x) has exactly three distinct roots in the
interval 0<x< 1.
4

c) Letp(x):= (%() (1—x?)4. Show thatp is a polynomial of degree 4 and that it

has 4 real distinct zeroes, all lying in the interval <x < 1.



11. InRR?, let Q1= (X1,¥1), Q2= (X2,¥2), and Qs = (x3,y3), Wherex; < Xz < Xs.

a) Show there is a unique quadratic polynonpét) that passes through these points:
p(xj) =yj, | =1,2,3.

b) If y1 >y» andys >y, and f(x) is any smooth function that passes through these
three points, show there is some point (x1,x3) where f”(c) > 0. Even better,
for somec, f”(c) > p’, so p’ is the optimal constant. [Remark: It is enough
to consider the special case whete= 0 andy, = 0. Then writex; = —a < 0,
x3=b > 0].

12. a) If f(x) > 0 is continuous for alk > 0 and the improper integrg},” f (x) dx exists,
then lim_.. f(x) = 0. Proof or counterexample.

b) If f(x) > 0 is continuous for alk > 0 and the improper integrg};’ f (x) dx exists,
then f(x) is bounded. Proof or counterexample.

13. Findexplicitrational functionsf (x) andg(x) with the following Taylor seriesf (x) =
ST, g(x) =57 X",

14. a) Letx = (x1,%2) be a point inR? and conside dx. For which p

1
r/' 2
N7 . p
does this improper integral converge? r2 (14 [x[|%)

b) This integral can be computed explicitly. Do so.
c) Repeat part a) whepec R3 and the integral is oveR3 instead ofR?.

1

15. Compute//]RZ 5 (xy T D21 (x—y+ 32 dxdy.

X+-2t
16. Let v(xt) ::/ g(s)ds, whereg is a continuous function. Comput¥/dt and

X—2t
ov/ox.

b(t)
17. LetH(t) := /() f(x,t)dx, wherea(t), b(t), and f (x,t) are smooth functions of their
a(t
variables. ComputeH /dt.

18. a) Letp(x) :=x>+cx+d, wherec, andd are real. Under what conditions @nand
d does this has three distinct real rootsNBWER ¢ < 0 andd? < —4c3/27].



19.

20.

21.

22.

23.

24.

25.

26.

b) Generalize to the real polynomig(x) := ax3 + bx? + cx+d (a # 0) by a change
of variable reducing to the above special case.

If b > 0, show that for every reat the equationk® +bx+c = 0 has exactly one real
root. What ifb < 0? Say as much as you can.

Let f(t) and g(t) be smooth increasing functions bfe R. Proof or counterexam-
ple:

a) f(t)+9g(t) is an increasing functions af
b) f(t)g(t) is an increasing functions af
c) If f(t) >0 andg(t) > 1 thenf(t)9Y is an increasing functions af

Let a smooth functiog(x) have the three propertiegg(0) =2 g(1) =0 g(4) =6.
Show that at some point€Q ¢ < 4 one hag’(c) > 0. Better yet, find a numben> 0
so thatg”’(c) > m> 0.

Is it true thatg” must be positive at at least one poink@® < 1? Proof or counterex-
ample.

Let f(x) be a differentiable function for all read with the property thatf’(x) < 1 for
all x. Show has at most orfxed point that is, at most one poirtt where f(c) = c.

Letg be a differentiable function with the propertigéa) = 0, g(b) = 0, andg’(x) >
0 for all x € [a,b]. What can you deduce abogtx) for x € [a, b|? Justify your
conclusions.

Let v(x) be a smooth real-valued function for<Ox < 1. If v(0) =v(1) =0 and
V/(x) >0 forall 0< x <1, show thatv(x) <0 forall 0<x < 1.

If a smooth curvg = f(x) has the property thatt” (x) > 0, show that the chord joining
two points of the curve lies above the curve:

tf(b)+ (1—t)f(a)> f(tb+(1—t)a) forall 0<t<1.

1 1 1
a) Find anintegeN sothat H—+—+---+— > 100.
) J V2 /3 vN
) . 1 1 1
b) Find an integeN so that 1+§+§+---+N>100.

3



27.

28.

29.

30.

31.

32.

33.

ch
Letc be any complex number. Show that Im? =0.

n—co N
a) Show that sixiis not a polynomial.

b) Show that six is not a rational function, that is, it cannot be the quot@two
polynomials.

c) Let f(t) be periodic with period 1, sd(t+1) = f(t) for all realt. If f is not
a constant, show that it cannot be a rational function. thaf icannot be the
quotient of two polynomials.

d) Show thate* is not a rational function.

Let f(x) be a differentiable function ok := (x1,Xp,%3) for all x € R3. If f is ho-
mogeneous of degreeik the sense thaf (cx) = c¥f(x) for all ¢ > 0, show that
x- Of(x) =kf(x) (Euler).

TheGamma functioris defined byl (x) :=/ e 't 1dt.
0

a) For which realk does this improper integral converge?
b) Show that (x+ 1) = xI"(x) and deduce thdt(n+ 1) = n! for any integem > 0.

Sayy(t) : R — R? defines a smooth curve in the plane.

a) If y(0)=0 and|ly(t)|| < c, show that for anyT > 0, ||y(T)|| < cT. Moreover,
show that equality can occur if and only if one hg$) = cvt wherev is a unit
vector that does not depend on

b) If y(0) =0, y(0)=0 and|y’(t)|| < 12, give an upper bound estimate foi(2)|| .
When can this upper bound be achieved?

Letr(t) define a smooth curve that does not pass through the origin.

a) Ifthe pointa=r(tp) is a point on the curve that is closest to the origin (antan
end point of the curve), show that the position veat(p) is perpendicular to the
tangent vector’(tp) .

b) What can you say about a point=r(t;) that isfurthestfrom the origin?

Consider two smooth plane curvgs y>: (0,1) — R? that do not intersect. Suppose
P, and P, are points ory; andys,, respectively, such that the distaniggP;| is mini-
mal. Prove that the straight ling P, is normal tobothcurves.
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34.

35.

36.

37.

38.

39.

Leth(x,y,z) = 0 define a smooth surface & and letP := (a,b,c) be a poinnoton
the surface. IfQ : (x,y,2) is a point on the surface that is closestRpshow that the
line PQ is perpendicular to the tangent plane to the surfad@.at

Letr(t) describe a smooth curve and Mtbe a fixed vector. If'(t) is perpendicular
to V for all t and if r(0) is perpendicular to/, show thatr (t) is perpendicular to/
forall t.

Let f(s) be any differentiable function of the real variabde Show thatu(x,t) :=
f(x+3t) has the property thak = 3ux. Show thatu also satisfies the wave equation

Ut = GUxy.

Letu(x,y) be a smooth function.

a) If ux=0 with u(0,y) = sin(3y), find u(x,y).

b) If ux = 2xy with u(0,y) = sin(3y), find u(x,y).

c) If ux+uy =0 with u(0,y) = sin(3y), find u(x,y). Is there more than one such
function?

d) If ux+uy =3 —2xy with u(0,y) = sin(3y), find u(x,y). Is

e) If ux—2uy =0 with u(0,y) = sin(3y), find u(x,y). Is there more than one such
function?

Letr :=xi+yj andV(X,y) := p(x,y)i +q(X,y)] be (smooth) vector fields an@d a
smooth curve in the plane. In this probldnis the line integral = [V -dr. For each
of the following, either give a proof or give a counterexampl

a) If Cis avertical line segment arg(x,y) = 0, thenl = 0.

b) If Cisa circle andy(x,y) =0, thenl =0.

c) If Cisacircle centered at the origin anx,y) = —q(x,y), thenl =0.
d) If p(x,y) >0 andq(x,y) > 0, thenl > 0.

LetC denote the unit circle centered at the origin of the pland,[ardenote the circle
of radius 5 centered d&2,1), both oriented counterclockwise. L& denote the ring
region between these curves. If a vector figldatisfies diw = 0, show that the line
integral [V -Nds= |5V -Nds= [This extends immediately to the situation whére
and D are more general curves aqis the region between them. For fluid flow it is
an expression aofonservation of massince diw = 0 means there are no sources or
sinks in the regiorQ.]



40. (Integration by Parts for Multiple Integrals) L&t be a smooth vector field and a
smooth scalar-valued function.

41.

a)

b)

d)

Prove the identity]- (uF) = Ou- F+ulJ-F. Compare this with the special case
of a function of one variable.

Let D be a bounded region in the plane whose boundary is the cimnvéh unit
outer normalN. Also, let u be a scalar-valued function, artél a vector field.
Prove the identity

// uD-FdA:?qu-Nds—// Ou-FdA
D C D

Notice that for a function of one variable wit® being the intervala < x < b},
this reduces precisely to the usual formula for integrabigmarts.

Generalize this formula to the case wheeis a bounded (solid) region in three
dimensional space.

One frequently uses this with = [v. Show the above formula for integration by
parts becomes (say in two dimensions)

// uD-DvdA:%uDv-Nds—// Ou-OvdA
D C D

This isGreen’s theoremTo what does this reduce for functions on one variable?

As a short application using this, sagx,y) is aharmonic functiorin a bounded
region D, so Au := [J-0Ou = ux+ uyy = 0. One can think ofi(x,y) as being the
equilibrium temperature of>. Let C is the boundary ofD. If u=0 onC, itis
plausible that one must hawéx,y) = 0 throughout?. Show how this follows
from the above formula. What is the analogous assertionuoctions of one
variable, where a harmonic function is just a solutionu6f= 0?

Let D be a bounded region in the plane, and%®ebe its boundary.
a) Use the divergence theorem (or any related formula yowvkno show that for

b)

any smooth functiow(x,y)

/ZAvdxdy: / % ds
B

wheredv/dN := Dv-n is the outer normal directional derivative .

Let u(x,y,t) be a solution of the heat equatiop= Au for (x,y) in 9. Assume
that the boundaryB, is insulated so the outer normal derivative there is zero:
o0 —0onB

oN .

Show that Q(t) := /Zu(x,y,t)dxdy is a constant.
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42.

43.

44,

45.

46.

47.

Continuing the notation of the previous problem, sayt thatead the temperature
u(x,y,t) = 0 for all points(x,y) on the boundarn.

a) Show that the functio&(t) := %f@ u?(x,y,t) dxdyhas the property thatE /dt <
0.

b) Use this to show that with these zero boundary conditibtise initial temperature
is zero,u(x,y,0) = 0, thenu(x,y,t) =0 forall t > 0.

Let u(x,y,t) describe the motion of a vibrating drumhed?l A reasonable mathe-
matical model shows that satisfies thevave equation ¢4= Au in © with boundary
condition yx,y,t) =0 for all (x,y) on the boundarg?D.

Physical reasoning leads one to defineghergyas

Et) = %//@(ufHDuF)dA

a) Show that energy is conserved(t) = E(0). [HINT: ShowdE/dt=0.]

b) If in addition one knows that the initial positian(x,y,0) = 0 and that thenitial
velocity y(x,y,0) = 0, show thatE(t) = O for all t and deduce thati(x,y,t) =
0. [This is hardly a surprise on physical grounds, but it $tidae interpreted as
reassuring us that this mathematical model is indeed reddpoorrect.]

If h'(t) < ch(t), wherec is a constant, show thai(t) < e’th(0) forall t > 0.

Sayu(t) satisfiesu” + b(t)u’ +c(t)u= 0, whereb(t) andc(t) are bounded functions.
Let E(t) := (U2 +u?).

a) Show thaE'(t) < yE(t), wherey is a constant.

b) Deduce that ifu(0) = 0 andu/(0) = 0, thenu(t) = O for all t.

Let 7 := {u(x) € C*(R) | "+ u=0}. Prove that din¥ = 2. Prove all of your
assertions in detail.

The solutions to the following matrix differential edjaa
;13 -1
e[ 1 4]

form a vector space. Find a basis for this vector space.
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48. Consider the differential equatiofi(t) = AX(t) where

49.

50.

51.

0O 0 -1
A=| 0 -2 O
1 0 O

Which of the following assertions are correct—and why?

a) There is a solution of the forX(t) = U, whereU is a real constant (non-zero)
vector.

b) There is a solution of the forX (t) = Ve*, whereV is a real constant (non-zero)
vector.

c) There is a solution of the for{(t) = Ve, whereV is a real constant (non-zero)
vector.

d) There is a complex solution of the fork(t) = We', whereW is a constant (non-
zero) vector.

e) All of the solutions of this equation remain bounded as .

Consider theecond ordedifferential equatiorX” = AX whereA is a symmetric X 2
matrix.

a) Find the general solution & = <g _g)

4 1
D := R !ARis diagonal. Then make the change of variabtes: RY to obtain a
simpler differential equation fov (t).]

b) Find the general solution i = <1 4) . [Suggestion: First diagonaliz&, so

c) Find the general solution & = (_i _:ZL) :

For which complex numbetsdoes the serie§{ ne™"* converge?

a) Letu(xy,...,xn) be a smooth function that depends only on the distanee
\/X4+---+x2. Show that

?u_ Xd2u  (rP—xF)du

_ n-1
ﬁ_r—zﬁjuTa, and hence Au= Uy + ~=Ur.
j



52.

53.

54.

55.

56.

57.

58.

b) Find all harmonic functions (these are the solutiondof= 0) that depend only
onr.

a) Find the equation of the tangent plane to the surfdeexy+y® — 72 = 2 at the
point (1,1,1).

b) Say the functionT = x? +xy+y® — 72 gives the temperature at the poiixt y, z).
At the point(1,1,1), in which direction should one move so that the temperature
increases fastest?

Let y(t) be a scalar-valued function with a continuous derivativefe< t < c and

let X = (x,y,2) € R3. Define the vector fieldr(X) := @(||X|)X for all X # 0. Show
that this vector field is conservative by finding a scalawedl functiond(r) with the

property that~(X) := O¢(||X||). In particular, this shows thavery central force field
is conservative

LetD be a bounded region in the plane with smooth boundanshow that
AreaD) = %/ xdy—ydx
B

Use this to find the area inside the ellipsey) = (acos, bsin®) for 0 < 6 < 2.

If {b; } > 0, prove the arithmetic-geometric mean inequality

b1 +by+---+bn

(blbz---bn)l/” < -

When is there equality?

Let 0< c < 1. Show thatst!~¢ < cs+ (1—c)t forall st >0, s#t (if s=t, then
this becomes an equality).

11 xPyA
Letp,q21W|thB+a:1.Showtha1xy§6+aforallx,y>0.

LetPy,...P, ben> 3 points on a circle and &) be the polygon obtained by connect-
ing these successive points. How should the points be sduatmaximize the area of

Q?



59. a) Find a smooth functiofi : R> — R that has exactly three critical points, all non-
degenerate, one being a local max, one a local min, and ttieatisiaddle.

b) Show there is no such(x,y) of the form f(x,y) = g(x) + h(y).

1
60. ComputeA Iim/ |sinAx| dx (part of the problem is to show that the limit exists).
—00,J0

61. a) State what it means for a real-valued function defimethe closed, bounded in-
terval [a, b] to be Riemann integrable.

b) Using your definition from part (a), prove that any monatafly increasing func-
tion on [0,1] is Riemann integrable.

62. Given the vector field/ (x,y,z) = (4y, x,2z) in 3-space, find the value of the integral

/[curlv-n dA

whereH is the hemisphere® +y?> +7°> = a , z> 0, n is the unit outward normal,
anddA is the element of area.

63. a) Letc(x) be a given smooth function andx) # 0 satisfy the differential equation
—Uu" + ¢c(X)u = Au on the bounded intervd = {a < x < b} with u=0 on the

boundary ofQ. Show that

Jo(U'?+cl?)dx

A=
Jo U?dx

b) Letc(x,y) be a given smooth function andx, y) # 0 satisfy the differential equa-
tion — (Uxx+ Uyy) +cu=Au on a bounded se C R? with u= 0 on the boundary

of Q. Show that

N [Jo(|0u?+cw?) dxdy
N [Jou2dxdy

64. Investigate the continuity and differentiability of

Pcosl
f(x):{‘x‘ cosy forx#0,

0 forx=0,’
wherep is a real number.
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65.

66.

67.

68.

69.

70.

71.

72

73

2
0 N
. . e X
Determine the radius of convergence of the serie o
n= )

Calculate  lin{xY3[(x+1)%/3 — (x—1)%/3]}.

X—00

. 1\*. . .
Prove that the functiofi(x) = (1+ ;) is monotone increasing for> 0.
Compute/ L
SiNX+ COSX
Find the critical points of each of the following funci®defined on the plan&?.

Also, where possible, classify these critical points asletaxima, minima, or sad-
dles.

a) f(xy)=x*+y*—4xy+1

b) g(x,y) = x?y?
COSsX
c)

1+y?

Find an example of a smooth functidfx,y) defined on the whole plarig? that has
exactly three critical points, all non-degenerate, witle arlocal maximum, one a local
minimum, and the third a saddle point.

Here we use the serie§=1-+x-+ ’é—z, + ’§—3, + ... to show thate is irrational.
a) Show that 2 e< 3, soe is not an integer.

b) Assumee= p/q is rational, withp andq integers withg > 2. Use Taylor series
with g terms and remaindé®; to show thake-q! = N+ % , whereN is an integer
and O<c< 1.

c) Deduce tha% is an integer. Show this contradia$ < e' < 3 andq+1 > 3.

. Leth(x) > 0 be a continuous monotonically decreasing function fet ¥ < c with
the property that lin...h(x) = 0. Show that the improper integral;’ h(x) sinxdx
exists.

. Let f € C?(a,b) and sayxo € (a,b). If f”(x) > 0, give an analytic proof that neag
the graph ofy = f(x) lies above its tangent line &ko, f(xp)).
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74. Let |k:/ e dx k> 0.
a) Show that, = %11, ».

b) Computel,, I3, I4, I5, lg, andl7. [You may use tha% e dx= V.

[Last revised: May 1, 2010]
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