Math 509, Spring 2005 Jerry L. Kazdan

Math 509: Problem Set4 (due Thurs. Feb. 10, 2005)

1. Let A be ann x n symmetric matrix and € R" a given vector. Show that ¥ € R" is
a critical point of the function

f(x) == 3(X, A)— < b,x >,

then itis a solution oAx=b.

2. POLYNOMIAL INTERPOLATION This problem is an extension of Taylor's Theorem
with remainder to useful related situations.

a)

b)

Let f(X) be a smooth function foa < x < b. Say you approximate it by a poly-
nomial of degree on@(x) (a straight line) with the property that(a) = f(a) and
p(b) = f(b). Obtain the following estimate for the err&x) = f(x) — p(x) for
a<x<h:

f//(C)

()= p(X) = 5 (x—a) (X~ b)

for somec in the interval containing, b, andx. [SUGGESTION Fix x and think
of it as a constant. Faz in the interval containing, b, andx let

G(2) = 1(2) - p(2) — Alz—a) (z—b).

where the constam is picked so thatG(x) = 0. Then use Rolle’s theorem to

show thatA = fﬁz(!c) for somec ...]

Generalize this to wheré is approximated by a polynomiagil(x) of degreek that
agrees withf atthek+ 1 distinct pointsxp < X1 <... <X, SO p(Xj) = f(X;j). [As
Step 0 of this you should show that giver- 1 distinct pointsxg < X3 < ... < Xk,
there is auniquepolynomial p(x of degree at mosk such thatp(x;j) = f(x;) ]

3. [Rudin, p. 138 #2] Saf € C(|a,b]) and f > 0. If [° f(x)dx=0, show thatf (x) = 0
foralla<x<b.

4. Let f(x) € C([a,b]) be a continuous function with the property tlfé’[f (xX)h(x)dx=0
for anyfunctionh € C([a, b]). Show thatf(x) = 0.

Does this conclusion still hold if;’ f(x)h(x)dx= 0 for anyfunctionh € C([a,b]) that
is zero at the end pointt(a) = h(b) = 0? Proof or counterexample.



5. Leta(x), b(x), and¢(x,t) be smooth functions of the real variabbesndt. If

F(x):= /:)E)X)q)(x,t)dt,

find a formula for the derivative off . To avoid unimportant issues you may assume
thata(x) < b(x).

6. Consider solving the partial differential equation
quxl + 2quX2 + 4uX2X2 - O

Find a linear change of variable of the foge= Sx, whereS= (s) is a 2x 2 invertible
matrix so that in these new variables the equation has the simpler form

Uy,y; + Uy,y, = 0.

7.1f p>1and ¥p+1/q=1, recall that in Homework 1 you proved the inequality
uv<uP/p+vi/qforall u>0 andv>0.

a) If f(x) >0 andg(x) > 0 are continuous functions Witlﬁf(x)pdx: 1 and
fabg(x)q dx=1, show thatf;’ f(x)g(x)dx<1.
b) [Holder] More generally, Iff (x) andg(x) are continuous functions, show that

[rcoaotans [ [rpas] [ o]

[SUGGESTION in one line reduce this to the previous patrt.]

c) Define||f||, as:
b 1/p
It = | [ 1F0Pax] .

Use Hilder’s inequality above to prove tlieangle inequality

I +allp < I fllp+lldllp.

8. [cf Rudin, p. 239 #12] If 6< a< b andQ is the square & s< 21, 0<t < 2mtin R?,
show that the following map fror to R3 describes the surface of a torus:

X(s,t) =(b+acoss) cost
y(s,t) =(b+ acoss)sint
z(s,t) =asins

Also, find and classify the critical points afs,t).



