
Advanced Analysis: Problem Set 6 (due Thurs. Feb. 25, 2005)
(Late papers will be accepted until 1 PM Friday)

Math 509, Spring 2005 Jerry L. Kazdan

1. For which subsets ofR does the series
∞

∑
n=1

x2

(1+x2)n

converge uniformly? (Hint: Sum the series!)

2. (Rudin, p. 166 #6) Prove that the series
∞

∑
n=1

(−1)nx2 +n
n2 converges uniformly in any

bounded interval – but does not converge absolutely foranyvalue ofx.

3. (Rudin, p. 166 #7) Forn = 1,2, . . . andx∈ R , define fn(x) :=
x

1+nx2 .

a) Show thatfn converges uniformly to a functionf .

b) Show thatf ′(x) = limn→∞ f ′n(x) is correct ifx 6= 0 but false ifx = 0.

4. Let f (x) be a real-valued continuous function defined for allx≥ 0. If limx→∞ f (x) = c,
show that the sequence

Qn :=
∫ a

0
f (xn)dx, n = 1,2,3, . . .

converges for anya > 0.

5. (Rudin, p. 169 #20) Letf ∈C([0,1]) have the property that
∫ 1

0
f (x)xndx= 0 for all

n = 0,1, . . .. Show that f ≡ 0. [SUGGESTION: Use the Weierstrass Approximation
Theorem.]

6. Say one has a continuous functionf (x) defined forall real x with the property that
there is a sequence of polynomialspk(x) that converge uniformly tof for all x. Thus,
given anyε > 0, then for all sufficiently largek we have

sup
x∈R

| f (x)− pk(x)|< ε.

Show that f (x) must itself be a polynomial.
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7. a) Let{an} be a sequence of real numbers with the property that

|ak+1−ak| ≤ 1
2|ak−ak−1|, k = 1,2, . . . .

Show that this sequence converges to some real number.

b) NOTATION: ‖ϕ‖= sup
0≤x≤1

|ϕ(x)| (so this is the uniform norm). Using this notation,

let {un(x)} be a sequence of continuous functions for 0≤ x≤ 1 with the property
that

‖uk+1−uk‖ ≤ 1
2‖uk−uk−1‖, k = 1,2, ....

Show that the{un} converge uniformly to a continuous function.

8. Let ϕ(x), x∈ R be a smooth function with the following properties

i). ϕ(x) > 0 for ‖x‖< 1, ϕ(x) = 0 for ‖x‖ ≥ 1,

ii).
∫
R ϕ(x)dx= 1.

Let ϕk(x) := kϕ(kx). For a continuous functionf (x) with f (x) = 0 for x outside a
compact setK , define

fk(x) :=
∫

R
f (t)ϕk(x− t)dt.

a) Show thatϕk(x) = 0 for ‖x‖ ≥ 1/k, and
∫
R ϕk(x)dx= 1.

b) Show that thefk are smooth functions.

c) Show that limk→∞ fk(x) = f (x), and that this convergence is uniform.

9. For each of the following give an example of a sequence of continuous functions. Jus-
tify your assertions. [A clear sketch may be adequate — as long as it is convincing].

a) fn(x) that converge to zero at everyx, 0≤ x≤ 1, butnotuniformly.

b) gn(x) that converge to zero at everyx, 0≤ x≤ 1, but
∫ 1

0 gn(x)dx≥ 1.

c) hn(x) converge to zero uniformly for 0≤ x < ∞, but
∫ ∞

0 hn(x)dx≥ 1.
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