Advanced Analysis: Problem Set 8 (due Thurs. March 24, 2005)

Math 509, Spring 2005 Jerry L. Kazdan

1. Let f(x) and K(x,y) be given continuous functions foty € [0,a]. Consider the
following linearintegral equatiorfor the continuous functiom(x):

ux) = F(3)+ [ Kxyuy)dy @

a) If one works on some sufficiently small intervak( < a using the function space
C([0,c]) with the uniform norm show that this equation has a unique solution. [The

choice ofc will depend on mayyc(o.a|K(X,Y)| ]
b) Show that, there is in fact a unique solution on the whole intej@a]. One
method is to use the function spaC¢[0,a]) with the modified norm:

lulla := max]u(x)e"*,
xe[0,a]

where the constarat > 0 is chosen cleverly depending on maxo 4 |K(X,y)].
Note that for anya this norm is equivalent to the uniform norm @0, a)).

2. LetT:M — M be a map of a complete metric spadeto itself. If T is contracting,
we proved thafl has a unique fixed point.

a) Show that one can generalize this to just assuming that for $omméd the com-
position TN} is contracting. [A simple example is T is a nilpotent matrix].

b) Use this method to show that the integral equation in part a) of the previous prob-
lem has a unique solution on the whole inter{@l] .

3. LetG: R" — R" be a smooth map with the property that there is a constant & 1

such that
IG(x) ~ G(y)[| < c|x—y] forall xyeR".

a) Show that the map (x) := x+ G(x) from R" to R" is invertible.
b) Show that the inverse= ®(y) of this mapy = F(x) satisfies
. 1 - .
le(y) — @)l = 7—lly-yll forall y,ye 3.

In particular, this explicit estimate implies that the inver®eis continuous.
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4. LetG:R" — R" be a smooth map with the property that its first partial derivatives are
uniformly bounded for all points ifR".

a) Show there is a constaktsuch that for alx andy in R"
IG(X¥) = G(Y)I| < KlIx=y]-
b) LetF(x):=x+YyG(X). If the real constany > 0 is chosen sufficiently small, show
that F is a diffeomorphism ofR".

5. Discuss the mapping : (x,y) — (X2 —y?, 2xy) [cf Rudin, p. 241 #18].

6. [Rudin, p. 241 #19] Show that the system of equations

3X+y—z+u?=0
X—y+2z4+u=0
2X+2y—3z+2u=0

can be solved fox, y, u in terms ofz, for x, z, u in terms ofy for y, z, u in terms of
X, butnotfor x, y, z in terms ofu.

7. [Rudin, p. 242 #23] Letf (x,y1,Y2) = X°y1 + €+ Yy, and note thatf (0,1, 1) = 0.
Show that neay; =1, y» = —1 there is a smooth function= g(y1, y2) with g(1,—1) =
0 so thatf(g(y1,Y2), ¥1, ¥2) = 0. Also, compute the gradient gfat (1,—1).

8. Letp(x):= (x—1)(x—2)--- (x—6) =x8—21x°+--- and letp(x,€) be the polynomial
obtained by replacing-21x° by —(21+¢€)x°. Let x(g) denote the perturbed value of
root X =4, sox(0) = 4. Compute the sensitivity of this root as one changebat is,

computedx(e) /de)|,_,.

9. Sayf(x,y,z) andg(x,y,z) are smooth functions and that one can solve the equations
f(xy,2=0 d9(xy,2=0

for y andz as functions ofk. What isdz/dx?

10. a) LetA(t) = [a&j(t)] be a square matrix whose coefficients depend smoothly on a
real parametet. If A(0) is a simple eigenvalue (that is, its algebraic multiplicity
is one), show thai(t) is a smooth functions df for t sufficiently small.



b) If the above matri¥A(t) is self-adjoint withA(O)v = A(O)v, derive the formula

A’(O):M (here = d).

Ivi[? - dt

11. Show that ifA is a square matrix that is sufficiently close to the identity matrix, then it
has a square root, that is, there is a maBiwith B2 = A. Moreover this matrix8 is

unique if it is required to be near the identity matrix.
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