Math 509 Exam 1 Jerry Kazdan
March 1, 2007 12:00 — 1:20

DIRECTIONS This exam has two parts, Part A has 2 short answer problems (5 points each) while
Part B has 5 traditional problems (10 points each). Closed book, no calculators — but you may use
one 3” x 5" card with notes.

Part A: Proof or Counterexample (2 problems, 5 points each)
Here let f,(x), n=1,2,... be a sequence of continuous functions for 0 < x < 2. For a counterez-
ample, a clear sketch may be completely adequate.

A-1. If f,(z) converges to zero for every = € [0,2], then f,, converges to zero uniformly on the
interval [0, 2].

Solution: No. See the figure.
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A-2. If f,(x) converges uniformly to zero for z in the interval [0,2], then / fn(x)dx — 0.
0

Solution: Yes. Given € > 0, pick N so that if n > N then |f,(z)| < € for all x € [0,2]. Then

’/02 fn(2) dx‘ < /02 | fn(2)] do < 2e.

Part B: Traditional Problems (5 problems, 10 points each)

a
B-1. Compute / 2z?dzx (where 0 < a < 00) directly by using Riemann sums (not as the anti-

0
derivative). I suggest partitioning the interval 0 < z < a into segments having equal length.
You may use without proof that 1% 422 + .- + k? = 1k(k +1)(2k + 1).

Solution: Since the function f(x) = 22 is continuous and [0, a] is compact, we know its

Riemann integral exists so we can evaluate it using any convenient partition 0 = z¢g < z1 <
... <zny_1 < xn = a of the interval. We use a partition having N segments, each of length
Azj = a/N and evaluate the function at the right end of each segment. Then z; = aj/N,
7 =0,..,N. Consequently
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We now compute the limit as N — oo:
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Thus

a
B-2. Let a, be a bounded sequence of real numbers. If ¢ > 1, show that the series Z —Z converges
n

1
uniformly for x > c.

Solution: We use the Weierstrass M-test. There is a constant K so that |a,| < K. Since
z > c then [%2| < £ Because ¢ > 1, the series Y £ converges. Thus, by the Weierstrass

M-test, the series > {° 2z converges uniformly and absolutely for x > c.
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B-3. Let f(z) € C([0,1]) be a continuous function with the property: / f(z)p(x)dxr = 0 for
0

every polynomial p(z). Show that f(x)=

Solution: Since f(x) is continuous on the compact set [0,1], it is bounded, so |f(z)| < M
for some M. By the Weierstrass approximation theorem, there is a polynomial p(x) so that

in the uniform norm on [0, 1],

I —pll <.
Then . 2 ) )
/0 f2 () di = /0 F@)lf () - p(a)] de + /O f(@)p(z) da
But
—p(x)] dx| < Me,

while, by hypothesis, the second integral in (1) is zero. Thus

/1 f2(z)dx < Me.
0

Since we can choose € arbitrarily small, the only possibility is f(z) = 0.

ALTERNATE: This is a replacement for (2). By the Schwarz inequality

/Olf(x)[f( dx<\// £(a d:p\// 2dx<6\// £2(x) da.

Thus, from (1),

/1 f2(x)dx <.
0



The advantage of this alternate proof is that it can be used for functions which are not nec-
essarily continuous. The critical assumptions are that the integral fol f?(r) dz exists and that

for some polynomial we have \/fol [f(x) —p(x)]2de <e.

B-4. Let
p(x) = (x —1)(z — 2)(z — 3)(x — 4)(z — 5)(z — 6) = 25 — 212" + - ..
Clearly p(4) = 0. Denote by p(z,t) the polynomial obtained by replacing —21z° by
—(21+t)2®, with |¢| small. Let x(t) denote the perturbed value of root x = 4, so x(0) = 4.
a) Show that x(¢) is a smooth function of ¢ for all |¢| sufficiently small.
Solution: We want to solve p(z,t) =0 for = x(t) near x =4, t = 0. But p(4,0) =0
and

Op(zx,0) B B
o oy = (x —1)(x —2)(x — 3)(x —5)(x — 6) = 12.

Since this is not zero, by the implicit function theorem we can solve p(z,t) = 0 for = x(t)
near © =4, t = 0. Because p(z,t) is a smooth function of x and t, so z(t).

b) Compute the sensitivity of this root as one changes ¢, that is, compute dx(t)/dt|, _ .
Solution: Take the derivative with respect to ¢ of p(z(t),t) =0 to find

Op dx op dx(t) 5 dz(t)
_ dpadx 9P| 19 ‘ _ — 12 ‘ ~1024..
Ox dt ffzal ot ﬂtcjé dt lt=0 z=4 dt lt=0 0
Hhos da(t) 1024
X
dt ‘t:o = 8

which is quite large.

B-5. Let f(z) and h(z,y) be continuous for x and y in the interval [0, 2]. Show that if A > 0 is
sufficiently small, the equation

2
u(w) = flz) + X [ o p)uly) dy 3
0
has a unique solution (that is, a solution exists and is unique).
Solution: Let B be the space C([0, 2]) with the uniform norm, |ju|| = Olgaiczm(x)\. This is a
<z<

complete metric space. Define the map

2
TWW@=N@+AAhme@My

This map T clearly maps B to itself (why?). We’'ll show it is contracting for all sufficiently
small A. If u(x), v(z) € C([0, 2], then



Because h(z,y) is continuous for z,y in the compact set [0,2], it is bounded there, so
|h(x,y)| < M for some M. Thus,

IT(w)(z) — T()(@)] < 2AM|Ju— v].
Because this holds for all z € [0, 2], we conclude that
1T (u) = T(v)]| < 2AM ||u — v].

Pick some A with |[A| < 1/(2M), we conclude that the map T is a contraction and hence has
a unique fixed point v € B: u = T (u), that is, u is the unique solution of equation (3).



