Math 509, Spring 2007 Jerry L. Kazdan

The Laplace Equation on a Disk

TO SOLVE: Au = 0 in a disk of radius a with the
Dirichlet boundary conditions U= h on the boundary
X* 4y =a’.

In polar coordinates u(r,0):

1

Using separation of variables, seek special solutions
u(r,8) = R(r)W(0), where R(r) is smooth for 0 <
r < 1 and W(0) is periodic with period 21t This
leads to the special solutions

U(r,0) = r*(Accos kB + By sin k@)

so we seek the “general” solution of Au = 0 in the
disk in the form

u(r,8) =y r*(Accosk8+ Bysink®).
k=0

To satisfy the boundary condition u(a, 8) = h(0) we
need

0

h(B) = z a(Accos kB + Bysink8)
k=0
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where the coefficients ax and by are found using the
orthogonality of coskB and sink®:

1 U
A= [ hi@)dg
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| AL ,
By :ﬁ/nh((p) sin k@da.

Substituting these into the formula for u(r,0) we get

T

T[Z / h(@)[cos k@cos kB + sin k@sin kO] d¢
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But the above sum gives geometric series:

P(r,0) :=1 +2§ (g)kcose =1+ Z ( ) ChEN-E

az—r?
—2arcosO+r?’




so we obtain the solution as a convolution:

u(r.8) =5 [ h@P(r.6-g)do

zﬁ /_ Zh(e — Q)P(r, 0) do.

The function P(r,0) is called the Poisson kernel. It
has the properties

I
i/ P(r,0)d6=1 and P(r,0) >0 for r<a
2T

Also, if we let p= (r,08) be a point in the disk and
g = (a,@) a point on the boundary, then by the law
of cosines, @ — 2ar cos(0— @) +r* = |p—g|>.

CLAIM: If h e C(S'), then u(r,8) converges uni-
formly to h(0) uniformly asr 1.

PROOF: This is very similar to many proofs we have
seen this semester. Since h is uniformly continuous
on S', then given any € > 0 there is a > 0 so that if
18, — 0| < dthen |h(6,) —h(0;)| < €. Also for some
constant M we have |h(0)| <M on S'. Thus

u(r,8) ~h(8) =5 [ [n(®— @) —h(e)IP(r.0)dg

:‘Jl + ‘-]27



where

3= |1 [ Ine-o e cp)dcp| <o Pre e

2T 2T
and, since |h(0)| <M,

1
3= 5 Ihe- @)~ hE)P(g) dg
o<|gl<m
2 2
S2M(a r)/ 1 do
21 5<|g<md> — 2ar cos @+ r?

2M(a? —r?)
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Asr 7 a, this last term goes to zero. Since these es-
timates for J; and J, are independent of 0, the con-
vergence is uniform for 6 ¢ S'.




