
Math 509, Spring 2007 Jerry L. Kazdan

Math 509: Problem Set 3 (due Tues. Jan. 30, 2007)

1. A standard ingredient in many problems involves the eigenvaluesλ and corresponding
eigenfunctionsu of the Laplacian∆ = ∇ ·∇, so

−∆u = λu in D with u = 0 on B,

HereD in R
2 is a bounded region with boundaryB . As usual, to be useful one wants

numbersλ so that there is a solutionu other than the trivial solutionu ≡ 0. Show that

λ =

ZZ

D

|∇u|2dA
ZZ

D

u2 dA
.

In particular, deduce thatλ > 0.

2. a) Show that for any smooth functionu(x,y)

ZZ

D

∆ϕdxdy =
Z

∂D

∂ϕ
∂N

ds

where∂ϕ/∂N := ∇ϕ ·N is the outer normal directional derivative on∂D .

b) Let u(x,y, t) be a solution of theheat equation ut = ∆u for (x,y) in D . Assume
that the boundary,∂D , is insulated, so the outer normal derivative there is zero:
∂u
∂N = 0 on ∂D .

Show that Q(t) :=
ZZ

D

u(x,y, t)dxdy is a constant.

3. a) If the sequence{an} is bounded andc > 1, show that the series
∞

∑
n=1

an

nz converges

absolutely and uniformly for all complexz = x + iy in the closed half-planec ≤
x < ∞.

b) For real x consider the alternating series
∞

∑
n=1

(−1)n+1

nx . Describe the values of

x where this converges absolutely. Describe the sets ofx where this converges
uniformly.
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4. For which subsets ofR does the series

∞

∑
n=1

x2

(1+ x2)n

converge uniformly? (Hint: Sum the series!)

5. (Rudin, p. 166 #6) Prove that the series
∞

∑
n=1

(−1)n x2 +n
n2 converges uniformly in any

bounded interval – but does not converge absolutely forany value ofx .

6. (Rudin, p. 166 #7) Forn = 1,2, . . . andx ∈ R, define fn(x) :=
x

1+nx2 .

a) Show thatfn converges uniformly to a functionf .

b) Show thatf ′(x) = limn→∞ f ′n(x) is correct if x 6= 0 but false ifx = 0.

7. Say one has a continuous functionf (x) defined forall real x with the property that
there is a sequence of polynomialspk(x) that converge uniformly tof for all x. Thus,
given anyε > 0, then for all sufficiently largek we have

sup
x∈R

| f (x)− pk(x)| < ε.

Show that f (x) must itself be a polynomial.

8. a) Let{an} be a sequence of real numbers with the property that

|ak+1−ak| ≤
1
2|ak −ak−1|, k = 1,2, . . . .

Show that this sequence converges to some real number.

b) NOTATION: ‖ϕ‖ = sup
0≤x≤1

|ϕ(x)| (so this is the uniform norm). Using this notation,

let {un(x)} be a sequence of continuous functions for 0≤ x ≤ 1 with the property
that

‖uk+1−uk‖ ≤
1
2‖uk −uk−1‖, k = 1,2, ....

Show that the{un} converge uniformly to a continuous function.
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