Math 509, Spring 2007 Jerry L. Kazdan
Math 509: Problem Set 3 (due Tues. Jan. 30, 2007)

1. A standard ingredient in many problems involves the eigkresA and corresponding
eigenfunctionsu of the LaplaciamA = [1- [, so

—Au=Au in D with u=0 on B,

Here D in R? is a bounded region with boundaf. As usual, to be useful one wants
numbersA so that there is a solutiom other than the trivial solutiom = 0. Show that

// IOuf2 dA.
[l

In particular, deduce that > 0.

2. a) Show that for any smooth functianx, y)

//@Aq)dxdy: /M)%ds

wheredd /0N := ¢ - N is the outer normal directional derivative 0.

b) Letu(xy,t) be a solution of thdweat equation u; = Au for (x,y) in D. Assume
that the boundary)?D, is insulated, so the outer normal derivative there is zero:
=0ondD.

Show that Q(t) // u(x,y,t)dxdy is a constant.

3. a) Ifthe sequencéa,} is bounded and > 1, show that the sene{ an converges
absolutely and uniformly for all complex= x+iy in the closed half-plane <
X < oo,

y U

b) For realx consider the alternating serlei . Describe the values of

X where this converges absolutely. Descnbe the sets where this converges
uniformly.



4. For which subsets dR does the series

X2

2 T n

[oe]

converge uniformly?Hint: Sum the series!)

n . .
converges uniformly in any

5. (Rudin, p. 166 #6) Prove that the serl§ =

bounded interval — but does not converge absolutehamgrvalue ofx.

X

6. (Rudin, p. 166 #7) Fon=1,2,... andx € R, define fy(x) := Tind:

a) Show thatf, converges uniformly to a functiof.
b) Show thatf’(x) = limn_. f;(X) is correct ifx = 0 but false ifx = 0.

7. Say one has a continuous functiéfx) defined forall real x with the property that
there is a sequence of polynomigdg x) that converge uniformly td for all x. Thus,
given anye > 0, then for all sufficiently largé& we have

sud f(x) — p(x)| <e.

xeR

Show thatf (x) must itself be a polynomial.

8. a) Let{a,} be a sequence of real numbers with the property that

a1 —a] < Slac—ac],  k=1,2....
Show that this sequence converges to some real number.
b) NOTATION: |[$|| = sup|d(X)| (so this is the uniform norm). Using this notation,
0<x<£1

let {un(X)} be a sequence of continuous functions for 8 < 1 with the property
that
lucss — e < Sue—ucal,  k=1,2,...

Show that the{u,} converge uniformly to a continuous function.
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