Math 629: Topics in Algebraic Geometry — Algebraic Stacks — Spring 1999 A. Kresch
Lecture 20, March 31, 1999

David Harbater lecturing, notes taken by A. Kresch
e Grothendieck’s “Esquisse d’'un programme”
reference: London Math Society Lecture notes 242

- anabelian conjecture
- dessins d’enfants

- (today’s lecture) conjecture that Gg := Gal(Q/Q) should be determined by its outer actions on
m1(Myn) for all g,n

GQ — Out(m (Mg,n»

- (Oda, same volume) 71 same whether viewed over Q or C
so can work analytically
71 = profinite completion of analytic

Second way to see outer action

11— Wl(Mg,n/@) — m(Mgn/Q) = Gg — 1
(it turns out, this is split)

To understand these outer actions: analytically
Easiet case: g =0 (n > 3) My, is a fine moduli space
triple transitivity of Aut(P!) =

Mon = (P'\ {0,1,00})"3

n = 3 point, trivial
n=4P'\{0,1,00} R
Wl(MOA) — F2 = <l‘,y,Z | TYz = 1>

outer action of Gg on 7 describes arithmetic of curves over P! branched at 0, 1, 00
n > 4, generalizes P! \ {0,1, 00}
m1(Mo,n) = pure mapping class group
= profinite completion of Teichmiiller group fg
related to braid group

g > 1: not a fine moduli space, need stack m;
Mg is an orbifold, except when (¢g,n) = (1,1) or (2,0)

In general,
Mgn=T/Ty

T = Teichmiiller space, a contractible complex manifold
Description 1: given (g,n), pick a topological surface S of type (g,n),

I'y = group of connected components of Diff 7 (S) (+ denotes oriented diffeo’s)
= Diff " (5)/ Diff§ (S) (Diff§ = conn. component of identity)



7, = {hyperbolic structures on S}/ Diff +¢(5)
M., = {hyperbolic structures on S}/ Diff*(S9)
Description 2: M, , = curves of genus g with n marked points, up to iso
T4n = marked curves of genus g with ...
here, marked means given an iso S — X, up to isotopy
alternatively, for a fixed homology basis on S, a specification of the images in H,(X)

We have

dim 7y, = —3x(S5) = dim M,
and for x € M, Aut(z) is equal to the inertia group of a pre-image of x in 7,
hence 71 (M, ) Iy (analytic 1)

e Outer action of Gg on m(My,) = f;‘

simplest case: (g,n) = (0,4), Mg4 =P\ {0,1, 0}, IA“014 =F
G outer action: first consider a finite quotient
let Y — P! be a G-Galois cover (of curves over C), branched over 0, 1,00 (corresp. to surjection
T — Q)
description: a triple (g1, g2, 93) s.t. g19293 = 1, (91,92, 93) = G, defined up to uniform conjuga-
tion
because base points are algebraic, we can get the G-Galois cover Y to be defined /Q.
hence induced action by Gg
element o € Gg transforms Y — P! to Y7 — P, and (g1, g2, g3) to (h1, ha, h3)
for each i, we know h; is conjugate to gX( ), with x(o) € Z* the cyclotomic character, charac-
terized by action on n-th roots of unity ¢, Cn 7
limit over all curves gives same formalism for 7y itself:
(x,y, z) transforms, under o, to (z/,y’, 2’)
2 conjugate to 2X(@) | etc.: individually conjugate, not uniformly conjugate
s0, e.g., we may assume z’ = zX(@)

7 — pX(@)

y— [y f

2 g ')
with f, g € F.

Belyi: we can modify f, without affecting z — 2X(%), so that f lies in the commutator subgroup ﬁQ’

7 — pX(0)
y— [Ty fe R

There is a unique lift of outer action to a true action Gg — Aut ﬁg
[ = Jfo dependins on o and is now specified uniquely
so 0 € G determines ()\U, fo) € 7* x F2
for any (f, )EZ*XFQ,thepalr (f, A )actsonﬁg by z — 2}, y— fTly M f
yields Gg — 7* x F2 (group mapping to semlgroup)
if G denotes group of invertible elements in Z* x FQ, then Gg — Z* x ﬁZ’ factors through G
fact: Gg — G is injective (uses result: any curve /Q is a cover of P! branched at 3 points)

Question: what is the image of Gg — G7
Drinfeld: by ideas from Hopf algebras, get three cycle conditions on elements of image



(I) f(z,y)f(y,z) =1 (2-cycle condition in By = fg)
(IT) (3-cycle condition, involving Yy, also in fé)
(III) (5-cycle condition in f540)
Then he defined Grothendieck-Teichmiiller group GT = elements of G satisfying (I), (II), (III)
Ihara proved that Gg — G factors through GT
Recall Grothendieck’s suggestion that Gg should be determined by its outer action on all 7 (M)
Drinfeld is going further by suggesting enough to consider g =0
“genus zero Teichmiiller tower”
raises questions: - is Gg equal to GT?
- does GT encapsulate action on genus 0 Teichmiiller tower?

Outer action in terms of (A, f) of Gg was extended to (0,n) case by Ihara, Matsumoto, Nakamura,
i.e., outer action of o € Gg on (m1(My,,)) is determined by knowing (A,, f5)

Grothendieck: look at Gg — Out(T})
Drinfield: look at Ggp — GT

relation between GT' and Out(fg)?

fact: the map Gg — Out(fg) factors through subgroup Out#(f(}) of elements, invariant under
symmetric group action and preserving intertia groups

moreover (L. Schneps and D. H.): GT = Out#(fg) forn>5

so the tower R R R
- — Out?(TS) — Out™(T5) — Out™(T'y)

stabilizes at n =5
e Higher genus

(L. Schneps — H. Nakamura): they found another condition (IIT') that action of Gg must satisfy
this condition involves the character pa, rather than y
open question: do (I), (II), (III) = (IIT')?
or is the picture Gg C G' C GT
or is there an infinite sequence of intermediate groups --- C G” C G’ C GT?

e Higher dimensional varieties

Weak version of Grothendieck’s conjecture:
Consider all varieties over Q that could be defined over Q
Thara conjectured Gg = Aut(m;(Varg))
proved by F. Pop

Recent result (7): enough to consider varieties of dimension < 2



