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NONSCATTERING SOLUTIONS AND BLOWUP AT INFINITY FOR THE
CRITICAL WAVE EQUATION

ROLAND DONNINGER AND JOACHIM KRIEGER

ABSTRACT. We consider the critical focusing wave equation (=07 + A)u +u® = 0 in R*™ and
prove the existence of energy class solutions which are of the form

u(t,z) = t2W(the) + n(t, x)

in the forward lightcone {(t,z) € RxR?: |z| < ¢,t > 1} where W(z) = (1+%|x|2)7% is the ground
state soliton, u is an arbitrary prescribed real number (positive or negative) with |u| < 1, and the
error 7 satisfies

19t M2z + V0t Iz sy <1, Be={z € R’ : |z| <t}

for all ¢ > 1. Furthermore, the kinetic energy of u outside the cone is small. Consequently,
depending on the sign of u, we obtain two new types of solutions which either blow up as t — oo
(with a continuum of rates) or stay bounded but do not scatter. In particular, these solutions
contradict a strong version of the soliton resolution conjecture.

1. INTRODUCTION
In this paper we study the critical focusing wave equation
(=02 + A)u(t,z) +u(t,z)® =0 (1.1)

for u : I x R?> - R, I C R an interval. It is well-known that the Cauchy problem for Eq. (L)
is well-posed for data in the energy space H' x L?(R3), see e.g. [27], [38]. Furthermore, Eq. (IT))

admits a static solution W, the ground state soliton given by W (x) = (1+%|$|2)_%, which indicates
the presence of interesting dynamics. Our main result is the following.

Theorem 1.1. There exists an €9 > 0 such that for any 6 > 0 and p € R with |p| < e there exists
aty>1 and an energy class solution u : [tg,00) x R? — R of Eq. (L)) of the form

u(t,z) = t2W(the) +n(t,z), |z| <t t>to
and
[0cu(t, L2 @s\B,) + [IVult, )l 2m3\5,) < 6,
10en(t, M L2(p + IV0(E, )2,y <6
for all t > tq where B; := {x € R? : |z| < t}.

The Cauchy problem for Eq. (L)) has attracted a lot of interest in the recent past and we briefly
review the most important contributions. Eq. (L) is invariant under the scaling transformation

u(t, z) — u(t, x) = )\%u()\t, Az), A>0 (1.2)
and its conserved energy

E(u(t7 ')7 ut(tv )) = %H(u(tv ')7 ut(tv ))”i]l xL2(R3) — %|’u(t7 )H%G(H@)

The authors would like to thank T. Duyckaerts for suggesting this problem.
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satisfies E(ur(t/X,-),u}(t/N, ")) = E(u(t,-),us(t,-)) which is why Eq. (ILT)) is called energy critical.
Historically, the investigation of the global Cauchy problem for energy critical wave equations
started with the defocusing case,

(=02 + Au(t,z) — u(t,z)® =0,

where the sign of the nonlinearity is reversed compared to Eq. (II)). After the pioneering works
[34] and [32], the development culminated in a proof of global existence and scattering for arbitrary
data [39], [15], [14], [35], [36], [18], [2], see also [42]. However, the dynamics in the focusing case are
much more complicated. For instance, it is well-known that there exist solutions with compactly
supported smooth initial data which blow up in finite time. This is most easily seen by observing
that
u(t.x) = ()31 - 1)

is an explicit solution which, by finite speed of propagation, can be used to construct a blowup
solution of the aforementioned type. This kind of breakdown is referred to as ODE blowup and it
is conjectured to comprise the “generic” blowup scenario [4]. We remark in passing that (parts of)
this conjecture have been proved for the subcritical case

(=02 + Au+uuP~t =0, pe(l,3],

see [28], [29], [6], but for p > 3 the problem is largely open. Another (less explicit but classical)
argument to obtain finite time blowup for focusing wave equations is due to Levine [26]. Recently,
Krieger, Schlag and Tataru [25] constructed in the energy critical case p = 5 more “exotic” blowup
solutions of the form

ut,z) = (1 — ) 2 IW (L — ) a) +(t,z), |o| <1—t

where v > % can be prescribed arbitrarily and 7 is small in a suitable sense. As a matter of fact, the
proof of Theorem [[.Tl makes extensive use of the techniques developed in [25], see also [21] and [22]
for analogous results in the case of critical wave maps and Yang-Mills equations. In this respect we
also mention another construction of blowup solutions for the critical wave equation by Hillairet
and Raphaél [16], albeit for the higher dimensional case R'*4. Furthermore, Duyckaerts, Kenig
and Merle [9], [] showed that any type II blowup solution I which satisfies a suitable smallness
condition decomposes into a rescaled ground state soliton plus a small remainder.

Apart from the construction of blowup solutions, it is of interest to obtain conditions on the
initial data under which the solution exists globally. As a consequence of Strichartz estimates it
is relatively easy to establish global existence and scattering for data with small energy, see [32],
[38]. However, for energies close to the ground state the situation becomes much more involved.
Krieger and Schlag [20] proved the existence of a small codimension one manifold in the space of
initial data, containing (W, 0), which leads to solutions of the form

u(t,z) = \O2W b)) +n(t, )

where A(t) — a > 0 as t — oo and 7 scatters like a free wave. In other words, the solutions arising
from data on this manifold exist globally and scatter to a rescaling of the ground state soliton, see
also [40] for numerical work in this direction. A different line of investigation was pursued by Kenig
and Merle [19] who established the following celebrated dichotomy.

Theorem 1.2 (Kenig-Merle [19]). Let u be an energy class solution to Eq. (L) with
E(U(O, )7 ut(ov )) < E(I/Vv 0)

IThe existence of ground state solitons, i.e., positive static solutions with finite energy such as W requires p = 5
in spatial dimension 3, cf. [13], [17].
2A type II blowup solution stays bounded in the energy space. The solutions constructed in [25] are of this type.
2



o If||u(0, ')HHl(Rg) < HWHHl(Rg) then the solution u(t,z) exists for allt € R and scatters like
a free wave as t — too.

o If ”U(O,‘)HHl(Rg) > HWHHl(Rg) then the solution u(t,x) blows up in finite time in both
temporal directions.

It should be remarked here that the blowup of Theorem is conjectured to be of ODE type
although this has not been proved yet. Theorem was extended by Duyckaerts and Merle [11]
to include the case E(u(0,-),u(0,-)) = E(W,0) which, in addition to the possibilities of Theorem
L2 entails solutions which scatter towards (a rescaling of) W. We also refer the reader to the
recent works by Krieger, Nakanishi and Schlag [23], [24] where they consider data with energies
slightly above the ground state. Based on the results in [25], [20], [19] and [I1] it seemed plausible
to expect a strong version of the soliton resolution conjecture to hold. Roughly speaking, this

conjecture states that the long time evolution splits into a finite sum of solitons plus radiation, see
[37].

Congecture 1.3 (Strong soliton resolution at energies close to the ground state). Any radial energy
class solution of Eq. (LI)) with energy close to E(W,0) either blows up in finite time or scatters to
zero like a free wave or scatters towards a rescaling of W.

Our Theorem [L.T] however, shows that Conjecture[L.3]is wrong. In addition to the already known
dynamics
e A\(t) = o0 as t — 1— (exotic blowup [25])
e \(t) = a>0ast— oo (scattering towards (a rescaling of) W [11], [20])

for solutions of the form u(t,z) = /\(t)%W()\(t)x) + n(t,x) with n small, our result adds the two
new possibilities

e \(t) = 0 as t — oo (“vanishing”)

e A\(t) = o0 as t — oo (“blowup at infinity”)
and either of which contradicts Conjecture [[L3l Furthermore, there exists a continuum of rates at
which the blowup (or vanishing) occurs. We also remark that we expect the solutions of Theorem [[1]
to be smooth and therefore, unlike in the case of the exotic blowup in [25], there is no conjectured
“quantization” of blowup rates as one passes to smooth solutions. However, at the moment we
cannot prove the smoothness of the solutions since parts of our construction rely on a “soft”
argument which only yields energy class regularity. It appears that the technique used to prove
Theorem [T has potentially much wider applicability for similar critical nonlinear problems, as did
the construction in [25]. We also note that the restrictions on p in our Theorem [T seem to be in
part technical and nonessential. Thus, it appears natural to expect at least the range —1 < p < &g
to be allowable, for suitable g9 > 0.

While this paper was being written up, T. Duyckaerts informed the authors of the following

result, obtained jointly with C. Kenig and F. Merle, which nicely combines with our Theorem [L.1]
in a similar way as [9] and [8] are related to [25].

Theorem 1.4 (Duyckaerts-Kenig-Merle [10], private communication by T. Duyckaerts). If u :
[0,00) x R® — R is a radial energy class solution of Eq. (LI)) with

liﬁsoljp (N0eult, L2 @s) + 1Vult, 2 @s)) < 21VW |2 g3y
then (up to a change of sign)
u(t,z) = ME)TW (A(B)2) + v(t, 3) + 0471 gy (1)
Ou(t,z) = O (t, z) + or2(gs(1)

with v a free wave and t\(t) — 0o as t — oo.



Theorem [I.1] should also be contrasted to previous works on other dispersive systems such as
the nonlinear Schrodinger equation. We cannot do justice to the vast literature on this subject but
as an example we mention Tao’s result [41] on the cubic focusing Schrodinger equation in R*3
which states that radial solutions which exist globally decouple into a smooth function localized
near the origin, a radiative term, and an error that goes to zero as t — oco. Unlike Theorem [L.T]
this result is in concordance with the soliton resolution conjecture. We refer the reader to [37]
and the references therein for more positive results in this direction. Furthermore, the only system
(to our knowledge) of “wave type” (i.e., either nonlinear wave or Schrédinger equation) for which
nonscattering solutions similar to ours are known is the L?-critical nonlinear Schrédinger equation
in R'!. For this system nonscattering solutions can be constructed by combining the “log log”
blowup of [33] with the pseudo-conformal symmetry. However, it is evident that the mechanism
which furnishes these solutions is completely different and not related to the situation here.

1.1. A roadmap of the proof. We give a brief overview of the proof of Theorem [[Tlwithout going
into technical details. As already mentioned, the construction is in parts based on the techniques
developed in [21], [25], [22]. However, in order to deal with the present situation, the method has
to be modified and extended considerably. In the following we restrict ourselves to radial functions
and the symbols r and |z| are used interchangeably. By a slight abuse of notation we also write
u(t,r) instead of wu(t,x) meaning that u(t,-) is a radial function. Furthermore, throughout this
paper we set [ At) = t—(1=¥) where v is assumed to be close to 1. Roughly speaking, the proof
splits into three main parts which we now describe in more detail.

(1) Construction of “elliptic profile modifiers”. An obvious idea is to insert the naive ansatz
u(t,r) = /\(t)%W()\(t)r) + n(t,r) into Eq. (II) and to derive an equation for 7. By doing
so, however, one produces an error 97 [)\(t)%W()\(t)r)] which decays roughly like =2 and

this turns out to be insufficient. Consequently, we first modify the profile )\(t)%W()\(t)T)
by a nonperturbative procedure. This is done in two steps where we solve suitable (linear)
approximations to Eq. (ILT]) and thereby improve the error at the center and, in the second
step, near the lightcone r ~ t. This does not yield an actual solution but a function us which
solves Eq. (ILI)) only up to an error. However, this error now decays approximately like ¢~*
and thus, we have gained two powers which is sufficient to proceed. This is in contrast to
the analogous procedure in [25] where a very large number of modifications are added to the
ground state. In our situation, it turns out that additional modifications do not improve
the error further. The improvement in decay comes at the expense of differentiability at
the lightcone which has to be accounted for by using suitable cut-offs. Thus, in this first
stage of the construction, we only obtain an approximate solution in a smaller forward light
cone (i.e., of the form |z| < ¢ — ¢ and hence strictly contained inside the standard light cone
|z| <'t), in contrast to the procedure in [25].

(2) In a second step we insert the ansatz u = ug + ¢ into Eq. (II]) and derive an equation for
€ which is of the form

(=07 + A)e + 5W;\l(t)a = nonlinear terms+error (1.3)

where Wy (x) := )\%W()\:E). Due to the aforementioned lack of smoothness, the right-hand
side of the equation is only defined in a forward lightcone and for the moment we restrict
ourselves to this region. In order to obtain a time-independent potential on the left-hand
side we use R := A(t)r as a spatial coordinate and, with an appropriate new time coordinate
7, Eq. (3] transforms into

D% + ¢77'De + (= A + V)e = nonlinear terms-error (1.4)

3We use this convention for “historical” reasons, cf. [25].
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where D is a first order transport-type operator and V = —5W*. In order to solve Eq. (L4))
we apply the “distorted Fourier transform” relative to the self-adjoint operator —A + V.
This requires a careful spectral analysis which is only feasible since we are in the radial case.
The existence of a zero energy resonance plays a prominent role here. As a result we obtain
a transport-type equation for the Fourier coefficients which is then solved by the method
of characteristics combined with a fixed point argument. The treatment of the error terms
on the right-hand side of the transport equation is delicate and requires a good amount of
harmonic analysis. In particular, the functional framework employed differs from that in
[25].

(3) The last step consists of a partially “soft” argument which is used to extend the solution to
the whole space and, second, to extract suitable initial data that lead to the desired solution
(recall that we have solved the equation in a forward lightcone where the Cauchy problem
is not well-posed). For this we rely on a concentration-compactness approach based on the
celebrated Bahouri-Gérard decomposition [I].

1.2. Notation. We use standard Lebesgue and (fractional) Sobolev spaces denoted by LP(£2),
W*P(Q) and H® := W2 with Q C R%. Our sign convention for the wave operator is (0 := —02 4 A.
Unless otherwise stated, the letter C' (possibly with indices) denotes a positive constant which may
change from line to line. As usual, we write @ < b if a < Cb and if the constant C' has to be
sufficiently large, we indicate this by a < b. Similarly, we use a 2 b and a ~ b means a < b and
b < a. Furthermore, we reiterate that A(t) := ¢t~(1=*) with v a real number close to 1. Throughout
the paper, v is supposed to be fixed and sufficiently close to 1. Note also that Theorem [L] is
trivial if » = 1 since in this case u(t,z) = W(z). Thus, whenever convenient we exclude the case
v = 1 without further notice. For z € R? we set (z) := /1 + |z[2 and write O(f(z)) to denote
a generic real-valued function which satisfies |O(f(x))| < |[f(z)] in a domain of = that is either
specified explicitly or follows from the context. If the function attains complex values as well we
indicate this by a subscript, e.g. Oc(z). An O-term O(x7), where z,v € R, is said to behave like
a symbol if |0¥O(x7)| < Cilz[7~F for all k € N. A similar definition applies to symbol behavior of
O({x)7) with | - | substituted by ().

2. CONSTRUCTION OF AN APPROXIMATE SOLUTION

Our intention is to construct a solution u of the form wu(t,r) = )\(t)%W()\(t)T) + n(t,r) with
A(t) = t~(1=) where v is sufficiently close to 1 and 7 is small in a suitable sense. We first improve

the approximate solution W) (r) := )\(t)%W()\(t)T) by successively adding two correction terms vy
and v1. These corrections are obtained by approximately solving the equation in a way we describe
in the following.

2.1. Improvement at the center. We set ug(t,7) := Wy (r) and define the first error ey by
e := Oug + ug = —8t2u0
with 0 = —0? + A.
Lemma 2.1. The error eq is of the form
t2eo(t,r) = e, M£)2 (A7) L + t2e (L, )
where ¢, is a real constant and ef satisfies the bounds
Ok t2el (k)] < CroA(B) TN (1)) 2
forallt >ty >0, r>0 and k,£ € Ny. In addition, we have

8316—1—160(75’ r)|r:0 _ 83k+168(t’ ’r’)|7«:0 =0.
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Proof. Note first that W(R) = v3(R)~! + W*(R) where |05W*(R)| < Cr(R)™37* for all R > 0
and k € Ny. Consequently, the claim follows from

eolt,r) = =fuo(t,r) = —FF (L)W (A(t)r)
by the chain rule. (]

Note that the decay of ey(t,r) near the lightcone r = ¢ is better than at the center. Consequently,
we first attempt to improve the approximation near r = 0. Ideally, we would like to add a correction
vo such that uq := ug + v9 becomes an exact solution, i.e.,

0 = Dy + uf = Ovg + Suguo + N (ug, vo) + eo
where
N (ug,vo) := 10ugvg + 10udvd + Sugvy + vj.
Near the center r = 0 we expect the time derivative to be less important and therefore we neglect
it altogether and also drop the nonlinearity to obtain the approximate equation

Avg + 5u3?}0 = —eg (2.1)

and the next error e; is defined as
er := DOuy + uf. (2.2)
We solve Eq. (2.1)) for vy and subsequently show that e; decays faster than eg.

Lemma 2.2. There exists a function vy satisfying Eq. (2) such that
vo(t, ) = e, A2 A A + v (¢, 7)
where ¢, is a real constant and
0 OF v (8, 1)] < Crd (DT NB 2 A T (log(A(1)r))

forallt >ty >0,r >0 and k,{ € Nyg. As a consequence, the error ey defined by Eq. [22)) is of the
form

t2e1(t,1) = e, A(&)2 MO 2AE)r + £2€5(t, 1)
with (a different) real constant ¢, and e satisfies the bounds
0O 2e5 (1, 7)] < Cr AB)THHINB T (1))
for allt > tg > 0, 0 < r < t, any (fized) € > 0, and k,¢ € Ny. In addition, we have
O+ (t, r)|r=0 = 0 where w € {vo, v§, e1,€l}.
Proof. Setting ¥ (t, R) := Ruvo(t, \(t)"'R) and R := \(t)r, Eq. 2.1 reads
O%to(t, R) + 5W (R) 0 (t, R) = —\(t)*Reg(t, A\(t) "' R) (2.3)

which is an inhomogeneous ODE in R and ¢ can be treated as a parameter. Explicitly, the potential

reads
5

(1+ 57
and the homogeneous equation has the fundamental system {¢g, 6y} given by

5W(R)* =

3

$o(R) = R(1— )1+ )72 = —/3+ ¢5(R)

Bo(R) = (1+&)~3(1 —2R* + By = LR+ 65(R)

V3
where

0R05(R)| < Co(R)™27F, |0R65(R)| < Co(R)F
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for all R > 0 and k € Ny. Furthermore, for the Wronskian we obtain W (6, ¢o) = 6o¢(, — 0)do = 1.
According to the variation of constants formula, a solution 0y of Eq. (2.3)) is therefore given by

R
Bo(t, R) = — A(H)~260(R) /O 6o(R))Rleq(t, A(t) ™ R R

R
+ A(t)"269(R) /0 do(R)R eo(t, \(t) LR YR’

and by using Lemma [2.1] we obtain the claim concerning vg.
The assertion for e; now follows from e; = —97vy + N(ug,vy). We have

e1(t,r) = e, A2 [AE)H] 22N ()r — O20E(t, 1) + N (uo, vo)
and [02vg(t, )| < )\(t)%[)\(t)t]_2+et_2<)\(t)r>_1 where the e-loss comes from the logarithm. The
nonlinear contributions are of higher order and belong to e] since
[N (o, vo) (¢, )] S A A@ A 0)r) ™

where we use [A(t)f]™! < (A(t)r)~! for 0 < r < t. The derivative bounds follow from the corre-
sponding bounds on v by the Leibniz rule. O

2.2. Improvement near the lightcone. We have to go one step further and continue improving
our approximate solution. Thus, we add another correction vy to u; and set ug := u; + v1 =
ug + vg + v1. This yields

Oug + ug = vy + 5ui‘v1 + N(uy,vy) + Ouy —I—u?
=0uv + 5ui‘v1 + N(uy,v1) + eq.

This time we intend to improve the approximate solution near the lightcone r = ¢ since the decay
of the error e; near the center is already good enough. Of course, near the lightcone we cannot
ignore the temporal derivative but thanks to the decay of uq(¢,t) it turns out that we may safely
neglect the potential and the nonlinearity. Furthermore, we also ignore the higher order error ej
which already decays fast enough. Thus, we arrive at the approximate equation

Oui(t, 1) = —e, M) "2t A()r (2.4)

and the next error ey is given by
eg := Cug + uj. (2.5)

Note carefully in Lemma [2.3] below that in order to gain decay in ¢ we sacrifice differentiability at
the lightcone.

Lemma 2.3. There exists a solution vi = v{ + v} of Eq. (Z4) such that
0f0F w1 (1,1)] < CreA(@®) "2t 4037k 0 <r < Lt
0LOFVI (t,r)| < CroA(t) "2t 0k 0 < <2t
0LDFVL (1, 7)| < Cro ()2t R (1 — )zt g < < ¢

for allt >ty > 0 and k,£ € Ng. As a consequence, the error es as defined by Eq. [2.0]), satisfies
the bounds

0L en(t, )] < Cro M) 2 FHN@)] 2L E)r) TR 4 (1 — £) 301 —k=1

for0<r<t,alt>ty, k,{ €N and for any (fixred) € > 0. Finally, we have d* vy (t,r)|,—o = 0.
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Proof. In order to reduce Eq. (24) to an ODE we use the self-similar coordinate a = 7. We have
to solve

N

20v1(t, 1) = —c, \(t) ™ t_lg
and make the self-similar ansatz
vi(t,r) = A(t) "3t 0 (5)
which yields
(1 —a*)[o7(a) + 201 (a)] = (L +v)ati(a) = [5(1 —v) = U[5(1 —v) = 2o1(a) = —cva.  (2.6)
The homogeneous equation has the fundamental system {61} given by
0(a) = (1 £a)20=)
with the Wronskian

v—1
W(0y,0_ = .
( + )(a) a2(1—a2)%(1+1j)
Furthermore, ¢ := #_ — 0, is another solution of the homogeneous equation which is smooth at
a = 0 and clearly, W (0,v¢) = W(04,0_). Consequently, a solution 91 of Eq. (2.6]) is given by
1,9 ” 1
o (a) = 0@ / (1 — b))y (b)db — ¢ / (1 501, (b)db  (2.7)

and it follows that |0 (a)] < Cra™>B3=k0} By setting vy (t,7) = )\(t)_%t_lﬁl(%) we obtain v;
with the stated bounds. It is evident from Eq. (2.7) that ©; can be written as 01 = f}? + 1711’ where
#{(a) is smooth around a = 1 whereas #°(a) behaves like (1 — a)2 2(11) ag g — 1—. More precisely,
we have the bounds 089 (a)| < Ck(1 — a)2(1 Y7k for all a € (0,1) and k € No. As before, we

obtain the function v{ by setting v{(t,7) = A(¢)~ 2715 5{ (%) and analogously for v?.
By construction, the error ey is given by

ez = 5ufvy + N(uy,v1) + €]
and from Lemma we recall the bounds
[ur (£,7)] < Juo(t, )] + [oo(t, 1) S AB)Z B ™ + A2 A1)
<A@ MO
€5t )] S MBHA@ A0
Note also that from above we have the bound
[or(t )| £ A@ O A@P + (1= 520
for all 0 < r <t and t > tg > 0. Consequently, we obtain
futvr (t,7)] < A( JEMOA T @ L+ (1= )20
ABEAOA 22 AR T L+ (1 - 520
[o3(t,7) <A< 03 MO MO P+ (1 - 520
<A@ A0 T (- )30
forallt >ty > 0,0 <r < tand analogously for the other nonlinear contributions. As a consequence,
we infer the claimed bound for ey in the case kK = ¢ = 0. For the derivative bounds we use the

Leibniz rule. U
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Remark 2.4. There is a slight nuisance associated with the functions constructed in Lemma 2.3}
their odd derivatives with respect to r do not vanish at the origin, i.e., they are not smooth at the
center when viewed as radial functions on R3. This inconvenient fact, however, is easily remedied
if we replace v by fv1 where 6 is a smooth function with 6(r) = r for, say, r € [0, 1] and (r) = 1
for » > 1. This modification does not affect the bounds given in Lemma [2.3] (provided that ¢y > 1)
and it yields the desired behavior near the center. Furthermore, since O(6v1)(t,r) = Ouy (¢, r) for
r > 1, the stated estimates for the corresponding error es are not altered either. Consequently, we
may equally well assume from the onset that v; and ep are smooth at the center (as functions on
R3). This remark will be useful later on.

3. THE TRANSPORT EQUATION

The function u; constructed in Section Pl satisfies the critical wave equation only up to an error
eo. In this section we aim at constructing an exact solution to

Ou+u’ =0

of the form u = ug + & where £(¢,r) decays sufficiently fast as ¢ — oo. Recall that ug is nonsmooth
at the lightcone and thus, we restrict our construction to a truncated forward lightcone

KX, ={(t,x) ERxR®: ¢t >tg, || <t—c}
for tg > ¢ > 0. Consequently, we have to solve the equation
Oe + 5uge + N(ug,e) + e =0

which we rewrite as

Oe + 5uge = 5(ug — ug)e — N(ug,€) — ea. (3.1)
As before, in order to obtain a time-independent potential, we use the new space variable R(t,r) =
A(t)r. Furthermore, it is convenient to introduce the new time variable 7(t) = %t” . We write
A(t) = A(7(t)) and note that
) =M. Net) = 50,
’ A(t)

Consequently, the derivatives transform according to
8 = A(1) (aT + X’(T)X(T)—lRaR) . 0 = A(1)g

and by setting 9(7(t), R(t,r)) = €(t,r) we obtain from Eq. (8] the problem

[0- + B, (T)ROR)*0 + B, (1)[0r + By (T)ROR]D — [0% + £0R + 5W (R)*] (3.2)

= 5\(7')_2 [5(u‘21 — ué)f} + N(ug,v) + eg]
with . 3
Bu(T) = /\'(7'))\(7')_1 = —(% — 1)7'_1 (3.3)

where it is understood, of course, that the functions ug, us and ey be evaluated accordingly. Finally,

the standard substitution 9(7, R) = R™!v(7, R) transforms the radial 3d Laplacian into the radial
1d Laplacian and, by noting that

[0 + B, (T)ROR| G2 = %[0, + B, (1) ROk — B,(7)]v(r, R),
we end up with the main equation
D% + B,(7)Dv + Lv = (1) 72 [5(u3 — ug)v + RN (u2, R™'v) + Res)| (3.4)

where D = 9, + 3,(7)(ROg — 1) and £ = —9% — 5W(R)%. Our goal is to solve Eq. (3.4 backwards
in time with zero Cauchy data at 7 = co. Roughly speaking, the idea is to perform a distorted
9




Fourier transform with respect to the self-adjoint operator £ and to solve the remaining transport-
type equation on the Fourier side by the method of characteristics.

3.1. Spectral theory of £ and the distorted Fourier transform. In the following we recall
some standard facts about the spectral theory of £, see e.g. [12], [45], [44], [7]. We write V := —5W*
and emphasize that V (R) depends smoothly on R and decays like R=* as R — oo. The Schrodinger
operator £ = —0% + V is self-adjoint in L?(0,00) with domain

dom(L) = {f € L*(0,00) : f, f' € AC[0, R]YR > 0, f(0) = 0,Lf € L?*(0,00)}

since the endpoint 0 is regular whereas oo is in the limit-point case. Furthermore, there exists
a zero energy resonance which is induced by the scaling symmetry of the wave equation. More
precisely, the function

R(1—1R?)
(1+ %R2)3/ 2
belongs to L*(0,00) and (formally) satisfies L¢pg = 0. Since ¢ has precisely one zero on (0, 00), it
follows by Sturm oscillation theory (see e.g. [7]) that £ has exactly one simple negative eigenvalue
€4 < 0. The corresponding eigenfunction ¢4 is smooth and positive on (0,00) and decays expo-
nentially towards co. Thus, the spectrum of L is given by o(L) = {£4} U [0,00) and thanks to the
decay of V, the continuous part is in fact absolutely continuous.

We denote by {¢(-, 2),6(-,2)}, z € C, the standard fundamental system of

Lf=zf (3.6)

¢o(R) = 2RON|r=1 A2 W (AR) = (3.5)

satisfying

#(0,2) =6'(0,2) =0, ¢'(0,2) =0(0,2) = 1.
In particular we have W (0(-, z), (-, z)) = 1 for all z € C. Furthermore, 9 (-, z) for z € C\R denotes
the Weyl-Titchmarsh solution of Eq. ([8.0]), i.e., the unique solution of Eq. ([8.6]) which belongs to

L?(0,00) and satisfies 1(0,2) = 1. Consequently, for each z € C\R there exists a number m(z)
such that

(-, 2) = 0(,2) + m(2)4(:, 2)

and we obtain m(z) = W(6(-, 2),%(+, z)). The Weyl-Titchmarsh m-function is of crucial importance
since it determines the spectral measure.

Proposition 3.1. (1) For any & > 0 the limit
p(€) := L lim Imm(¢ + ie)
T e—0+

exists but p(§) — oo as & — 0+.
(2) Let p be the Borel measure defined by

_d6g,(8)
I8¢, €l 220, 00)

where dO¢, denotes the Dirac measure at ;. Then there exists a unitary operator U :
L?(0,00) — L%(0(L),du), the “distorted Fourier transform”, which diagonalizes L, i.e.,

UL = Mg

du(€) + p(€)d§

where Miq is the (mazimally defined) operator of multiplication by the identity function. i

“In other words, Mia f(£) = ££(€).
10



(3) The distorted Fourier transform is explicitly given by

b
ui(©) = lim | G(ROFRR, &< all)

where the limit is understood with respect to || - || L2 (o (2),du) -
(4) The inverse transform U~" reads
-1z ¢(R7 gd) A . b ~
U f(R) = 3 f(&a) + lim [ B(R, &) f(£)p(€)dE
|’¢('7§d)”L2(0700) b—eoo Jo
where the limit is understood with respect to || - || L2 (0,00)-

Proof. Let Imz > 0 (and Im+/z > 0). The Weyl-Titchmarsh solution is given by (-,2) =
co(2)f+ (-, z) where the Jost function f, (-, z) is defined by Lf (-, 2) = zfy (-, 2) and fy (R, z) ~ eVZE
as R — oo. The coefficient cy(z) is chosen such that ¢(0,2) =1, i.e.,

1
colz) = . 3.7
) = W o) 7
The Jost function satisfies the Volterra equation
. 1 [
FilBo) = Ry [ n(VER ~ R)V(R)L(R )R (35)
R

and from this representation it follows immediately that
f+(R7 g) = El—l>%l+ f+(R7 g + ZE)

exists provided that £ > 0 and moreover, fi(R,¢) satisfies Eq. B8) with z = ¢, cf. [5]. From
Eq. 38) we also have W(fi(-, 2), f+(-,2)) = —2iy/z and thus, by expanding

we obtain (recall that ¢(-,&) and 6(+, ) are real-valued)

~2i/€ = W(f+ (- €), f+(€)) = 2iTm (a(€)b(€))

which in particular implies b(§) # 0 if £ > 0. Consequently, we infer

and this shows that ¢y(§) (and therefore (R, &)) is well-defined and finite provided that & > 0.
However, due to the zero energy resonance we clearly have |cy(£)| — oo as & — 0+. The connection
between the Weyl-Titchmarsh m-function and the spectral measure p is provided by the classical
formula

&+6

~ _ l . . .
&) = = 51_1)1(1)1+ 61—1>I(I)1+ : Imm(t + ie)dt

where the distribution function i determines p in the sense of Lebesgue-Stieltjes. The statements
about the distorted Fourier transform are well-known and classical, see e.g. [45], [44], [7], [12]. O
11



3.2. Asymptotics of the spectral measure for small £. In order to be able to apply the
distorted Fourier transform, we require more detailed information on the behavior of the spectral
measure. We start with the asymptotics as £ — 0+ where the spectral measure blows up due to
the existence of the zero energy resonance. We also obtain estimates for the fundamental system
{¢(-,€),0(-,€)} which will be relevant later on. As before, ¢o(R) = ¢(R,0) is the resonance function
given in Eq. (3.0) and we write 0y(R) := 6(R,0). Explicitly, we have

1-2R?+ 3R
0o(R) = —(1 n %R2)3/2 .

Lemma 3.2. There exists a (complex-valued) function ®(-,§) satisfying LP(-, &) = EP(-, ) such
that

(R, ) = [¢o(R) +ibo(R)][1 + a(R, £)]
where a(0,£) = ad’(0,€) =0 and

00k [Re a(R, €)]| < Cre(R)* ¢
O0klima(R.&))| < Cue |(R)'H¢' "+ (R)*He |

for all R € [0,5_%], 0<&<1andk,leNy. In particular, we have p = Re® and § = Im ®.

Proof. We write ®g := ¢o + iy and note that &y does not vanish anywhere on [0,00). Inserting
the ansatz ®(-,§) = ®g[l + a(-,§)] into LP(-,&) = £P(+, &) yields the Volterra equation

R R
o) =—¢ [ [ @R 2R @R+ (RO (39)
which is of the form n
a(R,€) = /0 K(R, RO+ a(R, )R

with a kernel satisfying |[K(R, R',&)| < (R')¢ for all 0 < R’ < R and £ > 0. Consequently, we have

~

1

57§

[ s KRR $1
O Re(r&?)

and a standard Volterra iteration yields the existence of a(-,€) with |a(R,¢&)] < (R)2¢ for all

R € [0,5_%] and 0 < £ < 1. Obviously, we have a(0,£) = a’(0,£) = 0 and this immediately yields
¢ =Re® and § = Im ®. Now observe that, for 0 < R' < R,

R R
/ @(R") MR = / C[OR") ™) +i0((R") )] dR" = O((R') ™) +iO((R') %)
which implies
R
/ , do(R")2dR" ®y(R')? = O((R")) +i0(1).
Consequently, with |a(R, £)| < (R)2¢ from above and Eq. (3:9) we infer
R
ma(R.€) = O(R)) +tm |~ Oc(R)a(R. IR = O((R)E) + O((R)'€?),

The derivative bounds follow inductively from Eq. (8.9) by symbol calculus. (]

Next, we consider the Jost function f,(-,&).
12



Lemma 3.3. The Jost function fi(-,&) of the operator L is of the form
J+(R.€) = Ve[ 4 b(R.©)]
where b(-, &) satisfies the bounds
OEORD(R,©)] < Cre(B) ™ Fe2~
forall R>¢76,0<&<1 and k,{ € Ny.
Proof. The function b(-, ) satisfies the Volterra equation

- / T KRR LO[ 4 (R, AR
R

/ - [e%ﬁ(’%’—’@ — 1| V(R)[1 + bR, &)|dR’ (3.10)
R

Thanks to the strong decay of V we have |K(R, R',¢)| < (R’>_4§_% for R < R’ and thus,
/% sup |K(R, R, ¢&)|dR" < 1.
¢ % Re(e s .R)

Consequently, a standard Volterra iteration yields the claim. The derivative bounds follow induc-
tively by symbol calculus. O

The information provided by Lemmas and [3.3] already suffices to obtain the asymptotics of
the spectral measure for & — 0+.

Lemma 3.4. For the functions ¢y and p given in Eq. B.1) and Proposition [31], respectively, we
have

;o1 1 _1 1
() = —E 31+ 0c(eh)],  p(€) = £EH1+0(eh)
for 0 < & < 1 where the O-terms behave like symbols under differentiation.

Proof. For the Weyl-Titchmarsh solution (-, £) we have ¥ (-, &) = ¢o(§) f+(+, &) where the coefficient

co(€) is given by
1

(&) = ;
0( ) W(f—i-(af)?(b(?g))
cf. the proof of Proposition Bl From Lemma we have

P(R,€) =Re®(R, &) = do(R)[L + Rea(R, §)] — bo(R)Im a(R, £)
= ¢o(R)[1 + O((R)*¢) + O((R)°€*)], R>1
and, by noting that |¢)(R)| ~ (R)™3 for R > 1,
¢'(R.€) = O({R) ™)1 + O({R)'¢) + O((R)"€*)], R=>1.

We evaluate the Wronskian at R = ¢ o, Thus, we use

G(E71,6) = go(€ 1)1+ O(E7)] = —V3[1 +0(¢?)]

¢(€719,6) = O(E1)[1+ 0(¢7%)] = O(E™m)
and, from Lemma [3.3]

FrE1,€) = [+ 0c(§9)] = 1+ Oc(€7)

Flg1,6) = €26 [1+ Oc(€5)] = g7 [1 + Oc(€9))
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and all O-terms behave like symbols under differentiation. Consequently, we obtain

W(f+( ), (&) = V3ig2 [1 4+ Oc(€)]
and thus, ¢y(§) = —% —3 1+ Oc(ﬁé)] where the O-term behaves like a symbol.
The Weyl-Titchmarsh m-function is given by
From Lemma we have
6(E710,6) = 0(E0), §(¢716,8) = d5 + O(¢7)
and thus, W(0(-,€), f+(€)) = —J5 + Oc(§9). This yields p(€) = Hmm(&) = 3£&72[1+ 0(&5)]

V3 -7
with an O-term that behaves like a symbol. O

Sl

Sl

3.3. Asymptotics of the spectral measure for large £. In this section we study the behavior
of p(§) as £ — co. This is considerably easier than the limit £ — 0+. In order to get a small factor

in front of the potential, it is convenient to rescale the equation Lf = £ f by setting f(R) = f (& %R)
which yields

~ ~ _ _l ~
')+ fly) =€ V(E2y) f(y) (3.11)
for y > 0, £ 2 1 and this form already suggests to treat the right-hand side perturbatively.

Lemma 3.5. The Jost function fi(-,&) of L is of the form
Fr(R.€) = VL4 (R, )]

where 1
|5£8§b(R, &)| < Ck7Z<R>—3—k£_§_g
forall R >0, £ 21 and k,{ € Ny.

Proof. We start by constructing a solution f, (-,€) to Eq. BII)) of the form £, (y, &) = e [1+b(y, £)].
Inserting this ansatz into Eq. (8.I1) yields the Volterra equation

b(y, &) = ¢! /Oo[e2i(y’—y> — YV (E2y))[L + by, )]dy’ (3.12)
= /OO K(y,y, QL+ by, &)]dy’

where |K(y,y',&)| < 5_1(5_%y’>_4 for all 0 <y <y and £ 2 1. Consequently, we have

& 1
/ sup |K(y,y/ 0y <€ <1
0 ye(0,y)

and a Volterra iteration yields |b(y,¢)| < 5_%(5_%@_3. Furthermore, by introducing the new
variable u =y’ — y, we rewrite Eq. (812) as

~ s . 1 ~
B0.6) = 67 [ Ve )1+t y. €
and with ) X X
L0,V (72 (u+9))| < Crp 2P 2(u+y) ™", kLeNg
for all y,u >0, £ 2 1, we obtain inductively the bounds

|0£0ED(y, €)| < C &2 TH (e 3y) 3k
14



for all y > 0, £ 2 1 and k,¢ € Nyg. We have f~+(§%R) ~ eV a5 R — 00 and thus, as already
suggested by the notation, the Jost solution is given by fi(R,§) = f+(§ %R,f) and by setting
b(R,§) = l~)(§%R, €) we obtain the stated form of fi(-,&) and the bounds for b follow from the ones
for b by the chain rule. O

Lemma 3.6. The functions co and p are of the form
c0(€) =1+0c(672), p() = 2¢2[1+0(672)
for & 2 1 where the O-terms behave like symbols under differentiation.
Proof. By evaluation at R = 0 we obtain from Lemma
W(F4(, ) 0(-6) = f4(0.€) = 1+ 5(0,€) = 1+ Oc(€?)

which, by Eq. 37), implies ¢o(§) = 1 + Oc(g_%) where the O-term behaves like a symbol. Fur-
thermore, we have

W(O(,€), f+(~€) = F1(0,6) = i€2[1 4 b(0, )] + H(0,£) = i€2[1 + Oc(¢2)]

and we infer

[SIE

p(§) = %Im [co(EOW(0(-, ), f+(-,6))] = %5 1+ O(S_%)]
with an O-term that behaves like a symbol. -

It is now a simple matter to obtain a convenient representation of ¢(-,£) in terms of the Jost
function fy(-,§).

Corollary 3.7. The function ¢(-,§) has the representation
¢(R7 f) = a(f)f—i- (R7 g) + a(g)f-‘r (R7 g)

where

1

a(€) = 267314+ 0c(¢72)), €21

and the O-terms behave like symbols.

a(€) = B +0c(67), 0<E<1
1
21

Proof. Since W (f4(+,€), fr(-,&)) = —2i/€ it is clear that there exist coefficients a(€), b(§) such
that ¢(-,&) = a(§) f+(-, &) +b(§) f+(-,€) provided that & > 0. From the fact that ¢(-,§) is real-valued
it follows that b(§) = a(£). Consequently, we obtain

a@ = W(+(:6),0(-.€) = —2i¢2a(€)
and Lemmas [3.4] yield the claim. -

3.4. The transference identity. Unfortunately, it is not straightforward to apply the distorted
Fourier transform to Eq. (8.4]) due to the presence of the derivative ROgr. The idea is to substitute
the term ROR by a suitable derivative on the Fourier side. This is not possible without making an
error. For the following it is convenient to distinguish between the continuous and the discrete part
of the spectrum of £. This is most effectively done by introducing vector notation. Consequently,
we interpret the distorted Fourier transform, now denoted by JF, as a vector-valued map F :
L?(0,00) = C x L*((0,00), p(§)dE) given by

_( Uf(&a)
FIi= < U fl0,00) )
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with U from Proposition B.J1 By Proposition [B.I] the inverse map
F1: € x L*((0,00), p(£)dE) — L*(0, 00)

7 (5) = o i ) soromoe o

gd)”L2(o ) b—roo

reads

We define the error operator K by
FOf' = f)=AFf+KFf (3.14)
for f € C2°(0,00) where

0 O
A= (1 4

)e Aal®) =260 - (3+ ZEe(©

Kaa Kac
k= < ICcd ’Ccc )
for the matrix components of K. We call Eq. ([3.14]) the “transference identity” since it allows us to
transfer derivatives with respect to R to derivatives with respect to the Fourier variable £. In order
to motivate the definitions of A and K, let us take the free case as a model problem, i.e., assume for
the moment that V =0 and £ = —8%%. Note, however, that the free case with a Dirichlet condition
at zero is not a good model for our problem since it is not resonant. Consequently, we assume a
Neumann condition instead. In the free case there is no discrete spectrum and the corresponding
&(+,€) can be given explicitly and reads ¢(R, &) = — cos(& %R) Furthermore, the spectral measure

o

and we write

is p(§) = %5_%. For the transference identity we obtain
UOF =D = [ R ORI RIAR-UsE)
—— [ RebsnciRp(RIR =2 [ o(ROF(R)AR

=260 [ SR F(R)AR ~ 2US(6) = 26U~ (§ + LU (©

for f € C(0,00) and we recover the operator A, whereas the corresponding error operator is
identically zero. Due to the strong decay of V(R) as R — oo it is reasonable to expect that the
transference identity Eq. (8.14]) is well approximated by the above model case, at least to leading
order. Therefore, K should be “small” in a suitable sense. We will make this idea rigorous in
Section [B] where we prove appropriate mapping properties of X which exhibit a certain smoothing
effect that turns out to be crucial for the whole construction.

3.5. Application of the distorted Fourier transform. Now we intend to apply the distorted
Fourier transform to Eq. (8.4]). In order to be able to do so, however, we have to deal with the fact
that the functions on the right-hand side of Eq. ([B:4]) are only defined in a forward lightcone and
we have to extend them smoothly to all » > 0. To this end we use a smooth cut-off x satisfying
x(z) = 0 for z < % and x(z) = 1 for > 1. Then x(L) is identically 1 in the truncated cone
r <t — cand identically 0 if » > ¢ — 5. Of course, we assume here that ¢ > c¢. Furthermore, in
1tv = L\(#)t and R = A(t)r, the cut-off reads

Wr R) = x ()1
Consequently, the equation we really want to solve is given by

D% + B,(T)Dv + Lv = A7) 2% [5(u3 — ug)v + RN (ug, R™v) + Res] (3.15)
16

terms of the new variables 7 =



cf. Eq. (3.4), and we recall that D = 0, + 3, (7)(ROr — 1). Thus, we have
FD =0, F + B,(A+K)F =DF
and this yields FD? = D2F where
D? = 92 4+ 28,(A+ K)d; + B2(A? + KA+ AK + K?) + BL(A+K)
= (0r + B A)? + 28,K0; + B (2KA + [A, K] + K%) + B, K.
We conclude that
D+ 8,0 = (3 + BA) + By (2K + 1)(9r + BoA) + BJ(K” + [A, K] + K + 55K).

In the following we write (xq(7), z(7,§)) = Fo(r,-)(&). Consequently, by applying f to Eq. (315,
we end up with the system

< " :)rgd (8- +5V(S)AC)2 +¢ > < xx(i(,?) > = jz:f\/j < "Zd ) (1,6) (3.16)
—283,(1) (2K + 1)(0; + B,(1)A) < :CEZT(T)) > ©)

- 8,07 (K 4 (K] £ K+ 25) (247) ) )

+(20Y)

where the operators Nj, j € {1,2,3,4,5}, are given by

2 () o) <| ostr [1+ 2 () )D © (317)

with
©1(1, R) = 5X(7) 72X (7, R)[uz (WA (T) L7, M(7) TLR)* — ug(wA (7)) "17, AM(1) TLR)Y]
¢2(1, R) = 10A(7) " 2X(7, R)us (WA(7) 17, (1) ' R)?
¢3(1, R) = 10A(7) 72X (7, R)us (WA(T) L7, A (1) ' R)?
©4(7, R) = 5X(7) 7 2xX(7, R)ua (WA(T) 11, AM(1) " R)
¢5(1, R) = M7)*X(7, R)
and
(r,€) = A(r / &(R, )y (A(r)~ter= R) Res (VX(T)—lT,X(T)—lR> dR. (3.18)

3.6. Solution of the transport equation. Our goal is to treat the entire right-hand side of
Eq. (B10) perturbatively. To this end it is necessary to be able to solve the two decoupled equations

2y (1) + Egma(T) = ba(T) (3.19)
[0 = 8u(r) (2606 + § + 28] 2(r,6) + €2(7,6) = b7, ) (3.20)

for some given functions by and b. Recall that we are interested in decaying solutions as 7 — oo
and by variation of constants it is readily seen that

[e.e]
= / Hd(T, T/)bd(T/)dT/’ Hd(T, 7_/) — _%|£d|_%€_|§d‘l/2|7_7l‘
70
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for some constant 7y is a solution to Eq. (3.19) which behaves well at infinity. For future reference
we denote by H4 the solution operator, i.e.,

Haf(r Hd (r,7) f(r")dr'. (3.21)

70

In order to solve Eq. B20) we first define a new variable y(r, €) by
2(r.€) = M7)2p(&) “2y(r. ).
Then, by recalling that 8, (1) = N (7)A(1)~!
[0 = 36.(r) = B(7) (260 + 48 ) | a(7,©) = A()3p(&) 73 (0r — 26, (1) 0ely(r. &)
and thus, Eq. (320) is equivalent to

T, B 1
[0- — 26, (7)60¢ 2y (7,€) + €y(7. €) = A(7) "2 p(€)2b(, €). (3.22)
Now we solve Eq. (3:22]) by the method of characteristics, i.e., we compute

#y(T.&(1)) = Ory(7,€(7)) + &'(7)0ey(T, &(7))
and by comparison with the differential operator in Eq. (8:22)) we obtain the characteristic equation
¢ (1) = —2B,(7)&(r) which, by recalling that 8,(1) = —( —1)77! from Eq. 33), is readily solved
as &(7) = 77’2(%_1) for some constant . Thus, along the characteristic 7 +— (7, 77’2(%_1)), Eq. 322)
takes the form

, we observe that

- 19y 5

7" (137) + 77 Vg(r57) = b(r3) (3.23)
where y( :y) = y(r, 72 "DY and b(r; ) = )\(T)_%p(’yT2(l_1))%b(T 772(1_1)) By setting g(7;7) =
73l ( 2 %) we infer that the homogeneous version of Eq. (8:23)) is equivalent to

w”(2) + (1 — (%)272_%> w(z) =0

where z = V"}/%T% and this identifies Eq. (8.23]) as a Bessel equation. Consequently, a fundamental
system {¢;(-;y) : j = 0,1} for the homogeneous version of Eq. (B:23) is given by

bo(T57) = aVT%Ju/2(V’7%T%)
, - (3.24)

¢1(737) = by72Y, o (vy27V)
where J, /5, Y, /5 are the standard Bessel functions, see e.g. [30], [31], and a,, b, are chosen such
that

v

aI/JI//2(Z) = V_%Z%[l + 0(22)]7 bI/Yy/2( ) v2z e [1 + O( )] (325)
as z — 0+. This yields the asymptotics
¢o(37) = i1+ O(y77)]
$1(m37) =741+ 0(y27)]

for, say, 0 < 7%7'% < 1 and the O-terms behave like symbols. By evaluation at 7 = 0 we also obtain

t\l\)

(3.26)

the Wronskian W (¢g(+;7), ¢1(-;v)) = —1. Furthermore, from the Hankel asymptotics we have
|H£j/2( )< 273 for z > 1, 5 =1,2 (see [30], [31]) and thus, the relations J, = (HIE}) Hf/)z)
well as Y, 5 = Z(H,E /)2 o /)2) immediately yield the bound

57l SA7ar 27, =01 (3.27)
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for ’y%T% > 1. Consequently, assuming sufficient decay of B(, v), a decaying solution to Eq. (3:23)
is given by

iri7) = [ 17sm)o0(ei7) = do(rin)n (o375 do

In order to obtain an expression for x(7,&), we set v = 57_2(%_1) and this yields

o) = [ Ho(r oo, (225 D)o = Hb(7. ) (3.28)
with '
He(7,0,€) =A(r)3p(€) 7% |61 (r:67 72070 gg (0367720 7D) (3.29)
a0 (€772 g1 (o367 200 [A0) R ((2)%07 )
Now we establish bounds for H,(r,a,&).
Lemma 3.8. The function H, defined by Eq. (.29) satisfies the bounds

N

1 1 1
2 7 > 3 >
IIL-1 512 1 e _11’ o5 —11
|He(,0,8)| < (2)2v r2=e=3(0+) 0 < r¢2 <1, 0€2 > 1
o 0<7’£%§1,0<Uf%§1

foralll <7 <0 and £ > 0.

(;)%(l_l). Furthermore, if £ > 1

Proof. Recall that NG ) = (1/7')_(%_ ) and thus, \(7 )35\( )~ 3 =
D¢ > 1, we infer

we have [p(€)|” 2 < ¢ 1 by Lemma 38 and, if (2 )2( -

e 2o (27 0¢)

SETH(E)0n %%sm%‘%—”

g g

again by Lemma Note that we always have (;)%(%_1) < (—)%‘%_1‘ regardless of the sign of

~ \T

% — 1since 1 < 7 < ¢ is assumed throughout this proof. If, on the other hand, 0 < (%)2(%_1)5 <1

we obtain .
b 1 1,1 1 1
'p(&) 3 ((22070)%| s e7i(2) 30T g (2)3l
since ]p(f)]% < §_i for 0 < £ <1 by Lemma 341
In the case 0 < £ <1 we have |p(£)|_% < 5% and thus, either

1

‘P(f)_%p ((%)2(%_1)5)2

Se (90 Memi (gl

or

1 101 1 1,1
<€1(2)267 Ve < (9l

IN

1

1 1 2

ot (2726 0¢)

by Lemma B.6] depending on whether 0 < (2 )%(1_1)5 <1or (;)% G—D )¢ > 1. We conclude that
1

< sk s N\

)0 Bl (2726 0¢)

forall 1 <7 <o and & > 0.
It remains to estimate the terms involving ¢;. We have different asymptotic descriptions of

< (g (3.30)

¢j(7;7) depending on whether 0 < 7%7'% <1or 7%7'% > 1. For v = 57_2(%_1) this distinction

reads 0 < 7€ 3 <1lor 7€ 3 > 1. Thus, in principle we have to deal with the four cases
19



[un
[un

2<landoc€2>1
O<T§%§1and0<a§%§1
(4) 7€z > 1 and 0 < o2 < 1.

However, since we are only interested in 7 < o, case (4) is void.

(1) We use the bound from the Hankel asymptotics stated in Eq. (B:27) to obtain

60(T;7)d1(037)] Sy 22 om0 < (2)slu ey

by evaluation at v = 57_2(%_1). This bound is symmetric in 7 and ¢ and thus, by Eq. (8.30)),

we infer
|He(r,0,6)| S (2)2h g2,
(2) From Egs. (8:26]) and (327)) we have
[61(7: ) do(o37)| S 771726
[d0(7i7)é1(037)| S 77T M re T2 S 9 7a g ma 6y
and thus,
[He(r,0,€)| £ (2)% 72 7)o =2 (g )
( )%\%—1\7-%(1—V)5—i(1+l/)
by Eq. (3:30).
(3) Eq. (B:20) yields
[Go(T; 7)1 (s S 7
and this implies |H.(7,0,&)| < (2 )3|__1‘(T +0) S (%)3‘__1‘0'

We shall also require bounds for the differentiated kernel
He(r,0,€) = [0 — B,(7)(260e + § + L) He(7,0,€)
where, as always, 3,(7) = —(1 — 1)771. These are established next.

Lemma 3.9. The differentiated kernel satisfies the bounds

1 1
2 > 2 >
i ) b 1 7€z > 1, 062 > 1
[He(,0,8)] S (£)2' 720 i) g < 762 <1, 062 > 1
1 0<T£%§1,0<O'£%

foralll1 <71 <0 and & > 0.

Proof. Note that for any differentiable function f of two variables we have
0, — B(7)(260¢ + 3 + L] (M) Ep(©) 2 £(7,0))
= M(7)Ep(€)H10: — 28, (€I F (7, €).
By Eq. (829) and
0 = 28,(1)E0L]0; (73677207 = gy (msr2D)
[a'r - 251/( )fag](b <O’ & __1)> =0

20
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for j = 0,1 we therefore obtain
Ho(r,0,€) =M7)3p(€) 201 (m36772570) gy (03677267Y)
1
— 010 (136772 ) 0 (036772570 ) Mo)TEp (92 ¢)
From Eq. (3.26]) we immediately infer
v 2
0 iv) =41+ O(yrv
Ldo(T57) = 7| V (y7)] (3.32)
do1(r37) = 0(y7)
for 0 < ’Y%T% < 1. Furthermore, since
Dr1¢o(r37) = 37~
D161(m7) = 37

see Eq. (3:24), the identity CV/2 = 3(Cyj2-1—Cyj241), C € {J,Y} [31], and the asymptotics of the
273 for 2 2 1 and thus,

MI»—-

ayJy sy (V) 4 43TV zaVJm( yITY)

Jun
[

T2b,Y, (v ) 4 2T b, Y] (ryR ),

Hankel functions yield |C? PIGIIRS
D) (3.33)

MI»—-

10165 (T3] S 7717730 4 4dr3 G < yap

for 7%7'% >1and j=0,1.
As in the proof of Lemma [3.8] we now distinguish three cases and we always assume 1 < 7 < o.

(1) If 7'5% > 1 and aﬁé > 1 we use Egs. (3.27) and (3:33]) to conclude
1_1‘

|0101(T57)d0(a;Y)| + 10100(T;7)P1(057)| S (%)%"’

which, by Eq. B30), implies |H.(7,0,£)| < (%)%‘%—”_
(2) If0 < 7'{% <1 and afé > 1 we obtain

10161.(757)o0(3 )| + 9160073 7)1 (07)] S 7”10 Va
by Egs. B32) and @27). Hence, upon setting 7 = &7 201
|Ho(7,0,6)] S (2)2ls U2 (-0)gma(-n),
(3) In the case 0 < 7'5% <land0< 0’5% < 1 we have, by Eqgs. (8:20) and (332,
\31¢1(T"Y)¢0(0"Y)’ +101¢0(T57)p1(037)] S1+~20 S 1
which yields |H.(7,0,¢)| < (2)*+ 1 by Eq. (330).

L

, we conclude

0

3.7. Estimates for the solution operator. In order to set up our main contraction argument
for Eq. (3.I6]) we have to introduce appropriate function spaces.

Definition 3.10. For §,a € R and p € [1,00) we define norms || - HX(I;,a and || - [lye.e by

g = ([ o ae) "+ ([T irersemaoa)

00 1/2
1llvre = 1f 1000 + ( /0 |f(£)|2<£>2“p(£)d£> |
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Furthermore, for a function b of two variables and a Banach space X we write

1Bl 0.5 = sup b7, )

>70
where § > 0 and 79 > 0 (in what follows we always assume 7y to be sufficiently large).
For the following it is convenient to introduce the notation
Beub(r,€) = [0r = Bu(r)(260 + § + LEHIb(r, ©).
Proposition 3.11. Fiz a § with 2|1 — 1| < 6 < § and let p € (1,00) be so large that
Pl-6+22-1)<1

where p’ is the Holder conjugate of p, i.e., % + 1% = 1. Suppose further that 9 > 1, 8 > g and
a € [0,1] be fized. Then we have the bounds

||ch||L%o),ﬁ71726X§,a S HbHLoo’BYP e

”BCWHCbHLf_ng lypa ~ HbHLO" Bypa-

Proof. Let g € (1,00). By Hélder’s inequality we have

Heb(r,€)] < / |Ho(r,0,€)b(0, (2)2( V) do

) 1 1/‘1
< Ayy(7.6) ( JaR <%>2<u-1>s>r%zo)

with p € R and

o0 1/q
Au,q’ (Taf) = (/ ‘O-_MHC(Ta 076)’q d0> .
We claim that
Rardas 75% >
Ay () £4 -
provided that p > 1+ 1 +5/2 — 1| Indeed, if 7¢ 2 > 1 we have from Lemma X the bound

|He(m,0,8)| S (2)2 I’_1|§_§ and this implies the first estimate in Eq. (3:34). In order to prove
the second bound in Eq. B34) we use |H.(7,0,8)| < (;)5| s from Lemma B8 which yields

L
Ay (T, ST #7710 the case 0 < 7'5% < 1 as claimed.
Now note that Eq. (3:34]) implies

(3.34)

/\
[ I y—

<1

A (7,€) S 7T IEIHS TR (g1 matd

for all £ > 0 and thus, by interchanging the order of integration, we obtain
> - ——6 —1y1-5P o\2(2—1) [P
b et e 5 Ay (1, )(6(6)THT| ‘U“b(a,(;) 7Vg)| dedo

(u+ +25+2(l—1 / / 104=2G =D (g, ) [Pdndo.



Now we set u = 8 — § which is admissible since 8 —§ > 1 + Z% + 5\% — 1] provided v is sufficiently
close to 1 which we may safely assume. Hence, we infer

> _131_5lP —B+L 1354202 - < 1
[ e oe@ i ae s e [T s,
0 x ) )

p(—B+1+28) 17,1
St 100

where the last step is justified since 1—6—2(2—1) < 1% = 1—% and this implies —p(6+2(1—1)) < —1.
For the L? based part in || - || xp.e we proceed similarly and obtain from Eq. (B34) the bound

Aua(1,6) S T_‘LH—%f_% for all £ > 0. This shows
/0 [Heb(T,€) PE(6)* p(€)dE S TQHH;)/ /0 |04 b(0,w(r, o) ~16)| (€) 2 p(€)dédo

=2t [T oo, ) o) (. ol o o
T 0

where we write w(r,0) = (%)_2(%_1). We clearly have (w(7,0)n)?* < (%)4‘%_”(@20‘ for all n > 0
and also, w(7, p)p(w(7,0)n) < (%)3|%_1|p(77) provided that w(7,0)n > 1, cf. Lemma[3.0l In the case

~

0 < w(7,0)n <1, Lemma B4 implies
11 N
w(r, o)p(w(r, o)) Swir,o)mn2 S (2)v o),
Consequently, by choosing u = — % we infer

9_71

o g9 _T1_ 51
/o [Heb(r, €)6(6)*p(&)de < P2l 1'>Hb|!L;-g’ayp,a/ o o

SN0 o py e

and this finishes the proof of the first estimate.

For the second bound note that the operator B, ,H. has the kernel H (1,0,€) from Lemma B.9]
and based on the bounds given there it is straightforward to prove the claimed estimate by repeating
the above arguments. O

It is also an easy exercise to prove an appropriate bound for the discrete part H,.
Lemma 3.12. Let 8 > 0 and suppose by € L?g’ﬁ. Then
[Haball 2.5 S [1ball o6 H(”Hdbd)/Hngﬁ S Nball o5

Proof. By definition (Eq. (3:2I])) we have

Haba(T) = —%|£d|_%€_|§d1/2T/ &' o b (o) do

70

- %ffd!_éesdl/%/ e al*7h (5)do
=: I (1) + Ix(7).
It is evident that |I5(7)| < ()™” and in order to estimate I;(7) we note that

1L(7)| S sup 0 |ba(o)]e Il / eléal'?o 5=B 1

o>To 0
and the first assertion follows by performing one integration by parts. The proof of the second

bound is identical. O
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4. ESTIMATES FOR THE NONLINEAR AND INHOMOGENEOUS TERMS

We provide estimates (in terms of the spaces in Definition B.10) for the various contributions
on the right-hand side of our main equation (3.I6]) that do not involve the operator K from the
transference identity. The K-terms will be treated in Section [Gl

4.1. The inhomogeneous term. We start with the inhomogeneous term é; as defined in Eq. (8.18)).
Lemma 4.1. For any fived ¢ > 0 we have

ey € LS~ malullyPa gy( g) € Lood—ezlull
for allp > 1 and a € [0, i)

Proof. We distinguish between £ < 1 (including £ = &;) and £ 2 1. If £ < 1 we have from Corollary
B7 the bound |[¢p(R, )| < 1 and from Lemma [2.3] we recall

A7) ~2es (VM) AT TIR)| S AR
in the truncated cone < t — ¢ which corresponds to R < v7 — A(7)e. Thus, by Eq. (3I8) we
obtain

-
< 5\(7_)%7_—4+e/ dR < T—3+e+%\§—1\
0

by recalling that A(7) ~ )

If £ 2 1 we use

O(R,€) = 0c(¢2)eVE L+ Oc((R)7%¢72)] 4+ Oc(§2)e VER L4+ Oc((R)*¢2)]

with symbol behavior of all O-terms (Lemma and Corollary 3.7)) and perform one integration
by parts to obtain

since the cut-off localizes to the lightcone R < v1 < 7.

T

la(7,6)| S Mr)zr ¢ [ (R)\dR
0

vr—A(7)e

O

4.2. Mapping properties of F. It is of fundamental importance to understand the action of
the distorted Fourier transform on the spaces X}*. In the following we use the standard Sobolev
spaces W*P(R3) and in order to make sense of || f [[ys.p(ws) for a function f : [0, 00) — C, we identify
f with the radial function z — f(|z|) on R*. In this sense we have, for instance, ||f|l12(,00) ™
Il - |_1f||L2(R3). Note that if f : [0,00) — C is smooth and f*=1(0) = 0 for all ¥ € N then
x — f(|]z]) is a smooth function on R3. To begin with, we write

120 = [ 1HOP©™ e

and recall a fundamental result from [25].
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Lemma 4.2. Let a > 0. Then
1@, Pl pze = 117 FHa, )l 2o es)
for all (a, f) € C x L%’O‘ or, equivalently,
IFU- 1Dy 2o = gl e @s)
for all radial g € H**(R3).
Proof. This is a consequence of the unitarity of U, see [25]. O

Lemma 4.3. Fiz a small § > 0 and let p > 1 be so large that p'(1 — &) < 1. Furthermore, denote
by x a smooth cut-off function which satisfies x(§) =0 for & € [0,1] and x(§) =1 for £ > 2. Then,
for any a > 0, the following estimates hold:

W) - e x )l @y S 1@ Hllexxp

(2) 17 @ (1 =) N)llzee0,00) S (@5 llesexz

@) - 1717 a, (1 =) f )HLq #) S (@, llcxxpe for any q € (3, 00],

@) Il 7' F e, (1 = 0) f )H T gy S @, Pllexxpe for any q € (3,00) and 6 € [0,1].
q R3

Proof. Recall that F~!(a, f) is given by

1 .
d (“’f)‘“||¢< sdnm@ /¢ pENE.

Since | - [71é(| - |,&4) € C®°(R3) with exponential decay towards infinity, the estimates for the
discrete part follow immediately. Thus, we focus on the integral term.

(1) By Lemma [£.2] it suffices to note that

oef s S IS e

(2) By Corollary B.7 we have |¢(R, )| S 1 for all R, € > 0 and thus, Holder’s inequality yields

[ oo - x(&)]f(&)p(é)dé‘ < ( / 2 |f<£>£%—5|pds> " ( / 2 |s—%+5p<s>|f°’ds> "

and the right-hand side of this inequality is finite and controlled by || f[| xz.« since [p(§)§™ %M] <

€719 for £ € (0,2) (Lemma [34) and p/(—1 + 6) > —1 by assumption on p.
(3) From Lemma [3:2] and Corollary B.7] we obtain

~

¢(R7£)' < <R>—1
£€(0,2)

for all R > 0 and by repeating the argument in (2]) this implies
IRTVFHa, (1= HB)] S (R) I, (1= 0 f)llexxze
which yields
1117 F a1 =) P)lloes) S @ (= X)) lexxpe

for any ¢ € (3, o¢].
25



(4) From Lemma [4.2] we have
- L7 o, (1= ) Dl S 1@ (1= 30 Dllesepe

. .20, —2—
and the claim follows from this and () by complex interpolation since [L9, H?]yg = W ta(=9
see [3].

O

4.3. The operator Nj. In order to estimate the operator A7, defined in Eq. (8.I7]), we first prove
the following auxiliary result.

Lemma 4.4. Let p,0 be as in Lemma[].3 and let ¢ : [0,00) — R be a function satisfying
™ (R)] < Ci(R)*
for some vy > % and all R > 0, k € Ng. Then ¢ € H*(R3) and there exists a small € > 0 such that

170 1)yt < [llrzqes + Iellzsooo] (11 1o-llz@o0) + lo-lzw(oe)

9=l 3 0-e gy + 19,8 |
for all g = g— + g+ where g— and g4 belong to the respective spaces on the right-hand side.
Proof. Note first that ¢ € L?(R?). Furthermore, we have

Ouyilal) = o (o) 5k + () [ 32 — 222t
and thus, |0x0;¢(|z|)| < |z|~H(x)77~! which implies p € H?(R?). Now recall that

(R, £2)o(R)g(R)AR
./."(909 < fj]‘o ’d (R)g(R)dR >

and ||-[lyre = ||| Lp(0,00) + ||| 2.0 We proceed in four steps, estimating each component separately.
’ P
(1) We note the estimate

[[uv] Sl

Hi (R3) HS(R3 H ||H8(R3)

which is a consequence of the fractional Leibniz rule ([43], p. 105, Proposition 1.1)

<
4 oy S Nl 30 g 01

+ vl 28 oyl 4,2

1 24
W;rij(RS (RS | 7(R3)

-

24

and the Sobolev embeddings Hﬁ(R?’) — L?(R?’), H§(R3) — W27 (R?). With these
preparations at hand we immediately conclude from Lemma that

10 gl oy = 1904 g sy S 1200 g 195

p

S ellmzellos 3 o

(2) In order to estimate the LP-part of g4 note first that |¢(R,§)| < <£>_% for all R > 0 by
Lemmas B3.2] B3], and Corollary B.71 This yields

_1
F (- leg)]2(E)] < (€ 2llell 20,00l - 19411 22(0,00)
_1
~ (§) 2||<;0||L2(0,oo)||9+||L2(R3)
_1
SO ellargen) 91,3 g
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by noting that [¢l[r2000) S #llLems) + [l0llz2@®s) S [l€llz2®s). By raising the above
inequality to the power p > 2 we conclude

I Lo llexzroo0 < Il ol g g
(3) In order to estimate the LP-norm of the second component we note, as in (2,
1
[F (- Teg-)12()] < ()2 Ml 10,000l - 19~ o0 0,00)
and therefore,

IF( - [eg-)]2llzr0,00) S N2l 21 0,00) 1]+ [9=1 220 (0,00)

provided that p > 2.
(4) For the L2-part of g_ we use Lemma 2] again and obtain

17 (- \sog—)HCXLi% = lleg-ll 4 gs
Note that
H‘PQ—HLZ(R3) S H<P”L2(R3)”9—HL°°(0,OO) S HSOHHZ(RB)HQ—”LOO(O,OO)

and it remains to bound the H %—norm. For this we use the fractional Leibniz rule and
obtain

101,38+ g 19 ot

and this yields the claim since H?(R3) — L176+(R3) by Sobolev embedding.

Now we are ready to establish the crucial estimate for the operator N7, cf. Eq. (317]).
Lemma 4.5. Let p,d be as in Lemma[{.3 and Bq, Bc > 0. Then we have

[ S

Proof. Recall from Eq. (3I7) that
Ni(zg,2)(1,€) = F (|- loa (7, )| - | FH(wa(r), x(7,-))) (€)
with
©1(7, R) = 5X(7) 72X(7, R) [ug (WA (7)1, A(7) "L R) — wo (v (7) L, A7) L R)%).

Furthermore, we have us = ug + vy + v1 with vy and v; from Lemmas and 2.3] respectively.
Now note that

uy — ug = dudv + 6udv® + dugv® + v
where v := vy +v1 and from Lemmas and [2.3] as well as the definition of uy we have the bounds

@A) T A TR S AT) 2T (R)

[uo(WA(T) ™ 7 () T R)| S M) (R) !

for R <wvr — %5\(7’)6 which imply

or(m R)| S 7 2(R) 2.
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We also have |0%¢1 (7, R)| < Cp7~2(R)~27F for all k € Ny and this implies

o1 (T, Ml g2 @s) + e (T ) L1 0,00) S 772
cf. Lemma [L.40 .
For given (z4,2) € L™ x L3P X" we now set
y(7, R) := R FHaq(r), 2(7, ) (R),

i.e., we have Ni(zg,x)(1,&) = F(| - |¢1(T,)y(7,-))(§) and obviously, our goal is to apply Lemma
4.4l According to Lemma [£.3] we have a decomposition y = y_ + y4 such that

Wy S W)
-0 im0 S W) D oy

= im0y S Waar) 2 DI
15 g gy W)l Dl

with the € from Lemma 4.4l Consequently, Lemma [£.4] indeed applies and yields
N @a ) (7 ypg S 72 (ale) (D)

(C><X§’%
which implies the claim. O

4.4. The operator N;. Next, we study the operator NV5. As before, we start with an auxiliary
estimate that does not take into account the time dependence.

Lemma 4.6. Let p,d be as in Lemma[{.5 Then there exists a small € > 0 such that
1 (1 19%) .yt Slo— 1oy + 9o ey

5 5
L R AP VAL

for all g = g_ + g1 such that the right-hand side is finite.

Proof. We have ¢° = (g_ +g.)> =¢°> +---+ gi and study the extreme cases ¢g° and gi first. The
intermediate terms are then estimated by interpolation. Let us note the estimate

5 5
11+ S D il o gay LTI fell ooy
j=1

Jj=1 H%(R?’) e

which is a consequence of the fractional Leibniz rule ([43], p. 105, Proposition 1.1). By the Sobolev
embeddings H1(R3) < L'?(R?) and H1(R?) — W%’G(R?’) we infer

5 5
Hfj §H|fj||H4 (R3)
=1 |lgdgsy -1
which will be useful in the following.
(1) According to Lemma [£.2] we have

5

P ~ lg®
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(2) In order to estimate the LP-part of g4 recall that |p(R, )| < <§>_% for all R > 0 and thus,
F( - 19221 S NleC Ozl - 193 2201
F- 17 0 Oz ool - P93 L1 (1,00)
S ©7F (g I soqgs) + g+ s sy ) -
Consequently, the Sobolev embeddings H %(R?’) L'°(R3) and H %(R?’) — L?(R3) yield
IIF (- 1932l zr(0,00) S H9+HZZ(R3)

for p > 2 as desired.
(3) For the LP-part of g_ note that

1Z( 19201201 S €072 (g%l + I P2 Ml (1.00)]

S4E)7H o= 1 ey + ll9— o e
which yields the desired bound

wl»—'

1FQ - 19 Ml r000) S 9= 13y + 9= I35z

provided that p > 2.
(4) According to Lemma [£.3] we have

1010201 g = 1924

and since [g° || 2@s) = [lg- HLlo(Rg) o175 sws) T l9- HLOO(R3 it suffices to control the

homogeneous Sobolev norm |[|g° ||HZ(R3) For thls we use the fractional Leibniz rule to

conclude

Sllg-1l14 lg-1

||g ||HZ(R3 L_7_+(R3 WZ ,16— (R3)

< [lg- s gy + 9=l qeny | =l 110 g

We briefly comment on how to estimate the mixed terms. First of all, it is trivial to bound the LP

norms since
o0

F (- 192 )] (5)15/0 (R, E)IR [lg-(R)P + |g+(R)]°] dR

for all k € {1,2,3,4} by the pointwise inequality [¢> *¢%| < [g-|° + |g+|°> which brings us back to
the two extreme cases considered above. For the L?2- parts the only nontrivial contributions come
from the Hi (R?) homogeneous Sobolev norms. In order to control these, one proceeds as before
by applying the fractional Leibniz rule followed by Sobolev embedding, i.e.,

”g 9+HH4(R3 S llg- HLoo (R3) Hg-i-‘ L3(k 1) (R3) Hg-I-HW4 6 (R3)

g1 as & 19- () [ P
k k
S llg- 1175 gs) lg-+11% 5 goy + ll9- [ 1 6= gy 19+ 5 sy

Lemma 4.7. Let p,d be as in Lemma[{.3 and Bq, Bc > 0. Then we have the estimate

< 5
||-/\/’5(xd7 )HL:goﬁd I Loooﬁc Zyp ~ ||($d’:U)HL?_S”BdXngvﬁcXg'%'
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Proof. Recall that
Ni(ea,2)(r, &) = F (|- les(r.) [| - |7 F @alm),a(r, D)) (©

and by setting y(7, R) := R™1F(24(7),2(7,-))(£) we obtain from Lemma [I3] the existence of a
decomposition y = y_ + y4+ with the bound

=7 sy = My + 10l g ey < N2 Dl

as well as

9y gy S It D
for any (small) ¢ > 0. Thus, since |9%ps(T, R)| < CRA(1)727F < 71 for bounded k, Lemma
yields

1

< 71 AN
eyt ST,y

N5 (za(7), z(7, )
which implies the claim. O

Remark 4.8. The loss of 77 in Lemma 4.7 can be improved to 7¢ with € — 04 as v — 1 but the
stated result suffices for our purposes and it avoids the introduction of an additional e.

The remaining operators Ns, N3, Ny are in a certain sense interpolates between N7 and N5 and
can be treated in the exact same fashion. Note that we do not gain additional decay in 7 from the
; factors because they involve the (rescaled) soliton uy which does not decay. In fact, from ¢; we
may even have a loss of 7¢ (with € — 0+ as ¥ — 1) depending on the sign of 1 — v. Consequently,
the gain comes exclusively from the nonlinearity, as is the case for the operator N5. We only state
the corresponding result and leave the verification to the reader.

Lemma 4.9. Let p,0 be as in Lemma[].3 and Bq, e > 0. Then we have the estimate

: < J
HN] (I‘d7 x) ”L?—Z,jﬁd*% XL?—Z,J}BC*%YP’% ~ ” (I‘d, x) ”L?_S’”Bd XL?S’BCXg’%

for j € {2,3,4}.

Furthermore, by basically repeating the above computations and using elementary identities such
as

n—1
a —b" = (a—0b) Z al b,
j=0

it is straightforward to see that we have the following estimate for the operator N := Z?:l Nj.

Lemma 4.10. Let p,d be as in Lemmal[{.3 and By, B > % Then there exists a continuous function
v :]0,00) X [0,00) = R such that

N (xa, ) — N (ya, v) <A(X YY) (za,2) = (ya, v) |

” 00,B4+5 00, Bc+3 1 , Ps
L‘I'O d ZXLTO < 1yPg LizﬁdXLig’BcXég

where

X = ||(zq, 3)|| Y= |(ya,y)ll

1, 1.
LigvﬂdXLf_gﬁcXg’g L?—S’BdXL%’ﬁcX?g
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5. ESTIMATES FOR THE TERMS INVOLVING K AND [A, K]

Finally, we consider the terms on the right-hand side of Eq. (83.16]) which come from the transfer-
ence identity. First, we need to obtain an explicit expression for the operator K. Definition (B.14])

can be rewritten as (K+1)<;>:f<|‘|[f—1<;>]/>—v4<;>
Frucen(§) =11 (?ﬂ,_f_lfl(;)'

By definition of A and Eq. (B13) we have

—1 a 1 0 ,
d A<f>—f <—2| =31 —"',,”f)

or, equivalently,

= —2/ ¢(,mnf' (n)p(n)dn — / (-, % ] fm)p(n)dn
and, assuming that f € C2°(0,00), an integration by parts yields
FA(§ ) =2 [T vt smpman+ [ ot [+ 28] oty

o0 0
= 2/0 Oy () f(m)p(m)dn + F ' ( (—1 4 L) ) -

Consequently, we obtain

f‘llC<a>R—(RaR_1 (B, &) " RORé(R, 0, o(R, d
b )= et /0 RO, 7) — 200, (R ) (1) pln)dy

—F! (L ?\p’
(g+-7)f

and thus,
Kaqa = a R,(0)[ROR — 1o(R, Eq)dR = —3
dd@ ”¢('7§d)”%2(07 ) /0 #(R,&q)[ROR |o(R, &q) 34
ICC = a 0 7 Rom — 1 | R
2a(8) H(b(.,gd)”%Q(Q ) /0 o(R,&)[ROR — 1]¢(R, &a)

Kaof = / h / H(R, €2)[RORG(R, 1) — 200y d(R, n)] £ () plin)dnd R

Keef (€ / / (R, §)[RORP(R, 1) — 210y ¢(R, )] f (n)p(n)dndR
} + ) £(€)

where, as before,

A
|

Kaa Kae
K:cd ICcc '
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5.1. K¢ as a Calderén-Zygmund operator. First, we focus on K. which is the most compli-
cated of the above operators. The respective estimates for K.q and Kg4. will follow easily after we
have understood K. and Kyq is trivial anyway. In order to proceed, we need a more manageable
representation of K., more precisely of the integral part of .. which we denote by Ko for the
moment, i.e.,

Rof(€) = /0 h /0 " G(R. ) [RORS(R.) — 200,6(R. )] £ (m)pln)dd .

Note first that, for f € C2°(0,00), the function

Res /0 " (RORS(R. 1) — 20y bR, )] (n)o(n)dn

is rapidly decreasing as R — oo. This can be immediately concluded from the representation of
¢ given in Corollary BT and integration by parts. It follows that the operator Ko is well-defined
as a linear mapping from C¢°(0,00) to C[0,00). Furthermore, by dominated convergence, Ko is
continuous when viewed as a map into the space of distributions. Consequently, by the Schwartz
kernel theorem there exists a (distributional) kernel Ky such that

Kof(€) / Ro(e,m)f (5.1)

In fact, the operator K. has already been studied in [25] and from there we have the following
result (note carefully that our ICp. is called Ky in [25]).

Theorem 5.1. For f € C°(0,00) the operator K. is given by

Koo (€) = /0 " Ko(e.n) f(m)dn

where the kernel Ko is of the form

KO(fa T/) = Ln)n

é‘_

with a symmetric function F € C?((0,00) x (0,00)). Furthermore, for any N € N, F satisfies the
bounds

F(&n)

§+n E+n<1l
C 1 1
FEml < N{ €+ 1+ et -t )N E4n>1
1 §+n<1
’%F@m”+ﬁ%F@m”§CW{(£+M‘a1+mé—nﬂfN E4n>1

- (€ +n)"7 §tn=l
ﬁﬁéﬁﬂ%F@mﬂéCW{(§+nrq1+gé_nMrN E+n>1

Proof. This is Theorem 5.1 in [25]. One starts with an integration by parts and thereby identifies
the function F' which can be expressed as an integral over ¢, p and some explicitly known function
resulting from the potential V. The stated estimates are then obtained by a careful analysis of this
expression based on the asymptotic descriptions of ¢ and p from Section Bl We refer the reader to
[25] for the details. O
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5.2. Bounds for ... In order to obtain estimates in the Xf; “ and YP@ spaces, we require bound-
edness of .. in weighted LP spaces. However, this problem reduces to boundedness on ordinary
L? by simply attaching the weights to the kernel. The (weighted) L? boundedness of K is already
established in [25], Proposition 5.2. Unfortunately, the result there does not exactly apply to our
situation (at least not for small frequencies) since it only considers weights of the form (-)2® but
we have to deal with more general expressions, cf. Definition B.I0l Thus, we have to make sure
that despite this slight modification the reasoning in [25] still goes through. Furthermore, we have
to take care of the LP component in X 5’0‘ which is not present in [25]. Finally, we need to exploit
a certain additional smoothing property of K. at small frequencies which was irrelevant for the
construction in [25].

In order to prove boundedness in weighted spaces of the type occurring in the definition of X g o

we define kernels Kéa’b) for a,b € R by

KD (e ) =€

N

(€) 2 4E) P Ko(&, mm™ ()" (5.2)

and denote by IC(()a’b) the corresponding operators. Observe carefully the additional weight £ -3 (€ >%
on the “output” variable which encodes the aforementioned smoothing effect. Our aim is to prove

LP boundedness of IC((]a’b) for any a,b and 1 < p < oo which then implies the desired boundedness
properties of K. in XP'“ and Y7,

Due to the singular behavior of the spectral measure at zero it is advantageous to separate the
diagonal from the off-diagonal behavior. This is most effectively done by introducing a dyadic
covering of the diagonal A = {(£,1) € R?: ¢ =7},

A C U [j X [j7
JEZ
where I; := [2771,27%1]. Furthermore, let x : R — [0, 1] be a smooth bump function satisfying

_ [ rifge(3 g
X(g)'_{ 01f§§§<§§22

and set x;(£) :== x(277¢). Then we have supp(x;) C I; and the sets {(£,7) € R? : x;(&)x;(n) =1}
still cover the diagonal. We smoothly restrict the kernel K(ga’b) to I; x I; by using x; and write

b b
K 1= K8 (6 )
for the corresponding truncated operator.

Lemma 5.2. Fir (a,b) € R? and let 1 < p < co. Then IC((]C’L]’-b) extends to a bounded operator on
LP(R) and
18" F ey < 1712 ey
forall f € LP(R) and j € Z, j < 2.
Proof. The point of the dyadic decomposition is of course that &, € I; implies < 4£. In other

words, for any two elements £, € I; we have { ~ n ~ 27 with implicit constants independent
of j! This allows us to control the singular behavior of p(n) uniformly in j. We write F(&,n) =

F(£,6) + (€ —n)F(&,n) where

1
F(en) = - /0 OuF (€€ + 5(n — €))ds
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and by Theorem [5.1] we have the bound |F(¢,n)| < 1 for all £, 7. Thus, the kernel decomposes as
K (€, m) = Aj(& ) + Bj(€,m) where

. . -1 - —bF(gvg) . a b

Aj(&m) = x;(§E72(E) 26 (&) i, X (mp(mn®(n)

Bj(&m) = x; ()& 2 (&) 26 &) "R (&, mx; (mp(m)n® (m)

and we call the respective operators A; and B;. In other words, we have A;f = mipo ;H (Y1 ;f)
where H is the Hilbert transform. By the LP boundedness of H for p € (1,00) we immediately
obtain

_. %03 (©¢(n)
-

1A fll o ®) S %05l oo @) 91,5 £l L@y < 100,51l oo @) 191,51 oo () 1 f | o (m)
and from Theorem [5.1] and Lemma B.4] we infer the bounds
[04(6)] < 2<—%—a+1>j, [p1,3(n)| < 2 FH
for all £, € R which yield [|A;fl|zr®) S Ifllzp(r). Furthermore, the kernel B; satisfies

IBj(é,n)l S27 ]Xj(f)Xj(U)
and thus,

s 1
1B fll ey S 277 1 ey 1 | 1 ey [ o ) < 2 o Tty ]HfHLP(R £l e (m)-

An analogous result holds for j > 1 as well.

Lemma 5.3. Fiz (a,b) € R? and let 1 < p < co. Then IC((]Z’-I)) extends to a bounded operator on
LP(R) and
a,b)
1" Flliney S 1F 1oy
forall f € LP(R) and j € Z, j > 1.

Proof. We perform the same decomposition IC( a.) = A; + B; as in the proof of Lemma [5.2 and this

time we have ‘ 1 |
[0,5(&)] S 27FNI gy ()] S 2La et

for all £,7 € R by Theorem [5.1I] and Lemma 3.4 Consequently, as before, the LP boundedness
of the Hilbert transform ylelds I A fllze@®y S 1Ifllzew) for p € (1,00). For the operator B; we

note that |F(&,n)| < |€ + 77]_’ by Theorem [5.1] and thus, |Bj(&,n)| < 279x;(€)x;(n) which yields
1B fllLe@y S If e (w)- O
The bounds obtained in Lemmas and [5.3] can be summed.

Corollary 5.4. Fiz (a,b) € R? and 1 < p < oo. Then the operator
b a,b
K(A);ZEE:K&j)
JEZ
is bounded on LP(R).

Proof. 1t suffices to note that
,b)
I £y S SIS (L Oy S D I0L £y S 1F 10y
JEL JEZL
by Lemmas and [0.3] where 17, denotes the characteristic function of the set I;. d

Now we can conclude the desired boundedness properties of /..
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Proposition 5.5. Fiz o > 0 and § > 0 small. Furthermore, let 1 < p < oo be so large that
p'(1—90) < 1. Then we have the bounds

el < I1FLxne
1Keefllyre S Iflxpe
[Kecfllyre SN fllyre.
Proof. We write Kaf = ;7 XjKec(x;f) for the diagonal part of K. By Corollary B.4l it is

evident that [[af|xre S [[flxre and [Kafllyre S [If[lyre. In order to obtain the mixed
estimate we exploit the smoothing property, i.e., we note that

ICaflzroee) S 1112672 flo@oe) SN 2072 fllino0) S 1 xp0
as well as . ) Ly
1A P2 L20,000 S NI 127202 [ L2(0,00) S 1 llxczeer-
It remains to study the off-diagonal contributions and to this end we set

ea€m) =1am) |1 x(Ex; ()
JEZ
for A C [0,00)%2. We distinguish between large ¢, 1 and small &, and consider the two truncated
kernels
K_ = ¢p12Ko, Ky = 9[0,00)2\[0,1250
and denote by K_, K, the respective operators. Note that (£,7) € Supp((p[o’l]z) implies that n < c€
orn > %f for a suitable ¢ € (0,1). This implies | — n| 2 & + n and from Theorem [5.I] and Lemma

[3.4] we obtain the estimate |K_(£,n)| < ¢jo,12(&, 17)77_%. We infer
1 1
K- £ £ Loy (©) /0 0”2 |f(m)ldn = 10, (€) /O 020 f ()l

< @Il 12 Fllzrony
by Holder’s inequality and the condition p/(1 — §) < 1. Note that this estimate implies [K_ f(&)| <
Lio,1) (O f [ xre and also [K_f(§)] < Ljo,1(E)[|f|lyre for all § > 0. Thus, we immediately obtain the
bound ||IC_fHX§,a SIK-fllzeeo,1) S HfHX(z;,a. For the remaining two estimates it is crucial that
the spectral measure p be integrable near 0, i.e., we have

IK-fllyre S ||’C—fHL°°(O,1)||/0||L1(0,1) = HfHXf;’O‘

and analogously, ||[K_f|lyr.e < || f]lyee-

In order to bound the operator K, we note that, as before, we have [¢ —n| =2 £ 4+ n on
supp(#[o,00)2\[0,1)2) and thus, by Theorem [5.J] and Lemma [3.6] we infer K (£, 7)| < Cn (&) N{n)=N
for any N. This yields the three stated estimates for K as well. O

5.3. Estimates for the operators K;. and K. It is now an easy exercise to conclude the
respective boundedness for the remaining operators g, and K.q4.

Lemma 5.6. Let >0, § >0 and 1 < p < oo be as in Proposition[5.3. Then we have the bounds

||’Ccda||X§,§ Slal Kaef [ S 1l xre
as well as

HICcdaHY 1 S |a|7 |ICdcg| S ||gHyp,a

p,g v
for alla € C and f € X2%, g e YPe.
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Proof. Recall that

’Ccda(g)

(R, €)[ROR — 1]¢(R
W(@h%m/,¢ )[R0k — 1]6(R, £a)dR

szjﬁ/ O(R, £4)[RORG(R, m) — 200y 6(R, m)]f (1) p(n)dndE.
0 0

According to Lemma B3] and Corollary B.17 we obtain |[K.qa(é)| < |al(€ >—% by performing two

integrations by parts. ThlS already shows |[Keqall , 1 < Ja| and HICcdaH 1 < al as claimed.

P YP3®

Furthermore, the operator K4 has a similar (in fact, better behaved) kernel as K. and we conclude
\Kaef| S Hfoga as well as [Kacg| S llgllye.e. O

We summarize our results.

Corollary 5.7. Let § > 0 be small and assume p € (1,00) be so large that p'(1 — ) < 1. Then the
operator K satisfies the estimates
CxX5'8

K@D, e
1K@ Doy SN A

CxXj
1K (a

1 S e P

Doyt <@l

1
foralla e C, f € X?S and g € YPs,
Proof. This is the content of Proposition and Lemma O

5.4. Estimates for [A, K]. It remains to estimate the commutator A, KC]. To this end recall that

0 0
(5 &)
with A.f(€) = —[260e + 5 + %]f@). Thus, the commutator reads

- 0 ICchC
[‘A’ IC] N < —AKca [AC’ICCC] ) '

Obviously, the most complicated contribution comes from [A., K..]. Recall that K. is a continuous
map from C2°(0,00) to the space of distributions D’(0, c0). Consequently, [A., K| : C°(0,00) —
D’'(0,00) is well-defined and continuous.

Proposition 5.8. Let o, d,p be as in Proposition [5.5. Then [A., Kc.] satisfies the bounds

e Kol fllxpe S 1 Lz
Il A, Keel fllyre S 1l xre
I[Ac, Keel fllyre < (I f[lyveo
Proof. In [25)], Proposition 5.2 it is shown that [KCc., A.] has a similar kernel as KC... Thus, the veri-

fication of the stated bound consists of a repetition of the above arguments that led to Proposition
O

Finally, we bound the operators A.K.q and Ky, A..
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Lemma 5.9. Let ,d,p be as in Proposition [5.3. Then we have the bounds
[AK cqal ot Slal, |KaeAcf| S N1 llxpe
as well as
[AKcaall
for alla € C and f € X2%, geYPe.

Proof. We start with A.Kqq. If 0 < £ < 1 we have [£0:¢(R,€)| S (R) for all R > 0 by Lemmas [3.2]
B3land Corollary B.7l This implies |AKqa(§)| < 1 since ¢(R, &y) decays exponentially as R — oo.

On the other hand, if £ > 1, we obtain by integration by parts the estimate |A./cqa ()| < <£>_%

yod Slal [KaeAcgl < llgllyre

as in the proof of Lemma [5.61 This shows ||A/C.qal| o 1 < lal and [| ALK qal] v < lal.
Furthermore, from [25], Theorem 5.1 we have the representatlon
o0
KacAcf = / Ka(n)f (n)dn

0

with K, bounded and rapidly decreasing. This yields
KacAcf | S 17T Ral2 | ot 0 ooy I - (221K al 2 Fllo0.00) S M- 12701 Kal2 £ 200,00

since p'(—3 + ) > p/(—=1 +8) > —1 by assumption and this yields [KgeAcf| < [fl[xe as well as
(KacAcgl S llgllyee. O

By putting together Proposition 5.8 and Lemma [5.9] we arrive at the desired result.

Corollary 5.10. Let § > 0 be small and assume p € (1,00) be so large that p'(1 — §) < 1. Then
the operator [A, K] satisfies the estimates

A K@ DI,y S @)l
1A K@, Dl yg S e £
114, K](a, 9)]

1
(C><Xf;’g

1
(C><X§’g

cxyrd S @l ot

1
forallaeC, f € X?S and g € YPs,

5.5. Construction of an exact solution in the forward lightcone. We solve the main equation
(B10) by a contraction argument. To this end, we write H := diag(H4, H.) for the solution operator
of the transport equation ([B.19)), (3.20). Furthermore, we set

O(xg,x) =H |:N($d, x) + RuBy(zq,x) + Ty (xq,x) + Eg] (5.3)
where
RoB, () (7.6 = ~2a 0k + D, + 8,04 ( 1) ) ©
T (50) () = —atn? (12 + 1A+ i+ ) (20) ) g0
Ey(r,€) := ( éézg({%,ggd)) )
and

5, (%) o =@ +ama (20 )@
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Thus, solutions of Eq. (8.16]) correspond to fixed points of ®. In order to simplify notation, we
define the following Banach space where we run our fixed point argument.

Definition 5.11. Fix a § with 2[1—1| < § < £ and a (large) p € (2, 00) such that p'(1—6+2|2—1]) <
1. Then, for z4 : [19,00) = R and x : [r9,00) X [0,00) — R, where 75 > 0, we set
1+ [|By (x4, )

— P,
X L2 x 8

[(za, )| 270w == [[(za, 2)[| . s
Lzy s

|| 0,3-28 _ 1 00,2—25v,p, L *
z I e S

The Banach space of the respective functions is denoted by X0,

Theorem 5.12. Let 19 > 1 be sufficiently large and v be sufficiently close to 1. Then ® (as defined
in Eq. (13])) maps the unit ball in X™V to itself and is contractive, i.e.,

1®(2a, 2) = @(ya, Y| xmor < 3ll(2d,2) = (ya, y)llacro

for all (xq,x), (ya,y) € X with ||(zq,z)||x70r < 1,||(ya, y)llxor < 1. As a consequence, there
exists a unique fized point of ® (and hence, a solution of Eq. (B316l)) which belongs to X™ (in
fact, to the unit ball in X™V).

Proof. We consider each term on the right-hand side of Eq. (5.3]) separately.
(1) According to Lemma @I we have Ey € L3370 x L379yP:5 and thus, we find
. —su
[HE,|| L ST |1 B

1
00,3—268 00,2—48 P8 N 00,3—46 00,3=0v P, 5
L XLI2Th0X8 L2 7O L Oy P8

and also

. s A
||BVHE2||L?_8,3725XL?_E,Z*Z(sYp,% S To ||E2||L$8,375><L33,375Yp,§
by Proposition B.11] and Lemma B.12l Hence, since 7y > 1 is assumed large, we infer
| HEs || xmov < 3.
(2) By Corollaries 5.7 and [5.10] we infer

||7:/(':U"E7 ':U) ||L:8,5725 XL?_B,4746Yp,% S || (xd7 x) ||L?~3’3726XL?—8’2746X§)%

and by Proposition B.I11] and Lemma [3.12] this implies

—1+26
H%,];(‘T(b ‘T) HL%,4><L%O),2745X1),% SJ TO ” (‘Td? x) ”L%O),3725 XL%’2746X§’%

as well as

IBHT, (24, ) <76 2 (za, 2

H 00,4, 7 00,2—28v,p, & _ _ 1.
L7y XLzy YP'8 L%’S 25><L$8,2 45X§’8

We obtain || HT,(xq,x)||xm0r < %H(:Ed,:E)HXTo,u provided that 7y > 1 is sufficiently large.
(3) From Corollary 5.7 we obtain

||RVBV($C[7:E) S |% - 1|||BV(xd7$)

_ _ 1 _ _ 1
||L$(O)'4 26XL$8,3 26Yp’§ ||L$8,3 26><L$(O)'2 26Yp'§

by recalling that §,(7) = —(% —1)7~1. By Proposition B.I1] and Lemma this yields
HRyBy (x4, x) i S ‘% = 1|[By (x4, )

HLOO,4725 ><L$8'2745X§’ HL?S’S*% xLﬁB'Q’Q‘SY”'%

0

as well as

”BVHRVBV(‘TC[VT) 5 ’% - 1”‘8,,(.’1}1,%)

_ _ 1 _ _ 1.
HL?S"‘ 26><L$(<)>,2 25y, % HL%,S 26><L$8’2 26yp, %

Consequently, if v is sufficiently close to 1, we infer ||HR, B, (x4, z)||x70» < %H(xd, x)|| xmowv.
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(4) Finally, for the nonlinearity we infer from Lemma that
HN(x(b 33‘) - N(yd7 y)H

—1426
S 7o * H(xd7$) - (yd7y)||

_ 1
L?.g’4><L7°-8’3 20yp,g

1.
00,3—26 00,2—48 P>
L3 x L3 X5'®

for all (x4, ), (y4,y) in the unit ball in X7, As before, since 7 is large, Proposition B.IT]
and Lemma I3 yield [HA'(z4,2) — HA (4, )0 < $l(zaz) — (g )l v and by

recalling that A(0) = 0 this also implies |HN (24, z)||x7ov < 1||(za, 2)||xm0w.

The claim now follows by the contraction mapping principle. O

5.6. Transformation to the physical space. Recall that our original intention was to solve
Eq. (81)), given by

Oe + 5uge = 5(ug — ug)e — N(ug,€) — es, (5.4)
where ug(t,r) = )\(t)%W()\(t)r) and the functions ug and e are the approximate solution and the
error constructed in Section 2l However, us and e are only defined in the forward lightcone

KX.={taz) eRxR*:¢t>4,0<|z|<t—c}, to>c>0

and as a consequence, we had to introduce the smooth cut-off x.(¢,r) := x(=L) where x(s) = 0

for s < % and x(s) =1 for s > 1. Then we considered the truncated equation
Oe + 5uge = Xe [5(u3 —uj)e — N(ug,e) — ea) (5.5)
instead of Eq. (B4]). As a consequence of Theorem we now have the following result which

concludes the construction of the solution inside the forward lightcone.

Lemma 5.13. Let tg > 0 be sufficiently large and v be sufficiently close to 1. Then there exists a
solution ¢ of Eq. (B0) with

(et ), (b D e (Banyx£2(Bar) St
for all t > to where By = {x € R3 : |z| < 2t}.

Proof. Recall the transformations that led from Eq. (53] to the main system Eq. (3.16) which we
have finally solved in Theorem [5.12] Schematically, we had

(n.R) . R F < Tq >

E— UV — UV — T

and in order to prove the claim we simply have to undo these transformations. The coordinates
(t,r) and (7, R) are related by 7 = IA(t)t and R = A(t)r. Thus, let (z4,2) € X™" be the solution
of Eq. (B16]) constructed in Theorem [5.12] (which exists since we assume ty and hence 79 = %)\(to)to
to be large) and set

o_(r,R) := R1F! < a _x;zg;)(ﬂ) > (R)

o.(T,R) ::R‘l}"‘1< 0 >(R)

X:E(Tv )

where x is again a smooth cut-off with x(§) = 0 for, say, £ < % and x(§) =1 for £ > 1. Ac-
5
1

cording to Lemma E.3] we have ¥, (7,-) € H1(R3) (recall that we have set a@ = %) and therefore,
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O (7, M sy S04 (7,9)|] s < 772+ for some small § > 0 (see Definition . Further-
+ H'(R3) S U+ 3R

~

more, Lemma [4.3] yields ||o_(, ')||H2(R3) < 77249 and also, ||| - |o_ (T, Moo sy S 77249 Thus,
we obtain P
- - 3445
1= (7, W 2By SN 1=, Ml oo @y 11l L2(Bpry S 7727

which implies ||v_ H2(B < pg s, By setting v = v_ + 94 we infer ||0(7,-)| g1 (B <
( 2u7’) ( 21/7')

773140 and thus, Wlth s(t r) = 5(LA(E)t, A(t)r), we obtain [le(t, e (Boy) S t~1 since v is assumed
to be close to 1. ~
For the time derivative recall that 0; = A\(7)[0; + 5, (7)ROg] and thus,

de(t,r) = N(7)R7[0: + B, (7)(RIR — 1)]u(r, R).
By the transference identity Eq. (3.14]) we have
o+ 8,0~ Dolr. 1) = 75 (10, + s+ 0] (1)),
By Theorem [(5.12, Lemma 4.2, Corollary 5.7 and the definition of the space Y? 5 we therefore obtain
the desired [|0ie(t, )| 22(By) S t=1. O

6. EXTRACTION OF INITIAL DATA

Let x(t,7) be the smooth localizer to the truncated cone which is defined by x.(t,r) = x(£5)
where x is a fixed smooth cut-off with x(s) = 0 for s < % and x(s) = 1 for s > 1. Furthermore,
we set O(t,r) := 1 — x(g7), ie., O(t,r) = 1if r <t and §(¢,7) = 0if » > 2t. As a consequence of
Lemma [5.13] there exists a function u, of the form

uc(t,r) = )\(t)%W()\(t)r) +0(t,m)[vo(t,r) + vi(t,r) +e(t,7)] + xc(t, r)vlf(t, ), (6.1)

where vy and v, v} are from Lemmas and 3] and Ouc(t,r) + uc(t,7)® = 0 provided that
(t,r) € Kp°, with ¢y > 0 sufficiently large.

to,c
6.1. Energy estimates. As a first step we establish energy bounds for the solution ..

Lemma 6.1. Let tg > 1 be sufficiently large and suppose v is sufficiently close to 1. Then we have
the bounds

MM—A
m\‘:

Xe(t, )Ouc(t, ) L2 msy S (ML) "2 4+ ¢~
Ixe(t: )Wl r2sy < MBI 2
IV [uclt, ) — W)l r2esy S @72 + ¢ 5
for allt > tg > 2c > 1 where, as before, Wy (r) = (t)%W()\( t)r).

Proof. We consider each constituent of u, separately.
(1) For the time derivative of W) we have

DA EW (A()r)] = IAE) 2N (OW AE)r) + M) 2N (Or W (A#)r)

and, since

()t
/ W (\(t)r)*r2dr = )\(t)‘3/ W (r)|2r2dr < \(t) ™2
0
we infer

e, YWy |2 sy S AE) 72N ()87 = 737 = [A(t)e] 2.
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(2) According to Lemma [2.2] we have the estimates
[ont, )| S A6)" 2t
8o (t,7)] + 19,0 (t,7)| S M) "2[t73r + 172 S A1) "2t 72
for all t > ¢y and 0 < r < 2t. Furthermore, note that |9,0(¢,7)| ~ rt~2|x'(3;)| and
IVO(t,r)| ~ ¢t X' (%)|. Thus, we obtain
2
It D08t oot sy S A0S [0 S o)

and analogously, [|VO(t, -)vo(t, )|l 2ms) S [)\(t)t]_%. Similarly, we infer

2t
Ixe(t, )0 (., )Orvo(t, )72 sy + 10(2, ) Voot )17 sy < A(t)‘lt“‘/0 ridr
S

(3) Note that 0(¢, r)v{(t,r)+xc(t,7)vt (t,r) = vi(t,7) provided r < 1t. Thus, in the case r < 5t
we put v{ and v} together and use the bounds
[or(tr)| S A(D) 72t
By (£,7)] + (0,07 (8, 7)) S A(E) 3t
from Lemma 23] If %t < r < 2t we similarly have
[of (6. 1)] S M)t
9?8, 7)] + 100 (1) £ A(D) 3472

by Lemma 23] and thus, these terms can be treated in the exact same fashion as vy.
(4) For ¢ it suffices to invoke the bound from Lemma 513 which immediately yields

Ixe(t VOO, Vet llz2qes) + VIO et Mo ey S 1S B2

(5) Finally, we come to the most interesting contribution, the term Xcvll’. We emphasize that
the following estimates are key to the whole construction. We may restrict ourselves to
r > %t since the case r < %t is already included in point (B]) above. Lemma 2.3 yields

Wb, ) S M) ET (A = 5)z(0)
00} (£, )| + 10,00 (¢, 7)| S M) TEE2(1 - 1)z
for all t > ¢ty and %t < r < t. Furthermore, note that
|Oixe(t, )| + 10 xe(t,m)] = LIx'(55).
We infer



and by the very same calculation we also obtain ||Vx.(t, ')vll’(t,-)HLz(Rg) < ¢ 2. If the
derivative hits v} we have

and analogously we get ||x.(t, ) Vvl (¢, )| 2 ®3) S ¢ 2 as well.

O
Next, we estimate the residual energy outside the (truncated) lightcone Kg°...
Lemma 6.2. Under the assumptions of Lemma [6.1] we have the bounds
IXelt, YWl e,y < MO
VW 2@, S M0 2
for all t > tg > 2c > 2 where B;_. = {x € R3: |z| < t — c}.
Proof. The first bound follows from Lemma Thus, it suffices to note that
VW0 s = MO [ 10O Prdr
< A()3 too MO 2dr SNt —e) 7t
S Do
O

To conclude the energy bounds, we provide estimates for the L% norms.

Corollary 6.3. Under the assumptions of Lemma [6.1 we have

ue(ts ) = Wi llsrs) S
1
Waw lzs@a\,_.) S (M) 2
for allt >ty > 2¢c > 2.

Proof. The first assertion is an immediate consequence of Lemma [6.1] and the Sobolev embedding
H'(R3) — LS(R3). For the second bound we calculate explicitly

o0

W oo @ons, ) < A / AW ~Or=0r2dr At — )7 S M.

t—c
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6.2. Extension of the solution to the whole space. Lemmas and show that the bulk
of the energy of u. is concentrated on the soliton inside the truncated lightcone. Now we pick a
sequence of times (7)) with T;, > ¢y and T, — oo as n — oco. Then we consider the sequence of

Cauchy data (fZ,g) given by
én r)= Uc Tnar
fn( ) = te(Tn,7) 62)
9e (T) = XC(Tna T)atuc(ta T)’t:Tn-

Since X¢(Tn,r) = 1 for r < T, — ¢, we have [ (f7, ") = u[T},] on Br, .. As a consequence of

Lemma [6.1], the sequence (f7,g") is uniformly bounded in H! x L?(R3) for all n € N. Now we
solve the equation backwards in time with data (f2,g¢l) at ¢t = T,,. For the following it is useful to
introduce the notation

KIn

to,c

= {(t,x) ERx Rty <t <Tp, || <t—c}

Furthermore, for U C R3 open we set
1 1
eu(f.9) =5 [ (F@P + lg@P)de — g [ 7)o
2 U 6 U

1 2 1y £|6
= §”(f7 g)HﬁleQ(U) - E”f”LG(U)’
Thus, Egs is the energy functional associated with the focusing quintic wave equation.

Lemma 6.4. Let tg > 1 and ¢ > 1 be sufficiently large and assume ty > 2c. Then, for any n € N,
there exists an energy class solution u(Tn) of

{ Ou™)(t, ) + u T (t,2)> =0, (t,z) € [to, T},] x R?
which satisfies u™) = u, on Kg;’jc.

™

Furthermore,

[to] ||H1 x L2(R3\ By ) —0
as to,c — 0o, uniformly in n.

Proof. Recall that, given data in H' x L2 (R3), the Cauchy problem for the quintic wave equation
can be solved locally in time. Furthermore, if the data are small in H* x L? (R?), the corresponding
solution exists globally in time, see [32] or [38], p. 142, Theorem 3.1. Given any § > 0, we have
N(fr, g?)HHl([RS)xLQ(RS) < ||W||H1(R3) + 9 for all n € N if we assume ¢ty and ¢ to be sufficiently large

(see Lemma[G.1). Thus, we infer the existence of u("™") on (T*, T},] x R? with some T < T}, and we
assume 1 to be minimal with this property. Furthermore, the map
o [T 1oy (T Tl > R

is continuous ([38], p. 142, Theorem 3.1). If T, <ty we are done. Thus, assume that 7, > to. By
causality it is clear that (™) = u. on (K%ZZ .)°; the interior of the truncated lightcone. Furthermore,
by Lemma and Corollary [6.3] the data satisfy

”( gag?) - (W)\(Tn)a 0)”H1><L2(R3) S_, )
[ fer = W llzomsy S 6
and, by using that [|[VWyllr2m®s) = [VW | 12®s) and analogously for |[Wyllzsmws), this implies

|Era (f7, g1) — Ers(W,0)| < 02 4 85 < 62 for the total energy. In other words, the bulk of the total
energy is concentrated on the soliton. By conservation of energy we infer that this has to hold for

Here and in the following we employ the convenient abbreviation u[t] = (u(t, -), d;u(t, -)).
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all times, i.c., |Egs(uT)[t]) — Egs(W,0)| < 62 for all ¢ € (T}, T,,]. Since u™) = u, on (K;CZ:’C)O, we
infer from Lemma and Corollary [6.3] the bounds

[T [t] — (W, Ollgrxrz2m,_ ) S0
[T () = W llzss, o) S0

~

which imply |Ep, . (uT)[t]) —Ep,_.(W,0)| < 62. Moreover, by LemmaB.2land Corollary 6.3 we have
|Era\,_.(W,0)] < 6% and thus, ’5R3\Bt,C(U(T”)[t])’ < 42 which shows that the total energy of the
solution u(T») outside the truncated lightcone stays small for all times. By a (slight modification of)
the Sobolev inequality we infer ||u(™) (¢ s s@s\B,_) S [Vt (¢, 2 @®s\B,_,) with an implicit
constant that is independent of ¢. This estimate implies

5 2 Exong, (@) = a1 oo, — S ) So@ons,

> 3l [t] 1—Cllut™ ]

HHI L2(R3\Bt ) HHI L2(R3\Bt c)

for all t € (T, T,]. Initially, at t = T,,, we have

HU(T")[Tn]”fprZ(Ra\Bt,c) = ”(fgagg)Hylez(W\Bt,c) <9
by Lemma and therefore, we must have

a8 8

||H1 X L2(R3\By_.) ~
forall t € (T, Ty] (provided ¢ > 0 is sufficiently small) since the map ¢ — u(T)[t] is continuous from
(Tyy, T) to H' x L*(R*\ B;_.) by a classical & argument. We conclude that not only the total energy

but also the kinetic energy of u(”") stays small outside the truncated cone. Consequently, the small
data global existence result allows us to extend the solution beyond time 7' which contradicts the
minimality of T,'. Thus, we must have 7,7 < tg and the Lemma is proved. O

6.3. The Bahouri-Gérard decomposition. Our idea now is to consider the sequence of data
u(T”)[to] and attempt to extract a limit as n — oo. In effect, we shall not be able to do so, but we
shall nonetheless be able to construct new initial data wu.[to] resulting in an energy class solution
u4(t, z) defined on all of [tg, 00) x R? with the property that

o0
Usx = ue on Ky

In order to achieve this, we apply the celebrated Bahouri-Gérard decomposition [I]. From now on we
always assume tg and c to be sufficiently large with ¢ty > 2¢. Note also that no space translations are
necessary in the following lemma since all functions are in fact radial. Furthermore, it is convenient

to introduce the notation
uMo(t,x) == A2y f-t
M . A 7A *

Lemma 6.5 (Linear profile decomposition). Consider the sequence (u™)[to])nen of Cauchy data
for the solutions constructed in Lemma [0 Then, upon passing to a subsequence, there exists a
sequence (V;)ien of (fized) radial free waves@ such that

T[] = Zv whnlto] + WAt (6.3)

6A “free wave” is a function v : R x R® — R such that the map t — lv[t]ll g1« 1.2 r3y 18 continuous (in particular,
[l 1 % p2(rsy S 1 for any ¢ € R) and v(t,-) = cos(t|V[)v(0,-) + [V|~! sin(¢|V])01v(0,-), ie., Ov = 0 in the weak
sense.
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for all n,A € N where (t),en and (N.)nen are suitable sequences of times and positive scaling
factors, respectively, that satisfy

AL |ti — ] .
10g<)\—%>'+T—>oo, N (6.4)

n

as n — 0o, and W™ is a free wave with the property
lim lim sup HWnA”Loo(R)LtS(RS) =0.
A—00 pooo

Furthermore, for any A € N, we have asymptotic orthogonality in the sense that

At Lt . . .
<Vz ’ [to]‘Vj t [tO])Hle(RS) =0, 1<4j<A i#}j
(Vixzutz [to]( W”A[to])HleZ(Rg) 50, 1<i<A

as n — 00.

Proof. From Lemma [6.1] we deduce

Tn _
||u( )[to] ‘|H1><L2(Bt0—c) = Huc[tO] ||H1 X L2(Byy—c) 5 1
and in the proof of Lemma above we had

”u(Tn) [to] ”H1XL2(R3\B7:070) 5 1)
for all n € N. Thus, we infer
sup Hu(Tn)[tO]Hﬂl x L2(R3) Sl
neN
and everything follows by the main theorem in [I] and the remark on p. 159. d

A triple (V;, (ML), (t%)) like in Lemma[G.5lis called a (concentration) profile. As a first step we now
show that certain profiles with scaling factors tending to zero cannot exist. Heuristically speaking,
such profiles are excluded by the fact that they would concentrate at the origin as n — oo but near
z =0, uT)[tg] equals uc[to] and is thus independent of n. In order to make the argument rigorous,
one has to show that the concentration effect cannot be “cancelled” by the error term W"4. This
is a consequence of the asymptotic orthogonality of the profiles. Before coming to that, however,
we introduce another notion. We call a profile (V;, (\L), (t2)) bounded, if A\, ~ 1 and [ty —t;| <1
for all n € N. Otherwise, the profile is called unbounded. Note that by condition (6.4]) there exists
at most one (nonzero) bounded profile in the decomposition Eq. (6.3)).

Lemma 6.6. Consider the decomposition given in Lemma and suppose there exists a profile
(Vi, (A2), (t2)) with A\l — 0 as n — oo and % <1 for alln € N. Then V; = 0.

Proof. Fix A € N and let Vj, be the unique bounded profile (V, might be zero in which case we set
A =1 and t® =0 for all n € N). First, we claim that for any given € > 0 we can find a § > 0 such
that

[u™ta] = e (6.5)

[to]Hyl x L2(Bs) =€
for all n € N. Indeed, u(™)[ty]| B; is independent of n for small enough ¢ since by construction
we have u(T)[tg] = u[tg] on By, ., see Lemma This shows that HU(T”)[tO]”Hlez(Bé) — 0 as
0 — 0, uniformly in n. Furthermore, by scaling and energy conservation we have

A7’7?,7,
”Vz ! [tO]Hﬂle2(R3) = ”Vi[tO]HﬂleZ(R3)
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for any profile V; (bounded or unbounded). Since A% ~ 1 and |t%| < 1 for all n € N, we obtain by
b 4b
the continuity of ¢ — [|Vy[t][| 1, y2(gs) the bound ||X/E)’\mtn [tolll g x 12(5,) < § for all n € N provided

d > 0 is sufficiently small. Consequently, the triangle inequality yields the claim (6.3]).
Note that by Eq. (6.3), Eq. (IBE) is equivalent to

Z v + WA to] <e.
i=L,i#b HxL2(Bjs)

We write i € Z4 iff A}, — 0 as n — oo and % <1 for all n € N. Now observe that, for i € Z4,

tog — t!
8V< g >'

to — t
o ()|
AL H1xL2(R3\B

IV ol 1 x 2 eovs) ‘

H1><L2(]R3\B6/Ai )

—0

i)
8/An
as n — oo by the continuity of ¢ — [|[Vi[t]|| g1 12(gs)- Thus, by the pairwise orthogonality of the
profiles we obtain

2
€ > Z V +WNA[tO] = Z H‘/;;[to]”%leZ(RB)
i=1,i#b H'xL2(Bjs) 1€ A
2
+ | S v [t] + WAt +o(1)
i¢Za H1><L2(B(;)

as n — oo. Consequently, ||V;[to]| ;1 2(rey < € for all i € Z, provided n is sufficiently large and,
since € > 0 and A € N were arbitrary, this yields the claim. O

Our next goal is to prove that the energy of all unbounded profiles is small. As a preparation for
this we need the following elementary observation which is just an instance of the strong Huygens
principle. As always, it suffices to consider the radial case for our purposes.

Lemma 6.7 (Strong Huygen’s principle). Let v: R x R* — R be a (radial) free wave and set
A(R1,Ry) :={z € R®: R < |z| < Ry}.
Then we have the estimate
[olt]]] g xL2(BR) S w0l g X L2(A(t|-R)t|+R)) T 1000, ) s A1 -RoJtl+ RY)
for allt € R and all R > 0 provided |t| > R.

Proof. Note first that by the Sobolev embedding H'(R?) < L%(R3) we may assume v(t,-) € LI(R?)
for all £ € R. Furthermore, by the time reflection symmetry it suffices to consider the case t > R.
Since v is radial, it is given explicitly by d’Alembert’s formula

t+r
olter) = o €+ 0+ = €= nfe -+ [ sols)ds
t—r
for 0 < r <t where (f,g) = v[0]. Based on this formula it is straightforward to prove the claimed
estimate by using Hardy’s and Hoélder’s inequalities. ([l

We obtain a simple corollary which applies to certain concentration profiles in the Bahouri-Gérard
decomposition.
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Corollary 6.8. Suppose v : R x R — R is a (radial) free wave and let (\y)nen, (tn)nen be
sequences of (positive) scaling factors and times, respectively. If

e either A\, — 00

o or o= t”‘—)ooasn—)oo and |ty — tn| > R for all (large) n € N

then
HU)\Mtn[t0]||H1><L2(BR) =0
as n — oo for any (fized) R > 0.

Proof. Note that by scaling we have

to —tn to — tn
0 . \Y :
”’< An’> ( An’>
First, we consider the case A\, — oo. If |t° ol < 1 for all n € N then the continuity of ¢ —
|lv[t ]||Hle2(R3) and Eq. (6.6]) show that ||v’\"’t"[t0]\|Hle2(BR) — 0 as n — oo. On the other hand,

2 2

[ o] (6.6)

l

B =

L2(Br/xap) L2(BRr/ap)

if ‘to/\ tnl _ o0, we must have |to—tn| — oo and thus, |to—t,|/An = R/, for large n. Consequently,
Lemma 6.7 6.7 yields the claim. The second case is also a direct consequence of Lemma [6 O

Now we can show the aforementioned smallness of the unbounded profiles.

Lemma 6.9. For the energy of any unbounded profile (Vi, (\%), (t%)) in the decomposition Eq. (G.3)
we have the bound

||V[t0”|H1><L2(R3 < Hu [tO]HHle?(R?’\Bt )+0(1)

as n — 00.

Remark 6.10. By Lemma [6.4] we see that the energy of the unbounded profiles can be assumed to
be arbitrarily small provided tg and ¢ are chosen large enough.

Proof of Lemma[6.9. By Lemma[6.6]the claim holds trivially for those unbounded profiles V; where
A — 0asn — oo and lto—tu Y t al < 1 for all n € N. Furthermore, if the sequences (\},) and (t}) satisfy
the hypothesis of Corollary 6.8 we infer

Viltolll g1 L2 sy = IViltolll g1 v L2\ 3y, ) +0(1)

as n — oo and the claim follows by the orthogonality of the profiles stated in Lemmal6.5l It remains
to study those profiles where \!, — 0 but, even after passing to a subsequence, |tg — t,| > to — c is
not satisfied for all large n € N. After selecting a subsequence, we may assume ¢!, — T as n — o0
where |tg — T'| < to — c. By finite speed of propagation we must have

1V o]y sy = IV [to]llHle%Bt o To()

as n — oo and we obtain V; = 0 by the same type of argument that was used in the proof of Lemma
0.0l ]

An immediate consequence of Lemma is the fact that the bulk of the energy of u(T)[to] is
concentrated on the bounded profile V4, (in particular, V}, is nonzero).
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6.4. The nonlinear profile decomposition. After extracting a subsequence we have )\IT’L — A\
th — ¥ as n — oo where A’ and t® are some finite numbers. Now we define new initial data by

. A tb Abtb
(f,9) = lim V7 fto] = Vi= ™ [to]
with convergence in H' x L?(R3). By the local existence theory [38] we obtain a time t, > t and

an energy class solution wu, satisfying

{ Ou(t, ) + us(t,z)> =0, (t,7) € (to,ts) x R3
ulto] = (f,9)
where we assume t, to be maximal.

To each profile (V;, (A), (t1)) in the decomposition of Lemma [6.5] there is associated a nonlinear
profile (Ui, (A%), (t%)) which is characterized by OU; + U? = 0 and either

IVilt] — Ui[t]”Hlez(R3) —+0ast— foo

(6.7)

if to}\_f% — =400 in the limit n — oo or
Uilto] = Vilto]

in the case \toA—_itM < 1 for all n € N. The existence of the nonlinear profiles is a consequence of the

small data scatntering theory [32], cf. also [19]. Moreover, since the energy of all unbounded profiles

V; is small, it follows that the U; exist globally provided i # b and by a continuity argument as in

the proof of Lemma[6.4 we may assume |[U;[t][| g1 2 (gs) to be small for all ¢ € R. In the case of U,

we have at least existence for small times. By the symmetries of the equation we see that, for all
b b b b b b

n €N, Ub)‘ ' s a solution with data Ul;\ whnto] = V;‘”’t" [to] and thus, by the local well-posedness

we infer

b b
U] = et g1 2 asy > 0 (0= 00) (6.8)

for any ¢t € [to,t«). Now we want to compare the solution u, with uTn). The following lemma
yields a representation of the nonlinear evolution of the decomposition Eq. (6.3]).

Lemma 6 11. Let iy € [to,t«). Then there exists an ny € N such that, for all n > ny, the nonlinear
profiles U nin gssociated to the decomposition in Lemma 6.3 exist on [to,t1] x R and

ulT) (¢ Z U notn (t,z) + W"A(t,z) + R™(t, z)

for all A € N and t € [tg, t1] where W"A is the free wave from Lemmal60 Furthermore, the error
R™ satisfies
hm lim sup R4 oo =0.
50D | A g 2505

Proof. This is (the second part of) the main theorem in [I]. Note that in [I] the result is actually
proved for the defocusing critical wave equation. However, once the existence of the nonlinear
profiles U; is established, one checks that the argument in Section IV of [I] is in fact insensitive to
the sign of the nonlinearity. As already mentioned, the U; for i # b exist globally since the energy
of the corresponding V; is small (in fact, arbitrarily small if we choose ¢y and ¢ large enough). In

b 4b
the case of Uy it follows from Eq. (6.8]) that we may assume the existence of Ub)‘ w'non [to,t1] x R3
provided n is sufficiently large. O

The final step in the construction consists of showing that u, = u. on (ng‘ .)°. In particular, we
thereby obtain that u, can be extended beyond time ¢, and thus extends globally.
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Lemma 6.12. The solution u, extends to all of [tg,o0) x R3 and satisfies
U = Ue ON gic

Proof. Let t € [to,ts) and choose n so large that Lemma [6.11] applies. For N € N denote by P-y
the Littlewood-Paley projector to frequencies {¢ € R3 : |¢| < N}. Given € > 0 we choose N so
large that

”u*(t7 ) - P<Nu*(t7 ')”LG(BFC) <e.
Consider the decomposition in LemmaBI1Il For an unbounded profile (Uj, (X, ), (t4)) with X}, — 0
as n — oo we clearly have ||P<NUZ~>‘:“t3L (t, M,y — 0 as n — oo. Furthermore, for a profile

(Us, (AY), (t1)) with AL — oo we obtain ”Ui)\;’t%(t")HLG(Bt,C) — 0 as n — oo. Finally, if A\, ~ 1
and [t},| — oo we infer HU{\:“% (t, Mres(B,_.) — 0 as m — oo by the small data scattering theory

and Huygen’s principle (recall that the H' x L?(R3) norm of all unbounded profiles is small). By
choosing A sufficiently large we can also achieve

WA, ) o sy + IR (E, )| o sy < €
by Lemma [6.1T] These estimates and the decomposition from Lemma [6.11] imply
() = uT (@t o, S €

provided n is chosen large enough. Since & > 0 was arbitrary and u(™) = v, on Kf(),c by Lemma

t t

[6.4] we obtain u, = u. on K Furthermore, the solution can be continued since outside of K

to,c* to,c
the kinetic energy stays small for all times by a continuity argument as in the proof of Lemma [6.4]
and in K{ . the solution u, equals u. which exists on Kg°.. O
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