NULL-FORM ESTIMATES AND NONLINEAR WAVES

JOACHIM KRIEGER

ABSTRACT. We present bilinear, trilinear as well as quadrilinear null-form esti-
mates arising in connection with the Wave Maps problem. These estimates fit
into the program of S. Klainerman instigated in papers such as [4], [1]. While
the latter used the framework of X ®*-spaces, our estimates involve the Banach
spaces introduced by D. Tataru in [13] and further developed by T. Tao in [12].
In this paper we attempt to give a somewhat systematic account of the basic
properties of (a certain brand of) these spaces in n = 3 space dimensions. In
particular, we solve some cases of the 'Division and Summation Problem’ for
semilinear wave equations whose nonlinearity has null-form structure.

1. INTRODUCTION

A fundamental approach toward the longtime behavior of solutions of semilinear
wave equations consists in establishing optimal local well-posedness results. More
precisely, for semilinear problems of the form

Ou(x) = F(u, Dy 4u, . .. D;;,tu)(x)7 x:= (t,z) € R"!
which are invariant under the transformation
u(x) — A%u(Ax), (1)

one aims at proving local well-posedness for initial data in H® and s as close as

possible to the critical Sobolev exponent so = § — . Note that H#o is invariant

under the above ’'rescaling’. In particular, local well-posedness in Hso immediately
implies global well-posedness. The work of Klainerman and Machedon in [3], [4],
[5], has shown that significant improvements over the well-posedness results based
on the classical energy method as well as the 'semiclassical’ Strichartz estimates can
be achieved by means of so-called null-structures in the nonlinearity'. These are
special algebraic structures which cause subtle cancellations visible upon working
on the Fourier side. For example, the Wave Maps problem in local coordinates
leads to an equation of the schematic form

IThe counterexamples by H. Lindblad in [8] have shown that one generally needs null-structures
to improve on the results obtained by means of Strichartz estimates.
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Ou = I'(u) 0, ud” u. (2)

The expression Qo(u,v) = d,ud"v is a fundamental example of a null-form. In [3],
Klainerman and Machedon managed to demonstrate almost optimal well-posedness
(s > so = %) for Wave Maps by exploiting this null-form. More precisely, they used
so-called X*%-spaces, s > 5,0> %, where

B = [ TR ORIl +16] (1 | Il = 6] arde.

The X*?-spaces, where s and @ obey the above constraints, satisfy a list of remark-
able properties (see [3]):

(1) Algebra estimate: ||uv||yso < C|lul|xs.0||v]|xs.0-
(2) Null-form estimate: ||Qq(u,v)||xs—1.6-1 < C|lu||xs0]|v]|xs0-
(3) X*0 C LH?.

(4) |Ixrul|xse < CTe||u||gs for free waves u, a time cutoff yr and a suitable
e>0.

(5) "Energy inequality’: ||xru||xse < CT(||Du||xs-1.0-1 + ||w[0]|| s s pre—1)
where u[0] = (u(0), Oyu(0)).

It is not hard to devise an iteration scheme in X for the problem (2) based on
the preceding properties. Unfortunately, the attempt to prove local well-posedness
at the critical level so = 5, n = 2,3, by means of a homogeneous analogue of X 5,6
is seen to fail. For example, letting u, v be Schwartz functions and defining

kn i S
510 =25 Q_R2EIQullrzr2]")7,

k JEZ

]

one has

[P0 (uv)

. n
o5

EEe < C(ilelgHPkuH -%,%,1)(216112HPkUHXO%,%,l)’

Xk
but the Besov exponent oo on the left-hand side cannot be improved. This ’loga-

rithmic divergence’ led Klainerman and Machedon to pose roughly the following

Division Problem: Find a Banach space X with the same scaling properties as
L¥H3, such that
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(1) X contains truncated free waves; more precisely, one has an inequality
lIxrullx < Cllull ;2

for all free waves u.

(2) X satisfies the inequality

IxT0™ Qo(u, v)llx < Cllullx|lvllx.

It turns out that the above properties are too strong: indeed, simple examples
such as the equation Ou = Qo(u,u) show that there can’t in general be an itera-
tion scheme at the critical level with initial data in H%, basically since the latter
doesn’t give us control over L>°. Nevertheless, the Division Problem was solved by
D. Tataru [13] if H? is replaced by BEl enabling him to demonstrate global well-
posedness of Wave Maps in the latter space. In particular, the Division Problem
can be solved provided one restricts u, v to frequency ~ 1.

In his quest for establishing global regularity of Wave Maps from R n > 2 to
Sk k > 1, with smooth initial data small in H>, T. Tao [12] solved the following
problem in the case of the null-form?

N(ulau27u3> = E P}gSU18VPk1’U,28VPk2’U,3 :
ki€Z, ks>min{ky,k2}

Frequency localized Division- and Summation-Problem: Let the null-form
Nluy, ug, ... u], u; € S(R™1L), be linear in each w;; letting (Axf)(x) = f(A\z),
assume that it scales according to

N[Ayuq, Axug, ... Ayuy] = /\kA)\(N[ul, Uy .. Up)).
Find a family of Banach spaces S[m], m € Z, S(R*') C S[m], which is ’scaling

compatible’ in the sense that 2_a%||u(2“x)\|s[m+a] = |Ju()||spm), Ya € Z, and
which satisfies the following properties:

N
[

r—1-

(1) PlS[l] CL?OHSU750:%+

(2) Truncated free waves at frequency 2% live in S[k].

2This somewhat unpalatable expression, in which the Py refer to Littlewood-Paley multipliers,
arises upon applying an ingenious Gauge Change to the Wave Map u expressed in terms of the
ambient coordinates S¥ < RF¥. Tts crucial feature is that the input with lowest frequency is hit
by a derivative.
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et max;—1. ., ||Puil|sie) < i, where {c¢;} is a ’sufficiently flat frequency

3) Let ; P, w < h ) ’ ientl t
envelope’ in the sense that 0 < o270t < ¢ < 20la=ble for a sufficiently
small o > 03, Then Vil e Z

r—1
||XTPZ|:]71]\7[’U,1,’LL27 .. 'UT]HS[Z] < C(Z C?)TC[,

where the constants are independent of the smooth cutoff xT := XO(%)- The
operator O~ refers to the solution of the inhomogeneous wave equation with
zero initial data.

The last property is the reason for the title of the problem: In addition to solving a
version of the frequency localized division problem a la Klainerman-Machedon, one
has to sum over all possible frequency interactions inside the nonlinearity upon as-
suming only the square summability of the different frequency contributions. More-
over, one has to recover the original frequency envelope in the end. The intu-
ition behind this condition is the idea that the ’energy’ (more precisely, the norm

sup;_q, . ||uil |L;,QHS0 , So = 2+ %=2) should not shift significantly amongst frequen-

cies as the nonlinear waves u; evolve according to a law Ou; = N;[ug, ua, ... u,],
where all N; satisfy the properties cited above. In particular, solving the Division
and Summation Problem allows one* to prove theorems of the following type:

Let

lloill gzo + lwill oo <€ i=1,...m,

for suitably small € > 0, so as in the preceding, and also assume that u;(x),v;(x)
are smooth. Then the system

Dui = Ni(uh. .. ,UT), ul[()] = (vi,wi)

admits a globally smooth solution.

Tao’s construction of the S[k| is based on so-called null-frame spaces devised by
Tataru for his original solution of the Division problem. We shall demonstrate in
this paper that Tao’s spaces (more precisely, a scaled-down version thereof) are
somewhat canonical in that they satisfy additional null-form inequalities arising
in the context of the Wave Maps problem for more general targets (see [7]). In
particular, we shall solve the Division and Summation Problem for n = 3 and the
null-forms®

3The o may depend on the spaces S[k].
4Provided the corresponding subcritical well-posedness result is also known.
5We denote by R, the Riesz multipliers with symbol é—‘,", where v = 0,1,...n, |[¢'| =

(S l&12)3.
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3
N[ul, Ug, Ug] = Z A’léj(RjulRl,ug - RuuleUQ)al/Ug, (3)

Jj=1

3
N[ul, Ug, U3, U;4] = Z A‘laj(A_lai(R,,ulRiug — RiulRVUQ)RjU3)6UU4

ij=1

3
— Z A‘laj(A_lai(RjulRiug — Riuleug)R,,ug)a”m. (4)

i,j=1
It is shown in [7] that this implies for example the following theorem:
Theorem 1.1. Let H? be the hyperbolic plane with standard coordinates (X,y)|y >

0. Also, consider smooth, compactly supported® initial data (x(0), y(0)) : R® — H2,
which are known to result in a smooth Wave Map

(X, Y) : RS X [_TOaTO] - H2

on a small time interval [Ty, Ty], by means of classical energy estimates. Then
there exists a universal constant € > 0 such that the following holds:
The inequality

implies that the Wave Map extends smoothly globally in time.

In other words, the estimates derived in this paper enable us to demonstrate global
regularity of Wave Maps from R**1 with target H? (amongst others), provided the
initial data are small in the critical norm H? in the precise sense given above.
This settles a conjecture of Klainerman’s (see e.g. [2]) in the case of n = 3 spatial
dimensions. The most interesting case n = 2 has been settled in Tao’s work [12]
provided the target is a sphere, as well as recently by the author for the case when
the target is H? (to appear). Also, there is a recent preprint by D. Tataru [14]
which claims the case of general target for n > 2, but proceeding along a different
route than in [7]. Critical results of this form have been established in higher spatial
dimensions n > 4 by Tao [12], Klainerman-Rodnianski [6], Shatah-Struwe [10], as
well as Nahmod-Stefanov-Uhlenbeck [9]. The problem becomes increasingly difficult
in lower spatial dimensions, on account of the increasing scarcity of available a priori
estimates.

6In the sense that they are constant outside of a compact set.
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2. INTRODUCING THE BANACH SPACES S|[k]

We shall now introduce the spaces S[k|, k € Z, which are scaled down versions of
Tao’s spaces in [12]; these in turn were modelled on Tataru’s spaces in [13]. We
shall use Tao’s terminology for consistency’s sake. Recall from the discussion in the
1,11

previous section that the homogeneous X*-type spaces X k% B are too small”.

On the other hand, the spaces X k% a would be much too weak. The actual
spaces S[k| shall be nested between these two extremes. From now on, we fix
n = 3. First a bit of terminology: for every w € S2, we introduce the null-frame
coordinates (t,,x,) as follows:

1
1,5,00

o= (t2) - —=(1,w),

[\)

1
T, = (t,x) —t,—=(1,w).
(t,2) =ty ﬁ( )
Following [12], [13], [7], for every small cap k C S?, we introduce the atomic Banach
space PW [k], whose atoms are all Schwartz functions ¢ € S(R3**1) satisfying

lollrz 1o <1

for some w € k. These spaces are to be regarded as substitutes for the missing
L? L°-Strichartz estimate. In order to have good product estimates available, we
also need a null-frame equivalent for the energy L{°L2: define the space NF A[x]*
as follows:

¢l nFafe- = sup H¢||L;?3ng-
w&2k

Next, we introduce certain Fourier multipliers: the Py denote standard Littlewood-
Paley multipliers localizing to frequency ~ 2¥. Also, the multipliers Q; localize to
modulation ~ 27, i. e. they restrict the (space-time) Fourier support to dyadic
distance ~ 27 from the light cone. More specifically, choosing a bump function
mo(.) which is supported around 1, we put

7l -
FQuo)r.&) =mo( LTl 75
Of course, we shall want to require that ) jez Q; = 1 which is possible by choosing

"These spaces have the right scaling for our null-forms (3), (4).
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mo(.) appropriately. We shall also use the multipliers jS, which in addition to the
modulation also microlocalize to the upper or lower half space 7 >< 0, respectively.
Finally, for every cap s C S?, we introduce the multipliers Py ., which restrict the
Fourier support to frequency ~ 1 and an angular sector of opening s’ C k, where
k' is concentric with s but of half its size.

We call an operator disposable if it is given by convolution with a smooth kernel
of bounded L'-norm. For example, the multipliers Py, Py . are disposable, but Q;
is not (its symbol is singular). However, operators of the form Piji, j>k+0(1),
PkﬁQikHl, x of radius 2!, are disposable, viz. [12].

With the above ingredients, we can define an auziliary Banach space S[k, k] as fol-
lows: we let

1 k

k _1__k k
[|@llsik,x) = 22|18l NFax) + |87 2272 |[@]|pwis) + 22 |9]|Leor2-
‘We note that
1 Pew Q85,20 < ClIPe| IR

which justifies the remarks at the beginning of the section. Also, we have the fol-
lowing two fundamental bilinear inequalities:

2% |x'|3
|¢|[L2r2 < CW\WHSM,K]|W\|S[k',n/]a (5)
2% |w/|3
oV nFap < CWWHLM||¢||S[k’,n/]- (6)

The space NFA[k] is of course the dual of NFA[x|*, i. e. it is the atomic Banach
space whose atoms are Schwartz functions ¢ satisfying

lollry 22 <1

for some w ¢ 2k. This space will be used as a substitute for the customary energy
space L}L2.

We can now define the spaces S[k]: for every | < —10, choose a finitely overlapping
collection of caps {k} = K;, x C S? of radius 2!, such that the collection of con-
centric caps of half that radius covers S2. Also, define the operators Py ., k € K,
in such a way that Znekl Py =1, for every | < —10. Finally, we let P, be a
Littlewood-Paley frequency localizer satisfying PP = Py, and define f’k,,@ accord-
ingly.
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Definition:
0l = 176l -y +11Vel 3.5
. N N
=+ sup sup (Z Pk,mQ<k+21¢||%’[k,im])2'
£ 1<-10 S

As it stands, this definition is not particularly illuminating; the character of these
spaces is only revealed by considering bilinear expressions.

Before proceeding, we need to also introduce an (essentially) dual family of norms
NI[k]:

Definition: N[k|, k € Z is the atomic Banach space whose atoms are Schwartz
functions F' of one of the following three types:

1 _
L
k
(3) F is microlocalized either to the upper or lower half-space 7 >< 0. Also,

there is an [ < —10 such that F lives at frequency ~ 2* and modulation

< 2842 and there is a decomposition F' = Y . F. with the property
that

(a) F,; has Fourier support in the angular sector with opening ' C &
where «’ is concentric with x and of half its radius.

(b)

1 k
(Z HFK||?VFA[:‘:H])2 §227
rEK);

where the sign is chosen according to whether F' is microlocalized to
T>0or7<0.

We shall place the k-th frequency component of the null-forms into N[k]. This is
justified by means of the

’Energy inequality’: Introduce the notation

IKIETE

_ = inf
||Dl|s(r) (-7, 71xR) BESRITY, plr =l om)

and similarly for N[k]([~T,T] x R3*!). Then

1Pkollsw—rmxmre+1) < CUIPO| Ny -1 1)xre+1) + [[Peo[0]]] 1 1)
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The proof of (essentially) this is given in [12].
Before proceeding with the properties of these spaces, we need to introduce some
tools:

Classical and Improved Bernstein’s inequality: For any measurable set R C
R", we have

_ 11
IF rF ez < CIRIZ7%||f]l 12 (7)
Also, for n = 3 and f € S(R3T!), we have the inequality
ingi=k
1PLQifllzree < C2™ 55| PQyf |l 2ra. (8)

for every € > 0. The proof of the latter assertion is found in [12] 5.

Terminology: The Riesz operators R, v =0, 1, 2, 3, refer to the operators

0, (vV—24)~1. We usually omit the subscript for the operators A\, V,, understand-
ing that they only refer to the space variables. The symbol V™! is a shorthand
for /=& '. When we consider an expression of the form Py(AB[CD]), we shall
refer to A, B, C, D, as inputs, and the whole expression as output. Also, when
referring to [,], we mean [C'D], while (,) would refer to (AB[CD]): the shape of
brackets matters in the discussion.

We now state a fundamental lemma which is the homogeneous (and scaled-down)
analogue of the property X~ 1.0=1 x X0 ¢ xs=10=1in [3]: It is essentially® due
to Tao in [12].

Lemma 2.1. Let j < min{ky,ko} + O(1). Also, let F, 1) be Schwartz functions,
the former at frequency ~ 251 and modulation ~ 27, the latter at frequency ~ 2F2.
Then the following inequalities hold for suitable &1, 6o > 0:

|| P (F)|| nwg < 02*51““*max{’“l»k2}|2*5zlj7min{k1’k2}|||F||X%f%-,oo||¢||S[kz]v

k1

IV P (F) || k) < 02—51"“—max{’flv’w}\2—52U—min{k1»k2}‘||F||X%,7%,oo||Vx¢||5[k2]-

k1

8In the case n = 2; the case n = 3 is proved similarly. Note that this inequality is really a
version of the customary Strichartz inequality. The condition € > 0 is a reflection of the failure of
the endpoint Strichartz estimate in n = 3 dimensions.

IWe only have to modify the case of high-high interactions.
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Remark: The 2nd inequality is contained in [12]. The first is weaker for high-low
interactions but stronger for high-high interactions.

Proof : We only prove the first inequality for high-high interactions. We may
rescale to k1 = ka + O(1) = 0, whence k < O(1). We always let C' denote a large
positive constant.

(1): Estimate P(FQ>;—c%): we split into two cases:
(1a): j < 100k:

_k _k

272 ||P(FQzj—c)llLie < O272||F|[ L2100 Q> —c¥ll 212
_J in_k

< 02722927 3| F| 2 2| |¢ | 181

where we have employed (8) as well as (7). Our assumption implies that this esti-
mate verifies the lemma.

(1b): j > 100k: Use (7):

_k _k 3k
272 ||P(FQzj—c¥)||Li2 < C27 222 ||Pe(F Q-1
< 026272 || F|| 12 2| ¥ 5{ka) -

This is again acceptable.
(2): The estimate for P,Q>;—c(FQ<j_cv):
(2a): j < 100k:

Nk
|1Pe@>j—c(FQ<j—c¥)ll .y —1. < C27227 2|[F|| 21 ||Q<j—c¥llLeo 2

X,

ik
< C2722722%|F|| 2 2 [0 (k)

1
3

(2b): j > 100k: use Bernstein’s inequality similarly to case (1a).

(3): The estimate for PrQ<;—c(FQ«j_cy). Note that j < k+ O(1). Observe
that we can write
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PiQej-c(FQej_cp) = Y PQE,_o(QFFQE, o)

+,4+,+
+ + +
= Z Z PkQ<j_C(Pk1,/€1Qj FPkQ,H2Q<j_C77[})'
e dist (k1 ,4ng)~2 5

K1,2€K j ik )
itk 10

By the triangle inequality, we have

[[PeQ<j—c(FQ<j—c¥)||nk
<y > 1PLQE; o (Pry s QF F Pry s Q% o)l vin-

i ) ik
K1,2€K j1k 710,dlst(j:m,i/$2)~21 2
P

On the other hand, observe that

PkQﬁj—C(Pkl’KlQ;‘tFPkg,l@Qi:jfc'(b)
- Z ka’{Qi:ij(PklJﬂlQ;‘tFPkg,nQQi:jfc/(/)).

i—k
KEK j_1 710,dist(:t/{,:|:n1)~2j 2
2

Therefore (6) implies that

k
22 | PLQ%,;_ ¢ (Pry sy Q5 FPay oy Q2 o) ving
< ( > 1P Q% (Pry iy QF F Py s Q)| X pan)?

NEKdim,dist(ﬂ:m,ﬂ:nl)NZ%
2
itk
2> + +
< 02d ||Pk1,l€1Qj F||LfL§||Pk27"62Q<jfc"/}||S[k2,:|:K2]'
p)

We have used the disposability of the operator PkﬁQﬁ j—c» Viz. the comments in
the preceding section.

Using the Cauchy-Schwarz inequality as well as Plancherel’s theorem, we conclude
that

[[PrQ<j—c(FQ<j—c¥)lINm
< 02525274 ||P, F > PiynQ%,_ 9|2 z
> [ || P, ||LfL§]Sip( I k27KQ<]—C77Z]HS[k2,:I:)§]) .

KEK j1k
T*lo

The desired inequality follows upon observing that

N

Sip( Z ||Pk2,anj—cl/’H%[k2,in]) < ClE|[Y]]5(ks)-

I{GKZ'_gk 10
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The preceding lemma entails the following consequence (simply copy the proof in
[12] using the above lemma):

Lemma 2.2. Let F, ¢ be Schwartz functions. Then the following inequalities hold:

(1) Let k1 = ko + O(1). Then
|1 Px(Pe, FPiyt) vy < C2°F 50 Py Vo F o | P o)

for suitable § > 0.

(2)
[|PuV 2 (0P, F)l| vk < Cl|9]|Leoree + Sup 1PV 2Bl i) |V Prey F| Nk ) -

3. BILINEAR ESTIMATES

The estimates in this section should be compared to the bilinear null-form estimates
contained in [1]. The latter were proved for free waves, which corresponds to setting

L1
Skl =X lj’z’l in our context. The fact that our spaces S[k] are larger makes our
estimates correspondingly weaker. First, we state the following basic

Theorem 3.1. Let ¢1, ¢o be Schwartz functions. Then the following inequalities
holdtruefor%26>0 and € > 6 > 0:

Iy ko]
= T 1Pk dills e

i=1,2

[1PRQ; (P, 61 Py 2| g e < Ce 20 mintimmin{inbakh 019

L min{j—min —|k1—
1P1Q; (Pry 1P G2)ll 33,00 < Cc275 mmintks ke k3O g =tk kel TT || Py, i 1k,

& i=1,2

Also, the following inequality holds true for every e > 0:

Il — ko |
= ] Pl sk

i=1,2

|| Pe(Pr 61 Py @)l 2 20 < C2F 73027
In particular, we have the inequality

[[Podl|Lars < Cgl|Pogllsio

for every q > 4. Interpolating with L°L? gives

[Podllrre < CpqllPodllsi0)s
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provided % + % < %, p>4.

Proof : The 2nd and third inequality follow in the same way as the first (using
the improved Bernstein’s inequality (8) for the third). As for the first inequality,
we distinguish between different cases:

(1) High-High interactions: k1 = ko + O(1) > k + 5.

‘We decompose

Py (Pr, 91 P, ¢2) = PrQ<rv10(Pry $1 Py 92) + PrQ>k110(Pr, 01 Pk, 62). (9)

We commence with the 2nd term on the right-hand side. Freeze its modulation to
size ~ 27, 7 >k + 10:

PrQ;(Pr, 1Py 02) = PrQ;j(Pr, ¢1Pr, Q>5—1002)
+ PrQ; (P, Q> j—1091 P, Q< j—1092)

+ +
+ Z Pij (Pkl Q<j710¢1Pk2Q<j710¢2)’
+
where the +-signs in the last term all match. Now we estimate

3k
[PeQ; (Pry @>j—1001 Py 2)|| 1222 < C272 || Py, @ j—1001| 1212 || Pry b2l o 12
3k—j—2kq

< C27 7 ||Pry O1lls ] | Pro G2 S [k -

From this the claim of the theorem easily follows. For the third summand on the
right-hand side of (10), note that it vanishes unless j = k1 + O(1):

PkQ;‘t(Pkl Qi:j_lo(blpszi:j_mqb)
= Z Pin.,_o(l)(thm Q§j710¢lpk2,H2Qj<[j710¢2)

K1,2€K k1, 10, dist(k1,—ra)~2F k1

Now (5) yields the following:

+ + +
H Z Pij (Pkl,NlQ<j710¢1pk27'€2Q<j710¢2)||L%’L§
/ﬂ,zeKk_kl_m,dist(n1,7m2)~2k—’“1
< 1PeQ3 (Pry iy @Z - 1091 P s QZ 51002l
= ki j \(Lki,m1 W< j—10P14 koW <j—109P2) 11 L2 L2

K1,2€K gk, —10, dist(k1,—ka)~2k—k1

< C2" R |k — Ky |?(| Py &1 | sy || Pres D21 5(0) -

The claim of the theorem again follows. We proceed to the first term of (9). We
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commence by reducing the inputs to modulation < 22+F—F1:

PrQ <k410(Pry 1 Pr, 02) = PrQ <i10(Pry @ >2k—ky 91 Pry 92)
+ PuQ<tt10(Pry Q<2k—ky 01 Pry @ >26—ky $2)
+ PrQ<t10(Pry Q<2k—ky 01 Py Q< 2k— ks $2)-

The first two terms are again easy to estimate

3k
| Pe@<rot10(Pry @>2k—ky 91 Pk @2)[| 2222 < C22 || Py, @0k -k, G122 || Py B2| L5012
k—kq

< C272 || Py, ¢1ll st || Prey @21 (ko) -

As to the last term, we freeze its modulation to size ~ 27, j < k410, and decompose
it further:

PrQj(Pr,Q<ok—1, 91 Py Q<or— 1, $2)

= PrQ;(Pr, Q<min{2k—k1,j— 1 Py Q <min{2k—ks,j—C1 92)
+ PrQ;(Pr, Qj—c<.<2k—k1 91 Py Q <2k—ky P2)

+ PrQ;(Pr, Q cimin{2k—k1 ,j—C} 01 Py Qj—0<. <2k —ky P2)-

(1)

From elementary geometry, we have

PrQj(Pr, Q<min{2k—k1 j—C} 1 Pry Q <mmin{2k ko j—C} P2)
+ K1*2€Kﬂ”g—k—k1—1o’ dist(inl,in2)~2#7h
+ +
BQ; (Pry Q<min{2k7k1,ij}gblPk?’”2Q<min{2k7k2,j70}¢2)'
Now we use (5), as well as the Cauchy-Schwarz inequality and the easily verified

+ 2 1
( Z ||Pk1,f€Q<min{j_c72k_k1}¢1||S[k1,in])2
NGK#tho

< Clj — k||| Py b1 5111 | Pry D2|] (k) -

Thus
[1PkQ; (Pry @ <min{2k—hy i~} 01 Pks Q <min{2h—ka j— 03 02) || x 00
< C2U™Bj — kP|| Py b1 ||y | Pes b2 s k-
The remaining terms of (11) are estimated by means of (8): for example
|[PrQ; (Pr, Qj— <. <2k—ky 91 Pry Q<21 $2) | 212

3k ik
< G272 25| Py, Qo< <2k—ky Pl 212 || Py b2 | L3 12

3k—j—2k; i—k
< Cu27 T 255 || Py Ol sy | Pra @21 5[] s
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where p > 0 is arbitrary. This entails the estimate

|| PrQ; (Pr, Qj—C§.<2l~c—k1¢1Pk2Q<2k—k2¢2)||X;5~€’0
< Ce5(e28F12°O0R) | B, 1| (i || Pres B2 s1a)

where 0 < d(€) < e. We are done with the high-high case.
(2) High-Low interactions: k1 +5 >k > ki — 5.

As before we decompose
Py(Pr, 01 Pry 02) = PrQ>k+410(Pry 01 Pry 02) + PrQ<ig10 (P, &1 Py 2).
(12)
We begin with the first term on the right-hand side. Freeze its modulation to size
~ 27§ > k4 10. Then observe that
PrQ;(Py, 91 Pr,$2) = PrQj(Pr, Q>j—c b1 Pr,¢2) + PrQj(Pr,Q<j—c 1P, Q>j—c92)-
(13)

We have

[[Pe@Q; (P Q>j—c 1Py $2)|| 1212 < Cl|Pr, Q>j—cdrllrzrz || Pryd2llLee e
kit
< 028757 | Py s | Peo Szl sk

The 2nd term on the right-hand side of (13) is estimated similarly and left out. We
proceed to the 2nd term of (12). Freeze its modulation to dyadic value ~ 27, j <
k + 10. Then use a decomposition

PrQ;(Pr, 01 Py 2) = PuQ;i(Pr,Q>j—c$1Pr, Q<j—cd2)

+ PrQ; (P, 01Pe, Q>j—cd2) + PrQ;j(Pr, Q<j—cd1Pr,Q<j—cd2). (14)

We commence by estimating the first term on the right-hand side. We write

PeQ;i(Pr,Qzj-ct1PryQej-cd2) = Y PeQ;j(Pr,Qu1Pe,Qcjcd2).

1>j—C

First assume j + 10 > [ > j — C. We distinguish between the case j > ko — 10 and
the opposite. In the first situation, we have

it

k1
|PQ; (Pr, Qur PryQ<jc$2)l 222 < C2%27 72 || Py 61| 51 || Prs b2l | (ko) -

The desired inequality follows easily form this. In the case j < k3 — 10, elementary
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geometry considerations imply that

PrQ; (P, Qi1 Py, Q< j—c92)
=y > PrQ;(Pry iy QF 61 Py s @ ;_ o $2)-
+,+

J—k2
H1,2€Kj7k2710,dist(im,in2)§2 z - +om
2

)

Therefore, using the classical Bernstein’s inequality (7), Cauchy-Schwarz, Plancherel’s
theorem and the definition of the S[k], we obtain

|[PrQj (Pry Qud1 P, Q<j—cb2)| 212

<2ty 3

+,+ j—kg
k126K joky | dist(Er1,ER2)<27 2 +om
2

1Phy s Q1 1112222 | Prs s QF o P2 llLpe 12
ko—kq

< C27 7 || Py d1ll s || Pry 21 |82 -

The desired inequality follows from this.
Next, assume [ > j+ 10. Elementary geometric considerations imply [ < ko 4+ O(1),
as well as the decomposition

PrQj(Pr, Qi1 Pr,Q<j—cd2)
=> > PrQ;(Piy ny QF 61 Py QZ;_c2).
Y

I—ko
I€1,2€Kl_k2 o’ dist(:l:lil,:l:ﬁz)NQ 2
Lo g

Now one argues exactly as in the immediately preceding, obtaining the bound

1P:Q; (Pr, Qupr Pr, Q<jmc@2) ] 3 —ere
1—

< C2<U~k1)9 5% 9~

k1

+1
2 272(| P, 61| sy || Prs 021 5(a) -

This can be summed over j 4+ O(1) <1 < ks + O(1) to yield the desired inequality.

We proceed to the 2nd summand on the right-hand side of (14). This is estimated
by means of the improved Bernstein’s inequality:

[ PeQ; (Pry 1Pk, Q> j—c 92202 < Cl| Py d1llpge 2 || Py @>j—c b2l L2120

i—

— I oko—EL omin kg
< 0272283 M 0N Py g || gpp | Pra b2 i)

The desired inequality follows immediately from this.
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As for the last term of (14), we proceed as in the high-high case:

PrQj(Pr,Q<j—cP1Pr,Q<j—co2)
= Z Z Pij(Pkl’NlQi:jfc¢1Pk2,N2Qi:j7C¢2)'
+,+

. j—ko
I‘{/l’QeKj_2k2 1 dist(£r1,tro)~2 2

)

Now we use (5), as well as Cauchy-Schwarz and the fact that

L 1
(> Paw@E ol ) <O D0 1Puw@%_cbilldp, a)?,

KGK%—l KEK%—l

0 0

which is a consequence of the fundamental orthogonality relation satisfied by the
S[k, k]: provided ¢, € S(R3T!) has Fourier support contained in an angular sector
k C S, k € K; and at frequency 2 and provided the modulation of ¢ is of size
< 2k+2I" 1" << | then the following holds:

1
Or = Z Grr — ||¢H||S[k,n] < C( Z H(bﬁl"%[k,m’])Q’
K Ck, k' €Ky K€Ky

where the ¢, have Fourier support contained in the angular sector ' C 52, see [7],
[12]. We conclude that

ko—ky

[ PQj (P, Q<j—c$1Pry Qe j—c92)|lp2p2 < C272

|| Pry d1] 5180111 Pro P21] 5(k) -

From this the desired inequality follows easily. We are done with high-low interac-
tions. The case of low-high interactions is of course exactly the same. [ ]

The preceding theorem may seem superfluous, as there is an L} L2-Strichartz esti-
mate in n = 3 spatial dimensions. However, the fact that we substitute null-frame
spaces (N F A[x]) averaged over cap decompositions for the customary energy space
L}L? appears to either render this norm unavailable!® or rather difficult to prove.
The author has been unable thus far to build this norm into S[k].

Note that the reason why we cannot place the product of two functions into L?L2
has to do with the fact that we cannot gain exponentially in the angle between the
Fourier supports. However, this gain is obviously present in case of the null-form
Q,,j(qbl,qﬁg) = RV¢1R]‘¢2 — Rj¢1RV¢2. Thus the fOHOWiIlg theorem is not at all

surprising:

Theorem 3.2. Let ¢q,¢p2 be Schwartz functions. Then the following inequality
holds:

10in order to keep the energy inequality valid.
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|| Py (Ry Py 911 Py 92 — Rj Py, 91Ry Py 92)|[ 212
— Iy ko] —max
<C2 T ook ok} || Py 61|ty || Pra B2 (ka1

Remark: The proof will actually reveal an inequality of the form

||Pe(Dy D=")*(Ry Pry ¢1 R Pry b2 — RjPi, 1R, Pry92)l| 1212
< C\2X DIk —halgh—max{kukal| B 6| sl Py 2]l 5]

where 0 < A\ < % and Dy, D_, are given by the homogeneous symbols |7| + |,
| |7 — |¢] |, respectively.

(1): High-Low interactions.: ki =k + O(1) > ko + O(1).

We first assume v = i. We decompose the function Q;;(Pg, ¢1, Pk, ®2) into a sum
of terms: Let x.(.), r € Z be a smooth bump function localizing to an interval of
length ~ 2" around 2", such that

Zxr(x) =1,z € (0,00).

reZ

Now we write

F Py(R; Py, 1R} Py, o2 — R;j Py, 1R Pr, ¢2)(C)

Einj & Mic o
- e 1 UMy i Pl dn.

In this context, 1, &, refer to space-time coordinates in Fourier space, while
< &, n > refers to the angle between é—g‘ﬁ , %n (omit integration over the planes

& =0,170=0). W. 1 o. g. we restrict attention to the case & > 0, g > 0, i. e.
¢1,2 microlocalized to the upper half-space 7 > 0. Observe that we have

Xo (< €17 )i (€Y, <n><%%| - %%ws)@(n)

= Z Xr(< 5777 >)mk1(£)mk2(n)

K1,2€K_10,dist(k1,k2)~27

v (M &g &G iy
& T e ol e 1 ©92 00

where a, ,(.) were introduced in section 2. Now observe that the function

aﬁl(

(1) = Apomaa (6111) 1= o (< €1 > )iy (E)s, (n)an1<%>an2< nyE &

il

€l Il 1] 1l
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is smooth and compactly supported; hence we can expand it into a (discrete) Fourier
series. We need to estimate the I'-norm of its coefficients. We change coordinates
(&,n) — (¢,7') in such a way that one coordinate axis is perpendicular to 1 while
the others are 'tangential’. Then we expand

_ 2 7L‘§/+77L'7]l
AT,HLNZ (577]) - § An,m, k1 ,k2€ ( )
n€2~k12Z3 me2-k2273

There are two ways to estimate the ap m x,,x,: the obvious estimate is obtained by
using the L*-norm of A, ,, .,. This furnishes the estimate

[ mkg ke | < Cdist(k1, ka)|k1||k2] < 2",

Alternatively, we can use integration by parts. Note that there are two 'bad di-
rections’, namely the coordinate directions tangential to the cap x;. Upon writing
n = (n1,n2,n3) etc., we obtain

|an7mal€1ﬂ€2|

<2t [T (@25 n)) 2 TT (4 2% ) 72(1 + 25 g )~ (1 + 272 mg ).

i=1,2 i=1,2

s

From the preceding two estimates we conclude that

s ep] < €277 2758 TT (14 28 g ) =050 TT (1 + 252 )~
i=1,2 i=1,2

(1+ 2" ng|) =M (1 + 27 |mg|) =M.

Represent the linear coordinate transformation £ — & by the matrix A, x,. Then
we conclude that

Py(Ri Py, 91 Rj Py, 02 — Rj Py, 1 Ri Pr., 2)

=2 2 2.

r<O(1) k1,2€ K, 10, dist(rk1,k2)~2" n€2~F1Z3 me2—k22Z3

A m,k1,K2 (Pkl,nl¢1)(- - Am,nzn)(Pkg,m2¢2)(- - Anl,@m).

This is estimated as in the proof of the preceding theorem. One decomposes
(Proy i 1) (- — Aky ko) (Prg ip @2) (- — Ak, ,m) into terms of the form

(Pkl,m Q<Zk1+27‘¢1)(' - Aﬁl’ﬁzn) (Pk2,52Q<Zk2+2T¢2)(' - Alﬂ,lwm)'

Each of these can be estimated in L?L? as in the preceding proof!!; the only slightly

HOne also invokes the translation invariance of all Banach spaces used.
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different term is

(Pkl,m Q2k1+2r¢1)(' - ANlﬁQn)(sz,H2QZk2+2T¢2)(' - Alﬂ,ﬁzm)'
It is estimated as follows:

|‘(P/€1751QZ/€1+2T¢1)(' - Am,fﬂzn)(sz,N2QZk2+2T¢2)(' - Aﬂl,ﬂzm)HLfLi
< Z ||(Pk17K1QCL1¢1)(' - AH1,H2n)(P/€2752Qa2¢2)(' - Af'frl,fizm)HLng

a; >k;+2r,i=1,2

- C2k2;k1 Z 2%+k1;a1 2%+k2;a2 H ||Pki,mQai¢in

a;>ki+2r, i=1,2 i=1,2

§ido:
ki

The conclusion is that

ko —ky
H(th'ﬁ(bl)(' - AN17H2n)(P/€2752¢2)(' - Aﬁlﬁzm)HLng <027z H Mg, i

i=1,2

where we let

ki+2r—a
My, wi = ||Pry ;s Q<iesr2rBil | siks ei) + Z 271 HPki,niQa(biHXfé,%,ow

a>k;+2r kg

Finally

|[Pre(Ri Py, 91 Rj Pry 92 — Rj Py $1Ri Py $2) | 1212

< C2k2gk1 Z Z Z A m,kq K2 H Md?z‘,ﬁi

r<O(1) k1,2€K,_10,dist(k1,k2)~2" n€2-*k1Z3 mec2—*27Z3 i=1,2
kg—Fky 196 9 1 ko —k;
<c2 = Yy e [T Y. M) <c2 = [ 1Pudillsa-
r<O(1) i=1,2 K;€Kr_10 1=1,2

We still have to settle the case v = 0. We shall again assume w. 1. o. g. that
¢1, ¢2 are microlocalized to the upper half-space 7 > 0. We write

Rop1Rjpa — Rid1 Roda = [(Ro — 1)p1Rjp2 — Rjd1(Ro — 1)ga] + [p1 Rjp2 — Rjd1¢a].

The 2nd [,] is dealt with precisely as in the preceding case. As to the first, we
observe that the operator Ry — 1 has symbol % — 1, whence

I(Ro = D) Pry dnllrzre < C2_k1||Pk1Vx,t¢1HX

1 1 .
— 515,
k1

The desired estimate follows easily from this.
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(2): High-High interactions: k1 = ko + O(1) > k + O(1).

They are handled similarly, see also the proof of the preceding theorem. We leave
the details for the reader. ]

The next theorem deals with the (stronger) Qo(u,v) = d,ud”v null-form. One uses
the elementary identity

20,ud”v = O(uv) — Duw — ubv :

Theorem 3.3. Let ¢, 1 be Schwartz functions. Then the following inequalities
hold:

[PV 2[Ry Pr, o1 RY Proytha]|| Ny < C||Pry d11] k1) | Pra @211 1851

[Pk Ry Prey 910" Proy b2]|| wpgg < €20 mintkmmaxtbkab O3 P 6 ] g || Pra @215 (ka)
for appropriate § > 0. Finally, we have the inequality

1RyOR" Y| 1202 < OO NPl Ep)® O 1Peoll2) 2

kEZ keZ

Remark: The first inequality is contained in [12]. The 2nd is stronger than the
first for high-high interactions.

Proof : The 2nd inequality: We only prove the 2nd inequality for high-high in-
teractions, i. e. k; = k2 + O(1) > k4 O(1). We may rescale k = 0, and also
assume that k1 > 100. First, it is easy to see that both inputs may be reduced to
modulation < 2¥1710: For example we have

1PoQ@2k1 15 [Bo Pry Q211 -10010" Pry 2]l 4. 4.1

0

k
< C27 7 ||Ry Pry Qk, 1001 || 12121100 Pro b2 L= 12
< C27%| Py 1|y || P 21| 510

Also, we have

[[PoQ <y —15[ Ry Pry @k, —10610" Piy 2] L1 12
= [[PoQ<ky 15[ R0 Py @>k1 —10010" Py Q> —1502] || L1 12

< C||Ry Py, @3k —1001 1222 10" Py Qo ky —15¢2ll2202 < C27% ] 11Pui il sim-

i=1,2
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Next we distinguish between the following cases:

(1): Inputs microlocalized to the same half-space T >< 0. Assume w. 1. 0. g. that
this is the half-space 7 > 0. Then the modulation of the output is ~ 2¥1. We have
the decomposition

Po[Piy QL p, _10Ru1 Pi, QL 100" 2]
= Z PoQiy+01) [Pry sy QL _10Rvn

K1,2€K Ky —10, dist(k1,—ke)<2—k1+0O(1)

Pkg,m szl _108V¢2]-

Now we can use (5), as well as the definition of the S[k]:

|Po[Pr, QL _10Rv$1 Pr QL 100" 2]l v (o)
Z ||P0Qk1+0(1) [thm szlfloRu(él

k1,2€K g, —10,dist(k1,— ko) <27 k1 +OM)

Py s @, 100" 2]l -
0

1

1 _1
2 27

k
<0273t H || Pre; @158, -
i=1,2

(2): Both inputs microlocalized to different half-spaces. We may assume that the
modulation of the output is < 2¢. For assume the opposite, i. e. the output is at
modulation ~ 27, j > C. Then at least one of the inputs is at modulation > 27710,
For example, assume the first input satisfies this condition. Use the identity

POQj (R Py, Qj—10§.<k1—10¢1Pk2Q;k1—108V¢2]
= POQja”[RVPkl ij1og.<k1710¢lpkzszﬁw@]
- POQj [Dvilpkl Qj_log_qgl_10¢1Pk2Q2k1_10¢2]~

We estimate each of the terms on the right-hand side:

HPOQjau [RVPICI Q;—10§‘<k1710¢1P/€2Q;k1710¢2]||X—

0

i _
<027 ||RVPk1Qj710§.<k1710¢1HLfLi||Pk2Q<k1710¢2||L§°L§

<C27™m H || Pr; Dill (k.-

i=1,2

1 1
PR IR

This is more than enough. Similarly, we have
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|‘POQj[DvilpklQj710§.<k1710¢1P/€2Q2k1710¢2]HX—%,—%J

0
_i _ -
< C272||Oov 1P/€1Q;110§.<k1—10¢1HL%L%||Pk2Q<k1710¢2||L?°L§
i k
< (0273277 H || Py, D3l 1k, -

i=1,2

Having reduced the modulation of the output and the inputs, we now proceed to
expand the null-form. We need to estimate the following 3 terms:

(A): DP0Q<C[V‘lPklsz1710¢1Pk2Q<k1_10¢2}. Use theorem 3.1:

‘|DP0Q<C[vilplﬂszl_m(lslPkQszl_mébQ}||X7%,7%,1
0

< CllPoQ<c[V ™" Py, 1001 P, Q2 _1002]l

Xg
<027k H || Pr; Pil | sr,1 -

i=1,2

1
31

B): PoQ<c[V 1Py, Qcky—10001 Pr,Q<k, —1002]. Use lemma 2.1: We compute

|PoQ<c [V ™" Py Qs —100¢1 Pry Q <oy —1092) | N[0]

-5 Soli—k _
<270k N %0k 1Pk1QjD¢1HXé,7%,oe||Pk2Q<k1—10¢2HS[k2]
j<ki—10 1

< 270" IT 1P il lsiay-

i=1,2

(C): PoQ<c|[V 1Py, Qcry—10010Pk, Q <k, —10¢2]. This is estimated exactly like
the preceding term.

The third inequality: It follows from the more concise inequality

| P, Ryé1 Pey R $2l| 22 < C27° R0 Py 1| sty || Py 62| (82)

for suitable § > 0. This inequality is proved similarly to the preceding one and left
for the reader. [ ]
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4. TRILINEAR ESTIMATES

We commence with the following fairly simple estimates. They are (essentially) the
analogue for n = 3 of a more difficult estimate in [12]. The proof here is of course
much simpler:

Theorem 4.1. Let ¢;, 1 = 1, 2, 3, be Schwartz functions. Then we have the in-
equalities

|[Po[ Ry Py, 91 R” Py, 2 Pr; @3]|| nio]
3
S 02_61‘k1_k2|262 min{kg—max{kl,kg},0}2—63|k3\ H HPk; ¢7{| |S[k;},
=1
|| Po[V ™" (00 Pr, 1 RY Py 2) Pry 03]l (o)

3
S 62761‘k17k2|262 min{kgfmax{kl,kz},0}2753|k3\ H |‘Pk¢1| |S[k},
i=1

for appropriate 6; > 0,1 =1,2,3.

Proof We prove the 2nd inequality, as the first is proved similarly.

(A): High-High interactions: Po[V ™" Py, 0(1)(0y Py, 91 RY Py, d2) Pr, @3], ks > 10.
We further distinguish between the following cases:

(A.1): k1 = ko + O(1). Use theorem 3.3 as well as lemma 2.1:

|1 Po[V ™! Py, +0(1) (00 Py 1 R Pryd2) Py 03] || v(o)
< 0273 || Py 01y (00 Pry 91 RY Pry $2) || N1y +0(1)) | Prs 83| 5(ks)

3
< 02—51k3252(k3—k1) H ‘|Pk1¢l||s[k1]

i=1

(A.2): ky = ks +0O(1), —k1 < ko < k; +O(1). This is handled like the preceding
case. One incurs an inessential logarithmic loss Clk;|.

(A.3): ky < —ky. We need to distinguish between different cases involving modu-
lations:

(A.3.1): Py, 0,01 at modulation > 2*2: note that provided p > 4, using Bernstein’s
inequality (7)
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HPO{V?lPkSﬁ-O(l)(Pkl szzaV(blRVszd)?)Pkad)?)”|L%Lg
< C27" | Py Q21001 || 122 || R Py 2| 1 oo || g 3|t 2

ko 3p—12

k
< G272 ST TPk il sih-

This is acceptable provided p > 4 is small enough.

(A.3.2): Py, 2 at modulation > Qkatuky >0, Py, 91 at modulation < k2
is similar to the preceding term:

1Po[V ™" Peyt0(1) (Pity Q <y Oy 01 R Py Q> ky iy @2) Prs 03] 11 12
< OlPry Q<rs Ol La || Pry 3l | Lo 12 || RY Py Q> kgt puter G2 2 110

3
< c23 2~ [ IIPu.éillsiws

i=1

where we let % + ﬁ = %, and p > 4 is sufficiently close to 4.

25

. This

(A.3.3): Having reduced the modulations, we can now expand the null-structure.

We need to estimate the following terms:

(I): PO[V_lD(V_lPk2Q<k2+#k1¢2Pk1Q<kqu1)Pk3¢3]. Observe that (,) is at mod-

ulation 2k2+#F1+O0(1)  Now use lemma 2.1, theorem 3.2:

HPO [V_l‘:‘(v_lpsz<k2+uk1 ¢2Pk:1 Q<k2¢1)Pk3¢3]||N[O]

<C Z [Po[V'0Q; (V™ Pry Q< kgt iy 92 Piey @ <2 $1) Prs 831 v 0]

Jj<ka+pki1+O(1)

<C Z 200 =k1) H |[Pre; §ill 5111 -

Jj<ko+pki1+0O(1)

This is acceptable provided p < 1.

(IT): Po[V YV Py Q <koyt jiker 92 Prey Q <k, O¢01) Proy 93] As before let p > 4.
we estimate

1Po[V (V™ Py Q<o ks 02 Py Q <y D01) Pry 03] || 12 12
< 27| Phy Qer, D1 [ 1212 |1V ™ Pry Q< ks D2 £ oo || Py 03| 11

3

3p—12 1 ko

< Cp2( Ip 2)k12 Z H ||Pkl¢z”5'[k7]
i=1

Then
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Now choose p close enough to 4.

(I11): Po[V (VT OPs, Q< byt jiky P2 Py @<k 1) Py $3]. Choose p > 4 and M with
the property 1% + % = % Then we estimate

[Po[V (V™ OPry Q <y ik 2Py @<y 1) Py 03]l 11 12
< 27|V 0P, Qr ks D[ 22037 Pry Qs @1 Lo L | Py 83| 12

3p—

< Cp2(%7%)k22%k12k1( F2-1) H HPM@HSU«]-

The desired estimate follows again easily from this.

(B): Low-High interactions: Po[V~'P<15(0, Py, 01 RY Prydh2) Py d3], —10 < k3 <
10.

(B.1): High-High/Low-High interactions within (,): k3 < ko + O(1). We use
lemma 2.2 as well as theorem 3.3:

|| Po[V ™ P15 (9 Py $1 R Pryd2) Py 83| v(o)
< > IPIVT POy Pry 61 RY Py 62) Pry 03] v (o)

k<k240(1)
3
<C Z 90(k—k2)gk1—ka H [ Pre; &3l sk
k<kz+0O(1) i=1

This yields the claim of the theorem.

(B.2): ky << k1. We need to reduce the modulations:

(B.2.1): Py, ¢2 at modulation > 2%2: let % + & =1

|Po[V ™" P<15(0y Pry 1 RY Pry Q>ky $2) Pry 03]l 11 12
< C27"||RY Py Q> k02| | 12100100 Pry 01| 13 12| | Pry b3l a2

< 023t HHPki‘ZSiHS[ki]'



NULL-FORM ESTIMATES AND NONLINEAR WAVES 27

(B.2.2): Py, ¢2 at modulation < 2%2| Py ¢; at modulation > 2*2. This is handled
like the previous case.

(B.2.3): Expand the null-form. The following terms need to be estimated:

(D): Po[V1O(Py, Qey 1V Py Q< ky2) Py b3). Use lemma 2.2 as well as theo-
rem 3.2:

1Po[V ™ O(Pry Qs 01V Proy Q<o 02) Py 83| v (0]

< Z [[Po[V'0Q; (Pry, Q< 1V ™ Py Q <y $2) Py 83| (0]
j<ka1O(1)

<C Z 26(]'7]61)||v71DQ]‘(Pk1Q<k2¢1v71szQ<kz¢2)||Xl L oo || Prs 831[ 5ka)

2'7 2
j<ka+O(1) ki+o)

3
<c > 220 RITTIP billspe-
=1

j<ka+0O(1)

(IT): Po[V™ (P Q<r, 001V 1 Py, Q <y $2) Pry d3]. Use Strichartz type norms, p >
4:

[PV (Pr, Qi Bt V™ Pry Q< $2) Pry @3] | 1 12
< C27M| Py Qery D91l 211 [V 7 Py Qs b2l | 1 oo || Py 03| a2

3
k
< 027 27 2% [[|1Pu il spu.
=1

(II1): Py[V (P, Q<ty 1V Py Q <1y O¢p2) Pry @3], This is more of the same and
left out.

(C): High-Low interactions: Py[V~1Ps_15(0, P, ¢1 R Pryd2) Pr,d3], k3 < —10.
They are easier to treat than the preceding since V! falls on a high frequency
term. We leave this for the reader. ]

The next theorem is the crucial trilinear null-form estimate needed for the treatment
of Wave Maps in 3 + 1 dimensions. It is significantly more sophisticated than the
preceding estimate, on account of the more delicate nature of low-high interactions.

Theorem 4.2. Let ¢;,1 = 1, 2, 3, be Schwartz functions on R3t1. Then the fol-
lowing inequality holds true:
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3
1Po[>  AT'0;(Ry Py, $1R; Pry 2 — R; P, 1 Ry Pry $2)0” Pry 63| | v o

=1
3
< 02751‘k17k2|252 min{k‘gfmax{kl,kg},0}2753\k3| H ||Pk ¢z||s[k]
i=1

for appropriate constants 6; > 0,1 =1,2,3.

Before beginning with the proof, we state the following elementary lemma:

Lemma 4.3. Let f,g,h be Schwartz functions. Then we have

3
2> AT'0[R,fRig — R;fR,g]0"h
j=1
3 3
O[A0;[V ' fRiglh] = > OAT0;[V " fR;glh
j=1 j=1 (15)
3
= AT [VTHfRgIOh — VT FO((V T g)h)
j=1
+ VOV igh+ VLHf(Vg)Oh.
Proof : Use the identities
—1 —1
R,fRjg— R;jfR,g=0,(v/—-A fRjg) —9;(v/—L  fR.g),
20, f0"g = 0O(fg) —Ofg— fOg.
]

Now we begin with the proof of the theorem:

Proof : As usual, the proof is of a fairly mechanical nature. The idea is as in the
proof of previous estimates to reduce the modulations of the inputs sufficiently in
order to be able to take advantage of the inherent null-structure (15). We distin-
guish between Low-High, High-High as well as High-Low interactions.

(A): Low-High interactions. k3 € [—10,10]. It is the most difficult case, on ac-
count of the fact that the V~! operator falls on a low-frequency term. We further
distinguish between Low-High, High-Low, High-High interactions within (,):
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(A.1): ky < ko —10. We commence by reducing the output as well as the third
input Py,0” ¢3 to modulation < 2+2~100;

(A.1.1): Output at modulation > 2¥2~190 Use theorem 3.2:

3
1PoQxks—1000> A7 0;(Ry Pry$1R; Pry b2 — R; Py, 1 Ry Pry$2)0" Pry 3]l | v o
=1

3
< [|Po@xks—100[Y_ A0 (Ry Py ¢1 R, Py s — R;j Py 01 Ry Py 92)0" Py O3l 3 -3,

i=1 °

3
k
< C27F 27" Y "Ry Py, ¢1 R Pryd2 — RjPry 1Ry P b2 12 1 ||0” Pry 83| 3o 1.2
j=1

lk1—

3
<Cc2 = H||Pki¢i\|s[ki]~
1=1

(A.1.2): Output at modulation < 2*27100 P 9" ¢3 at modulation > 2F2=100: Ag
in the preceding proofs, we usually place inputs which are ’far away from the light
cone’ into L?L2, using the X2:3°° component of S[k]. Then we use theorem 3.1
or theorem 3.2:

3
|\P0Q<k2—100[z AT'0;(Ry Py, 1 R; Py o — Rj Py, 1 Ry Pry2)

j:l
0" Py Q>ky—10093]| v 0]

3
< |[PoQ<rs—100[D_ ATH0;(Ry Py 61 R; Pay b — Ry Pry 61 Ry Pry2)
=1
0" Pr, Q>ky—10003]| |L}H’%

3
< 027k Z ||[Ry Py, 1R Py, d2 — RjPry 1 Ry Pry 2|2 oo
=
110" Py @>ko—10093| 212

lky—

3

1=kl

z H || Pr; b3l 51 -
i=1

<C2”

(A.1.3): Output and third input at modulation < 2¥2=1°0 Part of null-structure

becomes useful.
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We now use the simple identity

-

AT'9;[R,fRjg — RjfR,g)0"h
1

M 5

3
O[AT 9,V fRglh] = > OAT'9;[V ™" fR;g]h
j=1

j=1

3
=Y ATV fRg]Oh — 2R, fV 90" h.
j=1

We substitute the appropriately microlocalized inputs and begin by estimating the
first three terms on the right-hand side of the preceding expansion. The reductions
of the modulations effected thus far turn out to be sufficient for that purpose. The
fourth term on the other hand will turn out to be more complicated and requires
further modulation reductions before we can take advantage of its null-structure:

(A.1.3.a):

3

[[OPyQ <k, —100 [Z AT (P, Rj 1V ™' Pryd2) Pry Q<iky—10093] v o]
=1

< [|0PyQ <y —100[A 10 (Pi, Rj01V ™ Proy2) Pry Q <1y — 10093 |X’

Jj=1

=}

k

<C27 ||A_1aj(Pkle¢1v_1sz¢2>||L§Lf;°||Pk3Q<k27100¢3||L;’°L£

3
k1 —kol
<c2 7 [Pk dill sk,

i=1

(A.1.3.b):

3
1PoQ<ka—100[>  AT0;0(Pr, Rjh1 V™" Piyd2) Pry Q<ka—10083] || vi0)
=1

3
< Y PQaks-1000> | AT 0;0Qr(Pry Rj1 V" Pryd2) Py @<y —10083]l v (0)-
r<kz+0O(1) j=1

Unfortunately, the operator PyQ <, 100 is not disposable'?, and we have to get rid
of it before we can estimate the preceding term. We simply decompose

12Recall that this means that it is not given by convolution with a kernel of L-mass < O(1).
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3
HPOQ<k2—1OO[Z AT'0,0Qr (Pry Rjd1V ™' Proyd2) Pry Q <y —10093) || w0

j=1
3
<||Po[Y | AT 0;0Q0 (Pi, Rj1 V™" Py o) Pry 3]l v
j=1
3
+ ||P0sz2—1oo[z AT'0;,0Q, (Pry, Rjd1V ™" Py d2) Pry 03]l Nio)
j=1
3
+ ||P0Q<k2—100[z AT'0;0Q, (P, Rjd1V ™" Pry¢2) Py Q> ky—10083) | w0 -
j=1

The 2nd and third summand on the right-hand side of the immediately preceding
equality are of course estimated like (A.1.1), (A.1.2), hence we need to focus on
the first. Use lemma 2.1, as well as theorem 3.2:

3
Z || Po [Z AT9;0Q (P, Rjp1V ™" Proyd2) Pry d3]| o)

r<ks+0(1) j=1

3
<Cc Y Z26(T_k2)|\DQT(Pkle¢1V_1Pk2¢2)||X71 3 oo || P @3] | 5(ks]

373
r<ka+0(1) j=1 ;
3
<C Z 26(r—7€2)2’€1_k2H||Pki¢i||3[ki]'
r<kz+O(1) =

This is of the desired form.

(A.1.3.c):

3
‘|P0Q<k27100[z A0 (P, Rj1 V™! Proy¢2) Pioy Q< 1y —100003] || N o)

=1
3
< ||POQ<I€27100[Z AT (Pyy Rj1V ™ Pry2) Pry Q@ <y —100063] |

.
LIH™ 2
Jj=1

3
<CIY AT (Pry RtV Payd2)ll 12 || Py @ <hs—100003] | 1212
j=1

k1—ko
Z

3
<02 11116l s -
=1
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(A.1.3.d):

PoQ<ry—100[ Ry Py 01V ' Pry 020" Py Q <y —100 93]

This term is more complicated since the modulation reductions(i.e. the operators
Q@ <k,—100) are not sufficient to obtain an exponential gain in the difference k1 — ko.
We shall indeed abolish these operators and state what we want to prove as a
separate lemma:

Lemma 4.4. Let ¢;, i =1, 2, 3, be Schwartz functions. Also, let k;, i =1, 2, 3, be
as in the preceding. Then the following inequality holds:

3
|| Po[Ry Pry $1V ™" Pry 620" Pry 03] vio) < C2°F =52 TT 1 P, il s

i=1

for suitable 6 > 0.

Remark: The case (A.1.3.d) is then handled by means of the simple observation

[|PoQ>ky—100[Ro Py 91V ! Pioy 920" Proy Q <y —10003] | |X

0
k2 _
< C27 % ||Ry Py 1| L3150 | [V Pry @2l 13 1.50110” Pry @<kr—10003] | L3o 12

3(k1—k2)
1

3
H|\Pki¢i||5[ki],

i=1

<C2

as well as a similar inequality getting rid of the @<k, —100 in front of the third input.
Proof of the lemma: We need to reduce the modulations of P, 1¢; as well as

Py, ¢3 to size < 2k1+0(M) hefore being able to take advantage of the inherent Qg
null-structure. We shall achieve this in a stepwise fashion:

a): P, ¢1 at modulation in the range [2F11100 2k2+100] " P 6o at modulation
1 3
< 271%%modulation( Py, ¢1)-

We represent this case as follows:

> Py[R,, Py Qrd1 V™" Pr, $20” Piy Q< —10005]
ka+100>7>k; +100
= Z Po[Qrt0(1)(RyPr, Qr$10” Pry Q<r—100¢3)V " Pry $2].
ko +100>7>k1+100

The last term calls for application of lemma 2.1:
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| Z Po[Qrro(1) (R Py Qron

k2 +100>7>k1 +100
8" Py Q<r-10003)V ™" P, 0] | (o)
< > 2 *|Q, 4 o1 (R Pr, Qréhn
k2 +100>7> k1 +100
3VPk3Q<r7100¢3)||X%,7%,m\|Pk2¢2\|5[k2]
k3
<C Z 20(r=k2)3=% Ry Py, Qr 1|2
ka-+100>7>k1+100

10" Prey Q<r—10003|| Lo 12 || Py $2| (k2]

3
<C > 21720k TT| Py, il s e

k2+100>7r>k1+100 i=1

The last sum can be easily carried out to obtain the desired estimate.

(b): Py, ¢1 has modulation in the range [2k1+100 2k2+100] " Py o3 has modulation
in the range
[2719modulation( Py, ¢1), 252190, Py, ¢ha at modulation < 21 modulation( Py, ¢1).

We group the terms differently for application of lemma 2.1:

| > > Po[Ry P, Qr 1 V™' P Q<r—100020" Piy Qus]| | v o)
k2+100>7>k1 4100 ky+100>a>7—100
< > > C2°F)|Q, 101y Ve Ry Pr, Qo

k2+100>r>k1+100 k2+100>a>r—100

V! Pry Q <r—10092) || s{ea) | | Prs Qa0 03] |X%"%’
k3

Now we use the basic inequality(cf. section 2)
[[PeQ<r®llsir) < ClIPel] .

11
2°2°
X

Therefore

1Qr+0(1)Va Ry Pry Qr 1V ™ Py Q< —10092] | 8[ka]

v, 3k _
< (025277 ||Ry Py, Qrn || L2 o | Phy Q<r 100V ™ 2| Lo 12
< C2"||Pry 1| 571 || iy 2| 571 -

We conclude that

oo *



34 JOACHIM KRIEGER

| > Y. P[RPLQeon

k2 -+100>7>k; +100 ka+100>a>r—100
—1
V7 Pr,Q<r—1009020" Py Qa3 No)

3
< | Z Z C2k1—agd(a—ks) H HPkl(szS[kJ

k2+100>7>k1 +100 kz+100>a>r—100 i=1

3
S _
< c2: 0 R T P il s -

i=1

(c): Py, ¢1 has modulation in the range [2F11100 2k2+100] D o3 has modulation in
the range [2~%%modulation( Py, ¢1), 2821190 Py, ¢o at modulation
> 2719%modulation( Py, ¢1)-

We estimate this contribution as follows, by means of the improved Bernstein’s
inequality (8):

I Z Z Po[Ry P, Qr 1 V™ Pry Q020" Pr, Qry100>.>r—10093] || v (0]
k2 +100>7> k1 +100 a>r—100
< Z Z C||Ry P, Q|| 2 Lo ||V Pry Qaa| |2 Lo

ko +100>r>k1 +100 a>r—100

<C Z Z 9-59- "3 9% gmin{

ko +100>r>k1 +100 a>r—100

[0 Pry Qpt100>.>r 10003 Loo L2

a

—k k 3k
272 09=59-5 975" 9~k

3
11112k il s
=1

k1 —
2

3
ko
+ H || Pr, Dill i) -
i=1

<(C2

(d): Py, é1 at modulation in the range [2k1+100 2k2+100) " P 4o at modulation
> 2k2F100 We estimate

I Z Po[RyPklQr¢1V*1Pk2¢28”Pk3Q>k2+100¢3}||L,}Lg
ka+100>7>k1+100
< Z CHRVPleMblHLfL;O||v_1Pk2¢2||L§°Lgo||8VP;€3Q>;€2+100¢3HL%L§
k2+100>7>k1+100

r__ ko
< Z c2Mem H\|Pk1¢i||5[m]~

ka+100>7>k1+100
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Of course this yields the required inequality.

(e): Py, ¢1 at modulation > 2¥2F100 at least one of P,V ¢a, Py, b3 at modula-
tion > 2F2~100  This is treated like the preceding case and left out.

£): Py ¢1 at modulation > 2K21190  poth P V¢ and Py, ¢s at modulation
1 2 3
< 2k2=100 " We have the identity

> Po[RPy,Qré1V T PryQery—100620” Py @ <ks—10063)

r>ko+100

= Y PoQriom)|RuPe, Qrd1V ' Py Qhy—100020" Py Q <y 10063
r>k3+100

Therefore, we can estimate

I Z Po[Ry Py, Qr 1V ™ Pry Q <y —100620" Pry Q <y —10093) || w0
r>kz+100

<C Z 2732

r>k2+100

Ry Py, Qrd1l 131501V ™ Pry Qeiy 10002 |20 20
10" Pry Q<ky—10003|| L5o L2

3
< C2ki—k: H || Pr; b3l sk, -
i=1

(g): Pp,#1 at modulation < 2811190, Before expanding the null-structure, we also
need to reduce the high-frequency term Py, ¢3 to modulation < 2%1:

|| Po[Ry Pisy Q< iy 410061V ™" Proy 20" Pioy Q> 1, 61| v (o)
< C||Ry Pr, Q<iy 410001 || L3150 [V Py 92| | L 100 0¥ Pry @k, 6111 L2 2

3
1117 6illsie.-

i=1

ki —kg
1

<C2

We can now expand the null-structure. The following three terms need to be
estimated:

(g.1): Po[O(V 1Py, Qcky+10001 Py Q <ty $3)V 1 Pry2]: Use lemma 2.1 as well as
theorem 3.2.
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1P [O(V ™ Pry Qiey 410001 Py Q< ey #3)V ™ Py d2]| v 0]
= |Po[OQ <, +0(1) (V™" Py Q< 410001 Pry Q< #3)V ™" Pry 2] (o)
<c > ‘|DQj(V_1Pk1Q<k1+100¢1pk3Q<k1¢3)||X%,7%,oo||Pk2¢2||s[k2]

j<ki1+0O(1) "
3
<C Z 200 —k2) H || Pr; Bill 5111 -
j<k1+0(1) i=1

Of course this is acceptable.

(8-2): Py[V ' Pr,Qery 410001 Py Q<iey D3V 1 Pr, 2]: Use theorem 3.2:

[Po[V ™! Py Q <y +10001 Py Q <k, 03V ™' Pry 2] | npo)
< OV P, Qery 410001 || 150 [V Py ol L oo || Py @iy Obs | L2 12

3
11116l s -
=1

k1—ko
P

<C2

(g:3): Po[V 1Py, Q<ky 1100001 Pry Q <, #3V 1 Py, #2]: Use theorem 3.2 and Bern-
stein’s inequality (7):

| Po[V ™! Py, Q <y +100061 Pioy Q< iy #3V ™" Pry d2] || o)
< OV iy Qi +1000¢1 ] 12 pa- [V Pry G2l 1 oo || Prog Qs B3l a2+

3
3k k
<C2m2 Tt H || Pr; Pil | sr,1-

i=1

This completes the proof of the lemma, and hence of Case (A.1). [ |

(A.2): |ky — k2| < O(1). Thus this case corresponds to a high-high interaction
within (, ), and can be rewritten as

3

> Po[Y A0, Pe(Ry Pry$1R; Pryda — R Py 1 Ry Py 62) Py 0 63
k<min{k;+0(1),0(1)}  j=1

We want to proceed in analogy to the case (A.1), by first reducing output and
input Py,%3 to small modulation (in this case modulation < 2¥~100) where k <
min{k; + O(1),0(1)} is held fixed. Since we are eventually summing over k, we
want to obtain an exponential gain in the difference k — k.
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(A.2.1): Output has modulation in the range [28=100 2k1+1001 " Py 62 at modulation

< 2%, Freeze the modulation of the output to dyadic size 2!, I € [k — 100, k1 + 100].
Note that our assumptions force (,) to be at modulation < 21791, We shall exploit

the crude identity
Ryd)ij — R]¢RD1/) = vx,tvil(vildﬂ/))'

Therefore, we have

3
I > PoQu[Y _ P ST 05(Ry Py 1 Ry Py 2

k—100<1<k1+100 =
— Rj Py, ¢1R, Py, $2) Py Q <1:0” 03] || njo)
3
<l > Po@u> | PsT'0;Q 1001y (Ry P, 1 R; Piy 2
k—100<1<k; +100 =1

— R;j Py, ¢1 R, Py, 2) Py, Q <1:0” 93] || njo)
<C Z 2_%2l_k||Vx,tv_1pk1¢1v_lpk2¢2||Lng°HPk3Q<ka”¢3||LfCL§

k—100<1<k1+100

3
—k
> [Pk dillspe-

i=1

(A.2.2): Output has modulation in the range [28=100 2k1+1001 "B 4. at modula-
tion > 2F. This is easier and estimated by placing (,) into L L2 while placing
Pngde)S into L%L%

[ PleZPk AT'0;(Ry Py, ¢1 R Pry 6o
k—100<I<k1 +100 =1
— R;j Py, ¢1 R, Py, $2) Pry Q10" 93] || nio]

<C > ||Zpk ATY0,(R, Py, 61 Rj Py b2

k—100<I<k; +100
— R;j Py, p1Ry Py $2) || Lgo Lo || Py @>10" 93 1212

3
< O2k—k H || Pr; b3l 5111 -

i=1

(A.2.3): Output at modulation > 2k +190 P ¢ at modulation
< 2709modulation(output). Let the modulation be frozen at dyadic value 2!, 1 >
k1 + 100. Then at least one input of (,) needs to be at modulation > 2!=10 One

.11
places this input into L?L2, and the whole output into X, 2 2 . For example, we
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have
3
Y. RQD ARy Pr,Q1-1061 R Pry 2) Pry Q<1 -10083]l v (o)
1>k1+100 =1
3 3 3
< > 222*522’“*%’%1 1T11Ps ¢illsiw < C22F T 1Px, &4l sk -

I>k1+100 j=1 i=1 i=1

(A.2.4.): Output at modulation > 2K1+190 P és at modulation
> 27190modulation(output). Place the output, assumed at modulation 2!, 1 >

L1 1
k1 + 100, into X, 27 2! and Py, Q>i_100¢3 into L?L2.

(A.2.5): Output at modulation < 257100 Py s at modulation > 28190 Agsume
Py, $3 to be at modulation ~ 2!, 1 > k + 100. This forces (,) to be at modulation
~ 240 Now one uses the simple inequality

|PeQiV ™" (Ry Pi, $R; Py, 2 — R Pry $Ry Proy2)|| 12 o
< 0252° 7277 [ |1Pudillsina-

i=1,2

(A.2.6): Output at modulation < 2190 Py ¢ at modulation < 2F+100. This
entails that (,) is at modulation < 2579 as well. One can now expand the null-

structure (15) as in the preceding case (A.1), and concludes in the same way. This
finishes (A).

(B): High-High interactions. k3 > 10. We shall again take advantage of the
null-form, but in a more crude fashion than before. In particular, we shall reduce
this case to an already known trilinear estimate.

(B.1): Py, 0"¢3 at modulation > 2. Simply place this input into L?L2, and use
theorem 3.2.

(B.2): Output at modulation > 1, Py,0"$3 at modulation < 2¥2. Place the output
1

. -1 -1
into X, > *7", and use theorem 3.2.

(B.3): Output at modulation < 1, Py,,0"¢3 at modulation < 2¥3. Assume w. 1. o.
g. that k1 > ko, whence k3 < k1 + O(1). We use the simple inequality
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3
||P0Q<0[Z A0, (R, Pry 1 R Pry 2 — Rj Py, 1 Ry Pry $2)0” Pry Q <y 03] | N (0]

Jj=1

3
< HP0Q<0[Z AT'0;0, (R Py 2V ™" Py 01)0” Piy Q <1y &3] (o)

=1

3
+ |\P0Q<o[z Ry Py, 2V " Pryy 61 Pry Q <1y 0 63)| [ v (0] -
j=1

Note that the (,) in the first summand on the right-hand side is at modulation
< 2ks+O()  Now use theorem 3.1, as well as theorem 3.3 for the first summand;
also, use theorem 4.1 for the 2nd summand. This concludes case (B).

(C): High-Low interactions. k3 < —10. This case is still simpler because V!
falls on a high-frequency term. It is therefore left out. This finishes the proof of
the theorem. [ |

5. A QUADRILINEAR ESTIMATE

Finally, we prove the following statement:

Theorem 5.1. Let ¢, i = 1,2, 3, 4, be Schwartz functions on R3*! satisfying
max; || Proi| s < Cer Yk € Z for a sufficiently flat frequency envelope {cy}. Then
we have the inequality

3
P[> AT'0;(AT 0;(Ry 1 Ria — Rig1 Ruh2) Rjh3) 0" s

i,j=1

3
— Z AT (AT (Rjd1 Ridy — Ri1 Rjda) Ryh3)0” dall o)

i,j=1
< CCO.

Remark: The preceding trilinear null-form estimate implies a similar statement.
Conversely, the immediately preceding inequality follows implicitly from a state-
ment like the one of the trilinear null-form estimates. We omit this more precise
form since it is obfuscating in this context.

Proof : We commence with low-high interactions, in the sense that 91, is at
frequency ~ 1. Thus we consider expressions
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3
Po[ Y AT'0(AT0,(Ry Py, 61 Ri Py ds — RiPiy 61 Ry Pry 62) Ry Py 63)0" P, 4

4,J=1

3
= 3 AT, (ATI0(R; P, 61 Ri Pey 62 — RiPr, 1R Py d2) Ry Piy 63)0" Pr, 4],

ij=1

where k4 € [-10,10]. W. 1. o. g. assume that k; > ks. We may furthermore
assume that k1 < —20. For if not, we decompose

3

Pyl Z AT, (AT0;(Ry Py 61 Ri Pry 2 — R Py, 1 Ry Py ¢2) R Py ¢3)0" P, 04
=1

=P > PNOPiéa+t > PyNO" Py, b4

k3<k—20<0 30>k+10>k3>k—20

+ Y PNO“Py,édl,

ks>k+10

where N = Aflaj(Aflﬁi(RqulgélRiPkQ(;ﬁg —Ripkl¢1RyPk2¢2)Rij3¢3). Each of
the three preceding summands is straightforward and can be estimated in L%H -3

For example, we have

1Pl D PuNO”Pidallize
ks<k—20<0

<C Y 27M|AT'0(R, P $1 RiPry o — RiPryd1 Ry Prydo)|| o
k3<k—20<0

[R; Pry @3l La oo 10" Prydall papa+

<C Z 2—k2k—k12k2;k1 274%2%@1_‘[”]3&@”3“%].
k3<k—20<0 i

It is now possible to sum over the indicated ranges of k;, k to obtain the desired
inequality. Similarly, we may assume that ks < —10, say. We next claim that we
may assume that ks < k1 + 10. If the opposite is the case, we may represent our
null-form schematically as

Po[vil(Rl/Pkld)lRiszqu - RiPkld)lRlIPk‘z¢2)vilpk3¢3aypk4¢4}
= Py[V Y (R Py, p1 Ri Pryp2 — Ri Py, 1R} Py 92)V ' Py, Ry 930" Pr, 4.

The 2nd term is straightforward to estimate on account of theorem 3.3, theorem 3.1.
For the first term, we reduce (P, V~'¢30" Py, $4) to modulation < 2k1+190 a5 fol-
lows: assume its modulation is of dyadic size ~ 2¢, I > ki + 100. Then either the
output is at comparable modulation, or else V~(R, Py, ¢1 R; Py, 2 — ...) is at least
at comparable modulation. In the former case, we estimate
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[1PoQiro) [V (R Py 01 Ri Pry b2 — Ri Py, 1 Ry Pry 02)
Qz(v_lpk3¢3aypk4¢4)]||X_%‘_%,1
ko—kq

< 02 s9k—H9" HHPk,idﬁiHS[ki]

on account of theorem 3.1, and this can be summed over [ > ki + 100 as well as k;
in the indicated ranges. In the latter case, we use the inequality

1Q1+00)V ™ (Ry Py, $1Ri Py b2 — RiPr, 1 Ry Pry $2)|| 12
< 02%2k1{l 2k2;k1 H HPk:I(blHS[kl]

i=1,2

Having reduced (V=1 Py, ¢30" Py, $4) to modulation < 281+190 and taking advan-
tage of the fact that k3 < —10, we may replace the term under consideration modulo
an easily controlled error term by

3
Po[z AT'0;(Ry Py, ¢1Ri Proy b2 — RiPry 1R, Proy$2)0” Q <y 1100 (V™" Proy$3Pr, 04)].

i=1

Then we can combine theorem 3.1 as well as theorem 4.2 to estimate:

3
1Po[> S AT 0:(Ry Py, ¢1 RiPry¢2 — Ri P, 61 Ry Pryh2)
1=1
9" Q <y +100(V ! Pioy 3P, 64)]| | 0]
< C25(k2_k1)||Q<k1+100(v_1pk3¢3pk4¢4)‘|XO%,%,1 H || Pr, &3l | sk:)
i=1,2

< 901 (ka—k1) 9d2 (k1 —ks) H || Pr, &3l | s -

This shows that we only need to consider the case k1 < —20,k3 < —10 and
ks < k1 4+ 10. We further observe that we may assume that the output as well
as the large frequency input Py, ¢4 are at modulation < 2*1: this is straightforward
and left for the reader. Now we invoke the following null-form identity:
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3
Z A_laj(A_lai(RuwlRin - Rﬂ/f1Ru¢2)Rj¢3)ay¢4

i,7=1

3
— > AT (ATIO(Rjh Ritby — Rytby Rjiba) Ruts) 0¥ by
i,j=1
j3

D[AT'0;(AT9;(V ™ 1 Ritba) Rjths )by

ij=1

3
— > ATRH(ATIO,(V Ty Rita) Rjths) Dty

— > O[ATI (AT 0,V by o) Rynhs ) oba

ij=1

3
= AT (VT W (R e Ryt — Rjtha Rutbs))0" s

j=1
3
— Z AT, (VT 1 Ritha) Rytp30” 4.
i=1

‘We substitute the appropriately microlocalized inputs. It is now entirely straightfor-
ward to estimate all terms on the right-hand side of the equality sign, using bilinear
estimates proved earlier, except possibly the fourth term in the case of high-high
interactions within the outer (,): More precisely, if we focus on the schematically
written term'3

Po[V ™YV 1Py, ¢1 Py 3R, Pry $2)0 Pi, 4],

then the only case not immediately covered by our earlier bilinear estimates is the
following:

> PV Pu(V T Py, 61 Pr, 83 Ry Pry $2)0 Pr, b,
k<k2—10
i. e. there is destructive resonance between Py, R, ¢ and (V*IPkld)lP;C3 ¢3). For
this case we observe that we have the identity
Pk(Rl/Pk2¢2(v71Pk1¢1Pk3¢3))
= > Pr(Ry Pry s, 92 Pry10(1),05 (V" Pry 01 Pry 03)).

w1,2€Kk_ky—10, dist(wr,—wy) <2k~ k2+01)
Now we observe the following simple consequence of (5)!%: Ve > 0 we have the

13We have omitted the localizers Q <k, here since they are unnecessary for this term.
14Argue as in the proof of theorem 3.3.
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inequality

.
10" Preyda Ry Pry o, $2|[ 212 < C.27% 20 h=h2) H || Pk, bill sk,
i=1,2

Also, we record the following consequences of the improved Bernstein’s inequality
as well as the honest Bernstein’s inequality, respectively:

1Pay +0(1),05 @5 (V" Py $1 Py 83) | 220 < C2° b

Hs[k 1
1=1,3
Pry+0(1) w2 Qi (V™" Pry 1 Py 93) | 2100 < C2F7 k2977 il s
1=1,3
whence interpolation yields Ve > 0 and suitable u(e) > 0
1 Pry0(1),00 Qi (V™" Prty b1 Prey 83)| 2 1
< O 2 —k2)9(1=)(k—k2)9 %32 o 11 ik,
i=1,3
More precisely, using Plancherel’s theorem and identical reasoning, we get
_ 1
(> Poromw@i(V " Py Pryds)l72)2
WeKk—kz 10
< C2HU—k (1= —ka)g 5 9 =T T |1 Py, ol sy,

i=1,3

Now we use the fact that the multiplier P, V1! is given by convolution with a kernel
a(.) of L'-mass ~ 27%. Thus we have the identity

Py[V ™' P(V ™' Py, ¢1 Proy 3Ry Proy $2)0” Pro, 04
= Z Po[V ™ Pe(Pry+0(1) s (V' Pry 91 Pry 03)

w1,2€Kk—ky—10, dist (w1, —wz) <2k~ k2+01)

RVsz,UJl ¢2)8DP]€4 ¢4]

= Z / a(y) Ty (Pry+0(1),0s (V" Pry 1 Pry 03)
R3

w1,2€Kk_ky—10, dist(wr,—wy) <2k~ k2+01)

RVPk)Q,wl ¢2)6DP]€4 ¢4]dy)

where T}, refers to the translation operator T, f(z) := f(z —y). We further use the
fact that T, and microlocalization commute to infer from the preceding that
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|Po[V ™" Pr(V ™" Py, 61 Py $3 Ry, Pry 92)0” Pry 4l L 2

<C >

w1,2€ Kk —ky—10, dist(w1,—wp) <2k ~k2+OM)
/3 ()| Pry40(1).00 Ty (V" Pry 01 Pry 03)|| 12 Loc || R Py o, Ty 920 Prya| 12 12 dy.
R

Now use Cauchy-Schwartz and the definition of the S[k], as well as the transla-
tion invariance of all Banach spaces used. We may also assume that Py, R, ¢2 and
V1P, 1 Py, b3 are at modulation < 2#2+9(1) ‘since the opposite cases are straight-
forward. From the previous estimates, we get

|Po[V = P(V ™! Pry 1 Py $3 Ry Pry 92)0" Prey G4l |11 12
< (,9—k92(1=)(k—ka)g2kag i~ 241 1112 il str)-

It is now straightforward to sum over the appropriate ranges of k, k;, ¢ = 1...4
to obtain the desired result. This completes the low-high case. The remaining
situations (k4 > 10, k4 < —10) are significantly simpler. For example, consider
high-high interactions in the sense that k4 > 10. The corresponding term can
be morally'® rewritten as

PolPeyy0(1) (V™ (Ry Py, ¢1R; Pry 2 — R; Pr, ¢1 Ry, Pry2) Pry ¢3) Pr, b4).

We decompose this as

Z Po[Pr,+0(1)(PeQuj(Pr, $1, Pry 2) Pry #3) Pr, 4]
k<ks—C

+ > PolPrto@ (PrQu;(Pi,é1, Pryé2) Pry¢3) P, b4]
ke[k4—C,k4+C]

+ Y PolPeyro()(PeQuj(Pry 61, Pryd2) Pry $3) Py 6a].
k>kqs—C

For example, the first sum is estimated by getting rid of the disposable multiplier
Py, +o0(1) (replacing Py, ¢3 by translates) and using theorem 3.1, theorem 3.2; one
needs to further distinguish between k <> 0. We leave the simple details for the
reader. The other terms are estimated similarly. [ ]
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