GLOBAL REGULARITY OF WAVE MAPS FROM R2?*! TO H2.
SMALL ENERGY

JOACHIM KRIEGER

ABSTRACT. We demonstrate that Wave Maps with smooth initial data and
small energy from R2%1 to the Lobatchevsky plane stay smooth globally in
time. Our method is similar to the one employed in [18]. However, the mul-
tilinear estimates required are considerably more involved and present novel
technical challenges. In particular, we shall have to work with a modification
of the functional analytic framework used in [30], [33], [18].

1. FORMULATION OF THE PROBLEM AND OVERVIEW.

Let (M, g) be a Riemannian manifold equipped with metric g = (g;;). Also, let
Rt n > 1, be the standard Minkowski space equipped with metric

(5”) = dlag(—l, ]., ey ].)

A classical Wave Map u from R"*! to (M, g) is a smooth map which is critical
with respect to the functional

u— < O, 0%u >4 do.
Rn+1 ’

The following notational conventions are used: do denotes the volume measure
associated with (0;;), Oat = us(0a) € TM, a =0,1,... ,n, and Einstein’s summa-
tion convention is in force.! Moreover, 0, = 5a58ﬁ . In local coordinates, u is seen
to satisfy the following conditions:

Ou’ + r;lkaauja“uk =0 (1)

where u = (u'), and I‘;,C are the Riemann-Christoffel symbols associated with the
metric g and the local coordinate system. We are interested in the
Cauchy problem associated with (1):

Given smooth initial data u[0] := (u(0), ;u(0)) : 0 x R? — M x TM at time t = 0,

IWe shall also use the convention Oy = O
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is there a Wave Map u(t, z) extending these globally in time?

To start with, we observe that the problem is supercritical with respect to the con-
served energy provided n > 2.2 Thus, one expects development of singularities for
'large initial data’. Blow-up examples are given for instance in [25], p. 102. Still, in
sync with the general philosophy developed by Klainerman e. g. in [7], one expects
existence of classical Wave Maps provided the initial data are smooth and small
in the critical Sobolev space H%. Moreover, for the energy critical case n = 2,
one hopes for existence of classical Wave Maps for arbitrary smooth data, provided
the target (M, g) is ’sufficiently nice’. Of particular importance is the following
conjecture of Klainerman, in light of its close connection to Einstein’s equations
under U(1)-symmetry? :

Conjecture (Klainerman): Let (H?, dg) be the standard hyperbolic plane. Then
classical Wave Maps originating on R?*! exist for arbitrary smooth initial data.

Furthermore, numerical evidence elaborated in [2] suggests development of singu-
larities for Wave Maps from R2*! to S2, provided the (smooth) data are sufficiently
large, even under certain symmetry assumptions (equivariance) on the Wave Map.
In this paper, we shall establish a partial result towards the conjecture stated above,
namely the following small data result:

Theorem 1.1. Let H? be the standard hyperbolic plane, consisting of all pairs of
clxzb—ri;dy2 )
smooth initial data (x, y)[0] : 0x R? — H? which are sufficiently small in the sense

that

real numbers {(x,y)ly > 0} equipped with the metric dg = Then, given

2

/W;quw[y])d <

for suitably small € > 0, there exists a classical Wave Map from R**! to H?
extending these globally in time.

This result is to be seen as a further step in a long sequence of developments, whose
high points are the following achievements:

2To define the energy, for example isometrically embed (M, g) into an ambient Euclidean
space using Nash’s embedding theorem, and put ||u||fq1 = >0 Jieconst [Oault, )|%do, where
|,| denotes Euclidean length. This is easily seen to be a well-defined quantity for classical Wave
Maps.

SEinstein’s equations in vacuo under U(1)-symmetry attain the form of a Wave Map originating
on a Lorentzian 2 + 1-manifold M to H2, coupled with an elliptic system driving the metric on
M. Our form of the Wave Maps problem is a highly simplified version.
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(1) The subcritical case for n > 2: strong local well-posedness of (1) in
H*, s > 2 by Klainerman-Machedon [9] and Klainerman-Selberg [13] .4

(2) The critical Besov case for n > 2: strong global well-posedness of (1) for
initial data small in the critical Besov space B2-! by Tataru [33].

(3) Global regularity for Wave Maps from R"*! n > 2 to S*, k > 1, pro-
vided the initial data are smooth and small in the critical Sobolev space
H? by Tao [29], [30].

(4) Extension of preceding result to the case n > 5 and more general targets
(boundedly parallelizable, compact) by Klainerman-Rodnianski [12].

(5) Massive simplification and extension of the previous case to n > 4 by
Shatah-Struwe [24].

6) Ill-posedness of the Cauchy problem in H®, s < Z by d’Ancona-Georgiev
2

[1].

Further developments include an alternative proof of (5) (in more restrictive for-
mulation) by Nahmod-Stefanov-Uhlenbeck [20]°, as well as extension of (5) to the
case n > 3 by the author in [17], [18], [19]. Also, a recent preprint by D.Tataru [34]
(which appeared when the research for this paper had been concluded) promises
to solve the small-data case for n > 2 and targets which can be uniformly iso-
metrically imbedded into some Euclidean space. This condition appears to fail for
the hyperbolic plane, as it would require at most polynomial growth of disc areas
with respect to their radius. Adding some comments on the above-listed devel-
opments, we observe that in (1) the crucial framework of X*° spaces in the
context of the wave equation was developed, and the null-structure of the
schematic type Qo(u,v) = 9,ud”v of the nonlinearity was exploited. This didn’t
suffice, however, to settle the critical case, and (2) involved further sophisticated
Banach spaces employing decompositions into travelling waves. These were
the main harmonic analysis ingredients that went into (3) (provided that n < 4; in
the case n > 4, Strichartz type spaces sufficed); the important additional features
of the work of Tao, however, were the use of an inherent Gauge freedom in the
problem, as well as sophisticated trilinear null-form estimates. Construction
of a suitable Gauge, in turn, depended upon taking advantage of a hidden skew-
symmetry in the equations, which attain the following form when the target is S*:

Ou = —udutd®u, u e S* ¢ RFFL
The ’skew-symmetry’ is evidenced by the equality®

4The problem for n = 1 is globally strongly well-posed in H', [5]. However, it is not well-posed
in the critical H2 [28].

5This team also recently announced the 3 + 1 case, provided the target is a symmetric space.

6The matrix (uBaqul — Bauut) occuring on the right-hand side is skew-symmetric.
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U0 u'0%u = (u0qu’ — Dquu’)0u.

The Gauge was used in order to eliminate those frequency interactions for which u
has the smallest of all occuring frequencies. In (4), the ’extrinsic formulation’ via
embedding the target isometrically was abandoned, and replaced by an ’intrinsic
approach’, parametrizing the Wave Map by means of variables {¢¢ }, which express
the derivatives of the Wave Map 0J,u, in terms of a global orthonormal frame
{e;} for TM, provided the latter is a trivial bundle: d,u = ¢’ e;. One then obtains
a first order system of equations of divergence-curl type for the ¢ , which in turn
lead to Wave equations of the schematic form

06 = 6V + ¢,

While the nonlinearity in the above is not amenable to estimation, Klainerman-
Rodnianski exploited a further skew-symmetry (hinging on the orthogonality of
the frame {e;}), as well as the introduction of a partial Coulomb Gauge (which
in turn takes advantage of the freedom in choosing the frame {e;}), in order to
modify the nonlinearity: more precisely, singling out the 'bad frequency interac-
tions’ in the nonlinearity®, they choose a Gauge which allows elimination of just
these. The remaining frequency interactions in the nonlinearity can then be esti-
mated by means of Strichartz type norms, provided n > 5, without invocation of
any null-structures (as in the ’high-dimensional” work [29] (n > 5) of Tao). In (5),
Shatah-Struwe observed that using a global Coulomb Gauge, one could imme-
diately modify the form of the equations schematically to the following:

0¢ =V~ (¢*) Ve

The nonlinearity here can be estimated for n > 4 by means of somewhat non-
standard Strichartz type estimates (involving Lorentz spaces), without further use
of microlocalization. A particularly transparent proof results. The previous work
of the author [17], [18], [19], combined this approach (global Coulomb Gauge) to-
gether with the functional analytic framework of Tataru and multilinear null-form
estimates of the type considered by Tao in [30], to settle the case n = 3. The null-
structure in turn was rendered visible by using the device of dynamic separation®,
exploiting a Hodge-type decomposition of the variables ¢!,. While the estimates
are messy, they are not as tough as the ones in [30] for the case n = 2, as the linear
theory is better in this somewhat higher dimensional setting.

In the present paper, we extend these investigations to the case n = 2 and tar-
get H2. While parts of the method appear to carry over to more general targets

"This was originally introduced in [3].

8Corresponding to the case when ¢ is at much lower frequency than V.

9This terminology was suggested by S. Klainerman; it was already used in a different (bilinear)
context in [11].
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(the cancellations we require stem from a quite general relation between Jacobi-
and Christoffel symbols!®), we prefer to stick to the present case on account of its
transparency. One expects to obtain the same result for targets of bounded geom-
etry, i. e. all covariant derivatives of the curvature tensor with respect to arbitrary
slowly varying unit vector fields need to be globally bounded!!. This would in par-
ticular encompass the hyperbolic plane as well as the class of targets considered
in Tataru’s recent preprint, and is possibly in some sense optimal. The nontrivial
additional difficulty has to do with the fact that in general, the intrinsic approach
no longer leads to an autonomous system, as is the case for the hyperbolic plane.
Our approach in this paper is to use the differentiated formulation of the Wave
Maps problem. As mentioned before, Wave Maps to the hyperbolic plane have the
pleasant property that going to the differentiated problem allows one to deduce an
autonomous system which no longer involves the actual Wave Map w. In particular,
one can avoid Moser type estimates. Also, the construction of a global Coulomb
Gauge a la Shatah-Struwe is simple and explicit, thanks to the fact that SO(2) is
abelian. This focuses the difficulty purely on the null-form estimates, which are
qualitatively distinct from the ones in [30], since we lose one degree of smoothness
for large frequencies. This is in marked contrast with Tataru’s recent approach,
which uses an embedded formulation of the problem, without going to the deriva-
tive:

Ou' = S%), (u)dou? 9°u”,

where S;k is the 2nd fundamental form of the isometric embedding into some Eu-
clidean space. Tataru demonstrates that on account of the fact that essentially the
same cancellation occurs here as for the sphere (S; w(W)0au’ = 0), one can rely on
the same Gauge construction and trilinear estimates as the ones in [30], provided
the target is uniformly isometrically embeddable into some Euclidean space. The
novelty of Tataru’s approach is thus more analytic, and in particular relies heavily
on Moser type estimates.

While the overall strategy in the present paper is quite similar to the one pursued
in [18], [17], we have to take into account additional structures in the nonlinear-
ity. These have to do with the elementary observation that ’Coulomb-Gauging’ the
#!, not only improves the resulting Wave equations, but also the underlying
divergence-curl system. This allows us to formulate the Wave Map system in
the form (8). We shall then use the device of dynamic separation to decompose
the nonlinearity into various null-forms and error terms, which are analyzed by
methods similarly to [30], [18]. As already mentioned, the main difference with
respect to [30] is that we work at the level of the derivative of the Wave Map.
This loss of smoothness forces us to modify the spaces employed in [30], [18], using
finer decompositions (’discs’ instead of ’angular sectors’) on the Fourier side, since
high-high frequency interactions become harder to analyze'2. The overall technical

1OLetting {e;} be an orthonormal frame as in the preceding discussion, and letting Ve, e =
F;kei, lej,en] = Cjkei, the identity we need is C;k = F;.k - F}; .

"More precisely, we need |Ve,Ve,...Ve, Rijri| < C provided |Ve,ej| < C and |ey| = 1.
Possibly it suffices to require this condition for only finitely many derivatives.

12T his was not necessary in 3+ 1 dimensions, since the linear theory provides better estimates.
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scheme underlying this paper is similar to the one introduced by Tao in [29], [30]:
we bootstrap the energies of the frequency localized pieces || PioL|| L2, k € Z on
every time slice t = const'®. Gaining global control over the distribution of en-
ergy amongst the frequencies then allows us to control some subcritical norm
[|6]| =, o > 0, which by means of the subcritical result (1) proves the Theorem 1.1.
Acknowledgments: The author would like to thank his Ph. D. advisor Sergiu
Klainerman for important advice and encouragement, as well as Kenji Nakanishi,
Igor Rodnianski, Terence Tao and Daniel Tataru for helpful discussions. He is also
indebted to the referee for pointing out errors and suggesting improvements for the
manuscript.

2. WAVE Maps To H?

We identify H? with the upper half-plane and standard metric as before. Choose
the orthonormal frame {e; 2} = {—y0x, —y0y}. We obtain a representation of the
derivatives of the Wave Map as follows:

Oau = E €.
i=1,2

Proceeding as in [12], [18], one deduces the following divergence-curl system,
provided u is a Wave Map:

0p%a — Oadh = badh — Dpda (2)
902 — 0ad? =0 3)
Dad™™ = — g™ (4)
Do ™™ = P9’ ()

We pass to complex notation and introduce the Coulomb Gauge:

1

o = b+ 1= (8h +igh)e S Tom %,
where A~ is given by convolution with the standard Green’s function on R2. One

13Pk denote standard Littlewood-Paley multipliers
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then easily verifies the fundamental divergence-curl system:

Oothp — Opthe = WA Y j(040F — W20)) — iha ATF D 05 (g0 — v3Y))

j=1,2 j=1,2 6)

D" =i AT Y T 05 (d — i) (7)

j=1,2

One deduces the following Wave Equations:

2
Othe =10 [Pa N> 050507 — v505]]

j=1
2

—i0° gAY 05 [ — )] (8)
j*l

+ i0a[thy A lza [ 7 — v r]].
j=1

As in [18], the nonlinearity here does not display an obvious null-structure. In order
to render it visible, we apply dynamic decomposition to the variables v, by
writing

2
wl/ = _Rz/ Z Rkwk + Xvs

k=1

where Ry := (vV/=24) 104, a = 0,1,2, is a Riesz type operator. Substituting the
"hyperbolic terms’ R, Zi:l Ry, into the right-hand side of (8) results in a trilin-
ear expression featuring a null-structure. On the other hand, substituting at least
one ’elliptic’ term y, yields quintilinear terms, upon noting that

Z 9;x; =0, (9)

=12

8iX11 - I/XZ — zwu - 81/#%’7 (10)

whence

2
Xo =i Y BATH Y AT (1] — i) — i AT (W] — jud)). W
i,j=1



8 JOACHIM KRIEGER

Indeed, one obtains expressions of the following schematic type:

VIV (VT @)V (@) (12)

VEVTHVTH VT (7)) (13)

The basic idea is that the quintilinear terms should be easier to estimate
than the trilinear ones, and should essentially be amenable to estimation
by means of Strichartz type norms. Unfortunately, this is strictly speaking
only true for the first quintilinear expression, and we have been unable to find
an elegant method for dealing with the second. The reason for this is that the
Strichartz type norms available to us (lemma 3.1, lemma 6.7) are just not quite good
enough for dealing with certain frequency interactions. Our way out of this is to
exploit a (somewhat cumbersome) null-structure via further dynamic separations,
and treat the expression similarly to the trilinear null-forms. Fortunately, we then
don’t have to take advantage of the same subtle cancellations as for the trilinear
expressions. The septilinear error terms generated by this procedure are finally
easy to estimate, essentially by means of Strichartz type norms.

3. TECHNICAL PREPARATIONS

We shall employ Banach spaces closely modelled upon the ones in [33], [30], [18].
First, we recall the homogeneous Besov analogues of the classical X *’-spaces of
Klainerman-Machedon: We introduce the Littlewood-Paley localizers P, which re-
strict frequency to dyadic size ~ 2%, k € Z. More precisely, choosing a smooth
nonnegative bump function mg(z) : R — R with support on % < x < 4 and satis-

fying

T
Zmo(fk) =1,z eRy,
keZ
we define for f(z) € S(R?) or f € S(R*), Pof(€) = mo(§)f(§)14. Similarly,
let Q;, j € Z microlocalize to dyadic distance ~ 27 from the light cone. Thus we put

LIl —I¢] |

5 )T 6).

@(77 5) = mO(

We usually denote the (space-time) Fourier transform on R2*! by and use (7, &)
as coordinates on the (space-time) Fourier side. For future reference, we also intro-
duce the multipliers jS, where

14More details are to be found in the fundamental work (23]



GLOBAL REGULARITY OF WAVE MAPS FROM R2?*! TO H2. SMALL ENERGY 9

U=l comyiir.c,

QEo(r, ) = mol

and Xxs0, X<o are, respectively, the Heaviside function localizing to the upper or
lower half-space 7 > 0, 7 < 0. Observe that for Schwartz functions ¢ € S(R?**!)
we have

Qv = QY+ Q.

We also have the obviously defined variants Q<~; etc. The quantity 27 will be
called modulation, a notation inherited from [30]. Now we put'®

161l 0 = 2253 1277]1Q; 81 32]%) 7

JEZ

We shall mostly need the versions corresponding to the triples (0, %, oo) and (0, %, 1).
Furthermore, we introduce the Banach spaces S[k, ] as in [30], [18]'®, where k € Z
indexes the frequency region, and x C S! is a small cap. These spaces consist of
three ingredients:

_k _1
[@llsk,n) = [19lleerz +27 2|67 2[|@] pwin] + [Pl NFA*[x)-

Here we let PW k] be the atomic Banach space whose atoms are Schwartz functions
¥ € S(R*T1!) with the property

Jw € mst|llpz po <1
Also, we define

||w||NFA[n]* = SupwéQndiSt(wa /f)||1/1||L°° L2 -

tw " Tw

We immediately observe that these definitions imply the following fundamental
bilinear inequality: assume 2x N 2k’ =. Then

1.k
K227

< IWlz27
[|6Y]|L2r2 < dist(k, &”)

11| spw,x) 1] s 7 - (14)

Furthermore, as in [30], [18], we note the following fundamental relation between
these new spaces and X*° type spaces just introduced : let ¢y € S(R?>T!). Then

I5For lots of information concerning X ¢ spaces in the subcritical context, consult [14].
16\We need to adjust the scaling properties, of course. These function spaces were in essence
invented by D. Tataru.
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we have

1PLQZ, 0 5,20 S|P

Xz, P (15)
Finally, the S|k, k] satisfy a crucial orthogonality property, see [33], [30] or also
[18]: Let 9., be a Schwartz function whose Fourier support is contained in an an-
gular sector k of radius r. Then, provided {w} is a finitely overlapping cover of x
by caps w of size 2!, | < logyr — 5, and we have chosen operators P, smoothly
microlocalizing to w and satisfying > Py .%x = Py, we have the inequality

1
1P0QEyvnllsong S O I1Pow@otsllFi0.0)? - (16)

With these ingredients in hand, we now construct the spaces S[k], k& € Z, which
are to hold the k-th frequency component of ¢ = (¢%): for each | € Z, | < —10,
choose a finitely overlapping covering K; of S* by caps & of diameter 2!, and such
that these coverings are uniformly finitely overlapping in [. Moreover, for every
such [, and A € Z with the property —10 > A > [, subdivide the angular sector
{€e R2||§—| € K, |¢| ~ 2F} into a finitely overlapping (uniformly in [, \) collection
C,,» of slabs R of width 2k+A Finally, let 0 < M < oo be a large positive number.
Then we define

bl =l 1 g+ 1AL IPRQADOY v

0
k

— ~ + 1
+sup sup sup AT D IPRQG el sn) - 17
+ 1<—10 —10>A>1 REK| REChpn

The operator P microlocalizes to the slab R € Cr,,» and is given by a multiplier
TrLR(|§|)a,€(%)7 where a,, : S' — R is a nonnegative smooth bump function sup-
ported on k, and such that we have the properties

Z a,{|51 :1|51, Z pR:Pky,.ﬂ,

rkEK; Reck,n,)\

the latter multiplier given by the symbol mo(g)aﬁ(%). The following crude es-

timate follows immediately from the definition and the preceding remarks: let
P € S(R*FL):

[[Potllsio) < [1Povllrzrz + |[Po0il|L2rz + || PoOibl| Lo 2 (18)

We also have

[[PoQ<0¥l|si0) S I[Povll

1
0,1
x02
0

1 (19)

The definition above is somewhat hard to digest, of course. The nature of these
spaces is really revealed by means of the bilinear estimates which they satisfy,
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one of the most pivotal of which is (14). Another manifestation of this ’bilinear
character’ is expressed by the following lemma, which is proved exactly as in [19],
in the 3-dimensional context (see also section 6, lemma 6.7):

Lemma 3.1. Let p > 4, q > 0 and ]% + i < i. Then for any v € S(R?*T1), we
have the inequality

[Poyllzrre S [P0l sqo)

Finally, for our bootstrap argument, we need the time-localized versions of these
spaces: given T' > 0, we thus define (as in [30], [18])

[Ylsik)(-T,7)xR2) := _  inf {1Pllspmp}
l=r,71=% (=7,

Here both 1, 15 are Schwartz functions. Given the complexity of the spaces, it is
not even clear that this family of norms depends continuously on the parameter
T. For this, we state the following lemma, whose proof follows a suggestion by D.
Tataru:

Lemma 3.2. Let ¢ € C°([~Ty, Tp] x R?), To > 0. Then the norms

[[Petb|| sik)((—1, 1) xR?)

depend continuously on T for Ty > T > 0.

Proof : Observe that the definition of S[k] can be extended to non-integral values
of k. Given T > 0, choose € very small. Put % = \. Then we have

| Pr) |l st (~T—e, 7+ xR2) = M| Prttogy UM Sk4A([=T, 7] x R2)
where we have put ¥, (¢, z) = ¥ (A, \x). Now we estimate

| IPetl k) (=T, T+ xR?) — PRl sky(—1, 71 x R2) |
<P sir)(— 7,11 xR2) — [ Prtlogy AU S[k410g, N/([-T,T)xR2) |
+ (A = || Prgtogy AN S[k4108, N (-T,T]xR?)
S Pt = Prsiog, x0a[0]l 22 + [IB(Prt) — Prtiog, x|l 11—
+ [ = || Prg1og, AN STk4108, N (=T,T]xR?)
Letting € — 0 whence A — 1 yields the claim. In the last inequality, we have used

the ’energy inequality’ (21) to be discussed below. Continuity at T = 0 follows
directly from the ’energy inequality’. ]

As insinuated in the first section, we shall not be able to place the (frequency lo-
calized) nonlinearity into the classical energy space L} H~! (which has the right
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scaling). We shall use spaces N[k|, k € Z, as well as time localized versions
N[k]([-T,T] x R?) for that purpose, which, up to minor wrinkles, are defined
in perfect analogy with [30], [18]: indeed, we let N[k] be the atomic Banach space
whose atoms are Schwartz functions F' € S(R**1), at frequency ~ 2%, as well as
satisfying one of the following properties:

(1) HFHLgH—l < 1 and F has modulation < 2k+100,
(2) F is at modulation ~ 27 and satisfies ||F||.z.2 < 259k,

(3) F satisfies ||FHX7%’71’2 < 1, and one can write F' = 9, F’ for some F’ €

k
S(R?*') with the property ||F”||pmp2 < 20=30% for M as in the defini-
tion of S[k].

(4) There exists an integer | < —10, and Schwartz functions F,, with Fourier
support in the region

{(r, O £7>0,||r] —|¢| |< 2F—2-100,

with the properties

1
F= Z F, (Z HF‘K”%\/FA[/-{])2 §2k

KREK, KEK;

In the last inequality, NF A[x] denotes the dual of NFA[x]* used in the
definition of S[k, k).

We immediately note the 2nd pivotal bilinear inequality, which is essentially dual
o (14): letting the notation and assumptions be like there, we have

K’ 1
27‘5"5

< 27|K|7
llpvllnrars) S dist(k, &')

ez e l19]|siwr wn (20)

Note that NF A[k] is the atomic Banach space whose atoms are Schwartz functions
F satisfying

1
—||F <1
dist(w,m)” ||L%ngw -
for some w ¢ 2x. We still need to tie the two classes of spaces N[k], S[k] or their
time-localized versions together by means of an energy inequality. This shall be
proved in an appendix, essentially as in [33], [30], and can be stated as follows!”:

17For the proof of lemma 3.2, we note that there is similar ’energy inequality’ without the
factor min{2*Tp, 1}7ﬁ provided N[k] is replaced by L} H~1.
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<

[ Pet)| st (1.1 xR2) S min{2*Tp, 1}~ || DPy|| v sy 7,7 xR2)

inf |
0<To<T
+  sup  ||[Putlto]llpe ] (21)
to€[—To,To]

The factor min{2*Ty, 1}_ﬁ is a technical nuisance due to the fact that time deriva-
tives are not controlled on individual time-slices, but only when ’averaged out’. As
we can restrict ourselves to kK = 0, it only plays a role for small Ty. The very
difficult fact that an inequality of this type holds for the kind of spaces considered
here is due originally to D. Tataru, but we shall mostly rely on a proof given by
Tao [30]. We close this section with two important inequalities which shall be used
constantly in the sequel. The first is the classical Bernstein’s inequality, which

states that for ¢ € S(R™), and R a measurable set, we have

IF 7 OrF @) pzre S IR #9212

Next, the improved Bernstein’s inequality of Tao [30], which is a Strichartz
type inequality in disguise, states that with the same notation and n > 2:

kn

kn ik
[[PrQj¥l|p2pee <272 2% | Peibl[r2r2- (22)

A8 dual version of this is

kn

kn ik
[[PeQj¥l| 22 S22 27 1 Petpll Lz -

Notational and semantic idiosyncrasies: We shall frequently have to consider
nested expressions of the schematic form

(b1 V™ (2 V™ ihgea])].

In these V! always refers to a linear combination of operators A~10, k = 1,2,
which act on frequency localized (Schwartz) functions in the obvious way!®. We
shall refer to 9;, 7 = 1,...4 as inputs and the whole expression as output?'.
Moreover, we shall frequently use the operator I = ), PrQ<x410 or obvious
variations. In an expression (¢1l121)s...), it is understood that I acts only on
the immediately following input . Our strategy for estimating a null-form ez-
pression shall often consist in first reducing its inputs as well as the output to
"hyperbolic microsupport’. For example, when we say “reduce Py, 11 to modulation

< 2% in the expression [Py, 1Py, ...]”, this means we estimate the expression
[Pr, Q>0t1 Pryt2 ... ]. Having achieved this estimation allows us to restrict our-
selves to estimating [Py, Q<at1Pr,t2 .. .]. In order to keep the expressions man-

ageable, we shall frequently omit subscripts and indices. The meaning will be clear

18The inequality is only optimal for n = 2, the case we need here. See for example [18].
19 hyus v—1 only acts on the spatial variables!
20We adopt this useful terminology from Tao’s work [30].
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from the context. Finally, we shall frequently use the following observation: let
k1 >> ko, and consider the expression

Vﬁl(P/ﬁwlszwQ) = VﬁlPMJrO(l)(P/ﬁlblszqﬁQ)'

In the last expression the operator V‘lPliro(l) is given by convolution with a
smooth kernel a(.) € S(R?) of L'-mass ~ 27%1, which means we can rewrite the
preceding, evaluated at (t,z) € R®>T! as

[ a0 P T (0) P Tl ).

In the preceding formula T, is the translation operator T, f(.) = f(. —y). We
also use the fact that translation and localization on the Fourier side commute.
When estimating an expression containing V~1(Py, ¢ Py,1)2), we can think of this
expression as a superposition of expressions arising for fixed y € R2. Using the
translation invariance of all Banach spaces as well as the triangle inequality, we
see that as far as estimates are concerned, we may replace V~1(Py, 11 Py,12) by
(V1 Py, 1 Pr,1p2) under the preceding assumptions on the frequencies. Simple
variations of this kind of reasoning shall be ubiquitous throughout the paper. For
example, we sometimes use the fact that operators of the form PyQ-ri10(1) are
given by convolution with an L!-bounded kernel in space-time, see e. g. [30].

4. PREPARING THE BOOTSTRAPPING: PART I

Following [29], [30], we introduce Tao’s concept of frequency envelope: we denote
a sequence of nonnegative numbers {c;}rez a frequency envelope provided there
exists a positive number ¢ > 0 with the property

a2l < o < ¢ 20100

Of particular relevance for us is the following kind of frequency envelope: take the
initial data 1(0) = (104 (0)), ¢ > 0, and form

ar = (Y277 P(0)][72) 2.
1€Z
The following Proposition is the heart of the paper:

Proposition 4.1. Let ¢ := {4, } be as in the preceding discussion. Given K > 0
sufficiently large, there exist o > 0, € > 0 sufficiently small, such that the following
holds: assume that for some T > 0, we have

[ Pebl|simy(-1.11xr2) < K, [[9(0)|[2 <.

Then, the first inequality holds with 5 instead.
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Proposition 4.1 implies Theorem 1.1: Finite speed of propagation allows us to
assume that the initial data are compactly supported. Assume that (=7,7T), T > 0
is a maximal interval of existence for the Wave Map. Lemma 3.2 and rapid de-
cay of the Fourier transformed components v, on any time slice in (=7, T) implies
that for any K > 0 sufficiently large, there exists some 7" € (0,7') with the property

sup ¢ || Petd||spu) (-1 77 xm2) = K
keZ

But this contradicts Proposition 4.1, so we conclude that there is some Ko > 0
with the property ||Pyy)|| sz, 1xr2) < Kock VI' € [0,T). From the definition
of {cx}, we infer that [[1)]|pec s (-1, 7]xR2) < 00 for 0 < 6 < o, where o is as in the
Proposition. Choose 61 2 with o > §; > d2 > 0. On every fixed time slice ¢ = const,
t e (=T,T), we compute

) 14 41
ledjuHH% = ||Pl[ezz:jA aj¢j7/}u]||H52
i AT ¢t
<||P[P<i_10(ef 32 3’¢”)P[z—lo,l+1o]1//u]||H52
i AT ¢l
+ [P [Pu-10,1410)(e 25 8700 P15 s

. —145 41
+ Y IBPU( ™27 ) P oyl
k>1410

(e' i A71834’;)

S Pi—1001100%u o2 + [1Pi-10,410] I 762 | P<i415%0 ||

, —14 1
+ Z || Pele’ 20 2 %9)|| yoa || Pego 1y ol e
k>1+10

Furthermore, we have the inequalities
. —15 41 —
[Vae' 2252259 |2 S 10l|z, [|Parristllie S 207 [0l
whence we conclude

1Pl sz S [1Prvoyd s + 20272 [l |1l g,

Square summing over [ > 0, we obtain a global bound on ||@||zs,. By the sub-
critical result of Klainerman-Machedon, we can continue the Wave Map beyond
[T, T], which contradicts the assumption.

We now commence with the proof of Proposition 4.1, which will occupy the rest
of the paper. By scaling invariance, we reduce to bootstrapping a single frequency
component || Pyt ||sjo)(—7,mxRr2), ¥ = 0,1,2. We first dispose of the case for small
T: Ty > T > 0 where Ty remains to be chosen. Observe that the divergence-curl
system and in particular (6) implies
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Hmmdz%w&JﬁA%@wWJw+AHMVWWM&MS

where the 2nd integrand is of course written schematically, ¢ = 1,2. We observe
that lemma 3.1 and the assumptions in Proposition 4.1 imply

1PV (W)l par 2 < CKPeo(Y k)

keZ

Using Hoelder’s inequality, we deduce that
Hpoi/fi(t, ')HL2 ,S 00(1 + KT + K3T17ﬁ)

Choosing K large enough and Ty small enough, we infer that

1Povil | Lge L2 (-1, 11xR2) < 100"

provided T € [0, Tp]. Again using Hoelder, one gets the same bound for
Povillr2r2 -7 T1xRr2)- Similarly, using the divergence-curl system, the same con-
t m([ I ]XR )
clusion follows for ||PyOsWil||r212, || PoOswi|| a2, provided we also choose c?
L2L2 LML2 keZ Ck

small enough. Now we build a Schwartz extension of Pyt;|ir ) as follows: first
choose a Schwartz function f;(t,z) extending Po0sts|ir, ) as well as satisfying

K
WPofillarz + [Pofill 2z < 100

which is possible according to the preceding considerations. Then we set
- t
di =, (ORts(0.2) + [ fis )
0

where 7, , Ty > Ty, is a smooth cutoff supported in [-2Ty, 271 with oz, ||_7, 7] = 1
and [|0ymr, (t)|| e < 277", Observe that

t
K, _
900, (6 [ filssa)dslozer < 55T eo
0

This yields that

t t
K
10 ®) [ fitssa)dslers + 10 ®) [ filsia)dslzae < oeo
0 0

The desired properties of ; follow from this if necessary replacing 10 by a bigger
factor to counteract the loss in (18). The claim for g follows similarly upon
invoking (7).
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5. PREPARING THE BOOTSTRAPPING; PART II

5.1. Preliminaries. Now we assume that the Wave Map exists on a time interval
[-T,T] where T > T, the latter as in the previous section. We shall now revert to
the wave equations satisfied by the 1,. More precisely, writing schematically

Dwa :ch

where F, stands for the expression in (8), we need to choose a Schwartz exten-
sion F,, of Fo|(=7,7], and solve the corresponding wave equation with given Cauchy
data. An appropriate truncation will then define our new Schwartz extension of
Yali—7,7)- A good candidate for F, is of course obtained by simply substituting
suitable Schwartz extensions of 1, implied by the bootstrap assumptions in the
Proposition. However, this will not result in good terms. Another option is to ap-
ply dynamic separation, yielding trilinear null-forms and quintilinear error terms.
Unfortunately, it turns out that the trilinear null-forms cause trouble in certain
elliptic regimes, and we have to apply a somewhat messy ’partial dynamic sepa-
ration’ in which not all terms are decomposed into hyperbolic and elliptic parts,
depending on microlocal properties of other terms. Leaving the details until later,
we assume that we have found a suitable extension Fa, a = 0,1, 2, for which the
required estimates hold. In order to avoid confusion, we denote the putative exten-
sion of Pyt, by po. Then we write

Dp(x = POQ<0Fa + POQEOF(X
We could write p, as the sum of solutions of the inhomogeneous problems
Opp, = PoQ<oFa, 0pl = PoQx0Fw,

with trivial initial data, as well as a free wave matching initial conditions, and fi-
nally truncate suitably. Unfortunately, this doesn’t quite work, since control?! over
the latter would require control over the time derivatives 9;1,(0), which doesn’t
quite follow from our assumptions, even using the divergence-curl system. We pro-
ceed instead as follows: Solve the elliptic problem by the formula

p2 = PyQso0 ' F,,

where O7! is given by the symbol (|7]? — |£]2)~! on the (space-time) Fourier side.
We shall place Py@Q>oF, into the space

Xo 7T N oL -0,

In particular, we can bound ||9,p2 || pM 2. Similarly, we can bound

211 the sense that one needs to control the frequency blocks in terms of the frequency envelope.
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|Po[V " (¥0*)]|| L3 2, where the parenthesis stands for any of the expressions oc-
curing in the divergence-curl system. We infer that there exists a slice t = o €
[—Tb, Tp] for which an inequality of the form

10ep2]112 + [10:Potball Lz + || Potallrz + |[Popallrz S co + K Z cr
keZ

holds true. Now we solve the inhomogeneous hyperbolic problem
Opp, = PoQ<oFa,
with trivial conditions at time tg, and finally solve the free wave equation
O3 = 0, pilto] = Poalto] — Popalto]

Truncating suitably, we can define the new extension as ¢, = Z§:1 Pl

5.2. Defining the extension of the nonlinearity. We now have to define F,.
Enacting dynamic separation in the innermost square brackets [, ] on the right hand
side of (8) and only considering the resulting trilinear expressions, we obtain em-
bedded @, ; null-forms applied to suitable (linear combinations of) terms 1o, where
we define

Quj (u, U) = RVURJ'"U — RjuRyv

We substitute the Schwartz extensions for the locally defined v, as in the assump-
tions of Proposition 4.1. We shall then apply dynamic separation or not to the
first factor in the nonlinearity depending on whether the innermost bracket with
inputs as just specified has microsupport close to the light cone or not. Then we
substitute suitable extensions for this factor also. In symbols, defining the operator
I =3 cz PiQ<ri10 and letting Yo be suitable Schwartz extensions of 14, our

first candidate for F), is the following:

2
Fo = i0°[RadD™1 Y 0j1[Rs0" Rj0® — Ry R;4Y))

Jj=1

2
+i0 [Pa AT 0;(1 = D[R RjY® — Rpdb® Ry
j=1
+ similar trilinear terms

+ Ve [VTHOV @)V THQu; (8, 9)] + Ve [V HV (VT (?) Rgih)],

+ higher order terms

where we have put — >, _;, de;,i’z = 121*2 as well as 1/; = 1/;1 —ﬁ-it/;Q, and the quinti-
linear terms are only recorded schematically. As alluded to in the first section, the
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2nd quintilinear term here isn’t quite good enough. We apply dynamic separation
to the innermost curly bracket (7]12), replacing it by a @, ;-type null-form as well as
error terms at least quadrilinear. Focusing on the quintilinear term thus generated
and substituting appropriate inputs, we then dlstlngulsh between the case when
Quj (w w) is microlocalized to the ’elliptic region’ or the ’hyperbolic region’, as in
the preceding discussion. In the latter case, further dynamic separations need to be
applied to the remaining inputs, resulting in a complicated quintilinear null-form
and a slew of error terms at least septilinear. The latter will be much easier to
estimate. Our main focus in the immediately following shall be on the most diffi-
cult trilinear null-forms, leaving the quintilinear and higher order terms to later
sections.

6. BI- AND TRILINEAR ESTIMATES

6.1. Bilinear estimates. This subsection is preparatory. The main trilinear es-
timates start in the next subsection. We proceed in close analogy to [19]. The
first estimate we prove here is the strengthened®? 2 + 1-dimensional analogue of a
corresponding estimate in [19]. It is the same as the analogous estimate for free
waves, see [8]:

Lemma 6.2. Let 112 € S(R*T). Then, for any 0 < p < 1, we have®®

|| Pr[R1 Py, 1 Ro Prytba — RaPr, 11 Ry Py, io| |Xp,—p,2

min{kq,ko,k}
<G H || P, %HS[M(
i=1,2 )

The same inequality holds if one of Ry 2 is replaced by Ry, provided the 1; are mi-
crolocalized to different half-spaces 7 >< 0, or one applies the operator I from the
previous section in front of the expression, or else provided one includes an extra
factor of the form | max{k; —k, ko — k}|? on the right-hand side. In particular, we
have an inequality of the form

|| Py [Ratp1 Rovpa — Rothr Ripa]|| 22 < Z ||Pk¢1||s[k])%(z Hpk(bl”%[k])%

kEZ keZ

Proof : We prove the first inequality provided R; 2 are replaced by R 1, in the
high-high interaction case. The other cases are handled analogously and are
simpler. Thus we assume k; = ko + O(1) > 100. The estimate is proved by consid-
ering various cases. By scale-invariance, we may suppose k = 0:

(1): One input at modulation > 217100 i e, the estimate provided we replace
Pi, 1 by P, Q>k,—100%1: the null-structure is useless. Freeze the output to dyadic

22This statement follows a suggestion of D. Tataru, and clarifies an earlier weaker version by
the author used at this point. We will only need the LQL2 estimate, though.
23Recall that R, = (vV—2g) " 10,.
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modulation ~ 29. We estimate

HPOQJ [PleZkl—looRoiﬁlszle?]||L?Li
< Qmin{%’o}Hplezkl_looROwIHLfLi ||P]€2R1¢2||L§0L§
< Qmin{%’O}HPkleHS[kl]||Pk2w2|‘5[k2]'

We have used the dual of the improved Bernstein’s inequality. The desired esti-
mate follows easily from this, upon multiplying by 277/ and square-summing over
7, using Plancherel’s theorem.

(2): Both inputs microlocalized closely to the light cone, i. e. include an operator
Q<k,—100 in front of each. First, decomposing

Pkl Q<k1—100¢1 = Pk1 sz1,100w1 + Pk:1 sz1,100w17

distinguish between the cases when the inputs are microlocalized to the same or
opposite half-spaces. In the former case, observe that we have an identity of the
form

Pol Py, Qikl—wowlpszikrloo%]
= Z PO[Pkl,m Qi:kl—1oow1Pk2,n2Qj<:k1_1oow2}

K1,2€K _50,dist(k1,—K2) 2750

where we recall the notation of section 3. One easily checks that

+ +
Fo [Pkl,m Q<k1—100¢1Pk27ﬁ2Q<k1—100¢2]
= POQ>5O[PI¢1,51 Qikl_100w1Pk2,R2Q§k1_100w2],
hence throwing in the operator I in front of it will kill this term. Otherwise, the

null-form is again useless, and we estimate by means of (14): use the more concise
identity

Py[ Py, Qﬁkl _100F0¢1 Py, Qikl—looRll/J?
— Z Py [Pk‘l,I{1Qi:k1—100R01Z)1Pk27'£2Q:£k1_100R1’¢)2}’

K1,2€K _gq —10,dist(k1,—r2)S27F1

whence, invoking (14) as well as Cauchy-Schwartz:

|[Po[Pr, Qﬁkl7100R0¢1Pk2Qj<Ek17100R1¢2]||L?L§
1

S ( Z ||P1€1,l€1Q:<|:1g1_1001/)1||A2S'[k1,;-c1])E

r1E€K k) —10

+ 1
( Z ||Pk2,H2Q<k171001/}2|‘%[kz,mz])2

Ko€K_ g —10



GLOBAL REGULARITY OF WAVE MAPS FROM R2?*! TO H2. SMALL ENERGY 21

Using (15) as well as the definition of S[k], one majorizes this by the right-hand
side of (23) with an extra factor |k;|?.

We thus proceed to the case in which both inputs Pk1’2Q<k1,1001/11,2 are microlo-
calized to opposite half-spaces 7 >< 0. In particular, we have the identity

Ro Py, Qikl—100¢1R1Pk2Q;k1—100’/’2 — R1 Py, Qikl—100¢1R0Pk2Q2k1—100¢2
= (Ro — 1)Pr, QL) _100¥1 R1Pe, Q4. _100%2

— R1 Py, Qiktmowl(RO + 1)Pk2Q2k17100¢2
+ P, Qikl—100¢1R1P’€2Q2k1—100w2 + Ry Py, Qik1—100¢1Pk2Q2k1—100¢2

It is now entirely straightforward to estimate the first two summands, using the
0,3 ,00

X, '?" -component of S[k|: for example

HPOQj [RO - I)Pkl Q:kl_1001/)1R1Pk2Q2k1_100w2||L§L§
in{d _
S22 Ry — )P, QL _100%tlp22 | Pra Q2 —100%2l o2

. j 7k:7
< ominti0rp—5 Py ¥1l] o300l Pro 2| Lo 12,
0

and one concludes as before. We are left with the remaining two summands.
We now use a Whitney type decomposition as follows: for arbitrary functions
f, 9 € S(R*1) at large frequency ~ 2%, 22 respectively and a very large M
to be chosen, we put

PO[fg]:Z Z PU[Pkl,wlfiPkg,G)lgi]—’—
+.F wy,@1 €K gy —100, 27 F1 10> dist(wy £, ) >27 k190
/
>y > Py[Py, P, ... P, f*Py Ps, ... Py g7

£, £ M>a>1i<k, wi,0i€K 90—k, —10i
1
+ P[P, P, P ffPs, Py, ... Ps,,97]
Ol widwy - Lwp oL@ o9 |-

+,:wn, oM EK 90—k —10M

We let f*, g% refer to the restrictions to the upper/lower half-space on the Fourier
side. The sum Z/ is carried out only over those pairs of caps (w;, ;) which satisfy

27 80=k1 =100 5 dist(dw;, @), 1 < i < a — 1, dist(fw,, @) > 27807 ~10a,

while in Z”, the last > above is replaced by < for @ = M. Now fix one of
the summands in Y’ or the first sum, i. e. choose a, 1 < a < M. We substi-
tute Pleikﬁwod’lv R1 Py, QZy, _100¥2 for f*, g%, respectively. For each w, €
K_90—10a—k,; We can choose spatial coordinates such that one coordinate axis is
aligned with w,. The operator Ry P, will then have L'-mass of size ~ 271007k,
We further distinguish between the following cases:
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(2.1): At least one input at modulation > 2k=1720a=100 We can calculate

+
||P0Qj [Pkl,wlpkl,wz oo Py w, Pry Q_kl—QOa—100<k1—100¢1

Pk2,<1)1Pk27®2 s sz,lDQRlprzkl—lOOwQ]
+
—+ POQj [thwlpkl,wz s P/fhwaRlP/ﬁ Q7k1720a7100<k17100w1

Py @1 Pres @5 + -+ Prowa Pra Q2 _100%2)l 212

10a5—10agmin{ 4, =10 +
< gagtlag—l0agmin{g, =5 }||Pk1,wa71ka1720a<k17100¢1||

1

20,5 ,00

x2
k1

[ Prawa 1 Q<p, —100%2llLso L2

From this one easily gets an exponential gain in min{j, —a}, and one can then sum
over wy_1, using Cauchy Schwarz, Plancherel’s theorem and the definition of S[k].

One can sum over j, obtaining the claim of the lemma for fixed a, obtaining a small
exponential gain in —a.

(2.2): Both inputs at modulation < 27%1720a=100 Ty this case, we use (14). Again
we adapt the coordinates as above and compute

+
||P0Qj [thwl Pkl,w2 s Pquwapkl Q<—2Oa—k1—100w1

Proy 1 Pry s - - - Pk2@aR1Pk2sz17100w2]
+ POQJ [thwl Pkl,wz s Pkl,waRl‘Pkl Qi—QOa—lﬁ—lOOwl

Py @1 Proy @5 - - - Prowa Pra @, —100%2)l 212
~10 + -
S 27 Py wa 1 QL 900k, — 100V Sk wa 111 P01 @2y —100%21 STz, — 011+
One can sum over w,_; as before. Note that in this case, % > —20a + O(1). The

claim of the lemma follows again for fixed a with a small exponential gain in —a.
In order to finish the proof, we note that it suffices to show that

"
/ » > > P[P, Poy - Py fEPs, Ps, ... Pay, T Wbdadt
R

tEwn,OMEK 90—k —10M

converges to 0 as M — oo for arbitrary ¢ € S(R?*1). This follows easily by going
to the Fourier side and observing that one obtains a double integral of a Schwartz
function over an area decaying exponentially in M. [ |

The next lemma is a less interesting technical tool:

Lemma 6.3. Denote the operator I = PyQyro0(1)- Then for arbitrary Schwartz
functions 1, o € S(R®*TL) and u, v = 0,1,2, the following estimate holds:

|k1—kol
= T Pl s

i=1,2

[[PoI[Ry Pry 1 Ry Prytha — Ry Py th1 Ry Py o]l nger2 S 27
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Proof': It follows easily from the "Sobolev inequality’ ||Q;|[zeor2 < 23|Q;| lL2r2
and its dual. It suffices to prove the claim for Py[R, Py, 11 R, Pi,2|, where not both
w, v = 0. First assume k1 = ko + O(1) > O(1). Assume one input is at modulation
> 2F1—=100_ Either it is hit by Rp, in which case the other input isn’t, or else it isn’t.
In the former case, we compute

[PoI[RoPiy @>ky—10001 Prey Rida]|| Lo 12 S [[RoPry @5k, —10001 | 2212 || Py Ridh2 | 3o 12
_k1
S 272 || Pey b1l 5] |1 Pry 21| 5o -

In the latter case, if the other input is at large modulation, we are again in the
former case. Otherwise, we compute

|| Po[RoPi, Q <k, ~10001 Pry Q <k — 100 Ri2]| Lo 2 S | Py 1| oo 2 || Pry b2l Loo 12
S 1 Pry P11l s (11| Pre B2 5 10)

The remaining frequency interactions are trivial variations of this. [ ]

We next state another basic bilinear inequality, which is essentially identical to
versions contained in [30], [18]:

Lemma 6.4. Let ¢q, ¢po be Schwartz functions. Then we have the inequality

. . j—min{k,ky ko}
||Pk}Q_] (Pkl ¢1Pk2¢2)” 0.} 52m1n{k1,k2}2m1n{i 411k1 ko -0}
X

max{kq,
2

min{ 2axthyka) 3
gmin{ 2 70}||Pk1¢1||3[k1]|‘Pk2¢2|‘5[k2]

Also, if ko >> k1, one has the estimate

< 2k1(| max{min{ks,a, },k1} — k1| + 1)

[ Prey $11] 51171 Prea P2[ 51 2]

||Pk(Pk1¢1Pk2Q<a¢2)||X

1
0,5,1
k

Proof : The 2nd inequality is a straightforward consequence of the first. We give
the proof again for high-high interactions, the other cases being mechanical rep-
etitions of the same kind of argument and following as in [18], [30]: before beginning
with the calculations, the following pivotal observation shall be crucial®* (it is al-
ready implicit or explicit in [8], [33], [30], and our formulation is essentially that of
[30]):

Geometric Observation:

Let ¢, ¥ be Schwartz functions. Consider the microlocalized product

Pkijo (Pk?l le (bszszw)

24We will invoke it in the sequel without further mention.



24 JOACHIM KRIEGER

If we assume that max;{j;} < min{k;} — C for some large C, the following conclu-
sion applies: If we restrict the Fourier support of Py, @;,¢1 further to the upper

half-space 7 > 0 and an angular sector of opening x; C S*, where k; has radius
min{k; } —max{j;} . .
P —10gko—max{k1,k2} then we can concurrently restrict the Fourier sup-

port of Py, in to an angular sector of opening ko C S! of the same radius and
the following position relative to k1, without altering the output:

(1) When max{j;} >> max{{j;}\ max{j;}}, then we have
min{k; } —max{j; }
diSt(l{l, :|:/$2) ~ 2%2k0*max{kl,k2}

where the £ signs correspond to the sign in Py, Qiz/x
(2) When max{j;} = max{{j;}\ max{j;}} + O(1), we have

dlSt(l’*Ql7 :t/ig) S 2 s 2ko max{ki,k2}

with the same comment applying to =+.

A similar conclusion applies when Py, Q;, ¢ is further restricted to the lower half-
space 7 < 0. In other words, if for example we are in case 1 above, we have the
equality

Py Qjo (thmQ;rl ¢Pk2Q;t2¢) = Z Py, Qj, (Pry iy Q]t ¢Pk2,l€2Qi¢)

where the sum is extended over all ko satisfying the condition 1; there are only
O(1) many such caps.

Continuing with the proof of the lemma, we henceforth assume k1 = ko + O(1) >
k+ O(1). We first assume j > k + 10:

PrQ;(Pr, 1 Pry2) = PuQ;i(Pr, Q>j—1001 Py d2)
+ PrQ;(Pr, Q<j—1001Pry Q>5-1002) + Z Pij(Pk‘lQi:j—10¢1Pk:2Qi:j—10¢2)
T

We estimate

1PeQ; (Pr, Q51001 Prod2)l| 222 S 281 Pry Q51001 || 2222 || Pry b2 Lo 12

=
< b maxl20 =3 | Py 61 | 57| Pr 21| 71a)

The 2nd term on the right-hand side is estimated similarly. As to the third, it
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doesn’t vanish only in case j = k1 + O(1):

1> PeQuy+0(1)(Pry Q1061 Pe, Q% 1062)|l1212
+
<D PeQiyro) (Pr Qi 01 Pry Q%o i, 02)|11212
I
F1D - PeQuyr0(1) (Pry Qo <. < j—1001 Pea@E oy 02) 1212
+

+ +
+ || Z Plec1+O(1)(Pk1 Q<];10¢1szsz_k1§,<j_1o¢2)||LfL§
+
The first of the preceding three terms is estimated as follows:

+ +
1D PeQuy+0(1) (P Qg 61 PeaQEoy iy 02) 1212
+
=11 >
T k126K gy —10, dist(r1,K2)~2F k1

+ +
|‘Pkal-ﬁ—O(l)(Pk17K1Q<2k_k1¢1P]€27K2Q<2k_k1¢2)||LfL§
k + i
S22 Z( Z | Pey e <2k7k1¢1”%[k1,im])2

t rk1€Kg_g;—10

1
( Z ‘|Pk27ﬁ2Qi:2k—k2¢2‘|§[k2,ing])2

K2€Kk—ky—10

k
S 22 || Pr, &1 | 81k || Pry @21 | 51k5)

The 2nd and third term are estimated identically:

+ +
1> PeQryro) (Pry Qo << j— 1091 Pes QE g, 821212
+

: + +
S 2k Z ||Pk1Q2k7k1§_<j710¢1HLfLiHPIfz <2k7k1¢2”Lt°°L§
+

k1
< 272 || P, &1l k) || Preo D21 | 5k)

We can thus restrict j < k 4+ 10. We now use a further decomposition:

PrQj(Pr, ¢1Pr,¢2) = PrQj(Pr,Q>2k—k, 91 Pr, b2)

+ PpQ; (P, Q<ok—ky &1 Pry Q26— 92)

+ PrQ;(Pr, Q cminf2k—ky ,j— 3 01 Pro Q <min{j—C,2k— k1 } 92)
+ PrQ; (P, Q2k—ky>.>j— 1 Py Q <2k— iy $2)

+ PrQ;j(Pr, Q<min{2k—k,,j—C} 91 Pry Qo —ky > > - P2)

The first two of the terms on the right-hand side are treated exactly as before. We
estimate the third:
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[ PeQ; (Pry Q <minf{2k—ky j—C}P1Pho @ <min{j—C,26—k1 }92)|| L2 12

SEH >

. itk g,
K1,2€K j4k dist(£r1,£r2)~2" 2
2

ky—10’

) + F
PrQ; (PkmlQ<min{2k—k1,j—c}(blpkzmQ<min{j—c,2k—k1}¢2)‘|L%L§

2T >
+,+

. itk _
K1)2€K‘7‘+k_kl_lo,dlst(iﬂl,iﬁg)NQ 7 k1
Pl

+ +
||Pk1,m Q<min{2k7kl,j,c}¢l ‘ |S[k1,im] ||Pk2,ﬁz Q<min{2k7k11jfc}w2 | |S[k2,in2]

Using the property

1P nQEx Pl sk n) S 1Bl

=]

1
A

>

as well as Plancherel’s theorem, one easily verifies that

1 .
( Z ||Pk17an<Emin{2k—k1,j_c}¢||§[k1,in])2 Sli— k’|||P/c1¢||S[k1]

KGKL*Q"“ —k1-10

Thus one obtains the estimate

|| PrQ; (Pr, Q <min{2k—ky,j—C} D1 Py Q@ <min{j— 0,2k — k1 1 2) |

Sli— kP22 T 1P villsie
i=1,2

1
.0,1 00
3

X

Next, one estimates using the improved Bernstein’s inequality

[ PrQj (Pry Q2k—ky >.>j—P1 Pk, Q<2k—ky 2) | L2 12
ik
< 2°27 || Py Qab— ki > >j- 091 |l 212 || Prs Q<on—y 2| 5o 12

)
S 2577 | Py 61 L) | P b2 51w -

We need one more important bilinear estimate, which is the analogue in our con-
text of the embedding X*f x X*s~1.0-1 ¢ xs=1.6=1 in [9] valid in the context of

R" n>2fors>2%2 6> 3

Lemma 6.5. Let r < 0, and let F, ¢ be Schwartz functions at frequencies ki, ko
respectively where k1 = ko + O(1). Let k < k1 +O(1), j <r+k, l=r+k. Then

we have the inequality

[[PeQ<iQi FQ<2ktr—iy ¥Vl Nk S 26r||F||X0,7%,ocHwHS[kz]

k1
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Moreover, we also have the more crude version (no restrictions on j)

| Pe[Qi Y] Ny S ||F||X,f'1‘%’°°||¢||x°'%*l

k2

Nezt, assume j < min{ky, ko}+O(1). Then for suitable § > 0 we have the inequality

|| Pax (k.23 +0(1) [Py ¥V Pry Q5 Fll N (ko) S
90U —min{ku kb ok || By by || gy || Py F

. 1
XO,—§,OO

Proof : We prove the first inequality, corresponding to high-high interactions.
The last inequality is contained in [30]. The restriction on the modulation of the
output will allow us to apply a refined version of Bernstein’s inequality. The re-
striction on the modulation of ¢ prevents logarithmic factors of the form |k — k1.
This is important since we don’t obtain an exponential gain in the difference k — k;
as in other versions of the lemma valid in dimensions 3 and higher (see [18]).

We rescale to k1 = ko + O(1) = 0, whence k < O(1).

(1): Estimating PrQ<i(Q;FQak+4r—k,>.>j—c¥). Note that our assumptions about
the modulations of output and the inputs imply that provided we restrict the mi-
crosupport of F' to be contained in an angular sector given by a cap k1 of size
2#*10, and provided we also microlocalize F' to either the upper or lower half-
space 7 >< 0, we can concurrently restrict the microsupport of ¢ to a cap ko of
similar size and either the lower or upper half-space such that +x1, +ko are at dis-
tance < 02%, the signs being assigned according to whether the corresponding
input is microlocalized to the upper or lower half-space. Therefore we can estimate
this term as follows:

[[PeQ<1(Q5 FQorsr—ty>.>j— )| Nk

<2 2 2

+.+,+ Lk [
T nl,zeKﬂiw,dist(:l:nl,:l:rcg),SZ 2 RGKL,kilo,dist(:l:n,:l:rcl)f‘Q 2
2 2

27K | P QZ ) (Pry oy Q5 FQaktr—ky>.2j—C Pryra®)| | L1 12
-k
S22 Y > | Pry s Q5 Fllzz 12

:t1:t7:t H1,2€K1+k 710,dist(:|:111,:‘:1€2)
2
+
‘|Pk27K2Q2k+r—k1>.2_j—C¢‘ |L%L32€

l—k
S27 [Py QiF o100l PryQaktr—ky>. 20Vl o1,
Xy X,

2
< QEHFHXO,,%,QWHS[M

k1

(2): PQi>.>j—c(FQcmin{j—c,2k+r—k, }¥). This is similar to the preceding case.

(8): The estimate for PrQ<j c(Q;FQcmin{j—C.2k+r—k}¥). Arguing as in (1),
we can microlocalize F, Q <min{j—c,2k+r—k, }¥ to either half-space &7 > 0 and caps
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k12 € Kjsn o such that dist(dr1, £ra) ~ 25",
2

[[PrQ<j—c(QiFQcmin{i—c 2k+r—k} V)| N H]

S; >

_ itk
’ n1,2EKj+k710,dlst(iﬁ1,ir€2)~2 2
2

[[PeQ<j—c(Pry i Q;EFPIC%’%Qimin{j—CQk-ﬁ-r—kl}w)||N[k]

For fixed k12, we can further decompose this as follows, and use (20):

||PkQ<jfc(Pk1,H1 Q;‘:F‘Pk%ﬁzQ:<tmin{j7C2k+r7k1}/w)||N[k]
<27 > 1Pk c@%; o (P s QF F
+

i—k
KEK j_§ dist(£k,tk1)~27 2
2

—10’
+
Pk27"€2Q<min{j—C,2k+r—k1}w)||NFA[’”V]
—keo—izk itk + +
<2727 220 HP/C,H1Q<J'_CPI€1,1€1QJ' FVHL?L?r

+
||Pk2,f€2 Q<min{j—C,2k+r—k1}¢| |S[k2,n2]

where we have exploited the finiteness of admissible caps « for fixed k1 2. Now we
use the Cauchy-Schwarz inequality as well as Plancherel’s theorem and the defini-
tion of S[kz]. The only issue we have to be careful about is the adjustment of the

modulation cut-off for the 2nd input: we decompose szinmm (—Co2ktr— kl}wg

into a part very close to the light cone (modulation < 2¥+7=*2) and an error term
covering < |j — k| + O(1) many dyadic modulation intervals. The first contribution
is immediate from the definition of S[k]. As to the 2nd, we note that

+, itk
2

K1,2€K j1k diSt(:l:Iil,:tKQ)N2
2

—10’

+ +
1 Pey o1 Q5 Fll 2212 || Pry s @ k- iy <. < 20— ko Y88, 0]

<> > >
+,+ itk j4f— _
dist(:tm,:l:nQ)~2]T Jjtk—ko<a<2k+r—ks

)

k126K i1k s
3

||Pk1,H1Q;'tF||LfL§Hsz,lewaS[km:tﬁz]

fs Z ||Pk1QiF||L3L§||Pk2wHXO%oo
jHk—ko<a<2k+r—ko k2

S 17 = KN 2z 2 [ Prs [l sikz)

This immediately implies that
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[[PeQ<j—c(QiFQcmingj—c 2k+r—ki } V)| INk]
. ik
Sli—k273 HFHXO,—%,oonHS[kz]
ki

< 2ﬁ||F||Xo,_%,MIW|IS[k2]

k1

We close this section with a lemma extending lemma 3.1 to improved type
Strichartz norms as introduced by Klainerman-Tataru in [16]. We first need
the following simple

Lemma 6.6. (Improved Bernstein a la Klainerman-Tataru): Let ¢ be a
Schwartz function. Then provided j < k+ O(1), and we let Cy 1, | < —10, denote a
finitely overlapping cover of the region {£||¢] ~ 28} with discs c of radius 2¥*!, one
has

Lo ol okoick
(Y 1PQitlF2r)? S 2225277 || Pl 22
CGC)“YL

where P, microlocalizes to the disc c.

Proof : We replicate the argument in [30] with one extra wrinkle: we may put
j = 0, whence k >> 1. Construct a Schwartz function a(t) whose Fourier trans-
form is supported in 7 << 1, as well as satisfying

1:2@3(25—8)

s€Z

Vt € R. Then we have

|PeQol[ 2o < || Zag(t = 8)PeQo¥||p2L

<O lla*(t = 9)PeQobllFz0)? S O llalt — 8) PeQudl [y ) 7

S

Now one notes that the function a(t — s)P.Qov satisfies almost the same assump-
tions about modulation (~ 1) and frequency localization as P.Qyt. Therefore, we
can apply the standard improved Strichartz type inequality by Klainerman-Tataru
[16] to estimate

3k

3k L
la(t — s) PeQotllpspee S 274 22[|[Fet)]|

1
0,1
X2
k

oo

Thus
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3k L 1
1PeQol| 2 < €222 () [a(t — 5)QoPe | o1 )2
S Xk
sk L
S 2922 ||PeQoy|p2 2
One now obtains the statement of the lemma via Plancherel’s theorem. |

The next lemma deals with the control of certain frequency localized Strichartz and
improved-Strichartz type norms in terms of the spaces S[k]:

Lemma 6.7. Let ¢ be a Schwartz function. Further, for everyl < —10, let C},; be
a (uniformly) finitely overlapping cover of the region || ~ 2% in Fourier space by
discs of radius 28Tt Denote by P, the Fourier multiplier microlocalizing to such a
disc c € C;. Then for 8 > p > 4 we have the inequalities

1 3 2
(Y PlFrre)? < G270 [] 5
CEC()J
In particular
1 &
(> I1Pll7s ) ® S 227 [[¥llso
CEC()J
Rescaling this, one obtains:

PRSI S
(> 1PYl7ere)? S 2572 |[¢]lspy
ceCl

2

T’

Therefore, interpolating with L Lz, one obtains

[1Poyllrra S (1]l spo)
provided % + % < i, p>4.
Proof : Let p > 2. By the triangle inequality
(> 1PIRrr)? < (Y 1P@s10¥lFp10)? +

CECoyl CECoyl
+ 1
SO IPQE )

+ ceCo,

Next, by another application of the triangle inequality

Nl=

(D7 1@ 10¥l3,2)? < D0 (D 1PeQivl 3o )

CECO,Z j>—10 CECOYL
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Now we can estimate

1PQjvlLp e < 1PQivPQsll 5,
< ||]DEC2§j+O(1)[‘Pz:ijIDCC‘?j1/1]||L2

2 J,00
tL:c

where ¢ = ¢(c) is a disc of approximately the same size as ¢ at frequency ~ 1. In
particular, we have

||P0ij||%%L;o < C2||PeQPQy¥l| 21
< O PQil| -y o || Pt e 2

Now one can sum over ¢ € Cy;, using Cauchy-Schwarz as well as Plancherel’s theo-
rem and the definition of S[k, ], and finally one sums over j > —10, yielding (more
than) the required result for p = 4. One proceeds similarly for p = 8, and the full
result follows by interpolation.
Hence we can move on to the more interesting case when the input lives close to
the light cone. We decompose

D NPQE o¥llTrre < D I1PeQ5 [PeQE,_c¥PeQE; clll 5,
+ + j<o(1) Lo
+ Z Z HP&QjF [PcQj—E10>.Zj—c”/’PchEjfc%/J]||L%Loo
+ j<O0(1) e (24)
+ Z Z HpéQ;t [PchE—lod’PcQj—Elw.Zj—Ci/’}HLgL(X,
£ j<o(1) t
Consider the first term: note that we have
Y PQFIP.QE,_WP.QE;_ Y]
+
= Z Z PEQT [PePo,r, Qij—CchPO,mQﬁj—Cw]
+

J
K1,2€K dist(k1,k2)~22
2

—10’

This immediately implies that j < 2 + O(1), for otherwise the above vanishes(of
course this simply expresses the curvature of the cone). Now we use the improved
Bernstein’s inequality to estimate

S IPQF[P.QE,_ ¥ PeQE,_ctlllrare
+

il
< (02122 Z \|P5Q}'E[PCQZ,C¢PCQ§¢CQ/}]||L;-’Lg
T
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ol
< 02522 Z Z ||PcP0,m i:j—C¢PCP0,KzQi:j_c¢‘|L§L§
* 51,2€K%710,dist(ml,ﬂz)NZ%
L +
<>025( Y 1PePosn, QZ,_c¥llFo.en)
+ K1€Kl‘710
2

Next, we do the exact same thing for L¥L>® except that now we have to esti-
mate [|(Pe))?)|| 310 Therefore, we employ the improved Strichartz inequality of
Klainerman-Tataru instead of the improved Bernstein’s inequality. One obtains:

> PQF[P.QE,_ ¥ PeQE,_ctlllpsre
+

Lo
< (02221 Z( Z |‘PcPO,ﬂ:in:jfcw‘%[O,Iﬂ])

+ KleKJ

5 —10

One can interpolate between the two preceding inequalities to obtain the statement
+ + +
Z [[PQ5 [PeQZ;_cVPeQZ;_c¥lllrree
+

Loq(l_1
< (22913 P)Z( Z ||PcP0,ﬂ:mQj<:jfc¢||2S[0,m])

+ ki1€K;

5—10

where 2 < p < 4. Next, one can sum over ¢ € Cyp; and apply the definition of the
S[k] to conclude

S IPQTIPQE,_ v PQE; ol Lo

+ ceCo,

< 0257 2579 || Pog|[y
Recalling that j < 21 4+ O(1), one can now sum over j to obtain the result

L _2
ST Y IPQFP.QE,_ v PeQE_clllrrre < 2772070 | Py [Fg

+ j<2l+0(1) ceCo,

provided 4 > p > 2.
We move on to the other terms in (24). We estimate

||PF:Q§'E [PcQ:E10>.Zj7CwPCQ:<tj7CQMHL%L;C
Lo
< (02221 ||P562]i [Pch10>,ijchchijw]||LfLi

FAA
< Y C2523|PQEY| 21 [|1PeQE_ ¥l re
—10>a>j—-C

< > 02l2%||Pch¢||X3,%,mHPcwuLm

a>j—C

We have used the improved Bernstein’s inequality a la Klainerman-Tataru twice.
Similarly, again using the improved Bernstein’s inequality for the large-modulation
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input but the improved Strichartz inequality for the output, we conclude that

1PQFIPQ% 105 - ¥ PeQZ; - ¥ i

< 02823 ||P.QT 10 > . > j — CYP.QE,_ o0l 212
1.d

<C Z 2223 HPcQaii/JHL%Lgo||Pc1/’||L?°Li

a>j—C
<C Y 225 F||Pyl|
0

a>j—C

o || Pt poo L2

1
2
Interpolating this with the previous estimate implies

1PQF [PeQE 05 55 cVPeQZ; ¥l pree
1 '(E_l)_g +
<c2 Y YhTy 4||cha¢||X3, | [Petd]| poo r2

1
2
a>j—C

Now one sums over ¢, using Cauchy-Schwartz and Plancherel as well as the defi-
nition of the S[k, x|, then executes the summation over a and subsequently sums
over j < 10. There results

Z Z ||PEQ;E[Pch10>,2j_chchj—Cq/)]HQLfof < C2l||P0¢||?9[0]

c€Co,; j<10

finally, the last term in (24) is dealt with similarly, hence left out. This establishes
the claims of the lemma. [ ]

6.8. Trilinear estimates. Before beginning with the estimation of our trilinear
null-forms, we state here a deep trilinear null-form inequality due to T. Tao (it
constitutes the analytic core of [30]), which we formulate to meet our needs:

Theorem 6.9. Let 1 25 € S(R*™). Then, provided we have
0(1) Z Inax{kl, :ZCQ, ]Cg} Z ]CQ Z min{kl, kg} + O(l),

the following inequality holds®:

|| Po[Pr, Ry3)1 Pryba RY Preyabs]| | v o)

3
5 26(min{k1,kg}fmax{min{kl,kg},min{kz,kg}}) H ||Pkl"/)z

i=1

||S[k)i]

Also, provided k1 < ko = ks + O(1) > O(1), then

3
|| Po[Pi, Ruths Pry V02 RY Peytbs] | vio) S 27°% T 1Prillse
=1

25The first inequality is significantly more difficult to prove than the 2nd.
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The difficult proof is contained in [30]. Our null-forms have a different schematic
form, namely V, [tV ~1[x)?]]. In particular, we lose one degree of smoothness for
high frequencies. This forces us to pay special attention to destructive resonance
phenomena inside the expression. The most difficult case occurs when there is
destructive resonance inside the inner square bracket, on account of the operator
V1. Indeed, not even the apparent Q,;-structure seems enough to counteract
this, and we have to treat the expression as a genuine trilinear null-form. We shall
have to take advantage of an apparently new nontrivial cancellation in the proof
of theorem 6.11, as well as our modification of the spaces S[k]. Our estimates
are just enough to recover the frequency envelope and complete the bootstrapping.
We do not necessarily obtain exponential gains in in the largest frequencies as
in theorem 6.9, but only in the intermediate frequencies. As discussed in section
5.2, writing the trilinear null-form schematically as V ;[ V1 [4?]], we distinguish
between the case when the inner bracket [, ] is microlocalized far away from the light
cone (i. e. apply (1 — I)) and the opposite. We treat the easier former case first.
Interestingly, even this ’elliptic case’ offers some difficulties, as the time derivative
on the outside may cause losses (frequency localization doesn’t help), and we again
have to treat this as a genuine trilinear null-form. We have the following:

Theorem 6.10. Let 9123 € R2*tL. Then, for integers k1,23 and suitable 61 2 > 0,
the following inequality holds:

Vet Po[ P, t1 V(1 — I)[Ry, Prytha Rjtb3 — Ry Pry2 Ruts]]l| o)

< 2(51 min{— min{kl,kz,kg‘,},o} H 2(52 min{maxhﬁi{k)i,ki—kj},O} H H-Pk;,’(/}l | |S[kl]
i l

Remark: One checks that this estimate implies the following: Assume that
[|Petbil| < ek, k € Z, where {c }rez is a ’sufficiently flat’ frequency envelope. Then

Z |Vt Po[Pry 1 V(1 = )[Ry Prytba Rjtbs — Ry Prytha Ruts]]| | o)
k1,273€Z

Sa) i)

kEZ

Proof : We distinguish between the cases k1 > 10, k; € [—10, 10], k; < —10.

(1): k1 > 10. In this case, we can rewrite the expression schematically?® as

Z Va0 Po[Proy V1 Pty —5. 4,45V Qu(1 = )], ]]
I>k1+5

We now distinguish further between the following cases:

26The inner square bracket [,] stands for [Ry, Py, %2R, Pyyt3 — Rj Pryt2 Ry Pgbs).
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(1.1): Output at modulation < 1: This immediately implies that the first input
Py, %1 is at modulation > 2!710, Using lemma 6.2 as well as Bernstein’s inequality
(we shall do so without further mention in the future), we estimate

|Vt PoQ <0 Py @>1-1001 P, 5,1, 151V Qu(1 — D[]l npo)
S Vet PoQ<o[Pry Q>1-10%1 Py —5. 5, +5) V' Qu(1 — DLy 2
S P Q109222 11V Qi 2222

3
o lkg—ksl
S22~ HHPki%HS[ki]a

i=1

which upon summing over | > k; + 10 yields an estimate of the desired form.

(1.2): Output at modulation > 1. This is somewhat more complicated since the

operator V,; may now cause a loss. We place this component of the expression
L1 .

into the space X, *’ b2 MOy (LM F~(=31)). First, letting N be a large number and

ﬁ + % =1, and additionally assuming both inputs of the inner square bracket to

be ’hyperbolic’ in the sense that their modulation is smaller than their frequency,

we can use lemma 3.1 to compute:

1PoQ20[ Pyt VTH(1 = D[Nl zar 2
S Pl Lo oy [IVTHA = D) Py yoy L ]| oo o+

3
S 270k ool TPyl
i=1

for suitable d12 > 0. If Ry hits an ’elliptic’ input (i. e. its modulation outweighs its
frequency) inside the inner square bracket, one places this into LM L2, and the first
input into L{°L2. The simple details are omitted. Next, freezing the inner bracket
to modulation ~ 2!, [ > k; + 10, we distinguish between the following subcases:
(1.2.a): Output at modulation < 2!710. Observe that either the whole output is at
modulation > 2l_10, or else the first input Py, ¢ is at modulation > 21=10 Tn the
latter case, we estimate

V2t PoQo,1-10] [Py @>1—1001 V' Qu(1 — I, HHXf

0
< 25||P0[Plezl—1o¢1V71Ql(1 =D Mziz2

»—1,2

[N

3
L lkaokal
S27 27 [ 1P illspe

i=1

This can again be summed over [ > k1 4+ 10. In the former case, the output is at
modulation ~ 2'. Now either at least one of the inputs of the inner square bracket
[,] is at modulation > 2/719 and if one has modulation > 2!710 the other is at
modulation > 2!, or else the frequencies of the inputs of this square bracket are
~ 2!, The former case is easy to treat by means of Bernstein’s inequality and the
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X P4 components of S[k] (one gains exponentially in /). Assume w. 1. 0. g. that
ko > ks: if | < ko, we compute, pulling out a V,; from the inner square bracket
using its null-structure

IVt PoQiro) [P 1V ' Qu(1 — I) [P, Qir0(1) Yo, Pk3w3HHX—%,—1,2
0
S WPk 1ll Lo L2 || Py QuVa eV [Pry Quro) V02, Pry Qivoy¥sll| 22

A S _
S27z2l gk H ||Pki7v[}i||L§°L§||Pk2QZ+O(1)1//2HXo,%,oo-
i=1,3 k2

Summing over [ > k1410 yields the desired estimate. Further, if [ > ko, we estimate

IVt PoQuso() [Py 1 V' Qu(1 — I)[Pry Qui0(1) Y2, Pk3¢3]]||xfé,71,2
0

S NPyl nse 22 || Py Quy oy Roal| L2 2 || Py sl Lo 12

+ || Pry 1]l e 2 || P, Quroy 2|l L2 2 | Prs @<i+01) Rosl Lo 2.+

whence

Vet PoQiso) [P v1V ™ Qu(1 — I[Py Qi 0(1) Y2, Pk3w3]]||X—%,—1,2
0]
k
S 2_72 H HpkiwiHL;X’Lg||Pk2QlHX—%,1,2
0

i=1,3

Now one square-sums over [, obtaining an exponential gain in —ks. The remaining
cases when the modulations of 15, 13 are even bigger are more of the same.

The latter case is a bit more tricky: using schematic representation, we then have
upon discarding the now unnecessary (1—1) (ko = k3+O(1) = 1+0(1), | > k1+10)

Vet PoQu+0(1) [P, 01V ™ Qo Pry Q<i-10%2, Py Q<1-103]]
- Z Z V.t PoQiro(1)[Pr, 1

+ Kk2,3€EK _100, dist(k2,k3)~1

v_lQl [Pk‘z,IiQQi:l_lo/lp27 Pk}g,lﬂ;’,Qil_low?)]L
where the +-signs need to match. Now decompose
Piytn = P, Qzky—20001 + Y Y Py, QE, _ogotn
+ k1€K_100

Substituting the first term on the right hand side, we have

[V a,t PoQito(1) [Py @3k —20001 V™ ' Qu[Pr, Q<i—10%2, Pk3Q<1—10¢3]]||X_%,_1,2

0

ke n
S22 1Pl g aellPrtillers S 277 11112 il s

k1 i=1

Next, substituting the sum, we note that every cap +k; is at distance ~ 1 from
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either +ko or k3, where the £-signs are assigned according to whether the cor-
responding input is microsupported on the upper or lower half space. Abusing
notation, we can replace the operator V~! by 27%1 given that it is a smooth
convolution operator whose kernel has this L'-mass, as well as the translation in-
variance of all Banach spaces used and the invariance of the Fourier support under
translations. For example, we can estimate

PSS D

+ ki1€K_100 Kk2,3€K 100, diSt(l{g,l{g)Nl, diSt(:tHl,:tﬁz)Nl

Vot PoQuro(1)[Pry iy @y —200%1 V™ QulPho s Q21 1002, Prs s @y 100s]ll|

<> > >

+ Kk1E€K _100 k2,3€EK_100, dist(ka,k3)~1, dist(E£r1,E£r2)~1

1

-1 12
3.1

Xo

—k + +
272 [ Pry i Q% gy —200V1 s 1k1 2] 1 Pz o @2 — 102 [ 5 (ks o] [ Prs Y3l | Lo 1.2

Using the definition of S[k], this implies the desired estimate.

(1.2.b): Output at modulation > 2'710. In this case, the first input has to be at
modulation > 2'. This case is treated as at the beginning of case (1.2.a).

(2): Now we assume k; € [—10,10]. We may as well assume that the inner square
bracket [,] is at frequency < 2710, since the opposite case doesn’t offer anything
new. Moreover, we also assume first that the output has modulation > 1, and the
first input Pk, 11 has modulation < 1. Freezing the modulation of the output to
size ~ 2!, if at least one of the inputs of the inner [,] has modulation > 2!=10,
we can again proceed as earlier. The only additional difficulty occurs when these
inputs are both at modulation < 2719 and hence at frequency ~ 2!. In this case,
utilizing schematic notation, observe that the following identity holds:

Vi PoQuPi Qo V' Pl = > Y Vi PoQiPr[Pr, Qeotr V" Pyl ]]

KeEK} REngﬁyk

=Y Y VaiRQiPr[ProrQ<0t1V Pil,]]

KEK) ReECy 1o,k

We are employing the notation used to define S[k]. In particular, Py microlocal-
izes to a ’disc’ which is the tenfold dilate of the 'disc’ R € Coy . . Next, we use
Plancherel’s theorem, and Bernstein’s inequality to conclude that

| PoQu[Pry o1V~ Pl )]l 212
< 2K( Z Z ||POQZPR[P10RQ<O¢1V_1PI€[)]]HQLfL;)%

k€KL RECo i,k

~AODEDY ||[1510RQ<0¢1V_1Pk[7HH%;L;,)%

KEK RECh s,k
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Proceeding as before, we break up the inner square bracket into finitely many pieces,
corresponding to further restricting the Fourier supports of the inputs to small an-
gular sectors. As usual employing schematic notation, we have

PrQi[Pr, Q<1-10%2, PryQ<1—10%3]
= Z Z Ple[PkQ,mQﬁl_loﬁfz, Pka,mQZ_m%}

+ k2,3EK_100,dist(k2,k3)~1

The summation being finite, we can restrict to a single pair k33, and we may
also assume that dist(£10k1, ko) ~ 1, the signs being determined according to
whether the corresponding input is microlocalized to the upper or lower half-space
7 >< 027, Invoking (14), we compute?®

HPOQZ [Pklwlv_lpk [sz,anilf107 Pka,ﬁaQilfloz/)BmlL?Lg
- _ 1
s2 Z( Z Z ||[P10RQJ<EO¢1V 1Pk[Pk2af€2Qj<El—1o’ PksﬁaQilflOw?']]H%fL;)z

+,£ k€K RECy i

k_ ~ + 1
S27 () > PwrQEW Rk 210m01) ? | Pra.tra V2 (ks o || Pra sl Lo 12
KEK) RECy, 1o,k

One can sum this over k& < —10, obtaining the desired inequality (from the defi-
nition of S[k]). Now assume that the output is at modulation < 1. Freezing the
frequency of the inner square bracket to size ~ 2, k < —10 and modulation ~ 2!,
I > k+10. Either the first input Py, is at modulation < 2!71% and the output at
modulation ~ 2!, or the first input is at modulation > 2'=10. In the former case, we
have [ < O(1). Then either at least one of the inputs of the inner square bracket is
at modulation > 2!=1° in which case one gains exponentially in k — max{k;, ko, }:
assume w. 1. o. g. that ko > k3. If [ > ko, we have

[V 2,t PoQ<0[Piry Q<1—10%1 V™' PeQi[Proy Q51— 10%2, Pry 3]l .1 _1

X, 2
S 2-tomintbkaksk T Py e 12 (|| Py thal| o g e + [ Pra@3katal| 3]
i=1,3 Ky Xy
S Qmin{k,kz,ka}*l H ||Pk1w1||5[kl]
i=1,2,3

One can sum here over k, [, obtaining an exponential gain in —|ks — k3|. On the
other hand, when | < kg, we pull out a V,; from the inner bracket, arriving at

|Vt PoQ <0 Py Qci—10%1V 5tV Pu@Qi[Pry Q>1-10V "o, Py ¥s]]|| . 11

X 2
SRtk T || Pyl sk,
i=1.2,3

27We also freeze the (space-time) Fourier support of Py, Q<01 to the upper or lower half
space T >< 0.

28 Again, we gloss over the tedious details of replacing P,Q; V! by a convolution operator and
the inputs of [,] by translates, to which the same microlocalizations and estimates apply.
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Summing over ke > [ > k yields an exponential gain in k — k3, whence we can sum
over k, and ko = k3 + O(1). The case when Pj,1)3 is at large modulation is handled
analogously. Now assume both Pj,12, Py,13 to be at modulation < 2/=10. Then

V0.0 PoQ <0 Pry Q- 1091V PoQul, I I
S 277 P, Qer0t || e 22 || PR@il, ]l 2 12
lko—

3
k3|
o H||Pkiwi||5[ki]7

i=1

<959

as follows from lemma 6.2. Note that | = ka2 + O(1). One can then sum over [, k.
The case when the first input is at large modulation is handled analogously, placing
the output into LjL2.

(3): The case k; < —10 is easier and can be handled by the same methods. It is
therefore left out. ]

Having disposed of this easy case, then, we proceed to the hard case when the inner
square bracket [,] is reduced to low modulation (i. e. the operator I applied in
front). We state here the main trilinear estimate:

Proposition 6.11. Let 1, 12,3 € S(R*T1). Also denote I =", 7 PrQ<k+10-
Then we have the following inequalities for appropriate 6; > 0,1 =1,2:

2
10° Po[Ra Py 1 A1)~ 051 [ R Prytoa Ry Piytbs — R Prytb Ry Py o]

j=1

2
+ 0o Po[Rp Pyt A7 01[RP Pyyiba R Pryths — R; Pry 02 R° Peytbs]]||vio)

Jj=1

< 0251 min{— min{ky,k2,k3},0} H 252 min{max;-;{k;,ki—k;},0} H HPkl wl | |S[kl]7
i l

(25)

| Po0°[Rp Py 1 A7~ 0;1[ R Pry 02 Ry Piytbs — RjPrytba Ro Py sl o)
j
< 0261 min{— min{kq,k2,k3},0} H 262 min{max;_;{k;,k;—k;},0} H ||Pkl'l/]l|‘5[k,,]~ (26)
i l

Remark: It appears that neither of the summands in the first inequality would
satisfy a similar inequality on its own. We need to take advantage of a cancellation
occuring between the two. This is in contrast with the 3-dimensional case, [19].

Proof : We treat the first inequality of the theorem in detail. The other one is
easier, amenable to the same techniques and left for the interested reader. We shall
mainly be concerned with analyzing destructive resonance cases as the other cases
will follow more or less directly from Theorem 6.9. We split into three main cases,
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corresponding to k1 > 10, k1 € [—10,10], k3 < —10.

(1): k1 > 10. We shall treat the first summand of the first expression in the
theorem. The other can be estimated identically (no cancellation needed yet). We
commence by treating the case when the whole expression is microlocalized far away
from the light cone: Freeze the modulation of the output to size 2!, [ > 10. Either

L1

k1 > 1—10. Then we employ lemma 6.2 to place the output into X *’ 1’1, achiev-
ing an exponential gain in —|ke — k3| as well as —k;, which suffices to sum over .
Otherwise, the first input Py, Rg1); is at modulation ~ 2!, In that case, we estimate

|1PoQi0°[RpPr, Qiro(1)th1
AT Z Ojl[Ra Py Y2 Rj Py s — B Prytha RaPryslll] -y 1o

0
J
S 1RePe, Quomy¥rllrzre

|ATYY " 01 [Ra Paytha Ry Prytbs — Ry Prytho Ro Py 03] Lo 12
J

-

k

<2772

lka—k3| 2
ki &@IW1|| . -1 12 ki WillS[k;]»
1P Quilly an [T 1Pl
k i=1

1

where in the last line we used lemma 6.3. One can now square sum over [, ob-
taining the desired estimate. We can also easily place the output without the 6°
outside into LM L2: provided the first input is microlocalized far away?® from the
light cone, we place it into L} L2 and the remainder of the expression into L{°L2,
using lemma 6.3. If the first input is microlocalized closely to the light cone, and in
the remaining inputs Ry doesn’t fall on an input which is microlocalized far away
from the light cone (i. e. ’elliptic’), we place the first input into LM LY and the
inner square bracket into L L1+, Otherwise, one of the inputs of the inner square
bracket is ‘elliptic’ and hit by Ry; we place it into LM L2 and the remaining inputs
into L L2. This settles the ’elliptic case’, i. e. output at modulation > 219.

We next need to further distinguish between the possible frequency interactions
inside the inner square bracket:

(1.1): Assume in addition that ks < 5. In particular, ko = k1 +0(1). Our strategy
will be (cf. [18]) to reduce the modulations of the inputs and the expression in such
fashion as to be able to take advantage of the inherent null-structure:

(1.1.a): Reduce the modulation of the output to size < 2(179%3 ¢ > 0. Reasoning
as in the proof of the preceding theorem, we can easily reduce the modulation of
the output to size < 1. Moreover, invoking lemma 6.2, we estimate

110° PoQ((1-e)ks,10) [Ra Py 1
2

AT ZajI[Rﬁpk‘szRijst - RBPk3¢3Rij2¢2m|X—1,—%,1

j=1 0

291 e. its modulation is larger than its frequency.
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< _ (1—€)ks
S22 |[|Ra P Qeomy¥llnsere

2
AT 05T Py, s 01)[RaPry 2 Ry Pryths — R Piytbs Ry Prytoll| 1212

j=1

3
S 28827 T T Pl sin-

i=1

This verifies the claims of the theorem for this case.

(1.1.b): Reduce the modulation of the first input Py, 11 to modulation < 2(1—€e)ka—ka
This is achieved precisely as in the preceding case, placing the expression into L} L2.
(1.1.c): Under the above reductions, reduce the 2nd large frequency input Py,1ps to
modulation < 200=9ks—k2 We replace the expression by the schematically written
expression

"2 PoQ < (1— ks [Py Q< (1— ks —kr V1Vt VT Py 03V eV Pry Q5 (1— )y — ko V2]

‘We have replaced the operator V‘lPlirO(l)I by ”27%1”  which is made rigorous
as usual by writing this operator in convolution form and substituting translates
for certain inputs in the estimates below. The operators VmV’l account for the
Riesz type operators R,. In order to proceed, first throw an operator Q>, in front
of Py,13. In that case, we can estimate the L} L2-norm of the above by

S Q_kl||Pk71Q<(176)k3*k1'(/)1||L?OL§ ||v$,tv_1PkSQZk3w3||L?Lgc
|\va_lszQz(ke)krl@%|\Lng

e _ k1
< 25ksg— H || Pr il s1:)5

=1

which is more than enough. Now apply an operator ()<, to the small-frequency
input. Using the crude version of lemma 6.5 as well as lemma 6.4, we estimate the
N[0] norm of the above expression by

1
31

S 27’61 ‘ |Pk1Q<(1—6)k3—k11/)1Vzvtvilpk3Q<k3w3||X0’
k1

VetV Pry@s (1 ks -k V2] |X0,7%,1
k

2

3
< |ka[2cks H | Pe, il stk
=1

which is again enough.
(1.1.d): Under the above reductions, reduce the small frequency input to modula-
tion < 2(1=9ks+C 30 note the identity

30We denote generic large positive constants by C; they may change from line to line.
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Pr,Q<(1—)ky—ka V2 Prs Q> (1—e)ks+ V3
= Q> (1-)ks [P Q< (1—e) ks — ko V2 Pres @> (1— ) ks +-0 V3]

Therefore, lemma 6.5 allows us to estimate this contribution by

27 1P Qea-on kIt

Qs (1—e)ks [Pry Q< (1— ) kg — ko V2 Prs @ > (1— ) kg +-0 V3]

1
H 2 0,—5,1
X2
k2

3
< 9cks 9—dk1 H ||Pki1/)i||5[k7t]
i=1

Finally, we are in a position to expand the null-structure: first letting the
outer derivative fall on the first input Py, Q <(1—)r,—#, %1, We use the identity

2
23 AT'9;[RyfR;g — R, fR,g]0"h

j=1

M-

2
O[AT'9;[VT fRiglh] = > OAT'9;[V " fRg]h
1 j=1

J

AT VT fRg)Oh — VT fO((V - g)h)

H‘Plﬂw

Jj=1

+ VOV g+ VLAV g)0n,

which was already used in [18]. We substitute the suitably microlocalized inputs
and also microlocalize the whole expression as in the preceding. Then we need to
estimate the following terms:

(1.1.e):

1OPyQ<(1—eyks (V7 [Prs Q< (1—eyhig +-0¥3 Piy Q< (1— )i — s V1 12]
P, Qc(1—e)kg—ks V1) || 0]
SNPoQ<ci—ephs (V7 Pry Q< (1—ephs+ V3 Py Q< (1—)hg— ks V2]
Pk1Q<(1—e)k3—k1¢1)HX0,%
0

L

Now we use the following simple lemma:

Lemma 6.12. Let ¢ 23 € S(R*™). Then the following inequalities hold for ki 2 3
as in the immediately preceding and € > 0:

3
i
[ Po[Pry 1 Prytho Prs ¥s]l| 2 2+ S 2 kg% ks H [ Pre; il [ 511
=1

3
s
1PoQ<0(1)[Piey 1 Py 2 Py 3] || g0.en S 273 K325 TT | Pry i | 71 -
0
=1
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Proof : The first inequality follows from lemma 3.1. The 2nd results from twofold
application of lemma 6.4: Freeze the output to modulation ~ 2%, a < O(1). Simi-
larly, freeze the inner expression [P, Py,13] to modulation ~ 2. We distinguish
between the following two cases:

(1): a > 5+ C. We compute using lemma 6.4 twice:

[PoQa(Pry ¥1Q; [Pry 0o Pry V3]l L2 2

j—k3

§2_%2ﬁ2min{ P 70}219321“ H ||Pk1¢z‘|5[kz]
i=1,2,3

The claim follows immediately upon summing over j,a (taking into account the
factor 2¢%).

(2): a < j+C. Again by lemma 6.4, as well as the improved Bernstein’s inequality,
we have

|[PoQa(Pry 1Qj [Pry 02 Pry¥sl|| 212
S 29| Prytr || oo £211Q5 [ Pry 02 Pry 3]l 212

< 252 dgminliTt Ohgks 1T 11Peillspa-
i=1,2,3

This yields the inequality as before. [ ]

The desired estimate follows immediately. We next demonstrate how to deal with
the fourth and sixth term of (27), the others being similar and simpler.

(1.1.f): For the fourth term, we use lemma 6.5 as well as lemma 6.4. We shall
denote a small generic positive number by ¢ (which may change from line to line):

[PoQ<(1-eyks (V' O[Pry Q< (1 -y V™ 3Py Q< (1- ks — 1, 1]
Pr, Q< (1—e)ks—ks2) I N 0]
< 2% ||V 0[P, Qe 1— kst V03 Pry Q< (1— o)k — 1y V1]

1

1
Il o1

—1
X,

1
| |P’€2 Q<(17€)k3*k2¢2| |S[k2]

3
< 2% [T 11Pe, il k-

=1

(1.1.g): For the sixth term, we freeze the modulation of Py, Q«(1—¢)rs—#, Ov—ly
to modulation ~ 27. Then we estimate the following two contributions:
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|PoQ<(1-eks (Q<mingjt O (1—ka+ 3 [V Py Q< (1—)ks+-c¥3
Py Q< (1—eyhy— ko V2] Py @30V 01) || o)
S 2% |Q cmin i+, (1 ha+ 0 [V T Pra Q< (1= wa 03
P, Q< (1—e)kg—ko V2] ‘X,f’l%’l [P, Q;8V 4y | |Xo,7%,oo

k1

. 3
5 26k32min{14+"3 ,0} H HPkﬂ/}z| |S[k,]
i=1

One can now sum over j < (1 — €)ks — k1. The other contribution results from re-
stricting the inner square bracket [,] to modulation > 29+ freeze this modulation
tosize ~2% j+C <a< (1—e€ks+C:

1PoQ<(1—eks (Qa[V ™ Py Q< (1— e+ 3
Pry Q< (1-)kg—ky V2] Py Q;0V 1) o)
S 2% |Qu [V T Py Q< (1— s £ 03
Pk2Q<(1—e)k3—k27/}2]HXO,fé,l||Pk1QjD7vZJ1||X0,%,oc
o t

1

a

3
—k
=) H || Pr, i || (ks -

i=1

< 26k32j—a2min{
Now sum over the suitable ranges of j, a in order to obtain the desired estimate.

Recalling the discussion in case (1.1.d), we still have to consider the case when
the outer derivative falls on the inner @,; null-form. This case, however, can be
expanded in a similar kind of null-form:

> AT'0Y0[R,fRjg — RifRuglh =hY  AT'0,0(V ! fRg) — 0"[V ' fRyg]

Jj=12 J

1 1 1
=hY AT'0;0(VfR;g) - SOV VT igh+ SOV fg— SV fOVT g
J

The terms on the right-hand side can be estimated in the exact same fashion. We
are done with case (1.1).

(1.2): Now we assume ky > 10, ky = ko + O(1), 5 < k3 < ky. The procedure
is quite similar to case (1.1). Using lemma 6.2, one reduces Py, 1; to modulation
< 2ks=F1_ Similarly, one reduces the output to modulation < 1. Next, we reduce
the input P, to modulation < 2k —Fz:

(1.2.a): Reduce Py,1)2 to modulation < C. Assume this input is at modulation
2!, 1 > C. We may assume [ < ko + O(1), the opposite case being simpler (in light
of the operator I). Use schematic notation for the expression, as earlier, and shift
the operator V! onto the first input, for convenience’s sake:
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[ PoQ<0(V ™" Py Q< iog—iey 1 Pry 03 Py Qutd2) || (o)
S PoQ<0(Qrrom) [V ™" Pry Q<y—ky 1 Pry 3] P, Quth2) || 1 12

3
l—k
4+3 0} H HP/CZd)ZHS[kb]

i=1

< 27%2]{5371@1 2min{

One can sum here over [ > C.
(1.2.b): Under previous reduction, reduce Pi,Q<c2 to modulation < 2F3—*2. We
use the crude version of lemma 6.5:

1PoQ<0(V ™" Pry Q<o — 1y V1 Piy 3 Py Q iy —1ea,01%2) | | v (0]

= [PoQ<0(Q<c[V ™" Pry Q<ty—ky 1 Piey V3] Py Qi — ks, c1%2) | | v (0]

S ||Pk1+0(1)Q<C[v71Pk1Q<k3—k1¢1Pk3w3]||Xo,%,1||Pk2Q[k3—k2,C]w2||Xo,7%,1
k1

k2
.
S 2% [P illsiw
=1

Finally, one reduces the small-frequency input Pj,13 to modulation < 2¢, proceed-
ing along the same lines. Next, one expands the null-structure, as in the preceding
case. For example, one estimates:

| Po@Q<o(OV ™ [Pr, Q<tog—1y ¥1 Pry Qe V™ 03] Py Q <y — k2 ¥02) | | v (0]
S |k3|‘|Dv71Q<C[Pk1Q<k3—k17/’1pk3Q<Cv717/13]||X0,—%71||Pk2w2”5‘[kz]
k1

3
k
g 27& | I HP]WwZHS[kJ
i=1

We have used lemma 6.5. The remaining cases are monotonous repetitions of the
same kinds of estimates, hence omitted.

(1.3): k1 > 10, k3 = ky + O(1) > k1. This case doesn’t offer anything new. One
immediately reduces Py, 11 to modulation < O(1), using lemma 6.2. One pulls a
derivative outside the inner square bracket, using the operator I applied in front of
it, as well as the @, j-structure. Then one reduces both Py,12, Pk, 13 to modula-
tion < 27%2. Expanding the null-form, one proceeds as in the preceding case, and
obtains an exponential gain in —k;.

(2): k1 € [-10,10]. The inner square bracket [,] is then at frequency < 2%, say.
We freeze its frequency to dyadic value ~ 2F, k < 15. We can easily reduce the
output to modulation < O(1), arguing as in the preceding case (1). We are now
interested in the following case:

(2.1): High-high interactions within the inner square bracket: ko = ks+0O(1) >> k.
This case is harder than the previous ones on account of the fact that we need to
gain exponentially in the difference & — min{ks, 0} in order to be able to sum over
k < —10. This cannot be achieved by means of lemma 6.2, for example. Indeed,
we have to take advantage here of our modification of S[k] with respect to earlier
versions [18], [30], as well as a special cancellation between the summands in the
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first expression (25) of the Proposition.

(2.1.a): Output at modulation > 2k+e(k—mindk2.01) = pipst input Py, 1py at modula-
tion > 2kte(k—min{k2.0}) " We may assume that the output is at modulation < 1,
the opposite case being simple. Use the fact that the inner square bracket has very
small L*°-norm under these assumptions:

[ PoQ[k+¢(k—min{k2,0}),0(1)] 0" [Pry @> k+e(k—min{ks,01) Y1
ATE Y 0iPQersom Ry Pr 2B Py = RiPeytha Ry P Yl -y

2
j=1,2 0

3
5 2—k—e(k—min{k2,0})22k—k2 H ||Pkbwz||s[kl]

i=1

For 0 < € < 1, one obtains the desired exponential gain in k¥ — min{ks,0}. The 2nd
summand in (25) is treated similarly.

(2.1.b): Output at modulation > 2F+e(k=—min{k2,00) = Wirst input Py, 1 at modula-
tion < 2kte(k—min{k2.0}) " We again treat the first summand in (25), the 2nd being
handled similarly. First, we let the outer derivative fall on the large fre-
quency input Py, Q<kye(k—min{ko,0})¥1- Proceeding as in the previous number,
we can also reduce Py, 1;, i = 2,3, to modulation < 22=*2_ For simplicity’s sake,
denote Ple:<tk+e(k7min{k2}0})w1 = ¢1i7 PkiQka_kzz/Ji = (bit, 1 = 2,3 for the mo-
ment. Also, denote schematically

ATYN 0 PeQerio)Quilds 5] = (03, 67

7j=1,2

Then, we use the following decomposition for our expression3!:

PoQ et e(k—min{ks.01),0(1) 10" 61 (63, 93]

=2 2

+,+,+ . oy k—min{ko,0} )
£1,2,3€ K (14¢)(k—min{ks,0}) (dist(£rr,Ek,)<20F) 2 +9i=23
2

PoQ it e(k—min{k2,0}),0(1)] [0” Pry o1 1 [Prsy 3 93 » Phog s 03 1]

+ 2 2 D

a>w+c +,%,% Kk1,2,3€Ka—10,max{dist(£r1,%£r;)}~2%,i=2,3
PoQ i [0” Pry s & [Pra.na @3 s Pra s 95 1]
0% [k+e(k—min{k2,0}),0(1)] k1,61 %1 £ k2,2 P2 5 L k3 k3 P3

We commence by estimating the last triple sum. Assume w. 1. o. g. that
dist(£k1, £K2) ~ 2%. Note that provided we localize the Fourier support of Py, ., ¢2i
further to a disc ¢o of radius 2, we can microlocalize Py ris (bSi to a disc c3 of the
same size such that dist(ca, —c3) < 2F. Moreover, freezing cs, c3 leaves only O(1)
many choices for k2 3. We now assume in addition to the preceding that ky < —10.
Unravelling the null-structure inside the inner square bracket, we move one opera-
tor V outside. Replacing the operators PkQ<k+o(1)8j&,A_1 by convolution with

(28)

31We are fudging a bit below, since the operators Py, ., appearing in the expression have to
satisfy Py, «; Pk; = Pk;- They have to be chosen differently than the operators used to define qﬁit.
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a smooth kernel of L'-mass O(1), substituting translates for the inputs of [,], and

committing abuse of notation, we have to estimate schematically written expres-
sions of the form

POQ[k%»e(ksz),O(l)] [aVPkl,fﬂ ¢%V_1Pk2,ﬁzpczd)g:Pks,KSPCs(bét}

If we now use the geometric observation in the proof of lemma 6.4, we have

Pry iy 007V ! Pry 3 = Pry0(1)Q2a+15+0(1) [Pry iy 0707 V" Prg ey 03]

We now use a simple variant of lemma 6.4, namely the following: let kj 2, co be
as above. Let Cy, r—k, be a finitely overlapping covering of the frequency region
|€] ~ 2F2 by means of discs ¢ of size 2F. Then

k—k
(> ||Pk1¢1pc2¢2\|;o,%,m)% <2227 T 11Pe il simg-
0

i=1,2

c2€Cky k—ky

Armed with this and using Cauchy-Schwarz as well as the definition of S[k], we
obtain

> 1PoQ ke (h—k2),0(1)] (0" Pry ny 67

€2,3€Cky 5, k—ky 3,dist(c2,—c3) S2F

_ + +
\Y 1Pk27K2P62¢2 Pks,ﬁ3pc3¢3]||N[0]
_ kte(k—ko) + 1
§2 2 Qk( Z HP’C37K3PC3¢3 H%‘t’OLz)z

c3€Cks k—ks

v — 1
( Z Ha thlil(éitv 1Pk2752P02¢2i||%%L3)2

c2€Cky k—ky

kte(k—kg) k k
27%70,7722]@‘-0—

3
—k
7 [T 1Pk il 5w

i=1

One can sum over a > (H_e)(%k” + C, provided € << %, getting the desired expo-
nential gain in k — ky. Next, assume that ke € [—10,10]. In this case there may be
destructive resonance between the first two inputs 8”Pk1m¢1i, V1 Py 10y Pey qbét.
The angular separation condition ensures that the frequency of their product is at
least ~ 2%. Freezing this frequency to dyadic value ~ 2", and also freezing the
modulation of this product to dyadic size ~ 27, the geometric observation in the
proof of lemma 6.4 implies

max{jkte(k—ko)}+r . at0(1
27 2 ke x> a0

which yields 7 > 2a — r + 2ks + O(1). Now we use another simple variant of
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lemma 6.4, namely that under the present assumptions on ki 2, k, 7, we have

k—r
(> PP v Paall? )2 S 28275 TPkl sk

1
0,5
X, ?
CEC'IQ,]c "

Plugging this in, and using Cauchy-Schwarz and the definition of S[k] as before, we
estimate this case by

3
(k—kg) r —
Skreha) o apgokghar HHPM%HS[M]

=1

This can be summed over the above indicated ranges of r, a to yield an exponential
gain in k — ko, provided € << % When ks > 10, one simply uses

Pk1,518V¢1iv71Pk2752P02¢§t = Pk2+0(1)Q2a+O(l)[thfilayqslivilpkzyfizPC2¢§E]

Then one proceeds exactly as above, obtaining an exponential gain in k. We now
proceed to the first sum in (28), corresponding to the case when +k; is closely
aligned with both +x2 3. We suppress the operator P,Q<,0;/A~! applied to the
inner square bracket [,], keeping in mind that it costs 27% at the end of the day,
and recall what [,] stands for. Freezing ¢ 3 etc. for the moment, we obtain a sum
of two schematic expressions of the form

PoQ it e(k—min{ks,0}),0(1)] (P11 0" 5 R Proy s Py 3 Preg o Pey 3]
Assuming for the moment that ks < —10, we can rewrite the above as

PoQee(k—ka),0(1)) [Pity +0(1) @< ke (k—hp)+0 (1) [Py oy 0" 67
RVPk:27n2Pcz¢§E]Pk3,K3P03¢§t]

Our next step of course consists in unravelling the Qg-null-structure inside the inner
bracket, using 20, ud”v = O(uv) — Ouv — uOv. For example, we can estimate

> [ PoQkt-e(k—k2),0(1)] [Py +0(1) @ <kte(k—k2)+0(1)

€2,3€C%ky g,k—ky 3, dist(cz,—c3) 2k

D[thm ¢:1‘:v71PkQ,H2PC2¢§t]Pk37ﬂ3P03¢§t]HN[O]
<2 > 1[Pey sy b1

2,3€Chky 5. k—ky 3, dist(cz,—c3) 2k

Vﬁlsz,mPCz(bg:mXO,%,l||Pk37R3PC3¢§t||Lf°L§
0

3
k—ky
S 25275 [ 1P il -
i=1

This is enough to absorb the 27% which we still have to pay for discarding the
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operator P,Q. V™! before. The remaining terms of the null-form expansion, as
well as the other cases ko € [—10,10], k2 > 10 are handled in exact analogy to
the preceding and omitted. Now we let the outer derivative fall on the low-
frequency inner square bracket [,]. Using the same notation as before, we need
to estimate the following expression:

PoQ(1+epk,0(y[¢1 07" Z 0;0" PLQ <o) [Ryd2 R Py 3 — Rjpa Ry ¢3]

j=1,2

= PoQ1+or00)[¢1 07" Z 9;0P,Q 0V 02R;j¢3]]
j=1.2

— PoQ>(140ks [01 PrQ <k 010" [V ¢2 R, 03]

Everything here is straightforward to estimate. For example, using lemma 6.4, we
get for the first summand:

|1PoQ14+0k,00 (187" 9;0PQcpro)[V ' b2 Rsasll| .11,
X 2

j=1,2 0
< 9= OHH A19.0P.Q V1l¢sR;
S |1l Loe 2] 0P Q<o) VT 02R;¢3]|[ L2
j=1,2
4ok 3
€ k
S2m 7 2225 [T 11Pe il s

i=1

The 2nd summand is estimated similarly be expanding the inner bracket, using a
simple null-form identity. This concludes step (2.1.b).

(2.1.¢): Output at modulation < 2k+e(k—min{k2.00) = Grst input Py, apy at modulation
> gkte(k—min{k2,0H)+C Tt i easy to see that we can immediately reduce the two
inputs Py, ;12,3 to modulation < okte(k=k2) - Pulling out one operator V from
the inner square bracket [,] (using its null-structure) and suppressing the operator
A‘lajVPkQ<k+o(1), we represent this case schematically (and as usual abusing
notation):

>

c2,3€Cky k—ky, dist(ca,—c3) 2k
PoQ < kte(k—min{kz,0}) ([0” Py Q> ke (k—min{kz,0})+C V1
VT Pey Q kot e(h—min{k,0) V2] Pes @ <kt e (h—min{ka,01) ¥3)

We observe that we may always avoid destructive resonance in the inner square
bracket here: simply break Py, 0”¢; into finitely many pieces microlocalized along
angular sectors, and switch the last two inputs P.,9, P03, if co is opposite
to the corresponding angular sector. We claim that we can throw an operator
Q> kte(k—min{ks,0}) i front of [,] without altering the output. Indeed, suppose we
do the opposite and apply @ <i4e(k—min{ks,0})- Using the geometric observation
employed many times before, we have (omitting summations over ¢y 3 for now)>?

32We denote by r(c) the angular sector associated with a disc c.
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PoQ < jte(h—min{ks,0}) (Q <kte(k—min{k,0}) [0 Pry Q> kte(k—min{ks,0})+C V1

V7 Py Q< e(h—min{ka,01) V2] Pey Q@ < oe(l—min{ k2,01 ¥'3)

/

=2 2

+,+,+ ;
== HleK(1+E)(k¢7r§1n{k2,0})7max{k2’0}+0710

+ v +
POQ<k+5(k*min{k2»0})(Pfc,le<k+e(k:7min{k2,0}) [0 PklQ2k+e(k7min{k2,0})+c’w1

V_1P02 ka+€(k_min{k2,o})¢2]1303 Q<k+e(k7min{k2,0}),¢}3)a

where Z' is only extended over those caps k1 satisfying
dist(£k1, £r(cp)) > 2R —max{ks 0}4+C
and k = max{ky,0} + O(1). Similarly, we have

PoQ < jote(k—min{ks,0}) (Q <hte(k—min{ks,0}) [0 Pry Q> kte(k—min{kz,01)+C V1

V71P62 Q<k+e(k—min{k2,O})’po}Pc:; Q<k+e(k—min{k2,0})w3)
"

=2 2.

+,+,+ infk
,E, K’QEK(1+5)(k7r;uu{k2,0})7I“ax{k2’0}710

+ v +
P0Q<k+f(k*min{k2’0})(Pfc,rwQ<k+e(k—min{k2,0}) [0 PklQ2k+e(k—min{k2,0})+cw1

V71P02 Qik+€(k_min{k270})¢2]PC3 Q<k+e(k7min{k2,0})¢3)v

where Z” is extended over those caps ko satisfying
(1+€)(k—min{ky,0})
dist(+ka, £r(c3)) < 2 2 max{ke, 010

Since we already know that dist(dr(cz), £r(cz)) < 287F2+00)  where the + signs
are determined as usual according to the situation of the (space-time) Fourier sup-
port, we conclude that P,~€,N1P,;7Nz = 0, hence the whole contribution vanishes.
We now use Cauchy-Schwarz and the following simple variant of lemma 6.5: Let
F. € S(R*"1), indexed by a set of discs ¢ € Ck, x_k,, and also ¥ € S(R**1); then,

for ko 3, k as before, we have the inequality

k—min{ks,0}
2

> Pl Pryro FePet]l o) S 2™ o022 (max{ks, 0} + 1)

c€Ckg k—ksg

1
> ||Pk2+0(1)FC||io,f%,1)2|‘Pk3'(/}3||5[k3]'

c€Cky k—ks k2

This follows by going through the proof of lemma 6.5 for fixed ., F,, carefully
keeping track of the modulations, and then summing over ¢, using Cauchy-Schwarz
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as well as the definition of S[k] and Plancherel. We can now estimate

l >

€2,3€Chy, k—ky dist(cz,—c3) 2%
PoQ < kte(k—min{ks,0}) (@>k-te(k—min{ks,0}) [0 Pry Q> kte(k—min{ks,0})+C¥1
V7 Py Q <t e(k—min{ka,01) V2] Pey @ < ke (l—min{ks,01) ¥3) | | N 0]

k—min{ko,0}

<2 = 27U (max{ks, 0} + 1) Py s s7wy)
> (Y lQul0"Pr, Quion

a,b>k+e(k—min{k2,0}) c2€Ck, k—kq

V_IPCQ Q<k+e(k—min{k2,0})1/}2] | |A2).(0,,%,oc )§

max{ko,0}

But we can easily estimate

v — 1
( Z |Qal0” P, Qo1 V 1P02Q<k+e(k7min{k2,0})¢2]||2.o,_%,m )2
c2€CK, k—ky max{kg,0}

_ _atb
S 257k — ko272 || Pry ] o1 oo || Pra 2 s(ka)
X 2

k1

and the desired estimate follows easily from this provided we choose € << %
(2.1.d): Both output and first input at modulation < 2k+e(k—min{ks,0})

< kte(k—mintk,00)+C " pogpectively. In this case, we expand the null-structure. We
shall use the following identity, which is subtly different than (27):

2(0"f Y  AT'0;[R,gR;h — RigR,h]) + f Y AT'9;0"[R,gR;h — RjgR,h]
- ,

J

=0[f > ATV gR;n)] - (OF) Y ATI9;(V T gR;h) 29)
— 20"V YgR,h — f0"(V 'gR,h)

Plugging in the suitably microlocalized inputs as before, we need to estimate the
following terms:
(2.1.e):

OP0Q <kt-e(k—min{kz,0}) (Phy Q <kte(k—min{ke, 01 ¥1
V' PeQcrro) [V Poytha Pryts))

We estimate this by means of the following lemma, which is a refinement of lemma 6.12
and proved in exactly the same way:

Lemma 6.13. Let ki, ko, ks >> 1 be integers. Then for every e > 0, we have

3
1P, Q<rt01 PrQ <1y 0(1) [V~ Prytha Peybs] || 0.en < 2T TT || Prdi 11
k1 1
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Armed with this, we can now estimate

[|BPoQ <kote(k—min{ks,0}) (Pry Q< kte(k—min{ks,01)+ W1
V' PuQerro) [V Preytha Pry3))

1
H - 0,—5,1
x0Tz
0

3
< 95 (k—min{ks,0}) H || Prey 0| s 11s)
i=1

(2.1.f):

PoQ <kt e(k—min{ks,0) [P @ <kte(k—min{ks,0})+c OY1
PuQ<rro)V [V Prytha Prytps]]

We can estimate this using lemma 6.5 as well as lemma 6.4:

|| PoQ <hot-e(k—min{ka,01) [Pry @ < kte(b—min{ks,01)+cO%1
PeQcrromy)V VT Py Py ts]| | v (o]

§(j—
< 4 Z 90(j k)HDPlejleXg,,%m
j<k+e(k—min{ks,0})+C 1
1PQ ko0 VY Prstia Pl o
k

3
< 9ed(k—min{k2,0}) H || Pros s sk

i=1
(2.1.g):

The remaining terms of the null-form expansion are much easier: indeed, the k
here plays no role at all. For the third term, we can retrace the steps that lead
to the introduction of the localizers @ <x¢(k—min{k,,0}) €tc. and then apply Tao’s
theorem 6.9. As for the last term of the null-form expansion, we rewrite it as

PoyQ <kt e(k—min{ks,0}) [Py @< kt-e(b—min{ka,0n V1 PeQ<110(1)0" [V ™' Pyytha Ry, Pioy 3]

We first reduce P, ;123 to modulation < 2k+C " which is straightforward, and
then expand the Qo-type null-structure. For example, suppressing the operator
PrQ <k+0(1), we have

|| Po@Q < kt-e(k—min{ks,0}) [ Pry Q< kte(k—min{ks,01)¥1
V! Py Q<rorct02Pry Q<o OV 03] v o)

N Z [[PoQ < ke (k—min{ha,01) [Q < (Phy Q< te(k—min{ka,0) Y1
j<k+C

V! Py Q<o ct02) Pry @0V 3| o)
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+ Z [[PoQ < kte(k—min{kz,0) [@>5 (Pry Q< kte(k—min{ks,00) Y1
j<k+C

V! Py Q<iogct02) Pry @0V "3 g

The first of the last two summands is estimated by means of the crude version of
lemma 6.5:

Z || PoQ < k+e(k—min{kz,0) (@< (Pry Q< kte(k—min{ks,01) Y1
j<k+C

V! Py Q<o ct02) Pry @0V ™ 3| g
S Z 1Q<;j (Pry Q< te(k—min{hs,00)¥1

j<ktC
v71Pk2Q<k+C7//2)||X0,%,1 HPk'stDvilllz[}iﬁHXO,—%‘l

max{kg,0} k3

3
j—min{ko,0} _ k
< Y 2w RO T P sk
j<k+C i=1

which is as desired. The 2nd sum in the preceding is estimated similarly, as are the
remaining terms of the null-form expansion. We are done with the case (2.1).

(2.2): Again k1 € [—10,10], but high-low or low-high interactions in the inner
square bracket, i. e. ke = k+ O(1) or ks = k + O(1). This follows directly from
Theorem 6.9, or also as in [18]. This concludes case (2).

(3): k1 < —10. This case is much simpler than the preceding as far as possible
destructive resonance phenomena are concerned. Indeed, the case when destructive
resonance occurs in the inner square bracket (ko = k3 + O(1) > O(1)) is treated by
the exact same methods, as in case (1). The difficulty occurs in treating the 2nd
summand in (25) when ko, k3 are widely different, but this was achieved by Tao in
Theorem 6.9. This concludes the proof of the Proposition 6.11. [ ]

7. QUINTILINEAR TERMS.

We now attack the quintilinear error terms shortly discussed in section 5.2. Our
procedure shall be roughly as follows: for a schematic expression

Va1 VT oV H 03V (9aths))]],

we (i) frequency-localize the inputs 1; to dyadic frequencies ~ 2¥¢, and the output
to frequency ~ 1. Then we (ii) keep track of possible destructive resonance phenom-
ena (many cases!). This may force us to frequency-localize larger constituents of the
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above expression, for example V~1[t)5 . ..]. Finally, having estimated the frequency-
localized expressions, we need to be able to sum over all frequency-parameters. In
the end, we typically pair off the indices k; in some fashion, obtaining for example
exponential gains in —|ky — k3|, —|ks—ks|. This allows us to reduce I! summation to
12 summation via Cauchy-Schwarz. We then also need to obtain an exponential gain
in some —|k;|, i. e. the difference of an input frequency and the output frequency,
in order to retrieve the original frequency envelope. On account of the multilinear
nature of the expressions, one is tempted to invoke some sort of algebra estimates.
Unfortunately, every extra factor v entails an extra operator V~! falling on a com-
bination of inputs. This renders the treatment extraordinarily cumbersome. If one
had sharp improved Strichartz type norms available, the sequel could be massively
simplified. This is somewhat analogous to the situation in 3 4+ 1 dimensions, where
the failure of the endpoint Strichartz estimate caused all the complications for the
trilinear terms. In the present situation, though, the problem is not the lack of
an L}L°-Strichartz estimate, but rather the author’s inability to build this norm
into the spaces S[k], due to a logarithmic divergence. The author apologizes for
the piecemeal estimates to follow, which are certainly amenable to simplification, if
only by redesigning the spaces employed. Returning to the quintilinear estimates
in detail, the 2nd of these recorded in section 5 is significantly more difficult, and
we address it first. Recall that it has the following schematic form:

vz,tw}v_l (RﬁwXV)L

where x, is defined as in section 2, and not both § = 0, v = 0. Our first task
consists in restricting Rzt to "hyperbolic microsupport’. We relegate this simple
but tedious step to a technical appendix. Having accomplished this, we apply
dynamic separation to Yx,, decomposing it into a @, ;-type null-form and elliptic
error terms. Focusing on the quintilinear terms containing (), ;, we need to reduce
@Q.; to hyperbolic microsupport. This is again a tedious technical step relegated to
the appendix.

It turns out that the resulting expression is in many cases amenable to estimation
by means of improved type Strichartz norms introduced in section 6. Indeed, using
the operator I =), ., Pr@Q<r1100, we have the following

Lemma 7.1. Let ¢; € S(R*™), i = 1,...5 satisfy || Putil| s < ek for a “suffi-
ciently flat’ frequency envelope. Then the following inequality holds:

Vet Po[tr VP _10 (02 V™ (03 V1 Quy I (tha, ¥5))]l vio) < co

Proof : First consider the contribution when the output is reduced to modulation
C_1

> 1. One then uses lemma 6.2 to place it into X *’ b2, Similarly, it is straight-

forward to place the output without the operator V.. in front into LMI2. Now

restrict the output to modulation < 1, whence we can discard the operator V, ; in

front. We frequency-localize the expression to

Py[Pr, 01V ! Poy (ProythaV ™ Po,y (Pry 03V Py Qo I (Prytha, Prys))]
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and distinguish between the following situations:

(1): k2 < a; + O(1). We observe the inequality

||v_1Pa2 (Pk3¢3v_1paaQVjI(Pk4w47Pk5¢5)|

| as
L,,3

L8~

S26(min{a2,ag,kg}—max{az,ag,kg}) H ||Pk¢z||s[k]
i=3,4,5

where ﬁ + 8% =1, and § > 0 suitably small. This follows easily from lemma 3.1,
lemma 6.2, except when az = k3 + O(1) >> as. In this case, observe the decompo-
sition

V! Pay (Pry 3V ™" Pay Quil (Prytha, Pryths))
= Y VP (PysV T P, Quil (Prytba, Pryibs))

¢1,2€Ck5,a9 k3

whence by (the proof of) lemma 6.7, letting p > 4,

|| p 22
3 p—
LZ Ly

Hvilpaz (Pk3¢3v71P03QVjI(Pk4¢47Pk5w5))

270 D0 IPsllipre ) 1|Pas Quid (P, Prgtds)ll 2z
CECkS,az—kg
< o2 )G T (1P villsiea-
1=3,4,5

We can choose € > 0 arbitrarily small. Armed with this estimate, we now compute

|| Po[Pr, 1V ™" Pa, (Pry 02V ™" Pay (Pry 3V ™" Pag [Pryta, Prys))]l |21 12
< C27Y| Py e 2+ || Pro 2 Lo+ o
Hv_1P¢l2 (Pk3z/}3V_1Pa3 [Pk4¢4,Pk51/)5D||L§+Ls,

t T

< (901 1k1198> (ks —ar) s (min{az,as,ks } —max{as,azks }) o 45%3! IT  I1Pewillspe
i=1,2.3,4,5

for suitable 6123 > 0 and ﬁ + ﬁ + ﬁ = 1, and one can now sum over a; > —10
etc. to obtain the claim of the lemma.

(2): k2 >> a1, ag < a3 + O(1). This case doesn’t offer anything new. One decom-
poses
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Pa1 (szwQV_l‘Paz (Pk3¢3V_IPa31Quj(Pk41/J47 Pk5’¢}5)))
= Z Pa1(PC1w2v_1Pa2(Pczw3

€1,2€Chy,a; —ky» dist(c1,—cz) $201TOM)

VP 1Qu; (Prytba, Prst)s))

Then one invokes lemma 6.2 in order to place V™' P,.1Q,;(Py, 4, Pr,1bs) into
L?L2°, and also uses lemma 6.6, exactly as before.

(3): k2 >> a1, a1 << az << kz. This time, proceeding as in the first case, we get
the estimate

_ 1
S2 a1‘|Pk1w1|‘L£/ILi+( Z ||P61w2||i‘:+[/:o)2

¢c1€Cky a1 —ko

(> IV Py (Piy sV Pay IQus (Prytha, Prsths))|2) 2

c2€Cky a1 —ko

Now we have

Nl

(D IV P (PrytsV Qi (Prytba, Pryths))| 20
L

2+p L2
c2€Cky,aq —ko t z

SO > IV Py (Pey b3V 1Qu 5 (Prytba, Pryths))[? 25

24P 12
c3€Ckg,a5—kg €2€Cky, a1 —ky,c2C10c3 L

SO D0 IV PtV Qi (Prytba, Py ¥s)l” 2

24+p 12
Lt Lur,

~—
N

¢3€Cks,a53—ks

kg —ks|

k a -
< 0.2 7o T oldE ek gy H || Pe, s 7k
1=3,4,5

Reiterating application of lemma 6.7, we estimate the expression by (using 4+ = p)

3

< O 27 m2lre—PDauglrm —Pasg(G—keg-

lkg—

5

ks |

= TPl e
=1

One can now sum over the appropriate frequency ranges.

(4): The remaining case ko >> a1, as > ko + O(1) is a monotonous reiteration of
the same kind of argument, hence left for the interested reader. [ ]

Thanks to the preceding lemma, we see that it suffices to consider the following
type of (schematically written) expression

Nl=
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> Vi Po[Pry 1V Po(Piy RpIpaV ™ (PeythsV ™ Qi I (Piytba, Py ths))]-
k<—10

As explained in the discussion in section 5.2, we are forced to invoke further dynamic
separations here. For example, substituting the gradient components into the first
expression on the right-hand side of (8) and including the operators I as before,
one obtains the following complicated expression:

N(¢17¢2ﬂ/}3ﬂ/}4a¢5) =
Oy A7 (RiIva(Y AT ORAp Y AT O I (RipaRids — Ritbs Ritbo)]
3 i F

=Y AT'O[RAPY AT ORI (Ry$aRitbs — Rytbs Ritha)]))]
R k
= 0"[r Z Afl@j(RuIﬂ}z(Z ATV [Ris Z AT ORI (Ritha Ritbs — Riths Rita)]
j 7 k

=Y AT Ry Y AT ORI (RyaRis — Rivs Ritha)]).
i k

Similar expressions arise upon enacting complete dynamic separation in the remain-
ing terms in (8). Now we can state:

Proposition 7.2. Let N (11, ... ,15) be one of the quintilinear null-forms described
above. Also, assume ||Pyti|si) < cx for a “sufficiently flat™® frequency envelope.
Then the following inequality holds:

[[PoN (Y1, .- 9s)| v < co

Remark: We note that we no longer require cancellations between the different
quintilinear null-forms. This renders the treatment of these somewhat simpler than
the trilinear ones. Unfortunately, the size of these expressions makes them some-
what unwieldy.

Proof : We state the proof for the null-form written in detail above. The other
null-forms require no separate considerations, as will become clear from the proof.
We commence by reducing 3 to hyperbolic microsupport. This is routine now,
on account of lemma 6.2, lemma 6.3, similar to the calculations in the Appendix.
Similarly, we easily reduce the output to modulation < O(1), so the operator 9" is
certainly not going to hurt us. On account of lemma 7.1, we may assume that the
expressions A~Y(...) are microlocalized to frequency < 2719 We shall freeze
the frequency of these expressions to dyadic size ~ 2, k < —10, and later have to
obtain an exponential gain in —|k — k;| for some 7 in order to be able to sum. With
k fixed, we may also reduce the output, first input and therefore also > y A7)

to modulation < 290 " as follows from lemma 6.2 and a straightforward exer-
cise involving lots of applications of Bernstein’s inequality. We shall assume these

33]. e. the o used to define it is sufficiently small.
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reductions from now on. In order simplify life further, we use the following identity:

N(ap1, 2,103, 04,105) = A1 + Ag + As,

where we have used the following terminology(keep our reductions in mind):
Ay =0y Y AT (R > ATV s
j i
> AT'OI(RivpaRitbs — RpthaRiths)])]
k

Ay = —=0"[041 Y AT (R;Tehy
J
D ATV s Y AT ORI (Ritba Ritbs — RitbaRis)))]
i k
Ag =

= @[y AT R IV s Y AT O (Ruya Ritbs — RitpaRu)s )]
J k

—9"[th Z AT (R Iy Z ATV I (Rihs Rytbs — Ry Rits)))]

-0 [¢1Rih/)2 Z oA VAR Y Z AT ORI(Rips Ribs — RppaRis)]]

7 k

+ 01 > AT [R TV ey ij AT ORI(RjtbaRytps — RipaRjibs )]
J

+ 0" [ Z AT R, I Z ATV T s I (Ripa Rjbs — RjbaRis)]]]
7 7

If we frequency-localize the inputs 1; to frequency 2%, the above identity is useful
provided k3 > ko + O(1), which we assume in the following. In the opposite case, it
is obvious that one may always let one operator V! fall on Py,1)9, and the resulting
terms can be treated by minor variations of the following arguments, as explained
in the Appendix. We now apply the reductions discussed in the preceding para-
graph (whence k1 = O(1)). Then A; 5 are easy to estimate: Indeed, we can estimate

1PoQ <k D[P, Qerthr Y AT 0 PuQcio) (R Prytha Y | AT10;[V ™ Prytfs
7 %

> AT'ORI(R; Pr,0aRi Payths — RiPi,ba R Peyt)s)))]l o)
k

_k _ _
<2771 Po Qerthr |1 22 [ PeQeky 01y (Ry Prytha Y | AT10, [V Pryifs

> AT'ORI(R; Py, oaRy Pryths — RiPiyba Ry Pryts)])l 12 o
k

The latter expression can be estimated for example by lemma 6.2 and the Sobolev
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inequality, which results in the following bound:

5
_ |k—kgl ko—ks _ |kg—ks]
2 D e e S H‘|Pk¢¢i|‘5[ki]'

=1

The term As is of course handled similarly. The next term in ascending order of
difficulty is the third summand of A3: when the outer derivative 9¥ falls on the first
input Py, 11, one expands the resulting Qo null-form (9" Py, ¢1 R, Py, 2). This gives
a sum of expressions two factors of which may be placed in L?L?2, using lemma 6.2,
lemma 6.4. These contributions may then be placed into L}L2. If, on the other
hand, the outer derivative falls on (R, Pg,s...), one can use non-sharp Strichartz
type norms, as in the proof of lemma 7.1. We now begin with the first hard term,
the first summand of As:

(1): First summand of As. We note that upon using the identity R,uRjv —
RyuR,v = 0,(V 'uRv) — 0x(V - uR,v), we can rewrite this term as a sum of
two expressions quite similar to the first summand of (25), in which the inputs 2 3
have been replaced by two bilinear or a trilinear and a linear expression, respec-
tively. It turns out that this helps for estimates. As for the trilinear estimates, we
worry mostly about destructive resonances:

(1.1): High-high interaction between (Py,R;jv2Pr,V '3) and >, A71(...). Lo-
calize the frequency of these terms to dyadic size 27, 2" TP respectively, where
r >> k, k as in the preceding discussion. Our first goal shall be to obtain an ex-
ponential gain in the difference min{k — min{r, min{ks, k4, k5}},0}. Note that we
required a special cancellation to achieve the analogous step for the trilinear terms.
(1.1.a): Obtain an exponential gain in min{k — min{r, min{ks, k4, ks}},0}. We
first reduce

(Pr, Rj12 Py, V™ h3) etc. to modulation < 2¥+C: observe that we have

10" Po@Q <k[Pr, Q<i¥1 Z A0 PLQ o) [PrQ@s ke (RjpaV ™' Prytbs)

J
Z ATV Py o1y L (Ry Prypa Ry Py s — Ry Pro,0aRy Py b))l N (o)
%

< 2577 P, Qerthr || Lo 12 [|1Pr @3kt 0 (Ry Py oV ™! Py ) || 212
1Prro) I (Ry Pr,aRi Pryths — R Pr,0aRy Preys)|| 212,

where we have used Bernstein’s inequality. Now one uses lemma 6.2, lemma 6.4,
obtaining an exponential gain 927 (k=) Note that if (VL Py, tha Pryab3) is reduced
to modulation < 2¥+€ this forces a similar condition on I(R, Py,v4...). Thus we
need to estimate the following term

0" PoQ <1[Pr, Q< Z AT, PQ <o) [PrQertc(RjthaV ™! Pryibs)

J

Z AT Ok Pryo(1)Q <kt I (Ry Pry0a R Pryths — Ry Py, 0aRy Prst)s)]],
k

which we rewrite as the difference of the following two terms:
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A = 0"PyQ<i[Pr, Q<x¥1 Z A0 PLQ oy 00)[PrQ<irc (RjpaV ™ Pyyths)
J

> AT P01y 10" (V7 Peytha Ric Pryt)s)]],
k

B = 0"PyQ < [Pr, Q<11 Z A0 PLQ o) [PrQ<hrc (RjpaV ™' Pryts)
J

Prio) (V7 PeytbaRy Prsts)]],

where we assume w. 1. o. g. that k4 > k5. Consider the first expression. Letting
the outer derivative fall on the first input (as we may from previous considerations),
putting R; Py, oV P13 = N, >, A719,(...) = M, using simple geometric ob-
servations as before and expanding the Q¢ null-structure, we schematically refor-
mulate this term as follows:

727k > PoQ<[O(Pr, Qerth1 Pe, Q<iyc M) Pe, Qi N
c1,2€C k—r, dist(c1,—c2) S2F

—27F > PoQ<k[OPs, Qb1 Pey Qi o M P, Q iy o N
¢1,2€C, k—r,dist(c1,—c2)S2F

—-27F > PoQ<k[Pry, Q<ktp1Pe, DQ <o M Pey Qv N1

€1,2€C k—r, dist(c1,—c2) S2F

We have as usual replaced the operator PkQ<k+o(1)V*1 by ”27%” and keep in
mind that making things rigorous would involve writing everything out using con-
volution kernels. The preceding three terms are straightforward to estimate: for
example, we have

727 H» Z PoQ<i[O(Pr, Q<ith1 Pe, Qirc M)

c1,2€C k—r, dist(c1,—c2) S2F

Pe,Q<rrc NN

S27F > 2" 0(Py, Qerthr Poy Qe M)I| o3
c1,2€C, k—r, dist(c1,—c2) <2k <max{r,0}
k—min{r,0}
2 2+ ||P(:2Q<k+CN||X0,%,1’
»

where we have invoked a simple modification®* of lemma 6.5 as well as (19). If one
now freezes the modulation of M, N to dyadic values, applies Cauchy-Schwartz to
get rid of the summation over discs and then Plancherel’s theorem, then applies
lemma 6.4 three times and sums over the dyadic modulations, one obtains the fol-
lowing bound:

k—min{r,0} .
72’“‘““’0}“131@171)“ ,0,%,1“PCFH _0,— %1 Pro-
X! X,

34We use that ||Py[Pr, ¥ PeF]||njo) < 2

vided ¢ € Cy .
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CEQmin{T,O}7’6‘2(k‘7mil’1{7‘,0})(176)2]@271{232]657]@4

5
min{k—min{r ko},0} min{k—min{r ks},0}
2 w2 - TP il sk

i=1

Since € > 0 here is arbitrary, this yields the desired estimate. The remaining cases
above are easier and left for the reader (one can place both M, N into L}L2°, using
the improved Strichartz estimate of Klainerman-Tataru, see lemma 6.7.) The term
B from before is of course treated similarly: distinguish between ks < k+O(1) and
ks >> k. In the former case, one can use theorem 6.9 directly (which produces an
exponential gain in ks — k) in conjunction with the inequality

||Pk[PrQ<k+c(RﬂﬁzV*lPksg1/)3)V71Pk4Ty¢4]||Xo,%,1
k
< 2 ke hs IT 11Peillsp,
i=2.3,4

in which T}, denotes the translation operator f(.) — f(.—y). In the latter case, one
proceeds as before, reducing the modulation of R, Py 15 suitably, microlocalizing
to discs, expanding the )y structure and invoking lemma 6.12, which results in
gains both in k — r and 7 — max;—2 34 5{k;}. This is even more than we need.

We now observe that provided either ks = r + O(1) or ks = r + O(1), using
lemma 6.4 and the trilinear estimates proved in section 6 allow us to obtain expo-
nential gains in ko — k3, k5 — k4 for term A, while this was already achieved for term
B in the above discussion. This in combination with the above allows us to sum
over k, ko, ... ks in order to obtain the desired estimate. Thus the only potential
problem occurs in case of high-high interactions in both inner curly brackets in A,
ie ko=ks+O(1) >>r, ky=ks+0(1) >>r.

(1.1.b):  Assuming ko = k3 + O(1), ky = ks + O(1), obtain exponential gain in
r — min{k;}. In order to achieve this, we shall invoke improved Strichartz type
norms as in lemma 7.1. We consider again the expression A but with the operator
Q<. applied to (R;jPy,12V 1 Py 1b3) replaced by Q<7 where 7 = min{r + 10, —10}
(we can reduce the upper bound for k for that purpose, as this is irrelevant for the
validity of lemma 7.1). We next reduce both Pj,1s, P15 to modulation < 27.
For simplicity’s sake, introduce the following quantity:

AEEE(P . Pryts) = Y 0 P, Q50 AT 0, PuQ <y o[ Ry Py 2V ™" Py 3
7,k
AT 0,0, PrQ i (V' Pro, QZ50ba Ri Py QE1005)].

Proceeding as in (28) and introducing ks = min{ky,0}, we decompose this further
as follows:

ASEE(P ..., Pigtbs) = (30)
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=2 2

a>0 F—kqta

w1,2,3€K k4+a 10’ max{dist(fwi,>ws 3)}~2
Ai’i’i(Pkl,wld}lv cee 7Pk4,w277[}4a Pks,w3¢5)
A=EE(p P p
+ ( khwl’(/)l"" ) k47w2¢47 k5,w37/)5)~
F—kg
wi,2,3€K

P ,dist(iwl,iw2,3)52
ks g

Consider the first double sum. W. 1. o. g we may assume dist(+wq, Twy) ~
F—k a
927%™ We note that we may concurrently microlocalize Py, o, %4, Pry w5 to

discs c1,2 € Cry 5,r—ky 5 Of radius 2" with the property dist(c, —c2) < 27. Assume
first that k4 < —10. Then we have the identity

8VP/€1,UJ1 Qikwlvilpk4,wzQ:§Fw4

= PO 1)Q>r+a+0 1)[a Pkl,le kwlv 1Pk4 wzQ<7-w4]

If we now rearrange terms and commit abuse of notation, we can estimate

||P0A:t’:t’i(Pk1,w1¢17 AR 7Pk4,w2/ll}47 Pk57w5¢5)”N[0]
S 27" Z H6VPI€17W1 kwlv 1P]€47w2 C1¢4||L2L2

€1,2€C0, ¢ dist(cy,—cg) <27

||PT(P1€2¢2V71P]€3¢3)P62Pk57w3Qi:Fw5‘|L%Lg°

<27k >

cl*zeck4,5wdist(c1w702>§2T

-1 +
thle kv,l;zjl Pk4,u)2Q<rFP01w4HXO

En!

|‘PT(szwQV_IPk3¢3)PC2Pk5,w3Qifz/%||Lng°’

where we have used lemma 6.4 in the last step. If we now refer to lemma 6.7, we
can estimate

||PT(P/€2¢2V71P/€377Z}3)P62Pk57w3Q§F¢5|‘L2L°°

<232 o H || P 1/’1||Sk]||P02Q<r1/15HL6Loo-
1=2,3

We now carry out the summation over ¢ o (keeping in mind that for fixed ¢; o there
are only finitely many poosibilities for w; ) and apply Cauchy-Schwarz as well as
lemmata 6.4%%, 6.7, to obtain the upper bound

r—ky 5k5 5(rk)

S27 2% 27" HHPH/%HS[H

i=1

5
< gr—ko e oo 1112 il s -

i=1

35More precisely, we apply a simple modification mentioned before.



GLOBAL REGULARITY OF WAVE MAPS FROM R2?*! TO H2. SMALL ENERGY 63

If one now takes a suitable geometric means with the estimate obtained in section
(1.1.a), one gets exponential gains both in k — r as well as r — min{k;}, as de-
sired. The cases k4 € [—10,10], k4 > 10 are handled completely analogously to
the discussion following (28) as well as to the above, and hence left out. As to
the 2nd sum in (30), we discard the operator >, A1, P,Q <7, keeping in mind
that this costs 27", and let the derivative 0, fall on either Py, ., %4 or Pi, o,%s.
Then one expands the resulting Qg-structure, and argues exactly as before. The
exponential gains coming from the null-form expansion make up for the 27"-loss,
and one proceeds using lemma 6.7, exactly as above. This concludes step (1.1.b)
and thereby step (1.1).

(1.2): Low-high/high-low interaction between (Py, Rj2 Py, V" 3) and >, A71(...).
Freezing the frequencies of these expressions to dyadic size ~ 272 respectively, one
gets an exponential gain in —|r; — ro| using theorem 6.9. If there is no high-high
interaction within one of these terms, using lemma 6.4 one also has 1, = k3 + O(1)
or rg = k4 + O(1), and obtains an exponential gain in —|kg — k3| or —|kq — k5|,
respectively. This is enough to sum over all localization parameters. If there are
only high-high interactions within these expressions, one proceeds exactly as in the
previous number. The details are tedious reiterations.

(2): Second summand of As. We begin with the case when there is a high-high
interaction between R;Iv and >, A71;[...]. We schematically represent the cor-
responding term as

O W1 VTV oV 3 1Qu (s, 5]

and keep our assumptions about frequencies and modulations in mind. We pro-
ceed as in (1) for the first term of Ajs, splitting this into two terms, the first of

. . . . (kp—kg3)
which is treated exactly as in (1); indeed, one checks that one gains PR there,

so we may lose 2#3 %2 'We now consider the 2nd term, which has the schematic form

"\ VT Py [V oV hspy R s).

We need to pair off the k;, i = 1,2,3,4 and gain exponentially in the differences.
Our assumptions are ks < k3 + O(1), k << ko2. We deal with several cases:

(2.1): k5 < k4 O(1). Reduce 5 and 9; to modulation < 2%5. Then expand
the Qo-null-structure and place V199V~ 1p31hy into L?L2T using the Strichartz
LYLS*. One gains exponentially in ks — kg, kg — k3.

(2.2): ko > k5 >> k. Carrying out the analysis of the preceding number yields an
exponential gain in k5 — ks, k4 — k3. We need also an exponential gain in k — k5.
Use the inequality

kp _ k2
[ Prs [v_1Pk2¢2v_1Pk3w3Pk4w4]||X£;*1 2w E TP wllsing-

This allows easily to reduce the modulations of R, 15 as well as V™15V~ 14h31)4 to
size < 2F. Then one rewrites the expression as
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Z "27R Gy Ry, Peyths Pey [V ™ 0oV ™ Mh31hy],

¢ €Chy,k—ky , dist(c1,—c2) S2F

again uses the above trilinear algebra estimate in conjunction with the customary
versions of lemma 6.5 used for the trilinear estimates. One gets the desired expo-
nential gain in k — k5, without loss in the other differences.

(2.3): ks > ko,ks >> k. One argues as in the preceding number. The gain in
k — ks implies a gain in ko — ks.

Now we analyze the case when there is a high-low interaction between R;Iy, and
>, A719;]..], the low-high case being similar. We represent this schematically as
follows:

"Y1V VTV T3 1Q, 5 (Ya, 5],

which up to terms estimable by the technique of lemma 7.1 is equivalent to

" (1Y Poytho) VPV T 03 1Qu 5 (Y4, 5)], ke >k + O(1).

(2.4): k5 < k+0(1). Reduce 0¥ (11 V~14h3) to modulation < 2¥5. This is achieved
by using

_ ks+ka+kg _
IV Py s Py a Ry Prys|| o 20 S 27 2 I 115k illsp
i=3,4,5

in conjunction with lemma 6.4. Similarly, reduce R, 15 to hyperbolic microsupport.
Then expand the null-structure, thereby gaining exponentially in ks — ks, k4 — k3.
(2.5): ko > ks >> k. Now one also needs to gain exponentially in k — k5. Reduce
R, s and (V™ 131)4) to modulation < 2¥. Then represent the term schematically as

Z 772_k”8y(wlv_lqh)RVquSPCQ (V_lwi%w‘l)'

¢i€Clg k—ky, dist(c1,—c2) $2F

One estimates it as in (2.3).

(2.6): ks > ko, ks >> k. This is dealt with as in the preceding number.

(3): The fourth and fifth summand of As. Our only potential enemy is a high-
high between R,ts and V193>, (...) or Y, A™19;(...), respectively, since oth-
erwise theorem 6.9 in conjunction with lemma 6.2 settles this case. We focus on
the fourth term, the fifth being treated analogously. We may let 0 fall on the
high-frequency first input, and freeze Zj AT19;(...) to frequency ~ 2% k < —10
(lemma 7.1). Then we freeze the remaining frequencies of 1; to 2¥, letting ko >> k.
Now we concurrently microlocalize the spatial Fourier support of R, Py, and
V1P 1s... to discs c1 2 € Ck, k—k,, where dist(c1, —c2) < 2%, as usual. Fixing
such a pair of discs, replacing the operator P,V~! by "27%, we claim that we can
reduce (0" Py, ¢1 R, Pe,%2) to modulation < 22¥=*2_ This follows from lemma 6.2,
lemma 6.4 as before. One can sum over c; 2 using Cauchy-Schwarz, Plancherel,
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and a simple modification of lemma 6.4. Further, we may easily reduce Py, ,11,2

to modulation < 2*. Then we expand the null-structure. Using lemma 6.5 as in
k—min{ko,0}
footnote 25, one gains 25227 27 , which counteracts the 27 *-loss. This finishes

the treatment of the quintilinear null-form N (11,9, ... 1¥5). [ ]

‘We now proceed to the first kind of quintilinear term discussed in section 5.2. Re-
call that it has the schematic form

Ve V@V W) VTHQu; (%, 9)].

In order to treat it as well as all the remaining error terms, we shall need the
following

Lemma 7.3. Let ¢, v =0,1,2 and x, be as in section 2. Then provided

[ Pebu|sir) (-, 1) xR2) < Ck

for a “suitably flat’ frequency envelope®®, we have

_k
IPexvllzre (-1, m1xRr2) S 27 % ¢k

Proof : We use schematic notation. Enacting dynamic separation, we represent
Xvli—7,1) as follows:

VIV TQu (0, )] + VT VTV VT (92)]y)]
+ VIV VTV VT (@)
Treating the first summand is routine after the calculations in theorem 6.10 as well

as lemma 6.2. We proceed to the 2nd summand. We may localize it to frequency
~ 1, using scale invariance. We frequency-localize as follows:

PoNV T Py 1V Py (V7 Py [Piy 2V ™ Py (Piy 3 Py t04)) P 5]

We treat several cases, and of course substitute appropriate Schwartz functions for
the (frequency localized) inputs:

(1.1): ky > 10, ks > a1 + 10, a3 < ko — 10. Note that under these conditions
a1 = k1 + O(1), ks = az + O(1) = ko + O(1). Further assume ag >> ay, the other
case a3 < aj; + O(1) being treated more or less identically. Observe that we have

36We assume the Wave Map exists on [T, T] x R2.
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the identity

Pa1 (v_lpllz [Pk2w2v_1pa3 (Pk3w3pk4w4>]Pk5¢5>
— > Pa, (V7! Pay [Pey 05V ™' Py (Piy 03 Py t4)) Pey)s)

C11260k2,5,a3,k2’5,dist(cl,—(rz)gQaS
Now use lemma 6.7. This yields the estimate for p > 4 a small perturbation of 4:

H‘Pal (Vﬁlpaz [sz'l/@vilpas (Pk3w3pk4w4)}Pk5w5)||

< C. 52(7ﬁ+%)kzQ(ﬁ*%)a32—u(6)|k3_k4\’

pa 1+
LZL}

where €, > 0 can be chosen independently small. With this, we can estimate

||P0v71[Pk1w1v71Pa1 (vilptw [Pk2w2vilpaa (Pk3¢3pk4¢4)]Pks¢5)]HL%L?E

S 2Pl ez 1oy (V1 Pay [Pey 62V ™ Pag (PP toa) P ts )l 5,
t E

x

ki kg

5
< 975 9 5 9d (as—ka) 9= dalks —ha] 1112 vill sk
=1

ﬁ < i. One can sum over ag, and gets the desired

N

1,2 _1 1
where we let vty =%t
exponential gains.

(1.2): k1 > 10, ks > a1 + 10, ag > ko — 10. One can argue as before even without
using improved Strichartz type norms: the two operators Paz,sv_l counteract the
exponential losses arising from the use of LT LS.

(1.3): kq > 10, k5 < a; + 10. This is similar to the preceding case. One gets by
using L;H’L;O, as is easily seen.

(2): The remaining cases k1 € [—10,10], k1 < —10 are treated analogously. One
simply places P,, V~1(...) into L?TL°. This concludes treatment of the 2nd sum-
mand.

In order to treat the third summand in the above expansion of y,, we observe that
for arbitrary €, § > 0 and ’sufficiently flat’ frequency envelope,

IV Pelp VT (@02)] | e 2o S otz —ae)bey

Estimation of the third summand is now an easy exercise, involving simple frequency
trichotomies left for the interested reader. [ |

It is now straightforward to estimate the first type of quintilinear term: Note that
by lemma 6.3, lemma 7.3, denoting the atomic Banach space whose atoms consist
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of functions ¢ satisfying |[¢)|[p2r2 < 1, [[¢[|p20c < 1 and similarly the space B
with the preceding Lebesgue spaces replaced by L¥°L2, L L,

1PoQ>0[V " (V) VHQu; ()| 212
SV @V DAV THQu; (0, 9) B S o',

provided the assumptions in Proposition 4.1 are satisfied. We also have
IV PV @) pprrz S 27 Ve
for M as in the definition of S[k], whence lemma 6.3 implies

1PoQ>0[ V™ (VT (W) VTHQus (W)l ez S coe

Next, using lemma 6.2, we estimate

1PoQ<o[V ™ WV W)V HQu; ()|l 2 S €'co.

This concludes the treatment of the quintilinear terms.

8. THE REMAINING ERROR TERMS.

Careful examination of the manipulations in the preceding sections reveals that the
following schematically written error terms have been generated (the last two terms
in the list are generated by applying the above described process to the 2nd and
third summand of (8)):

Vo [0V (X xi)]

Vo bV (Ra IV (VT (Ryx,)))]
Vo oV ReIYV (99 (o xa))]
Va0V RIYV T (XVTHQus (4, 9)))]
Ve XV (R IYV T (VT Qu(,9)))]

Vi XV (R IV (R 1YV Qo (4, 9)))]

We commence with the first term of the list: as usual, we invoke the following
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decomposition:

Ve iV Coxi)lliorn = Va0V = Dx (s = R Y Ritn))]

k=1,2
+ Vot [0V I X))l 7,17

The first summand on the right hand side is treated like the corresponding term in
(34), using lemma 7.3, as well as the fact that |[Pyxy||pap2 S 2737 ¢;. For the 2nd
summand on the right hand side, note that ||PyIx,|/zecr2 S cx. Obviously, one
can place the portion of this expression which has Fourier support in the hyperbolic
region into L} L2, using the customary Littlewood-Paley rigmarole. The third and
fourth term are treated by exact analogy (note that not both u, v can be zero). We
now turn to the 2nd term in the list: we reduce R, to hyperbolic microsupport
as usual and enact one additional dynamic separation in the expression for y given

in (11), replacing it by the sum of terms of the following three schematic forms:

Va0V RIYV T OV R IYVTH VT Qu (4, ))))] (31)
Va0V R IV T OV R DYV (VT (Rx))))]] (32)
Va0V RV OV YR IPVTH V™ (00))))]]- (33)

The same comment applies as in the preceding footnote. Arguing as in the pre-
ceding, we reduce @Q,;(¢,9) as well as the output to "hyperbolic microsupport’.
With these reductions in place, we treat the first of the terms above, the others
following similarly. We use Strichartz type norms: first observe from lemma 3.1 that

_ 3+ _
1Py Va5 [Py 6 Paa I Quy (Pt Pl 5,
t

+
x

|ko—

3

k3|

= [ 11Pe il 5w
=1

5 26(min{a1,kl,az}—max{al,kl,az})Q—

Then we further observe the elementary inequalities

_ 3+ _ 5=
||Pa1‘vm| 8 (Pk1w|vx| 8 PazF)H

4 16+

tSLz7
S(min{a1,ki,a2}—max{a1,ki,

S gitmin{onbras)mastos bsos )| P s | Pos Py,

3+

3 5—
HPal‘vx‘i?(Pk17/}|vx|7TPa2F)HL L

t
S 2min{oskuasdometonbi )| P |sp || Pa Pl g g
t

x

8 8+
77,3
x

_ 3+ _ 5=
||Pa1|vx| 8 (Pk1w|vac| 8 PazF)H

-
=)
f

LiL,®

S iCminler ko) mmax{er kDl P gy || Po |
L

§.5
¢ La®
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If we put these estimates together, we conclude that

|Vt PoI [ Piey 0V Y[Ry Pry IV~ (Proy )
V(R P, IV~ (Pry oV 1 Qu (Prg ), Py o))l |21 12

lke—k7|

7
S 275|k1|25(min{k2,k‘g,k4,k5}7max{k2,k3,k4,k5})27 5 H ||Pk/l/}z||s[k;]
=1

The remaining terms (32), (33) offer nothing new and are left out. Finally, the fifth
and sixth therm in the above long list of error terms offer nothing new either. Note
that one can place

VP (RgIyV ~ (pVHQ,; (v, 1))

into L{°L2 or Lg° LS. This allows one to place the ’elliptic portion’ of these terms
into L2L2 by means of lemma 7.3, while the "hyperbolic portion’ can be put into
LiL2. The reason why we can include the extra operator I in front of Pj(...) has
to do with the fact that if we apply an operator (1 — I) instead, we needn’t apply
dynamic separation to the first input of the quintilinear expression, as is easily
verified. Putting together the estimates of sections 6, 7, 8 implies Proposition 4.1
in a standard way.

9. APPENDIX

9.1. Proof of the energy inequality.
Theorem 9.2. Let ¢, F be smooth functions on [—T,T] x R? such that O¢ = F.

Then we have the inequality

[[Pod|| s10)([—7,7) xR?)

< . 1

S o Il min{To, B [P Fllvoi-rmenn + sup - [1Podlto]llzz)
As usual we let ¢[0] := {00, V0}.

Proof : Fix T;. We may assume that I is a Schwartz function on R?>*1. We
subdivide

PyF = PyQ<oF + PyQ>oF

Then we observe that letting ¢o = O~ 'PyQ>0F, where 07! is given by the mul-
tiplier (—72 4 |¢|?)~! on the (space-time) Fourier side, we first have straight from
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the definitions
Y=k 1PoQ>oFH 302 S SIPoF | no)

Observe that when F' is an atom of the first kind, this follows from Sobolev’s in-
equality, and is trivial for atoms of the 2nd kind. If one uses in addition that

I
1Qi¥lleers S 22[1Qi¥llezez, [1Po@20¥l o3 o S ||P0Q>07//H o
0

one deduces that the first three components of ||¢2|[so] are controlled. Next, one
deduces

IV B (PoQ30F)I a2 S |IPoF o)

This is immediate for the third kind of atoms, and follows via an interpolate of the
inequality relating ||Q;4||z;or2 and |[¢[|p2L2 for the 2nd and first class of atoms.
In addition to giving control over the fourth component of [[¢ol|gjo), this means
that there is a time slice t = ¢y € [T}, To] where

_a
IV O (PoQz0F)I12 S Ty M |PoF || o)
Now one constructs a solution of the equation

O¢1 = PyQ<oF, ¢1[to] =0

via the truncated Duhamel’s formula and obtains

Podp = ¢1 + dp2 + ¢3

where ¢3 is a free wave with suitable initial conditions at ¢ = ty. As we have finished
the proof for ¢, (the fifth component of ||$2||s[g] is vacuous) and the estimate for ¢3
is standard (via [30] and the following remarks), we now focus on ¢;. We indicate
here which modifications in the proof given in [30] are necessary in order to obtain
our energy inequality. Relabel F' to denote a Schwartz function coinciding with
the PoQ<oF on [-T,T] x R2 The claim follows from the proof in [30] when F is

either an LlH Lora X —31 -atom. Indeed, this is 1mmedlate for the first, 2nd

and third constituent (since PkQZka L300 C Pszka 31,2 ). It follows for the
fourth from an interpolate of the inequality ||Q;v|/Leer2 S 2j§||ijHL?L§“ More-

T~

over, when F' is an atom of the third class, we utilize the trivial estimate3”
Fll i 1, <SI|IF) . -1 _
(L Y[

37Keep the microsupport of F' in mind.
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in conjunction with the inequality (15). Thus we assume that F' is a null-frame atom
at frequency ~ 1 and angle 2!, I < —10. By definition this means that we can decom-
pose F' =3 . F, with F; microsupported in {7 > 0, [|7] — [¢]| < 22t % SIS
Moreover, we have

(Y N FlRpapg)? <1

rEK;

In this case, one computes ¢; via Duhamel’s formula, as in [30]. We only prove
the result for the fifth component of S[0], the other components following ex-
actly as in [30]: indeed, in the latter work it is shown that one gets control over
\|P0Q>ng51|| 12,0, and it is easy to see, using the ’Sobolev inequalities’ of the

first part of the proof, that this results in control over the third and fourth compo-

nents of ||¢1]|sfo], while the first and 2nd require nothing new. Now let np(t) be a

smooth bump function supported on a dilate of [T, T] and identically equal to 1
n [T, T]. Denote its restriction to [0,00) by nf(¢). It suffices to prove

b osin((t — s)vV/=A) L
sap TS S 1PeQty [ TS - P )
Azl K€K RECY . -4

<1

because

Nt (t — s)PoF(s)ds

nr())S(t)(Poo[0]) + /_ Sin((t\;%\/j)

is a Schwartz function and agrees with Py¢ on [—T,T|(the first summand is a
truncated free wave, hence easy to control). Call the right-hand expression 1, for
simplicity’s sake. Now we write ¢ = _, K, Vi, Where 9, is defined in the same
manner as ¥ with F' replaced by F,. We note the identity

- mo(§)
U=

(7 (r = 1€1) = 7 (7 = [€D) Fa(7, €)

We let "refer to the space-time Fourier transform, whereas "refers to Fourier trans-
form with respect to either time- or space coordinates. In particular, ¢ is supported
in the region ||| — ||| < 2%'. We need to show that for A > I’

_ 1 1
A7 Z Z HPRQ<2V¢K||QS[O,K )2 Z |[F HNFA[H

NIEKZI RECO,K/‘A KEK;

m\

We need to distinguish between the following cases:
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N: ' >1+C:

Using the crucial orthogonality property (16), we reduce the inequality in this case
to the following: let w ¢ 2k:

NS 1@ o IR = 1) + O Ar )
ReCo,w,n
1

—||F]
~ dlSt(w,h:)H HHL%“}L%W

By the triangle inequality we may let F(t,,x,) := 6(t, — to)f(xw). Thus our new
assertion implying the claim above is that

NS ||PRQ:21+O<1)f1[m|2(f><ﬁ;(T —1€) + O F (I 0
ReCy, o,
1
S T Ml

However, the (flat)regions Rec, . , NC, where C' denotes the light cone, appear as
thin curved strips in the £, reference frame, thanks to the curvature of the cone.
Indeed, these strips have length ~ 2! and thickness ~ 2222, In particular, thicken-
ing the flat strips Rec, . , NC by an amount 227 will create only finite overlap of
the corresponding regions in the &, reference frame. Letting ||f(z.)||z2 =1, the
desired inequality will follow from the following: )

~ 1
( Z ||PRQ;+)\§_<2l+O(1)w‘|%[k,/{])2 5 |)“
RGCO,N,A

mo(é)
14

(S 1PaQLo P S i (r — 1) + O €2 pn)* S 1

ReCo, k2
0.1
The first of these follows from the fact that P,QXg’z’1 C S[0,x]. As to the 2nd,
observe that we can include a multiplier xr(€,) which localizes to the support of
PrQ <214 in the £, reference frame. Then we can invoke Plancherel with respect
to x,, to reduce to proving

mo(f)
€]

For this, get rid of the disposable multiplier Pg, which we replace by P, (recall
R € Cy.»). Then we reiterate application of the orthogonality property (16), re-
ducing the claim to

1PRQEy \F ' (A (r = 1€D) + O Elstrn S N1l
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(Y P imﬂfl[mﬁfﬁf)(ﬁ;vf|>+0<1>>f<5w>1||§[k,@>%

K'EKI+%7IU,K/CK

Sy

This is proved in exactly this form in [30].
(2): I-C < I <1+C": This is almost identical to the preceding case, hence left out.

(3): 2l <l <1 — C: We need to show that if A > ', then

— - 1
AT Y Y IPRQLy vkl Fo,e)® S IIFklInpap

K'Ck, k' €Kr RECy .1 5

We may again assume that Fy, = d(t, — to) f(z,) for some w ¢ 2k. As before, the
supports of the operators PRQ;FQZ 4 are finitely overlapping when projected onto
the £,-plane. Moreover, we have |(2 + X\) — 2I'| < |I'| < |A|, whence the claim
follows in the same way as before.

(4): I < 2I: in this case, the operators ISRQ:W have finitely overlapping supports
in the &,-reference system. One obtains the inequality without the |A|-loss. ]

9.3. Reducing various inputs of the quintilinear null-form to hyperbolic
microsupport. Recall from section 7 that the worst quintilinear term has the
schematic form V. :[¢V~1(Rgtx,)]. Our first task consists in reducing Rg) to
hyperbolic microsupport. First assume § # 0. For the subsequent discussion, let
I'=73cz PrQ<ry100- Now we compute

||vw,tP0Q>O[Pk1'(/)V_1(RBPk2(1 - I)kaBXV)]HX—%—lQ

S 2tz g slming b —mess bl TT 1P 12 || Pl lze2)
i=1,2

Then one uses lemma 7.3 proved. Similarly, we have

1Vt PoQ <ol Pey ¥V ™ (R Py (1 = 1) Prey xo )l 2

S 2 tmemcas tly=min (k) —mess 6 TT 1P wllspug 2 1P xollzpes)
i=1,2

using the definition of S[k]. Next, assume that 5 = 0. Then v # 0. Now we observe
that if ¢ solves the Wave Maps problem on [T, T], and if we substitute a Schwartz
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extension for ¥ everywhere as in the preceding discussion, then

Va0V N Rotoxi)ll=r1) = Ve [V (Ro(1 = I)Yp(vh; — R; Z Rivi)l -7,

k=1,2
+ Vet [0V (Ro T x| =111, (34)

where y; is given by formula (11). The first summand on the right hand side in
turn is morally equivalent to the schematic expression

VbV (Ro(L — I)ww)).

Freeze the output to frequency ~ 1. Now either the output is restricted to modu-
lation > 1. Then we estimate

|1PoQ>0[Pr, V™! (Ro[1 — 1Py Py )| 22 12

3
g 275 maxi{ki}Qfé\ min; {k; } —max; {k; }| H HPkIwHS[k,]v
i=1

as before by placing (1 — I)Py, Ry into L?L2 or LM L2 and considering simple
frequency trichotomies in addition to Bernstein’s inequality. Or the output is
microlocalized to modulation < 1. We now distinguish between the situations
ks < ka + O(1) and the opposite. In the former case, if Py, lives at modulation
< 21710 the product Ro(1 — I)Py,¢Pr,Q<;_10% has elliptic microsupport. Then
one argues as in the proof of theorem 6.10. If Py,% has modulation > 2719 one
computes

1PoQ<0[Pr, ¥V~ Pa[Ro(1 — I) Pyt Py Q1109 || 3 12

3
5 2—6|k1\26(min{a,k2,kg}—max{a,kg,kg}) H HPk'(/Jz

i=1

HS[ki]

for suitable 6 > 0 by placing V™' P,[Ro(1— 1) Py, ¢ Py, Q>1—10%] into Ly L2+ L} L.
In the latter case, i. e. k3 > ko + O(1), we rewrite the expression schematically as

> PoQeolPr oV PrytoRo(1 — 1) Py, Quf).
1>k2+100

Then we distinguish between three possibilities:
(1): k2 € [—100,100]. Then we have

1PoQ<0[@1-10(Pry ¥V ™' Piy0) Ro(1 — I) P, Qup]|| 13 12
S NQ21-10(Pry ¥V Py )| 2 1o [|Ro(1 = 1) Pr, Qo) 1 12

3
T Lok —
<2 39k kSHHPIﬁwi”S[ki]’
=1
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which can be summed over [ > O(1), as well as k;. We have used lemma 6.4. On
the other hand

1PoQ<0lQ<i—10(Pr, ¥V ™" Prytb) Ro(1 — I)Pnglw]”Xfl,f%,l

S 1Q<i-10(Pe, ¥V ™ Pryth)| |z oo || Ro(1 = 1) Py Q]| 1212

3
< ok1—ks H ||Pki7/)i||5[’ﬁ]'

i=1

In this situation | = O(1), and we can sum over k;.

(2): ko < —100. Argue as in the immediately preceding but place Ro(1 — I) Py,
into LZLS° to get an exponential gain in k.

(3): k2 > 100. We need to gain exponentially in —ko in order to retrieve the
frequency envelope (k1 = ks + O(1)). For this, argue exactly as in case (1), but
place Q>;—10(Pr, V1 Py 9) into L?L2. This finishes the reduction of Rz to hy-
perbolic microsupport.

For the case when it has ’hyperbolic microsupport’, i. e. we apply [ in front of it,
we refer to (11) to replace x,, as discussed in section 7. Then we enact dynamic
separation within the resulting expression, arriving at a schematically written quin-
tilinear expression of the following type:

Va0V R IV VT Quy (4, 9],

as well as error terms treated in section 8.. We now proceed analogously to the-
orem 6.10, and reduce @Q,;(¢,%) to "hyperbolic microsupport’: observe that if
I > k + 100, then in an expression V~!(Py, ¥ P.Q;F), we have the following tri-
chotomy:

(1): ky > 1 — 80.

(2): Py, ¢ at modulation > 2!=100,

(3): k1 <1 — 80, P9 at modulation < 2/=109,

Substituting F = V~1Q,,; (¢, 1), we settle the situation corresponding to case (2)
by means of the following 4 inequalities, which follow from lemma 6.2 and the def-
initions:

IV ™ Pa[Pr, Q1-1000 PeQiV " Quj (Pry b, Pey )]l

Ltl%ELi
< 90(e)[min{a,l,k,ky }—max{a,k,l ki } o Ikg —ks3 | H 1| Pl 57k
1=1,2,3
vaepal [Paz,l/)V*(lfe)PasF]HLlLﬁ
S 2O lmin{ar oz o}l 02051 | P,y | Pay P
Ltl—e L%

1 Po[Pay oV~ Poy Fll| 112 S 276‘111‘||Pa1¢”S[a1]HPazFHLlLﬁ
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1 _
||V 2Pa1[Pa2wV 1Pa3F“‘LfLi

< 9d[min{ai,az,a3}—max{a1,a2,a3}] | |Pa2¢||s[a2] ||Pa3V*%F| ‘L%Li

From the first three of these, we deduce

va,tPOQ<O[Pa1wv71Pa2 [RgIPa31[1
v_1P0«4 [PG5QZI*100wV_1Pa6QlQVj(Pa7’(/}7 Pasz/})]]]”LiLi
< 2—6|a1|26[min{l,a2,a3,a4,a5,aﬁ}—max{l,a27a37a4,a5,ag}]z—\ a7ga8‘ H HPa-wHS[a'}

i=1,3,5,7,8

One can now sum over all frequency parameters and . When the output is reduced
to large modulation, we use theorem 6.10 and the fourth of the above inequalities.
Next, assume we are in situations (1) or (3). Reiterating the same trichotomy,
and observing that in case (12) or (32) we can argue as before, we are left with 4
situations, leading to the following schematically written terms:

(11): Vo o[V Pay_so (VL Por_soth) V1 PeQuQu; (¥, 9)].

(13): Vo [V Py 80Qiron) [0V Poi g0V PQiQu; (¥, ¥)]].

(31): Vo [V Py _s0V ! Pey_g0Qir01) [0V Pr@iQu; (1, 1)]).

(33): Vo [V ' Po_80Qirom) ¥V WV PQiQu; (¥, 9))]].

Consider the first of these terms: we commence with the case [ > 90. We estimate
it by invoking lemma 6.2the inequalities

||PaWV_1P>l—so(¢v_1p>l—8o¢)]\|L3L§+ S 2k Z 27| Py | sy
b>1-80

|Pa[t)V " Poy_go (V" Poi_goth)]|| Loo 2 S 27 Z 277 Py | s
b>1—-80

for suitable p, v > 0, which follow as in section 7 by using improved Strichartz type
norms, as well as

||P0Qzl[¢V71P>1780(TPV71P>1—801/))}||xgv1—ﬁl S Z 271 | Py | s o).
b>1—80

which is gotten by reiterating the proof of lemma 6.4. One can then argue as in
the proof of theorem 6.10. Now assume [ < 90, whence k < —10. We observe the
following inequality38, provided as > 1 — 80,

[1PoQ<i=10[Pay ¥V ' Psi_g0(Pay ¥V ™ Pay )] || 1o 12

3
< 276 min{|aq], |a3|}26(min{min{a1,a2,0},a3}7max{min{a1,ag,O},ag}) H prwi”S[a-]'
=
This is immediate provided as < as + O(1l). In the case as >> a3, we may

assume ag < —10, as is easily seen, and we replace the expression above by

3811 the following, 6 denotes a small positive number, depending on the context.



GLOBAL REGULARITY OF WAVE MAPS FROM R2?*! TO H2. SMALL ENERGY 77

PoQ<1—10[Pay V1P, 0V 1P, 1)]. Then we estimate

1PoQ<1-10[Pa, ¥Q<1-10(Pay V'V Poy )| oo 12

in{ lzmintay,a,0} i - -
S R O gmina =42 01| P | 510,11 Q<i-10(Pay ¥V T Pag )| .

1
X

1
2
2

. l—min{aqy,a9,0} l—a .
< guin{ =222t 0) 5588 gminfor—0s.0) T ||Po s
i=1,2,3

Since I < min{as, ag}+O(1), the inequality follows in this case. Similarly assuming
ay Z 0

|PoQ<i=10[Pa, ¥Q>1-10(Pa, V'OV Poy )]l oo 12
L _ _
S 22| Pay ¥l | e 12 [1Q1-10(Pa, VIOV T Py ))|| L2 Lo

3
<28 3 2 gm0 gm0 [ ||y, ol
b>1—10 =1

The case a; < 0 is treated analogously, and the claim follows again. Now we can
compute under our current assumptions on k, [

[|PoV 2 t[Q<i—10[Pay ¥V ' Poy—g0(Pay )V Psy_g0 Poyt))]
V_IPleQuj(Ptuwv Pa5/(/))]||

5 2—(5 min{|a1], \ag|}26(min{min{a1,az,O},ag}—max{min{al,az,O},ag})

1
- 0,—5,1
x>
0

a4—as

5
k—1
272272 H||Pa1¢||5[a,]
i=1

One verifies that summation over all frequency parameters is possible and repro-
duces the frequency envelope, except possibly summation over I. However, a quick
inspection of the proof of lemma 6.2 reveals that either ay = a5+0(1) = [+0(1), or
else at least one of the inputs of @, (1, %) lives at modulation at least ~ 2!, in which
case one gains exponentially in both & — max{a4, a5} as well as k — [; both situa-
tions suffice to sum over [. By exact analogy, we deduce for ag > [ —80 the estimate

[PoQ-10,1410][Pay ¥V " Psi—s0(Pay ¥V ™ Pay )]

1
0,5,1
x02
0

3
5 276 min{|aq], |a3|}26(min{min{a1,a2,0},a3}7max{min{a1,ag,O},ag}) H ‘|Pawz| |S[a-]'

1=

One deduces from this that
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[P0V 2t [Qp—10,1410] [Pay ¥V ' Po—50(Pay ¥V Poy_go Pay ¥)]

vilkalej(Pmﬂb; Pasw)]HL%Lg
< 275 min{|a1 |, |a3\}25(min{min{a1,aQ,O},ag}fmax{min{al,ag,O},ag})

5

k—l _ag—as

27722 H||Pal¢||5[a7]
=1

and proceeds as above. The case Q=;410[Pu, ¥V 1 Psi_80(Pay ¥V 1 Psi_g0Puyt)]
is similar. This concludes the treatment for case (11). For the term (13), apply
theorem 6.10 to place

VL Ps 80V PQiQu; (1, 1))
into L%Lf::

271‘|Pa1 [V_1P>l—80Pazwv_1PleQVj(Pagl/)v Paﬂ/})]”LfLi

lag—ay4|

5 25(min{a17k,a2}7max{a1,k7a2})2f 5 H HPai'l/)HS[a-]~
i=2.3,4

Indeed, the same inequality obtains if we square-sum over [. Combine this with the
inequality

27| Pa, V! [Pay ¥ Pay Fll 1212
< 98(min{ai,a2,a3}—max{a,az,a3}) | |Pa2¢‘ |S[a2] [273 | |Pa3F| |LfL§]

We can now compute as in the proof of theorem 6.10

I Z Vot Po[Pay Q<i—109V ' Pei—80Q110(1) Pas [Pay ¥
15100

v_1P>1780Pa4wv_1Pa4QlQuj (Pa5w7 Paew)HH

1
-1 12

3.~ 1,
Xo

6
< gotmini_ {aif—maxiy (o) 9= 23 T || P, o spay

=1

The case when the first input P, v is elliptic, as well as the situation I < 100,
are treated in analogy to earlier computations. For (31), we argue as for (11) to
reduce [ to size < O(1). We need to estimate two expressions, the first of which is

[Vt [Po1)Q<i—c [Py ¥V ™ Psy_soPay )]
V_1P<l—80Ql+O(1)Pa3 [Pa4wv_lpa5QlQuj (Pa6w7 Pa7/l/))]”

S 25(l7min{a2 ,0}) Qmin{al —a2,0}

1
- 0,—5,1
xT2
0

stmin{asas 0s) -max{asasas Do S5 g~ T p e
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It is easy to check that one can sum over all parameters, and recovering the fre-
quency envelope in the end. The case when P, %V ~1Ps;_goP,,v is at modulation
> 2!=¢ is treated analogously. Finally, the case (33) is similar to case (13).

9.4. Finishing the treatment of the quintilinear terms. Referring to the orig-
inal expression for N(i1,... ,s), frequency localizing the 9; to frequency ~ 2%i,
applying the further reductions on modulations and frequencies as discussed in the
first paragraph of the proof of Proposition 7.2 and finally assuming that ko >> k3,
we distinguish between the following cases:

(1): High-high interaction between Py,tps and (3, A719;...). One arrives at the
following three schematic types of expressions:

0" Py 1 VP (VT Py, Inpo Ry Py hsV ™ 1 Quk (Proytha, Pigt0s))
0" Py i1V P (VT Py Inpo Py 03V 1 1Qu i (Proy ¥, Pigts))

0" Py 1V Py(Ry Py IV ™ p2 Py tps V1 Quk (Proytha, Piy¥s)).

These are treated like the fourth, first and (a minor variation of) the fourth term
of Az in the proof of Proposition 7.2, respectively.

(2): High-Low interaction between Py,1po and (3, A7'9;...). Observe that we
may assume ko < —10. One arrives at the following three types of expressions:

0¥ P, 1V " Py I0oV " Pepoy [Ry Py 03V 1Qu (Prytba, Pryt)s))]
0" Pry b1 V™ Py InpoV ™ Py, [Py 03V Q5 (Pry sy Protbs)]

9" Py b1V Py Ry Inho NV ™ Py [Proy 03V 1Qik (Proy s, Prys)].-

The first term is treated in close analogy to the last two terms of As. The 2nd is
similar to the first term of As. Py,13 has a role analogous to a bilinear expression
in the estimation of the latter term. This is somewhat worse, however, inspection
of the estimates in the proof of Proposition 7.2 reveals that we are still better off
than in the trilinear estimates, since we substitute a bilinear expression (namely
V1P, b4 Py,1bs) for one input in the corresponding trilinear estimate. The last of
the three terms above is similar to the third term of As.

(3): Low-High interactions between Py,1po and (>°, A™*0;...). This is treated
similarly.
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