GLOBAL DYNAMICS AWAY FROM THE GROUND STATE
FOR THE ENERGY-CRITICAL NONLINEAR WAVE EQUATION

J. KRIEGER, K. NAKANISHI, AND W. SCHLAG

ABSTRACT. We study global behavior of radial solutions for the nonlinear wave
equation with the focusing energy critical nonlinearity in three and five space
dimensions. Assuming that the solution has energy at most slightly more than
the ground states and gets away from them in the energy space, we can classify
its behavior into four cases, according to whether it blows up in finite time or
scatters to zero, in forward or backward time direction. We prove that initial
data for each case constitute a non-empty open set in the energy space.

This is an extension of the recent results [15, 16] by the latter two authors on
the subcritical nonlinear Klein-Gordon and Schrodinger equations, except for the
part of the center manifolds. The key step is to prove the “one-pass” theorem,
which states that the transition from the scattering region to the blow-up region
can take place at most once along each trajectory. The main new ingredients
are the control of the scaling parameter and the blow-up characterization by
Duyckaerts, Kenig and Merle [3, 4].

CONTENTS

1. INTRODUCTION

We consider the H!-critical, focusing nonlinear wave equation

. 2d
‘2 72U, u<t7 LIZ‘) : Rler - R, 2" =— (d =3or 5)7 (11)

Ay —
ii u=|u T

in the radial context, where 2* denotes the H! Sobolev critical exponent. We remark
that the dimensional restriction is needed only for using the blow-up characteriza-
tion by Duyckaerts-Kenig-Merle [4].

We take the radial energy space as the phase space for the above equation, which
can be normalized to L? by putting

i := (|V|u,0) € L% 4, (R)? = H, (1.2)

radial

at each time t € R, where |V| = v/=A is an isometry from H! . (R%) onto

radial

L2 4.1 (RY). Thus, to any scalar space-time function u(t, ), we will associate the
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vector function (¢, x) by the above relation. Conversely, for any time independent
Z = (1, p2) € H, we introduce the following notation

¢ :=|V| o1, ¢i= . (1.3)

The conserved energy of (1.1) is denoted by
E(@) ._/ [|u|2 + [Va? _ |u
' Rd 2 2*

It is well-known that this problem admits the static Aubin solutions of the form

2%

]dx. (1.4)

Wy=TW, W(x)= [1 + d(c’zx—fz)] o , (1.5)
where T), denotes the H' preserving dilation
Thp = X2 Yp(\z). (1.6)
These are positive radial solutions of the static equation
—AW — |[W|*2W =0, (1.7)

which are unique, up to dilation and translation symmetries, amongst the non-
negative, non-zero (not necessarily radial) C? solutions, see [2]. They also minimize
the static energy

Ie)i= [ [5196f = grle . (19

among all non-trivial static solutions. The work of Kenig, Merle [9, 10] and Duy-
ckaerts, Merle [5, 6] allows for a characterization of the global-in-time behavior of
solutions with E (@) < J(W).

In this paper we study the behavior of solutions with

E(w) < J(W) + &2, (1.9)

for some small €5 > 0. Solutions of subcritical focusing NLKG and NLS equations
with radial data in R? of energy slightly above that of the ground state were studied
by the latter two authors in [15, 16]. Our goal in this paper is to extend those results
to the critical case. The key feature of (1.1) by contrast to NLKG is the scaling
invariance of (1.1) manifested by

u(t, z) — )\g_lu()\t, Az) = Thu(At) (1.10)

which leaves the energy unchanged. In particular, the analogue of the “one pass
theorem” proved in [15] needs to be modified, specifically by replacing the discrete
set of attractors {Q, —Q} there by the one-parameter family of the ground states

S = {W)\})\>0. (111)

Note that in the subcritical NLS case [16], the scaling parameter A (in frequency) is
essentially fixed or at least bounded from above and below by the L? conservation
law, but in the critical case there is no factor which a priori prevents the scale from
going to 0 or +o0.
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Introduce the “virial functional”
K(p) = [ [Vl = o] do (112)

and note that K(W) = 0. The following positivity is crucial for the variational
structure around W

H(p) = [IVellz/d = J(¢) — K(p)/2". (1.13)

Note that the derivative of J(¢) with respect to any scaling ¢(z) +— A%(A\°z)

except for T) gives a non-zero constant multiple of K (y). This is a special feature

of the scaling critical case, which allows us to work with a single K, whereas in the

subcritical case [15] we needed two different functionals and their equivalence.
The main result of this paper is summarized as follows.

Theorem 1.1. There exist a small ¢, > 0, a neighborhood B ofg within O(e.)
distance in 'H, and a continuous functional

S {FeH\B|E(@) < JW)+e2} — {£1}, (1.14)
such that the following properties hold: For any solution u with E(0) < J(W) + &2
on the mazximal existence interval I(u), let

In(u) :={t € I(u) | u(t) € B},

Ii(u):={tel(u)|ult)¢B, &(u(t)==+1}.
Then Iy(u) is an interval, I, (u) consists of at most two infinite intervals, and I_(u)

consists of at most two finite intervals. u(t) scatters to 0 as t — +oo if and only if
+t € I, (u) for large t > 0. Moreover, there is a uniform bound M < oo such that

2(d+1
HUHLQI(LF(u)de) <M, q:= % (1.16)

(1.15)

For each 01,09 € {£}, let Ay, o, be the collection of initial data w(0) € H such that
E(d) < J(W) + &2, and for some T_ < 0 < T,

(=00, T_)NI(u) C Iy, (u), (Ty,00)NI(u) C Iy, (u). (1.17)

Then each of the four sets Ay is open and non-empty, exhibiting all possible
combinations of scattering to zero/finite time blowup as t — +oo, respectively.

The neighborhood B as well as the sign functional & will be defined explicitly,
cf. Corollary 4.2. In short, every solution u with energy E(@) < J(W) + €% can
change the sign &(u(t)) at most once, by entering the neighborhood B, and u
scatters/blows-up if it keeps & = +1 / —1. This is the same description as in
the subcritical case [15] concerning the dynamics away from the ground states S.
Indeed, the part about the sign change seems fairly general, which we called “one-
pass” theorem, relying only on the energy and virial type arguments. It will be
proved separately as the first step in Theorem 4.1.

However, we do not know at this time how to deal with solutions v which stay
in B. Note that the solutions constructed in [12] in the three-dimensional case
belong to this tube. Moreover, Duyckaerts, Kenig, Merle [3] showed that all type-1I
blowup (i.e., blowup with bounded energy norm) under the constraint (1.9) is of
the form of those solutions found in [12]. But the tube around & might also contain
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solutions which do not blow up but rather scatter to §. This would correspond to
the center-stable manifolds in [15, 16]. However, in contrast to [15, 16] we do not
address the issue of existence of a center-stable manifold associated with (1.1), nor
do we give a complete description of all possible dynamics for solutions as in (1.9).
Recall that [11] establishes the existence of such a manifold for the radial three-
dimensional critical wave equation, but not in the energy class. It appears to be a
delicate question in any dimension to decide whether or not a center-stable manifold
associated with the ground states exists in the case of energy critical equations.

The key idea behind the proof is similar to the one in [15], which relies on an
interplay between the hyperbolic dynamics of the linearized operator around W
with the variational structure of J and K away from S.

Dynamically speaking, the linearization around W is delicate, as one needs to take
a time-dependent scaling parameter A(t) into account. This is a major difference
from [15]. To address it, we use the observation that the evolution of A(t) is much
slower than that of the exponentially unstable mode. Indeed, the evolution of
A(t) is governed by the threshold eigenvalue (which lies at zero energy) of the
linearized operator and is therefore by nature algebraically unstable rather than
exponentially unstable. This will allow us to freeze the dilation parameter in those
time intervals during which the trajectories are dominated by the hyperbolic (and
unstable) dynamics.

The other major difference, which could be more serious, is the possibility of
concentration blow-up in the region K > 0 and away from S, where the solutions
are bounded and so automatically global in the subcritical case. This problem
arises after applying the one-pass theorem. Fortunately, we will see that the blow-
up analysis by Duyckaerts, Merle, Kenig [3, 4] precludes it, so that we can proceed
essentially in the same way as in the subcritical case.

2. ENERGY DISTANCE FUNCTIONAL

In this section we define the nonlinear distance functional to the ground state
family S, by using the linearized operator, but still keeping the nonlinear structure,
so that it will best reflect the hyperbolic nature around S&. The main difference
from the subcritical radial NLKG [15] is that we need a good choice of the scaling
parameter.

Let p > 0 be the unique L?-normalized ground-state for the linearized operator

L:=—-A—2"=DW¥2 Lp=—Kp, |pl=1. (2.1)
Then py := Thp is a ground state of the rescaled operator
Ly:=—A— (2= 1D)WF2 Lypn=—k*Npyx, sl = 1/ (2.2)
Expand v around W) by
u=Wy+ovy=Wy+pu(upr+v, 7 Lpa (2.3)
where ) is given by

A(9) = (o = WialApa) = (¢ — WA|TY)5p). (2.4)
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Since p € S € H!, we obtain by rescaling
()] S [[Vox] 2 (2.5)
Note that v, may contain the root mode in the direction
W\ =AWy, AN:=r0.+d/2—1. (2.6)

However, this will not cause any problems in our analysis of the hyperbolic dynam-
ics. The energy is expanded as

E(@) = J(W) = %[Hﬂlli + (Lavaox)] = Cr(v)

1 . ; (2.7)
= Sllallz = K@) + (Lamlm)] = Calvn),
where C'\ denotes the superquadratic part of the energy, i.e.,
v+ WA = [WH* 251 2" =1 e o
Crw) = [ | Wy — W d
= | . L L1 I
= O([[vll)-
In the same way as in [15], we introduce an energy functional
Ex(@) := E(d@) = J(W) + k*pa (u)*
1o ) (2.9)
= Slllallz + & pa(e)” + (Lamlm)] = Ca(vn).
Now we choose A = A(u) for u close to S by the orthogonality condition
(u|A*py) = (uA|A%px) =0, (2.10)
using the fact that
(WA py) = (AW |px) = 0, (2.11)

which follows from L,AW), = 0 and Lypy = —k*N?p,, and p € S. Such A(u) is
uniquely determined at least in the region

HVU)\HQ ~ dlStH1 ('LL, S) < 1, (212)

by the implicit function theorem, since
Oner(IWIA ) = (AWIA'p) = (AW KA =202
= k722" —1)(2" — 2)(WZ 3 (AW)?|p) < 0. '

In order to bound the remainder by the energy, we use the following result.

Lemma 2.1. For any v € H' , such that v L p, we have (Ly|y) > 0 and

193113 ~ (11A"9)* + (L) (2.14)
Proof. Let z = |V|y € L?, then the bilinear form is rewritten
(Laly) = (1= A)zlz), A= |[V[TWZ 2V (2.15)
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A is a positive, compact and self-adjoint operator on L?. Hence spec(l — A) is
bounded, discrete, with the only accumulation point being 1. Since

z L |V L|VIAW € (1 —A)74(0), (2.16)
we can decompose
z=c|VIAW + 2, z. L{|V|'p,|VIAW], (2.17)
then
(LAly) = (1= A)zylzs), (2.18)
First we prove
Lisaia 2 2 LAIVITp [VIAW} = ((1 = A)z]2) ~ ||2]5, (2.19)
noting that
L322 L |V = ((1-A)zz) >0. (2.20)

Suppose (2.19) fails. Then there exists a sequence z, € L2 i, such that ||z,[2 = 1,
Zn — Zoo weakly and ((1 — A)z,|z,) — 0 as n — oo. Since Az, — Az, strongly,

we have
(1 = A)zeo)zeo) <0, 2o L [V 10, |VIAW. (2.21)

Then (2.20) implies that ((1 — A)zuo|200) = 0, and z,, — 2, strongly. So there is a
Lagrange multiplier ¢ € R such that

(1= A)zee = |V p. (2.22)
On the other hand, Lp = —k?p gives (1 — A)|V|p = —k*|V|~!p, whence
e = (1= A)zl|V]o) = {21 — A)V]p) =0, (22
and thus
(1— A)ze = 0. (2.24)

This implies that for some b € R,
Zoo = b|V|AW. (2.25)

Since zo, L |V|AW, we conclude that z., = 0, which contradicts the strong conver-
gence and ||z,|| = 1. Thus (2.19) is proved.
It remains to bound c. Since

(YIA*p) = (AW [N p) + (2, [|[V[TTA*p), (2.26)
(AW]A*p) < 0 by (2.13) and |V|'A*p € L?, we infer that
el S 1A ) + Nz, (2.27)

which together with (2.19) implies the desired estimate. O
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Thus we deduce that, if u is close enough to S and A = A(u) then
B (@) ~ il + s P + 197 + O 7 .
~ [lall3 + [IVosllz ~ 1@ = (IV[Waw), 0)ll2-

For brevity, we write
ps(u) = pay(v),  Es(i) = Exu)(4), (2.29)

when w is close to S.
Now we can define our distance function ds(g). Let x(r) € Cg°(R) be a symmet-
ric decreasing function such that

x(r) = {é Em ; ;; (2.30)
Let dy denote the linear distance from S
do() := inf |G — W, |2 (2.31)
and then define
ds(P) =x(do(§)/08)Es(§)'* + x(do(~)/0r) Es(—)'/?
+[1 = x(do(¢)/08) = x(do(=$)/08)ICp min do(+p),

for some fixed 0 < dp < min(1, ||[VW]||2) and Cg > 1+ ||[VW||2, such that for
do(P) < 20g, @ is close to either S = {(|V|W),0)}rs0 or =S, and
ds(p)’ = Es(£@) = B() — J(W) + K us(£p)*. (2.33)

Since A\(p), pus and Es have been defined only near S, it is harmless and convenient
to extend them evenly around —§:

(2.32)

Es(f) = Es(=¢), us(p) :=pus(=¢), Alp) = A(=p). (2.34)
Thus ds : H — [0, 00) is continuous and even, satisfying
ds () ~ mindy(p) = dist2(7, 5 U =S). (2.35)

The following lemma shows the basic property of the distance: once we are slightly
away from S, then the unstable mode ps(u) becomes the dominant part of the
distance. Our analysis in this paper is mostly in this region.

Lemma 2.2. For any ¢ € H satisfying
E(@) — J(W) < ds(P)?/2, ds() < 0, (2.36)
one has |us(p)| ~ ds(P) = Es(p)"?.
Proof. By definition of dg, we have
ds(§)* = Es(@) = E(¢) — J(W) + K |us(¢) [, (2.37)

and so ds(F)* — k?|us(¢)|? < ds(p)?/2, which implies |us(p)| = ds(F), while the
other direction of the inequality is always true by (2.28). O



8 J. KRIEGER, K. NAKANISHI, AND W. SCHLAG

3. VARIATIONAL STRUCTURE

In this section, we prove the following crucial variational type lemma, which
is used to control the dynamics away from the ground states in the proof of the
“one pass theorem”. Here the argument is static in the phase space H. Due to
the underlying scaling invariance, we need to use the concentration compactness
approach.

Lemma 3.1. There is a continuous increasing function ey : (0,00) — (0,1) such
that if g € H, E(@) < J(W) +ev(6)? and ds(@) > for some § > 0, then we have
either

K(p) > min{x(3), c[|Velz:} (3.1)
or else
K(p) < —r(5) (3.2)
for suitable k(5) > 0 and an absolute constant ¢ > 0.

Proof. We may assume ey (6) < 0 < dp. If ||¢]|2 < 9, then we have 0 < ds(F) ~
dist 1 (¢, SU—=S8). Otherwise, J(u) < J(W)—0(6?) and so dist 5 (p, SU—-S8) = 6%
The conclusion is clear for ||[Vl|ls < 1 by Sobolev. Hence, if the conclusion fails
for some § > 0, then there exists a sequence ,, € H_ ;. such that ||[Ve,||2 = 1 and

radia.
J(pn) < JW) +1/n, |K(pn)| < 1/n, distg(on,S) 2 62 (3.3)
The first two conditions together with K (W) = 0 imply that
lim sup H (¢,) < H(W), (3.4)

and so0 ¢, is bounded in H* ¢ L¥ NrL? by the Sobolev and Hardy inequalities.
We deal with possible concentration by the dyadic decomposition in z € R%:

D5 :={lz| <2}, D;:={2 <|z| <2*'}, D7 :={2"" <|a|}. (3.5)
First we show that for any € > 0, there is v > 0 such that for any h € Z and n,
lon/rlizos) > & In/rlion > e = ln/rlimy > v (36)
If this fails for some € > 0, then along a subsequence there exist h,, such that
len/Tllr2mg ) > & llen/rlizw; ) > € llen/rlle2,,) = 0 (3.7)
Let gp?l = X(Q_h”]x|)g0n and gp}L = p — (,09” with x given in (2.30). Then we have
len/rl2e )y S IVenllzs llen/rlzwms ) S Ve,
IVenlls = IV + IVenllz + OUIVenllallen/rl L2o,)), (3.8)
lenll3- = llenllz + llenllz- + OUIVenlls 2llen/rl72p, )
where for the last error estimate, we used the radial Sobolev inequality

Pl SIVellz (0 € Higin)- (3.9)

Hrd/271
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Then for large n and j = 0,1, we have H(¢)) < H(W) — O(¢?), and so, by the
optimality of W for the Sobolev inequality,
E(eh) 2 IVellz 2 (3.10)
which contradicts
o(1) = K(pn) = K(¢,) + K(p,) +0(1)  (n— o0). (3.11)

Thus we obtain (3.6). Its right-hand side can hold only for a limited number
N(v) = O(v=2) of h € Z for each n, since

> len/rllzem, S 1Vealls S 1. (3.12)
hez

d/2—1
Hence we can rescale ¢,, — A

such that for all n

©n(Anz) so that for any € > 0 there are j < k € Z

[on/rllL2(reairsary <&, (3.13)

which controls the L2 norm on the same region, via the radial Sobolev estimate
as above. Since ¢, converges strongly in L? (2 < r < 2*) by the radial Sobolev,
we conclude that the rescaled ¢, converges to some ., in L¥ (R?). Since all the
functional properties are preserved by the rescaling, we deduce

[Voslla < [[VW ]2, K(ps) < 0. (3.14)

The uniqueness of W as the Sobolev maximizer implies that ¢, € S, and then the
norm convergence implies the strong convergence in H'. However, this implies that
dist 1 (900, S) = 02, a final contradiction. O

In order to analyze the behavior of d%(u) ~ Es(u) and thereby also K (u) close
to the ground states, we will crucially employ the following ejection lemma.

Lemma 3.2. There exists oy € (0,0r) with the following properties: Let u be a
solution on an open interval I such that for some ty € I

o :=ds(i(to)) < 6g, E(@)— J(W) < 62/2, (3.15)
and
Ods((ty)) > 0. (3.16)
Then fort >ty in I and as long as ds(ti(t)) < om, ds(u(t)) is increasing,
ds(a(t)) ~ —sps(u(t)) ~ e NG,
sK (u(t)) Z (MM — (8 — to) A(u(to)))) o (3.17)
IA(u(t)) = Au(to)] S (700 — 1) A(u(to)),
for some absolute constant C, > 0 and s = %1 is fized on the time interval.

Proof. We will show that the hyperbolic mode us grows exponentially, dominating
the other modes. The main difficulty we encounter by comparison to [15] is that we
need to pay attention to the evolution of the root mode, or equivalently the scaling
parameter A(u(t)), which cannot be controlled by the energy or other conserved
quantities. What saves us is that the evolution of A(u(t)) is slow enough that it can
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be ignored compared with the exponential growth. Without loss of generality we
rescale to achieve

Au(to)) = 1, (3.18)
and we work first with this fixed scale. We may also assume that wu is close to § at
t = ty, decomposing it by

u=W+1uv :W+M1(u)p+71. (319)

We prove exponential upper bounds by a bootstrap argument.
Bootstrap assumption: We assume, for some large constant M > 1, and for
t € I such that M?§yeF(t=10) <« 1,

i (u(t))| < Mget=to),
[F1(8)[|2 < Mo(t — to) + M35ge*H=10),

which implies |7 (t)||]2 < Mdpe—). We will show that better bounds hold under
the above assumption. Then by the time continuity, we obtain the above bound on
any such time interval. We emphasize that in this argument we do not employ any
dispersive estimates.

In the following, we abbreviate p;(t) = p1(u(t)). Then v; = u — W solves

i1+ Lop = N(vy) = [W 4 o2 (W 4 0p) = W2 — (28 = DIV 20y
= O(Wz*’?’vf + |v1|2**1),
and so, the eigenmode solves
(07 — k)1 = (N (v1)|p)- (3.22)

This leads to the integral equation

(3.20)

(3.21)

plt) = 0+ 00+ [ M= N ) @)lopds, (329

where 14 (t) denote the solutions of the linearized equation

1 1
p(t) == 6ik(t7t0)§ 1+ Eat}/n (to)- (3.24)

Our assumptions at time ¢t = tq imply that |u+(tp)] < do < 1. Furthermore, we
estimate via the bootstrap assumptions

t t
/ AN (1) (5) o) s < / )| N (01 ()| poascase ds

fo o (3.25)
< / M 0 (5)[[2ds S M202ePHE),

Y
to

It is immediate from this that
|11 (1)] < SoePtt0) o V2522 t0) o M §pek(t=to) (3.26)

since the right-hand side is small. To bound the remainder 7, we use the energy
identity. Multiplying the equation of p; with its time derivative yields

Oi[ii )2 — Kt — Ci(pip)] = (N(v1) = N(wp)lfup)- (3.27)
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Subtracting it from the energy of v,

(5 — k2 pa + |l + (L)
2

B(id) — J(W) = i), (328)

we obtain

AlI31013/2 + (Lyaln) /2 — Cr(vr) + Cr(pap)] = (N(1p) — N(vi)lmp).  (3.29)

The nonlinear terms are estimated by Holder and Sobolev (using that v, is small)

C1(v1) = Ci(mp)| S [Vl Vorl3,
[(N(v1) = N(pp)lnp)] S NVl Vor 2]l

Hence by time integration using the bootstrap bounds, one concludes that

F5ll3 + (Lrilm) < 05 + (Mo(t — to) + M55 1)) M250e* 70 (3.31)

(3.30)

The orthogonality (2.10) at ¢ = ¢, implies that

(11| Ap) = / (inlA*p) . (3.32)

to

Hence we can estimate ||V~;]|2 by using Lemma 2.1 and (3.31). Thus we obtain
1l < o + MP/26% (¢ — o) /2ek(t=t0) 4 NP2 52e2k (o),

(3.33)
||V71||2 5 5()(15 . t0> + M3/253/2<t . t0>1/2€k(t—t0) + M5/25§€2k(t—to)’

which is better by O(M~1/2) < 1 than the bootstrap assumption. This completes
the bootstrap argument, whence the proof of (3.20). Henceforth, we shall regard
M as being an absolute constant and ignore it.
Next we utilize the monotonicity assumption (3.16) on Eg(i) in order to obtain
a lower bound on g in the same form. The technical difficulty we face here is that
Es () is defined with respect to the time-dependent scale A\(u(t)), while the above
estimates are at the fixed scale 1 = A(u(ty)). The idea is that Es(u) should differ
from E;(u) only by O((t — t)?) with a small multiple. To see this, we compare the
two decompositions
u(t) =W+ uv(t) = W+ p(u(t)p + 7 (t)
= Wi+ ua(t) = Wi+ pa(u(t)) px + (1),

where A = A(u(t)) is chosen according to (2.10). Then we have

By (u) — Es(u) = K[ (0)? — pa(w)?], (3.35)

as long as v remains close to §. The right-hand side is estimated by
pa(u) — pa(u) = (vilp) — (Al T7)\0)

= (v1 = valp) + (al(1 = T7)3)p) = O((A — 1)%),

(3.34)

(3.36)

where we used that
Ul—U)\:WA—W: (/\—1)AW+O((/\—1)2)

(1=T7 ) = (A= 1)A*pr+ O((A = 1)), (3.37)
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AW 1 pand vy L A*py. On the other hand, using the upper bound (3.20), we have

t
[(Aplor(t))] = [(A"plor(t) — vilto))] = |<A*p,/ i1(s) ds)]
to (3.38)
S (ek(tito) — 1)50 <K 1,
hence the implicit function theorem implies that
IAu(t)) = 1] < (70 = 1)6,, (3.39)
and so,
|Ey(u) — Es(u)| < (ekt=to) 1)%6;. (3.40)
This implies in particular that

0, B1 (ii(to)) = 9, Es(@(t)) > 0, (3.41)

where the last inequality follows from the “exiting assumption” (3.16). From the
energy conservation and the equation (3.22) of 1, we have

O EL(U(t)) = Dk p? = 2k2puq fuy, (3.42)
hence 0.F;(u(ty)) > 0 implies u(to) ~ p1(u(ty)) ~ 0o, and so via (3.23), finally
| (u())] ~ 05, (3.43)

By continuity, there is § = £1 constant such that su;(u(t)) < 0. Expanding K
around W, and plugging the above estimates into this expansion yields

sK(u) = —s(2" = 2)(W* o) + O(|| Vvl[3)

3.44
2 m(u(t) = O(IF1(1)]2) Z (") — Ot — to))do. 340

To finish the proof of the lemma, it only remains to establish the monotonicity of
ds. At the fixed scale 1, it is immediate from the equation that

OREV(@(6)) = 2622 + pjin) = 2 (B + (N()]p)) 2 #0062, (3.45)
Combining this with (3.40), we infer that
Es(i(t)) > Es(t(to)) (1 + c(t — t0)*), (3.46)

with some constant ¢ > 0. If Eg(u(t)) becomes decreasing, or more precisely,
OiEs(t(t1)) = 0 at some t; > to before reaching %, then we can apply the above
argument backward in time from ¢; to concludes that Es(u(ty)) > Es(u(t1)). How-
ever, this contradicts the above estimate. Hence dgs(w(t)) is increasing, all the way
until it reaches dp. O
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4. THE ONE-PASS THEOREM
The key step in the proof of Theorem 1.1 consists of the following assertion.

Theorem 4.1. There ezist 0 < €, < 0, < dg with the following properties: Let
u € C(I;H) be a solution of (1.1) on an open interval I, satisfying for some
e€(0,e],6€ (V2e,0,] and Ty <Tr €1

E(@) < JW)+e*  ds(u(Th)) < 6 = ds(i(Ty)). (4.1)
Then ds(u(t)) > 6 for allt > Ty in 1.

Proof. By increasing 77 and decreasing 7T if necessary, we may assume in addition
that v/2¢ < ds(@(T})) and ds(ii(t)) is nondecreasing on [T}, T3]. Then Lemma 3.2
applies for all t € [T, Ty and so ds(w(t)) is increasing for ¢ > T} until it reaches dy.
Arguing by contradiction, we assume that for some ¢ > Ty we have dgs(i(t)) < 0.
Such a t can occur only away from 75, (this will be made more precise shortly),
and after dg(u(t)) has increased to size 0y > 0. Moreover, by applying Lemma 3.2
backward in time, we can find T3 > T, such that dg(u(t)) decreases from dy down
to 6 ast /T, and so that dg(u(t)) > o for Ty, < t < T5. We may further assume

A(u(Th)) = 1 < Mu(Ty)), (4.2)

by rescaling and reversing time, if necessary.

The theorem is now proved by deducing a contradiction from a localized virial
identity, as in [15]. Our argument differs from that in [15] in the following two
points:

(1) The estimates in the hyperbolic regime incorporate the scaling changes.
(2) The degeneration ||Vu(t)||s < 1 is treated by the equipartition of energy.

(1) already appeared in (3.17), which is essential in the critical case. (2) seems to
be a more general argument than that used in [15]. The latter relies on the time
oscillation at zero frequency as well as the subcriticality of the equation, neither of
which is available for the critical wave equation.

Following [15], introduce a space-time cutoff function

w(t, ) :X( 2] )X( 21 >, (4.3)

t—TQ+TQ T3-t+7’3

where y is the same cut-off function as in (2.32), and define’
T2 :7'3:5_1. (44)

Then from the equation of u we obtain the localized virial identity
d

%V(t) = 2K (u(t)) + O(Eex(t)), V(1) := (wugl(x -V + V - 2)u), (4.5)
where the exterior free energy is denoted by
1
Eox(t) := 5 / [[Vul*> +u?]de, R(t):=max(t — Ty + 75, Ty —t +73), (4.6)
|z[>R(t)

We are going to recycle this argument with 7o #+ T3.
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so that supp 0; ,w C {|z| > R(t)}. By the finite speed of propagation, we have

< ) <
Tzs<1i<pT3 EeXt <t) ~ ]Hi%i% Eext (7}) ~ 5’ (47)
where the last estimate follows from ds(@(7})) =8, M(T;) > 1, 7 =06"", and
INWillz2(aisry S (R/A)2, 1—dj2 < —1/2. (4.8)

The left-hand inequahty in (4 7) is proved as follows. For each T}, we can find a
free solution u§ so that 0, ,u)(T}, z) = O ,u(Ty,x) on |z| > R(T;) = 7, and

155115 S Eext(T)) < 1, (4.9)

by a suitable extension to |z| < 7. Since § < 1, the small data wellposedness theory
implies that there exists® a global solution u; of (1.1) with the same initial data as
u? at t = Tj, which moreover satisfies

17| o2 S Nl Loz S Pt (T3)'? < 1. (4.10)

The propagation property of the linear wave together with the uniqueness for the
nonlinear equation implies that u = u for |z| > R(t) and Ty, < t < (Ty + T3)/2,
and u3 = u for |z| > R(t) and (Ty + T3)/2 < t < T3. Thus we obtain (4.7), and so

V(t) = 2K (u(t)) + O(9). (4.11)

On the other hand, the decay property of W, together with ds(u(7;)) = ¢ and
our choice of cut-off 7 = §~! implies that

V(T)| + [V(T5)] < 6(1 4 72742 + 521 < 62, (4.12)
hence we have
T3
/ [2K (u(t)) — O(8)] dt| < 62, (4.13)
Ts

which we are going to lead to a contradiction.
Now we choose two parameters 0 < §y; < dy and 0 < v < 1, and set

0 < 612 < min(dar, 6(0n), %), 0 < e, < min(d,, ey (8x)), (4.14)

where £(-) and ey(-) are as in Lemma 3.1.

First we consider the hyperbolic region in [T5,73]. Let m be the collection of
local minimal points of dg(u(t)) in [T, T3], with the respective local minima less
than ;. Since d < dy7, we have Ty, T3 € m. For each ¢, € m, applying Lemma 3.2
forward and/or backward in time, we obtain a subinterval I(t,) 3 t, of [Ty, T3] such
that for ¢ € I(t,)

ds((t)) ~ ekttt ge((t,)), (4.15)

and on the boundary dI(t,), either ds(@(t)) = 0y, t = Ty or t = Ts. In the latter
cases, dg(u(t)) = dy at the other endpoint. Hence we have

()] Z Ault.)) ™ log(0r /dar (i(t)) = Mul(t.)) " log (6 /0ur), (4.16)

2Here we do not need the global Strichartz estimate or the scattering property, but the global
existence follows from the local wellposedness combined with conservation of the small energy
E(iij) ~ ||iij]|3 as well as K (uj) > 0.
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and those intervals are mutually disjoint. Let®

Iy = J I(t.) C [, T3], Iy :=[To, T3]\ In. (4.17)
ti€Em
Then by the definition of m, we have dg(u(t)) > 05 on Iy, and so Lemma 3.1
implies

sK (u(t)) > min(s(dn), cl| Vu(®)]2), (4.18)

with § = £1 constant on each connected component of Iy,. Moreover, (3.17) implies
that K (u(t)) has the same sign at the two endpoints for each internal I(t,). Since
K (u(t)) cannot change its sign while t € Iy, we deduce that s in (4.18) for t € Iy
and s in (3.17) for t € Iy are the same constant sign on the whole [T5, T5].

Using the estimate on K in (3.17), we obtain for each ¢, € m,

s / 2K (u(t)) — O(5)] dt

) 5 (4.19)
6k|t—t*\)\(u(t*)) . . u u H

2 20.((t = LIt ))ds(u(t) b 2 5ot

where the O(d) error was absorbed by the linearly growing factor. Moreover,
the latter is absorbed by the exponentially growing factor after integration, since
ds(ti(t)) < 6y < 6. Combining this and (4.16), we infer that

Om .
-ﬂémPKW@%4%WﬁZBgEEEMm)g

Further, since Ty € m where A(u(73)) = 1, one has

Sn|I(t.)]. (4.20)

|[(T3)| 2 log(dm/dnr) > 1. (4.21)
On Iy, we use the variational bound (4.18). If s = —1, the bound is uniform and
—K(u(t)) > k(0p) > 9, > 0. (4.22)

Hence
s /] 2K (u(t) — OO)]dt = K(S2)| Iy . (4.23)

Combining it with the above estimate on Iy, we obtain

T3

—5 / 2K (u(t)) — O(8)] dt = 6pr > 6% > 612, (4.24)
T>

which contradicts (4.13), concluding the proof in the case s = —1.

If s = +1, then the lower bound degenerates as ||Vu(t)|[s — 0. This scenario
can occur along some trajectory, since our equation is of the second order in time.
We are going to show that it does not essentially affect the time integral by using
energy equipartition. Decompose [y into

Io:={te Iy | ds(@t) < v}, I:=1Iy\1I. (4.25)

3We chose the decomposition into I and Iy to maximize the use of the hyperbolic dynamics.
One can also use the variational estimate in the overlapping region.
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The above argument implies that on /; we have
K(u(t)) > min(k(dp), V) > 8, > 6, (4.26)

and so

/ 2K (u(t)) — O(8)] dt > min(#(5ar), v?)|11], (4.27)

I
whereas on Iy we have K (u(t)) ~ ||[Vu(t)||3 and so

/I[QK(U(t))—O(@] dt 2 i IVu(®)]zdt — O(8)|]. (4.28)

In order to control this, we consider the energy equipartition with the same space-
time cut-off as above for the virial identity: from the equation for u,

Oc(wuelu) = |[a(t)]l — K (u(t)) + O(Eex(t))

o (4.29)
= [[a(®)[5; — K (u(t)) + O(3).
Then in the same way as for (4.13), we obtain
Ts
[ a1 - Kta(e) + o) at| < 5 (4.30)
Ty
On the other hand, (4.20), (4.27) and (4.28) together with (4.13) imply
Ts
min(dar, £(dpr), 1/2)/ |Vu(t)||2dt — O(8)| 1| < 642, (4.31)
T

where we used the fact that «(t) is uniformly bounded in the case s = +1; this is
obvious in the hyperbolic region ds(u(t)) < dg, while in the exterior it follows from
that K (u(t)) > 0, since

E(i) — K(u(t)/2" = [Vu(t)[3/d + [la(t)]|2/2. (4.32)
Using (4.31) and (4.30) as well as (4.14), we deduce
[ @ + 1V u(olRlde < 1+ 87T, - 7o, (4.33)

Ts

which contradicts the energy conservation

/ " B(@)it = Ty - TE@) > |Ty — TlI(W))2. (4.34)

Ty
since |T3 — To| > |Iy| + |Ip] > 1. This concludes the proof in the case s = +1. [

The above result can be restated in terms of the sign functional as in the sub-
critical case [15]. Let

H.={FeH|E@) <JW)+el},
Hx ={F € H.| E() < J(W) +d5(¢)/2}.
It is easy to see that H, \ Hyx is a small neighborhood of SuU-8.

(4.35)

Corollary 4.2. There exists a continuous function & : Hx — {£1} with the
following properties.
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(1) Every solution u in H. can change &(u(t)) at most once. Moreover, it can
enter or exit the region ds(@) < 0. at most once.

(2) The region & = +1 is bounded in 'H, while the region & = —1 is unbounded.

(3) If 3 € Hx and E(3) < J(W)+¢ei(ds(P)), then &(F) = signK (p), with the
convention sign0 = +1.

(4) If ¢ € Hx and ds(F) < dp, then &(F) = —signus(y).

Note that H, \ Hx is included in ds < é., and that (3)-(4) completely determine
S(p), since we have chosen e, < ey (dy7). Moreover, &(F) depends only on ¢.

Proof. Since (3) and (4) are overdetermining &, we need the consistency of the
conditions. However, this is provided by the ejection lemma 3.2, starting from any
solution in the overlapping region, where ds < d); < dy. The second estimate in
(3.17) implies that the two definitions coincide at least at the endpoint of the ejection
ds(ti(t)) = dm. Since both signs are invariant along the continuous trajectory ,
they must be the same all the way from the starting point. Thus & is well defined,
and then (1) is the conclusion of the one-pass theorem 4.1. The boundedness in
(2) has been shown between (4.31) and (4.32), while it is obvious that the & = —1
region is unbounded, since it contains all ¢ with negative energy. O

It remains to determine the fate of the solutions in H, with ds > 9,. We will do
this in the following two sections for & = £1 | respectively.

5. BLOW-UP AFTER EJECTION

Proposition 5.1. No solution can stay strongly continuous in H, with & = —1
and dg > 6, for all t > 0.

Proof. Suppose towards a contradiction that there is a solution v on 0 < t < oo
in H, with &(d(t)) = —1 and ds(i(t)) > .. Here we use the identity for |ul|?,
localized in the same way as for the virial identity.

We may assume E(@) > J(W), since otherwise the conclusion follows from [10,
3, 4]. We choose a time-dependent cut-off function and the localized L? norm

w(t,x) = x(|z]/(t+ 7)), y(t) = (wulu), (5.1)
for a fixed large 7 > 0 to be determined later. Using that w > 0, we have
g = (wu + 2wi|u) > 2{(wu|u), (5.2)

and using the equation and Hardy’s inequality,
i = Quw|i® — |Vul* + [ul*) + (Wulu) + (4bu|i) + 2(uVw|Vu) (5.3)
= 2([[all; — K(u)) + O(Eexe(t)), ‘

where

Eou(t) == / [[1]? + |Vul!] do < By (0) < &, (5.4)
|x|>t+7

by the same argument as for (4.7), provided that we choose 7 sufficiently large.
In order to control the right-hand side of (5.3), we follow the argument in the
previous section, below (4.13). Note that in the & = —1 case, the contradiction
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assumption at ¢t = T3 was used only for the upper bound on |V (73) — V(T3)|, and
so the rest of the argument is still valid.

Let I = (Ty,00) = Iy U Iy and Iy = Ut*emf(t*) as before, see (4.17). We
have —K(u(t)) > 6. > e, on the variational region Iy, while ff(t*) —K(u(t))dt >

e.|1(t.)] on each hyperbolic interval I(t,). Hence g(t) — oo and y(t) /" oo as
t — 0o. Moreover, we can rewrite

lll — K (u) = (1 +27/2) ][5 + (2" = 2)I[Vull3 - 2°E(a). (5.5)
In the variational region Iy, using that K (u(t)) < 0 we have
B@) < JW) +i= 22w+ < 22Vl 4 (56)
which implies
lillz — K (u) > (1+27/2)]jall; — 2% (5.7)

Interpolating it with the other lower bound ||7||3 4 0, and using 0, > €2, we get
i >4 +ollll; +e (t€lv), (5.8)

for some constant ¢ > 0 (say 1/d). In the other region I, the last inequality of
(5.6) may fail, but the smallness |K (u(t))| < 0y < 1 allows us to replace it by

Lemma 5.2. For any nonzero ¢ € H', we have
VW1 < [IVeliz + (d/2 = 1)K (¢) + O(K(9)*/[Vel3)- (5.9)
Proof. Since ¢ # 0, there is a unique A > 0 such that K (\p) = 0, that is
N2 = |Vl el (5.10)
Since W is the Sobolev optimizer with K (W) = 0, we have
VW3 < IV A¢]l3. (5.11)

Inserting (5.10), we obtain the desired conclusion after Taylor expansion. O

Since ||Vul3 ~ ||[VW||3 in the hyperbolic region Iy, we thus replace (5.6) with

2F =2 d—?2
EB(i) < —5—[Vull; + ——K(w) + O(K(u)* + &), (5.12)
and so from (5.5) we obtain
§ > 41+ o) ||u)|} — 2K (u) — O(K (u)? +<2) (t € Iy). (5.13)

The leading term is bounded from below via Cauchy-Schwarz:
§12
4(1 4 ¢) a3 > (1+c)|y7|. (5.14)

Hence

Ei (t € ]V)

oK) - OK WP+ 2 (tely). )

i =1+ /y+ {
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Hence y is convex on Iy, while on each interval I (t.) in Iy, we have in the same
way as for (4.20),

/f 2K )~ OU G+ 2D 2 o 1) (5.16)

since | K (u)| < 0y < 1. Moreover, if ds(i(t)) = 0y at both ends of I(t,) (which is
the case except for the first interval), then the above integral on I(t,) N (—oo,T)
is positive for any T'; indeed, the main contribution comes from the region where
ds(u(t)) ~ dm, and it is much bigger than the negative contribution. Therefore
1 — 00 as t — o0o. In particular, y > 0 and y oo for large ¢t > 1. Since

Oy ¢ =—cy ", 0Py = —cy 7 lj— (1 +)(®)*/yl, (5.17)

and y~ "¢ is decreasing for large t, the same logic as above implies that d,y~¢ does
not become bigger in each I (t,) than its value at the left end of the interval. Hence
Oy~ ¢ < —a for some a > 0 uniformly for large ¢, which leads to a blow-up by
contradiction. O

1

6. SCATTERING AFTER EJECTION

In the other region & = 41, we already know that all solutions are uniformly
bounded in H, but that is not sufficient for the global existence of strongly continu-
ous solutions in the critical case. Now we resort to the recent result by Duyckaerts-
Kenig-Merle [3, 4] to preclude concentration (type II) blow-up. This is the only
place where we have to restrict the dimensions* to 3 or 5

Proposition 6.1. No solution blows up in Hx with & = +1.

Proof. First, the ejection lemma 3.2 precludes blow-up in the hyperbolic region,
since the scaling parameter is a priori bounded during the ejection process, which
is valid when reversing the time direction. Hence a blow-up may happen only when
ds(ti(t)) > 0, where K(u(t)) > 0 and so (4.32) implies

la@®)l13/2 + IVu(t)[3/d < J(W) + &2 = [VW[3/d + 2. (6.1)
This allows us to employ the main result in [3, 4], after reducing e, if necessary.
Suppose u is a solution on [0,77) in Hy with & = +1 and dgs(u(t)) > oy with the

blow-up time T’y < co. According to their result, we can then write for ¢ sufficiently
near 7',

@) = Wypy + G+ o(1)  inH, (6.2)

for some 0 < A(t) — 0 and some fixed ¢ € H. It is then easily checked that as
t — T, — 0 we have

K(u(t)) = K(Wx@) + K(p) +o(1) = K(p) + o(1), (6.3)
from which we infer in particular that K () > 0. Similarly, we obtain

JW)+e2 > E(d) = JW) + E(J), (6.4)

4Strictly speaking, the long-time perturbation argument should be also modified for d > 6 in
the scattering proof of Proposition 6.2, but it is a minor issue. See [14, 8] for the solution.
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which implies via (4.32) and K () > 0,

lellz/2 + IVell3/d < €. (6.5)
This however contradicts dgs(u(t)) > dy > €, near T,. O

Next we employ the Kenig-Merle scheme from [9, 10] to improve the above result.
The one-pass theorem will be incorporated in the same way as in the subcritical
case [15]. Extinction of the critical element requires a little extra work due to the
possibility of concentration, which will be however reduced to the above proposition.

Proposition 6.2. Fvery solution staying in Hx with & = +1 and ds > 0, for
t > 0 scatters to 0 as t — 400 with uniformly bounded Strichartz norms on [0, c0).

The restriction ds > J, is essential for the uniform Strichartz bound, since the
latter does not hold for all scattering solutions, even for E(u) < J(W).

Proof. We argue by contradiction. Let u,, be solutions on [0, 00) in Hx satisfying

E(t,) — E. < J(W)+ e, lunllz, 0,00 — 00,

ds(@n(t) = 6, ©(a,(t) = +1, (t>0) (6.6)

where we choose ¢ = 2(d +1)/(d — 2) so that L, is an admissible Strichartz norm
for the wave equation on R?. Henceforth, X (I) denotes the restriction to I x R? of
the Banach function space X on R x R?. Tt is well-known that L{, and the energy
norm are sufficient to control all the other Strichartz norms, such as LY 3;7/22 with
p=2(d+1)/(d—1), as well as the nonlinear term in some dual admissible norm
such as in Lf/B% 2 (see, for example, [7]).

We may assume that E, is the minimum for the above property. Following the
Kenig-Merle argument, the proof consists of two parts: construction and exclusion
of a critical element.

Part I. Construction of a critical element.
Assuming the existence of (6.6), we are going to show that there is a critical
element w,, that is a solution on [0, 00) in Hy satisfying

E(td.) = E.,  ludllzg, 0,00 = 00, ds(U(t)) 2 0., S(G(t)) =+1,  (6.7)

and that its trajectory is precompact modulo dilations in H.

If ds(i,(0)) < 0g, then by the ejection lemma 3.2, we have ds(@,(t)) > on
at some later ¢t > (0. Since the Strichartz norm on the ejection time interval is
uniformly bounded, we may translate each u,, so that

ds(n(0)) > O, (6.8)

without losing (6.6). The translation time is bounded by A(u,(0)): the scaling at
t = 0, which remains the same order after the translation.
Since we chose €, < ey (), Lemma 3.1 implies

K (u,(0)) = min(k(dm), ¢ Ve (0)[2)- (6.9)
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Now apply” the Bahouri-Gerard decomposition from [1], see also Lemma 4.3 in [10],
to {u,,(0)},>1. Let U(t) denotes the free wave propagator. We conclude that there
exist M) >0, tJ € R, @ € H and free waves w; such that for any J > 1

n

ZW H+al(t), VIEt)=Ult+t)TIF, (6.10)

where T7 is the operator defined by 77 f := (M,)¥2f(M z), such that

[log(X,/A0)| + [, — thl/ A}, — o0 (6.11)
for each j # k,
J
Jim [l (0)]3 = 3 IV )1 ~ 1 0) 3] = 0
= (6.12)
o 601 - 35 E1720) — o] =
j=1
for each J, and
Jhm hin_)sogp”w g2 @ynze, @) = 0. (6.13)

The last property applies to any other non-sharp Strichartz norm by interpolation,
since those free waves are all uniformly bounded.
First we check that all components retain K > 0 at ¢t = 0. Using (4.32), we get

J
1 1 1 . 1.
B(i,) ~ 5K (ua0)) > S, 0)]3 = 32 SIVIO)E + SO +o(1). (6.14)
j=1
Hence if [|[Vu,(0)||3 < €2, then [|[VVZ(0)]3 < €2 < 1, and so K(V7(0)) > 0.
Otherwise, the lower bound in (6.9) is much bigger than &2, so for large n, we get
from the above inequality

H(VI(0) < JW), (6.15)

which implies K (V,7(0)) > 0, by the variational property of W. The same argument
implies K (w;(0)) > 0 as well. Thus, each component has non-negative energy E.
We may assume that j = 1 gives the maximum among E(V7(0)), and so
- . 2
E(T2(0)) < 2I07), (> 1) (6.16)

Now let U7 be the nonlinear profile associated with V7, that is the nonlinear
solution satisfying as n — oo,

109() = Ul =0, 5} = Nt (6:17)

defined uniquely around ¢ = s7_ := lim,, ., s/, such that
1T3(0) = VZ©O)l|l2 — 0 T3(t) := (T30 (N (t + 12)). (6.18)

In what follows, we will pass to subsequences without any further mention. Also note that
Merle, Vega independently obtained a decomposition of this type for NLS, [13].
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By the scaling invariance of the equation, each U/ is also a solution, defined locally
around ¢ = 0. Hence the above property of V7(0) is transferred to U?:

K(Ui(0) >0, 0<E(U)=EU’)~ |Ui0)]3,

;E(Uj) S JW), igﬁ’E(ﬁj) < §J(W)7 (6.19)

and so, by [10], each U7 for j > 1 exists globally and scatters with

J
DI g S 1 (6.20)
Jj=2

Note that only a bounded number of profiles can escape from the small energy
scattering theory, where all Strichartz norms are bounded by the energy norm.

Now assume the same for U' and thus for all j > 1, which is the case if E(U') <
J(W). Then from the long-time perturbation theory, cf. Theorem 2.20 in [10], one
obtains the nonlinear profile decomposition for the solutions wu,(t), provided J is
large and fixed, and n > ng(J) is sufficiently large:

J
= Z Ub 4wy + Ry, lim limsup | Bl gemons, @ =0, (6.21)

n—odo

which implies u,, is bounded in L] ,, contradicting (6.6). Thus we have obtained

t,x»
1U g 2) = 00, J(W) < E(U") < E., ZE U) + @3 St (6.22)

We now distinguish three cases (a)-(c) by means of sl = lim,, .., A\L¢l:

(a) s}, = oo. Then by definition (6.17), U is a local solution around ¢ = oo with
finite Strichartz norms, and

||U$||L§71(0,oo) - ||U1||Lfﬂm(s}l,oo) — 0. (623)

Hence we can use the long-time perturbation argument on (0, 00), which gives a
contradiction via (6.21) as above.

(b) 81,00 = —00. In this case U' scatters at t = —oo by definition. Let I = (—o0,T})
be the maximal interval of existence of U".

If ds(U'(t)) > 6./2 for all t < T, then U' remains in Hx with & = +1 from
t = —oo. Hence T}, = oo by Proposition 6.1, and [[U"]| s _(g,.0) = 00. Moreover, the
one-pass theorem 4.1 together with the ejection lemma 3.2 implies that ds(U*(¢)) >
d, for large t. Hence U! is a critical element after some time translation.

Otherwise, ds(U*(t,)) = d./2 at some minimal ¢, < T, until which U’ remains
in Hx with & = 41, and HUlHL?Z t,) < 0o. Hence one can apply the nonlinear
profile decomposition on the interval AL (¢ +tL) < t,, which yields in particular

Is(((1. — sh)/AN) < ds(Th(8) + Ofe.) +o(1) < S0 +o(1), (620
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as n — oo, provided J is large enough. However, since t, —s. — oo, this contradicts

our assumption inf;> ds(t,(t)) > .. To obtain the O(ep)-term in (6.24), one uses
the bound, valid for J large and all n > ny,

sup  ||R; (1)]l2 < e (6.25)

AL (t+tn) <t
which follows from the main estimate of Theorem 2.20 in [10].

(c) s, € R. Let (T-,T}) > s., be the maximal interval of existence for U'. We
know that K(U'(sl,)) > 0. Moreover, by the same perturbative arguments as
above, the nonlinear profile decomposition (6.21) holds on (T, 7)/A} —tL. Thus,
as in the case (b), we deduce from infi>q ds(i@,(t)) > 0, that
inf  ds(U'(t)) > 4./2.

o s(U(t)) = 6/ (6.26)
Then the same argument as in (b) implies that Ty = oo and U is a critical element
after time translation, provided that [|U?| L7 (sl 00) = 00. Otherwise U L scatters

and the nonlinear profile decomposition holds on [0, 00), contradicting (6.6).

Thus we arrive at the conclusion that s!, < oo and U? is a critical element after
time translation. This implies F(U') = E, by the minimality, which extinguishes

the other profiles U’ (j > 1) as well as the remainder w; as n — oo, through the

nonlinear energy decomposition.
Having a critical element u,, we apply the above argument to the sequence

Un(t) = ue(t — ), tn — 00. (6.27)
The vanishing of all but one profile implies that for some continuous A(t) > 0
(MO Pa(t 2 /A1) }izo € H (6.28)

is precompact, concluding the first part of the proof.

Part II: Exclusion of a critical element.
Let u, be a critical element (6.7), hence

@ () = o()?a.(t, o(t)x),  ot) = 1/A(1) (6.29)
for t > 0 is precompact in H. We proceed in three steps.

Step 1: limsup,_, . o(t)/t < co. To see this, note that by finite propagation speed,
we have

g SUD | ()l (o> = 0, (6.30)
whence we have
1 * x = U
Jim stngw Ol 22 (21> ¢+ R) o)) = 0 (6.31)

If for some sequence of times {s,, },>1 we had o(s,,)/s, — 0, then by pre-compactness
of {W(t)}i>0, we get ||Wa(sy)| L2 — 0, whence also ||U.(s,)]|z2 — 0, which would
force E, = 0, a contradiction.



24 J. KRIEGER, K. NAKANISHI, AND W. SCHLAG

Step 2: liminf; . o(t)/t > 0. This follows from the localized virial identity (4.5)
as in the proof of Theorem 4.1. By the precompactness, there is R > 0, depending
on u,, such that for all ¢ > 0

/ i, |* + |V, 2 dz < 6. (6.32)
|z|>Ro(t)

Suppose for contradiction that liminf; . o(t)/t = 0. Choose T3 > T, > 1 and
T9, 73 > 0 such that

o(T;) < 0T;/R, 7 = Ro(Tj). (6.33)
Then we have
(wug|x - Vu+ V- zu)| + [(ww|u)| S Ro(Ty) < 6.1 (t=1T;, j=2,3),

sup  Feq(t) S max Eeg(t) <9, (6.34)
To<t<T3 t=T5,T5

where w and E are as in (4.3) and (4.6). Then we have in place of (4.30)—(4.31),

[l - K (v) + 061t < 6.3,

Ts

T (6.35)
| vu) g - ot < 5.3,
Ts
which leads to
T3
T — To|J(W) < / E(u)dt < 6Y/*Ty, (6.36)
T

a contradiction. Here again we assumed E(u) > J(W) since in the other case one
can easily get a simpler bound, as was done in [9].

Step 3: Construction of a blow up solution via re-scaling u,. Pick a sequence
Sy, — 00 with lim,, .o 0(s,)/sn, = ¢ € (0,00), as well as W,(s,) — 37 in L. Define
a sequence of solutions

U (t, ) = 52V, (spt, 5,7) (6.37)

whence we have ,(1) — ¢~%2@(z/c) in L.

The above two steps imply that i, is precompact in C([r,1]; L?) for any 0 < 7 <
1, and so, after passing to a subsequence, it converges to some i, in C((0,1]; L?).
By the local wellposedness theory, it has finite Strichartz norms locally in time, and
SO Us 18 the unique strong solution on (0, 1] with the initial condition (1) = .
Clearly we also have dgs(tx(t)) > 0, and S(Ux(t)) = +1 for 0 <t < 1.

We now show that wu., is a solution blowing up at ¢ = 0, which contradicts
Proposition 6.1. The fact that u,, blows up at ¢t = 0 follows from

Claim: uo(t,z) = 0 on |z| > t. To see this, pick 0 < ¢ <« 1 arbitrary, let
m large enough such that ||, (s,,) — @12 < € and further pick R > 0 such that
9] 22(je|>r) < €. Then for n > m, we have

“ﬁn(sm/sn)||L2(|a:|>Rg(sm)/sn) = ||w*<5m)||L2(|a:|>R) <e. (6.38)
From this and the finite propagation speed, we deduce that for s,,/s, <t <1
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Letting n — oo, we infer that for 0 <t <1
[ (8))[| L2 (01>t < € (6.40)

Since € > 0 is arbitrary, this implies that wu, is supported on |z| < ¢, as claimed.
This completes the proof of Proposition 6.2. U

In order to complete the proof of Theorem 1.1, we now exhibit open data sets at
time ¢t = 0 such that we have blow up/scattering at ¢ = +oo, four possibilities in
all. For this, we use the representation

u=W+uv, =W+ pi(u)p+ m, (6.41)
used in the proof of Lemma 3.2, see (3.19). We pick data of the form
w0) =W+ap+ f, 4(0)=0bp+g, (6.42)
for some a,b € R, f € H' and g € L? radial, with the conditions
195l + lglla < lal + o] < 6., (6.43)
It then follows from the same argument as below (3.23) that we have
pa(t) = e py + e M+ 0 (a? +17)),
1702 S (&) (Jal + [B]) + e (a® + 6%),

as long as el(|a| + |b]) < 0y, where 6y is as in Lemma 3.2, and further

1 1 1 1
= — — _ = = - - . 4
[y 2<a+k>, t 2(@ kb> (6.45)

Using the expansion of K in (3.44) as well, it is now easy to see that under the
conditions (6.43) we obtain 4 disjoint open sets, depending on the signs of a and
b, such that K(u) < 0 at the ejection times, i.e. the endpoints of the time interval
around 0 where dgs(@) < §g. This completes the proof of Theorem 1.1. [J

(6.44)
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