STABILITY OF SPHERICALLY SYMMETRIC WAVE MAPS.

J. KRIEGER

ABSTRACT. We study Wave Maps from R211 to the hyperbolic plane H? with
smooth compactly supported initial data which are close to smooth spherically
symmetric initial data with respect to some H'*# 1 > 0. We show that such
Wave Maps don’t develop singularities in finite time and stay close to the Wave
Map extending the spherically symmetric data(whose existence is ensured by a
theorem of Christodoulou-Tahvildar-Zadeh) with respect to all HY 5 < pg
for suitable po(p) > 0. We obtain a similar result for Wave Maps whose initial
data are close to geodesic ones. This strengthens a theorem of Sideris for this
context.

1. INTRODUCTION

dx2+dy2
y2 bl

and let R**1, n > 1 denote the standard Minkowski space equipped with the metric

dh = —dag+3_7_; d2 . We shall also use the identifications g = ¢ (time), 8., = 0.,

v=20,1,...,n. A Wave Map from Minkowski space to H? is a map » : R"*! — H?

which is critical with respect to the functional

Let {(x, y)|y > 0} be the hyperbolic plane, equipped with metric dg =

U — < Oty 0% >4 dxody, ... dy,,,
Rn+1
where 9,u = u,(0y), 0% = h*P95 and Einstein’s summation convention is in force.
The Euler Lagrange equations of this problem read as follows:
0,x 0Vx
y vy
X x 0,y0"y + 0,x0"x
O(-)=— - 2 2 (2)
y y y
If n = 2, the fundamental Conjecture associated with this problem is the follow-
ing, which flows from the intuition that the negative curvature of the target should
prevent a focusing of energy in small spatial regions:

Olny = —

(1)

Conjecture(e. g. Klainerman [10]) Let n = 2. Given smooth initial data (x,y),
(0¢x,0;y) : R? x {0} — H? x TH?, there exists a global-in-time smooth Wave Map
extending them.

This is expected to be generalizable to arbitrary targets of negative curvature
and satisfying some geometric niceness conditions. We stick in this paper to the
H? model on account of its simplicity.

The difficulty in establishing the above conjecture stems from the fact that the
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problem is energy critical, i. e. the natural scale invariant Sobolev space is exactly
the energy space H' (the energy >°7'_, ||%||ig + 6;y ||%i is preserved under the
Wave Map flow). Establishing global regularity for such problems consists cus-
tomarily of showing that smooth small data imply global regularity, as well as
non-concentration of energy in physical space. The latter needs to depend subtly
on the geometry of the target, since a priori analytic reasons cannot rule out a rapid
shift of the energy from low to high frequency modes, resulting in sudden focusing.
In the case n = 3, one expects breakdown of solutions for large data for analytic
reasons (the scale invariant Sobolev space H?2 which in some sense controls the
local well-posedness behavior is not controlled by the energy). We can formulate

Conjecture: Letn = 3. There exist (large) smooth initial data (x,y), (0%, 0ry) :
R3 x {0} — H? x TH?, which lead to breakdown in finite time.

Breakdown solutions are known in 3 4+ 1 dimensions, but only for special targets
[3] not including the hyperbolic plane.
The best result known at this point pertaining to the first Conjecture is the following
theorem of the author [22], [23]:

Theorem 1.1. Let n = 2,3,.... Then there exists € > 0 such that for smooth
initial data (x,y), (9ix,0:y) : R" x {0} — H? x TH? satisfying

n
o,x oy
S gs + 1= s <6
/Rz —y y

there exists a smooth global-in-time Wave Map extending them.

This is similar to earlier results of Tao [37] when the target is a sphere, as well
as of Tataru [41] when the target is uniformly isometrically embeddable into a Eu-
clidean space. Similar results in dimensions n > 4 for quite general targets were
achieved by Klainerman-Rodninanski[15], Shatah-Struwe[27] as well as Nahmod-
Stefanov-Uhlenbeck[24] after Tao’s initial breakthrough [36], [37].

Thus the preceding theorem does not yet exhibit behavior reflecting the geometric
nature! of H2.

What we set out to do in this paper is to try to exploit features which appear to
hinge on geometric properties of this target and set it apart from positively curved
targets such as the sphere S?. We need the following definition:

Definition 1.2. : We call a Wave Map u : R*"*! — M ’spherically symmetric’ pro-
vided u(t, pr) = u(t,z) Yz € R? and p : S — SO(2) the standard representation
of S on R2.

We shall use the deep results of Christodoulou-Tahvildar-Zadeh[5] on the asymp-
totic behavior of spherically symmetric Wave Maps, valid for certain targets which
amongst other things have no conjugate points, to conclude the following:

1Paradoxically, the proof of this result involved extra complications over the case of target a
sphere, on account of the fact that one needs to work with the derivative of the Wave Map, losing
one degree of smoothness.
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Theorem 1.3. (Stability) Let n = 2 and u[0] = (u(0),d;u(0)) : R? x {0} —
H? x TH? be a smooth spherically symmetric Wave Map with compactly supported
initial data. Then for any o > 0 there exists a number € > 0 such that for all
initial data @[0] which are e-close to u[0] in HY*, there exists a smooth global in
time Wave Map @ extending @[0]. Moreover, @ will stay close to u in the energy
topology? (in a suitable sense)globally in time.

This is a type of ’large data result’, although of course there is still a smallness
assumption present. As far as the case of target S 2 is concerned, a surprising result
of M. Struwe [34] asserts that smooth radial data lead to global Wave Maps. This
suggests the important question of whether these solutions are unstable:

Question (Instability?). Let u[0] : R? x {0} — S? x T'S? be large generic spheri-
cally symmetric initial data. Is it true that for any o > 0, € > 0, there exist smooth
initial data ©[0] : R? x {0} — S? x T'S? with the property that ||u[0] — @[0]||g1+o < €
while® the smooth Wave Map @ extending 0] locally in time breaks down after
finite time? More precisely for any 6 > 0

T <oo—V5i>0 tlir}l @[t grr+s s = 00

Unfortunately, our techniques appear to have no bearing on this question. For
example, we don’t know what the asymptotic behavior of Struwe’s solutions is.

The key ingredient to prove Theorem 1.3 is the boundedness of a range of sub-
critical Sobolev norms for large spherically symmetric Wave Maps:

Theorem 1.4. : There exists §g > 0 such that YO < § < &g and spherically
symmetric smooth Wave Maps u : R**! — H? we have

sup [[u[t]|| r+sx s < 00
t

The proof of this will follow from the asymptotic results of [5], which in turn
rely on a careful analysis of conservation laws associated with (1), (2).
We shall then rely on the setup of [23], using the intrinsic derivative formulation
(by differentiating (1), (2)) and passing to the Coulomb Gauge. The new difficulties
by comparison with [23] concern nonlinear terms which are linear in the difference
V(@ — u]. Working in the Coulomb Gauge, this corresponds to perturbing the flat
d’Alembertian O with a potential term V which is in some sense quadratic in the
derivatives of the spherically symmetric Wave Map. We shall show that the good
decay behavior of the spherically symmetric Wave Map allows us to treat these
terms as source terms, instead of having to modify the linear operator. However,
the fact that we cannot just work with mixed Lebesgue type norms but complicated
null-frame spaces will force simultaneous localizations in physical and frequency
space on us, which make the argument quite intricate. These types of estimates
might be useful when working on the general large data problem. Owur analysis
shall have as simple corollary a generalization of a result of Sideris[29] to n = 2: we
define a geodesic Wave Map u(t, ) to be of the form u = y(v) where v(.) : R — H?
is a geodesic and Ov = 0. Then we have the following:

2Indeed7 even in a certain range of subcritical spaces H' T,
3To define this norm, use S? < R3 and use standard coordinates
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Theorem 1.5. Let u(t,z) : R**' — H? be a smooth geodesic Wave Map. Then
there exists € > 0 such that for all initial data @[0] e-close to u[0] in H'*°, there
exists a global Wave Map extending u[0]. Also , @ will stay close to u in the energy
topology in a suitable sense.

We also point out that due to a result of Shatah-Tahvildar-Zadeh [26] on the
asymptotic behavior of equivariant Wave Maps, one expects a similar result for
perturbations of large equivariant Wave Maps to hyperbolic targets.

2. A PRIORI ESTIMATES FOR SPHERICALLY SYMMETRIC WAVE MAPS.

For a Wave Map u = (x, y) : R?*! — H?, we define the norm ||u(t)||gs as

aux 10)
v (t

2
y
166, 9l =D Mers=r + 1=

0 Y y

We also introduce the following notation: r = /2% 4+ x3. Now let u(t, z) = (x,y)
be a spherically symmetric Wave Map with compactly supported smooth initial
data. Then we have

Lemma 2.1. The image of the Wave Map belongs to a bounded subset of H2. More
precisely, we have

X
Iny|lpgeree < o0, ||§\|L;?°L;° <0

The bounds depend (at most) on the size of the support as well as some norm

[|w[0]]| grr+s, 6 > 0.

Proof : We shall rely on the following Proposition in [5]:

Proposition 2.2. (Chr.-Tah) Under the previous assumptions, the following in-
equalities hold:

OpX
y

Oy
"Good derivative’: | |+\—y\§(t+r)_%,5v=8t+ar
y

13 0,
'Bad derivative’: |%X + %y| S(ft—rl+ 1)_1(zt—|—r)_%7 Oy = 0y — 0,

By local well-posedness of (1), (2) in H®, s > 1, there exists a time interval
[-T,T) with T = T(||u[0]||pr+) on which we uniformly control ||Iny(t)||gs, t €
[T, T]. Given an arbitrary point (¢,z) € R?*T! at distance < % from the forward
light cone (say), connect it to a point in the strip [~7,T] x R? by means of a
null-geodesic « given by ¢t — r = u = const. We have

Ovy
I—1 5 (

_3
2

t+r)

on v, whence

Oy
/ 129Y 14t < oo
n{t>T} Y

Combining this with the embedding H® C L%° yields the claim for Iny for such
points (t, ). Given a point (¢,z) at distance > % from the forward light cone,
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connect it via a geodesic : ¢t + r = const to a point in the strip of thickness %
around the light cone. Using

yields

/|auy\dt<oo
4y

Thus the claim follows in general for Iny. With this, one proceeds similarly for x.
|

The following is the main result of this section:

Proposition 2.3. Let the assumptions be as in the preceding lemma. There exists
€0 > 0 such that V0O < € < €q, there exists a global bound

2 2 a
S 10, Iyl s < Co Y|

X
—||peo e < Ce,
v=0 v=0 y

where C. depends on the size of the support as well as the L?-mass of finitely many
derivatives of u[0]*

Proof : We shall need the following lemma, which is also due to Christodoulou-
Tahvildar-Zadeh:

Lemma 2.4. (Chr.-Tah) Introduce the vector fields S = t0y + r0,, Q = rd; + t0,..
For a smooth spherically symmetric Wave Map u(t,z) : R**! — H? and € > 0, we
have

ratepl =19, 5x%| + |0, Sy|] < oo

ratel=¢[19,0x + [0, Qy|] < 0o
As a consequence, we conclude that
|V t0uX| + [V 10y| S v~ =y 1y e

We shall in fact prove that the quantity

A() ==Y 2| Pe(iny (8, )| 2 + [P
keZ

VX
y

(t )llez

T Pedrny)(t e + ||Pk<8;—x><t, ize]

is bounded globally in time, provided § > 0 is chosen sufficiently small. We have
introduced here the Littlewood-Paley multipliers Py, k € Z, which localize the (spa-
tial) Fourier support to dyadic size |£| ~ 2¥. More precisely, let xo(.) € C§°(Ro)
have support contained in (3,2) and satisfy

ZXO(%) =1Vz € Ro.
JEZ

4\We are being imprecise here. All that matters to us is the global bound as stated.
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Then we define (see also [31]) Py f for any f € L'(R) via

57 €l

Pif(€) = xo(55)f(6)

We need to show that A(T) <1+ fOT A(t)p(t)dt where ¢(t) is integrable, in order
to be able to apply Gronwall’s inequality.

We first establish this for the contribution from Iny. Frequency-localize the
equation (1), resulting in

OP,Iny = —Pk[a;x 3yx] (3)

%y _ (Or—0¢)x (Or+0¢)x
y y y

We observe that 8;"
momy:

, and apply a Littlewood-Paley trichot-

0.0 0.+ 00
y
dr — 0, Or + 0
- Pk[P[kIO,k+1O](yt)XP<k+15(yt)x] (4)

(0, — 0)x (0, + 00,

X
OP,Iny = —Py[P<i—10 Pl—5 k15

— Pp[Ps 410 Psjys

We use the following terminology: P<y = > ., Pr, a, k € Z, Prap) = Zke[a,b] P,
etc. We restrict ourselves to time interval [0,7], and let T — oo. The general
case will follow from time reversal symmetry. Applying Duhamel’s formula, we see
that we need to control the norm ), _, 25‘k|||Pk(.)\|L%L§ of the right hand side

by an expression 1 + fOT A(t)p(t)dt. We may restrict ourselves to a time interval
[¢, 0] for some ¢ > 0 (depending on the initial data), on account of local-in-time
well-posedness and finite propagation speed. We estimate each of the terms on the
right-hand side of (4): first assume k > 0.

(i) The first term: We would like to place the 2nd input Pj_5 x5] (0r yat)x into

L% L2 and the first input P<k_10@ into L{L2°. This doesn’t integrate up,
however. Placing the 2nd input into L{°L2° will work provided ¢ is much larger
than 2/*1, but not in the opposite case: Thus we subdivide

Or — 0¢)X Oy + 0¢)x
Py [P<k10(t)P[k5,k+5](yt)]
Or — 0¢)X O + 0y)x
=9,k (t))Pk[P<k—10(yt)P[k—5,k+5](yt)]
Oy — 0y)x Or + 0y)x
T ok (t)Pk[P<k—10(t)P[k5,k:+5](yt)],

where ¢>,(t), ¢<,(t) are smooth cutoffs to dilates of the regions ¢ > a, t < aq,
adding up to 1. Also, C is a large number to be chosen. We can immediately



Introduction 7

estimate
Sk (87« - 8t)X (OT + at)X
2°%|¢_ & ) PrlPek—10————Pr—spt+s———llzir2
Or — Oy)x Oy + 0y)x
S 26k||P<k—1OQHL§°L§H¢>2% (ﬂ)ﬁk—&k%]u”@@o

g 26162—%

This can be summed over k > 0 provided § < %

Now we proceed to the case in which time is dominated by frequency, ¢ < 25
We shall distinguish between the region separated from the light cone, where we
use lemma 2.4, as well as the region very close to the light cone, where we use
Proposition 2.2 as well as Hoelder’s inequality: we decompose

(ar + 8t)x (ar + 3t)x
y y

)
(6r + (9t)x

Pl_51+45) = P55 (¥s £ (t] — [2])

)

+ Pli—s5,545] (V£ > >0-nr (8] — [2])

(0r + at)x)
y

+ Ple—s k+5) (V<o ([t] = |2])

where the smooth cutoffs ¢ ¢ (.), Y1 59—k (), Y<2-ur(.) add up to 1 and localize,
respectively, to dilates of the regions indicated in their subscripts. We let u be a
small positive number to be chosen. We have

26 _ (61 [Parro
Ple—s, k451 (Y5 £ (t] — m)wmhﬂg([cﬂxm)
200 [ P O 2%
1PVl 0] = o) 2205 1

Now using lemma 2.4 as well as Proposition 2.2

t

7(& i at)x)HLg < (29 /E r—172¢pdr < 3.
0

1Pk —5,545) Ve (¥ ¢ ([E] = |])

This implies, reiterating application of Proposition 2.2

Or — Oy)x
2)16_ 5 (O Pu[Parso Z 0%

(ar + 5t)x

Pre—s k45 (Vs £ ([t — |2) M ez (e, 71xr2)

T 3
52@*1)’“/ t2dt,
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which can be summed over & > 0, provided < 1. Next, we estimate

Or — O)X
26k||¢<2% (t)Pk[P<k—1o%
(0 + 0¢)x
Pre—s5 115 (Ve 5 so-nr([t] — |m|)7t)]”L%L§([c,T]><R2)
1k Oy — Op)x
< 2000k =00

(8T + at)X

||P[k—5,k+5]vz(1/)g>.22—uk(|t| ) )||L§L;c([c,T]xR2)

oy — 0 T
52(5*”“)k||P<k_1oM||LwL2/ =3 dt.
y Cm e

We can sum here over k provided p+ 0 < 1. Finally, we calculate using Hoelder’s
inequality as well as Proposition 2.2

) Or — Op)x
2lg_ s () Pul P10 =X

Or + 0p)x
Picssrsy (e (t] — [y Ot 2%

Oy — Oy)x
O X 1P sy (<o (] — [a)

NILiLz (e, r1xR2)

M)HLQ

x

< min{T, 26 }29F|| P19
< 90+EF-5)k

This can be summed over k > 0 provided we have § + % < 4. Combining with the
conditions obtained earlier, namely 6 < % aswell as § + u < 1, we get 6 < %

(ii) The 2nd term of (4) . This term appears immediate on account of Proposi-
tion 2.2. Formally

(8r — 6,5) (ar + 8t)X

X
2°%|| P [ Pr—10 5110 Peptis Wziz2 (e xr2)

< /T A(t)(1+ 1) 2dt

We have to argue more carefully here since 9, involves 0, = “20;, + %20,,. De-
compose

Orx T ohx
P (=) = Pk[P<k—10(71)P[k710,k+10](17)
T ohx T ohx 5
+ P[kflo,k+10](71)P<k+15(%) + P>k+10(71)P>k+5(i)} (5)

+ similar terms

The first term in this Littlewood-Paley trichotomy is estimated exactly as before,
so we treat the 2nd and third term. Let xo(.) € C§°(Rso) be the cutoff used for
the Littlewood-Paley localizers Pj,. We note that

X1

—~ Y1 2%k ~ak 1YL — T
P(— 1::2%/ X 2szy =dy =2 / Xo(2%y - —
( r (@) R2 (2 ))|y| R2? 0(2)] ly — x| |z

X1

ldy
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On account of the inequality

Yy1— 1 I Yl
| — — | Smin{— 1},
ly—=[ |z x|’
we get, using the rapid decay of y — Xo(2*y) outside of a disc of radius ~ 27%:

—k

P @) < min{

We introduce another cutoff X,—k (z) which smoothly localizes to a dilate of the
disc B (0) centered at 0 = (0,0). We then decompose

1.

T ohx OpX
Pk[P[k—lo,k—i-lO](%)P<k+15( ; )Pcky15—| =
ohx OpX
Prlx, - () Pre—10 k+1o]( DV Pogeris( ) Pegp1s ——]
r y y
T ohx OpX
+ Pe[(1 = x5 () Pir—10 k+10]( 5)Pejeyas( ; )P<ki15 - ]
Using Proposition 2.2 and Hoelder’s inequality, we get
81x 8UX
26k”Pk[X2—§(m)P[kflo,kJrlO]( ) Pepers(—= Y )P<k+157]||L%L§
o1 x OpX
< 2MHXT (%) Pr—10 k+10]( )||L<><>L2 || Pett15( ; )Pcki1

< 90—k

On the other hand, using the preceding calculations as well as Proposition 2.2 we
get

x 01X OpX
2| PLl(1 — X, & () Por0,10) () Pkras( ; JPersis— - Lz
S 2%)(1 = x -k (@) Pl 10k+10]( |z ree
01X OpX
|| Pertrs(— v ez ra || Persis = y ||L1Loo
< 9(6—3)k

Since we have to choose § < 7, both can be summed over £ > 0. The case cor-
responding to the third term in (5) as well as the remaining terms are handled
analogously.

(i) The third term of (4): We can write

M= Y AR

l1>k4+10, [l —12|<5 Y

OuXx Oy
Pi[Pspq10(—— v )P>k+5(

X

)P, (=)
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Next, we estimate, using Proposition 2.2

OuX OyX
Z 27| P[Py (=) Py (S5 12 (1) x R2)
11>k+10, [l1 —12|<5 Y Y
§(k—11) s dux -3
S > 200 ]2 1|\le(7)(t,-)HLg]t 2dt,

11 >k+10, |llfl2|<5

and one can sum here over both /1, k to obtain the upper bound < 1_|_ch A(t)t*%dt.

Oux

We have to argue for as in (ii). This completes the estimates for case k > 0.
For the case k < 0, we have for M > 6

0,%x Opx OpX 2%
- v]||L1L2<2M||7HL°°L2H HLlLMSWa

~

[1Px [

We have used Bernstein’s inequality which states that for any rectangle R ¢ R?
and smooth cutoff Y supported in R we have®

IF 7 OrF NIl S IR wIf 1z, p < g

Also, the the estimate for Ha;x |1 follows from interpolating between the decay

8;" (t)||L and energy conservation.

estimate for |

The estimates for 2% are similar: we have by the same reasoning as before
y

0,y0'y + 0,x0"x T 3
Z 20%| Py [ 37 Weirz(erixrzy S1+ [ At 2dt
keZ c

Now as for the nonlinearity on the right hand side of (2), the small frequency case
k < 0 follows exactly as above from the boundedness of %, see lemma 2.1. As for
the large frequency case, we have the usual frequency trichotomy

x 0,yO0'y + 0,x0"x X 0,y0’y + 0,x0"x
R J = PulPis ) () Panrol =5 )
X 0,y0'y + 0,x0"x
JFPk[P<k+15(§)P[k—10,k+10][ Y yyg 1]
X 0,y0"y + 9,x0"x
+ PulPopas (o) Pogro] 22 5 Il
y y
We need

Lemma 2.5. The following inequality holds:

> 2K PeVa )(t)l\Lg SA() +1

k>0

Proof : Call the left hand side B(t). Note that

)+ ZQékHPk )(t)||L§

k>0

5We denote the spatial Fourier transform of f(x) either by f or Ff.
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We have the frequency trichotomy

Vy x \% X
Pyl yyy] Pp[P<i—10( yy)P[k75,k+5](§)]
AV X \Y% X
+ Py [P[kflo,kJrlO](%)P<k+15(§)] + Py [P>k+10(7y)P>k+5(§)]

The estimate is immediate for the 2nd term on the right hand side. As to the first,
we have

Vy X
2°K|| P [Pg—10(—> v )P[k 5k+5](y)](t)|\Lg

Vy
< 207K Py _yo(— v ) 1V P 5k+5](y)(t)HLg
5 2(6—1)kB(t)

One can also estimate this term by < 2°% from energy conservation and lemma, 2.1.
The estimate for the third term in the preceding trichotomy is similar. We conclude
that

B(t) SA@M) + Y 204> 20-Dhp(y)
0<k<C k>C
Choosing C' large enough, one obtains the claim of the lemma. [ |
Armed with this, we now have (we may assume k > 10)

0,y0"y + 9,x0"x

. X
26k||Pk[P[k75,k+5](;)P<k*10[ Lt L2 (e, xr2)

y2
Dyyd’y + 0,x0"x
< 9(6-1)k / IV P 5k+5](y)(t)||L§||P<k*10[ y yy2 ()| Lo dt

Using Proposition 2.2 as well as the preceding lemma and summing over k£ > 10, we
bound this by < 1 —l—ch A(t)t_%dt. The estimate for the third term in the frequency
trichotomy preceding the last lemma is more of the same. Thus we get

x 0,yd"y + 0,x0"x T
S 20 P E XTI LI ey S 1+ [ A e
ez Yy y c

Using Duhamel’s formula, we get

> 2 MRS ()D)llez + [1Pe0n ()T 23] <1+/ At

keZ

We need to estimate %( ), which differs from the preceding by ¥ Vy (T). For
frequencies > 0, this is estimated as in the preceding lemma, observmg that we
already improved the estimate for H%(T)H rz from the preceding estimates (i)-

(iii). The only case not yet covered concerns small frequencies. However, we have

for k<0
xV
A RAL A
yy

\V4
| = Pk[P[k—5,k+5](y)P<k 10( yy)]

X Vy \Y%
+ Pk[P<k+15(§)P[k 10,k+10) (—— v )} + Pk[P>k+5(y)P>k+10(7y)]
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Then
X Vy
> 22| P Pe—s 51 (=) Per—10(—=)I(T)| 2
k<0 Y Y

X \Y%

: y
S Z26'“|\P[k75,k+5](y)||Lg°|\P<k710(7)(T)||L§7

k<0

which in turn is bounded by < 1+ fCT A(t)t_%dt, as is easily® verified. The estimate
for the 2nd term is immediate and the estimate for the third term as follows:

5>P>k+m<?>1<T>||Lg

> 2 P[P
k€Z o y

SY Y IREOACEHDI:

X
y
k€Z <o l1>k+10, |11 —12]|<5

_ x Vy
S Z Z 20IkIgk ll||‘Pl2vl(§)(T>HL:2E|“Pll(7)||L?T

k€Z <0 l1>k+10, |11 —12]|<5

One verifies easily from the preceding estimates that this is < 1+ fcoo A(t)t*%dt.
Putting all of these ingredients together, we obtain

T
At <1 +/ A(t)t 2 dt.
The desired upper bound now follows from Gronwall’s inequality. [ ]

Corollary 2.6. Let N(Vx, Vy, x, y) denote any one of the nonlinearities occuring
on the right hand side of (1), (2). Then for d as in Proposition 2.3, we have for
5<%

Z 20IM|| PN (Vx, Vy, x, Y)llLicz (—rmxr2) < 0©

keZ

This follows from the preceding proof and time reversal symmetry. In the same
vein, we have the following lemma:

Lemma 2.7. Choosing 6 > 0 small enough, we have the inequality

Z 2% | P, N(Vx, Vy, x, y)||
keZ

o1 < o0
L2H™ 2

Proof : We work with N(...) = M%, the other cases being similar. Divide into
the cases k > 0 and k£ < 0. In the first case, estimate

2°%|Pe N (Vx, Vy, x, y)||

L2H 3
< 2@—%)’@||MHLWL2 HMHLQL‘” < 96=)k
y t xT y tx
In the 2nd case, estimate
— 5k
2 K PN (%, Ty, % )4
P S TG R LTINS S

6Use Bernstein’s inequality.
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‘We have used here that

Oy + 0,)x _ 3
AL

which follows from interpolating between Proposition 2.2 and energy conservation.

Choosing § < 4% — % results in the claim of the lemma. [ ]

3. THE PERTURBATION ARGUMENT

3.1. Precise statement of theorem. Outline of the procedure. The formu-
lation (1), (2), while good enough for the purposes of the last section, will not
suffice for us here’. Instead, following the procedure in [23], we shall pass to the
derivative formulation of the problem, and translate everything into the Coulomb
Gauge. More precisely, introduce the variables ¢l = X ¢2 = —2Y pass to

complex notation ¢, = @ + i¢?, and revert to the Coulomb Gauge by 1ntroduc-
A —1 1

ing the variables ¢, = ¢,,671A 2i=12%%  QOne gets the following remarkable

self-contained divergence curl system:

ot — Dgtba = ihg A1 S 0;(he? — Y2yl — o ATT ST 9 (why? zzzgw( ))

Jj=1,2 j=1,2

Oy =i AT N 0;(L? — v2e)). (7)

7j=1,2

From these one easily deduces the following system of wave equations:

Ot =i0” [tha A 126 [Wpe? — v5u;]]

Jj=1

2
— i [ AT 05ay — w2)]] (8)

jzl

+ i0a [t 126 [ 97 — )],
j=1
As in [23], these in conjunction with the underlying first-order system (6), (7)

shall form the basis for our estimates. We can now give the precise version of
Theorem 1.3:

Theorem 3.2. Let u: R?**' — H? be a smooth spherically symmetric Wave Map
with compactly supported (large) initial data. Let {1, }%_, be the derivative compo-
nents in the Coulomb Gauge. Then for any p > 0 there exists ¢ = €(u, u) > 0 such
that for all smooth initial data @[0] = (@(0), 0;w(0)) with ||(u —@)[0]||grr+uxpn < €,

"It appears that the fact that we impose stronger control over @ than just the energy (indeed
stronger than a Besov norm) should allow us to work with the original coordinate formulation,
see e. g. [40]. However, it appears that the bilinear null-structure in (1), (2) is not good enough
to obtain the gains in time we shall need, see Proposition 3.17. Indeed, proving an equivalent of
this Proposition for the bilinear expressions appears to require time decay (in the sense that the
norm evaluated on the function truncated to large times decays) for norms such as ||u|| 11000
which already fails for free waves. Moreover, our proof will actually reveal that one gets an ﬁonest

H'-stability result provided one restricts oneself to large enough times.
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there exists a smooth Wave Map @ extending u[0]. Also, 4 will stay close to u in
the sense that

sup || (4 — ) )|z Se

The proof of this shall consist in analyzing the wave equation satisfied by the dif-
ference 01, := 1, —1),,. Subtracting the wave equations for 1,,, ¥,,, and eliminating
the 1/;,, results in terms linear, quadratic and cubic in §v,,. As these expressions have
no apparent null-structure in them, we shall revert to the device of a Hodge-type
decomposition used already in [22], [23]: we shall write ¢, = R, ¢ + X, and simi-
larly for v, where we impose the condition > i=1.29ix; = 0. Note that this results
in a similar decomposition for §v,,. One easily deduces an elliptic div-curl system
for x., Xv, from which one deduces the schematic identities x, = V= (¥ V~1(1?))
etc., where the operators V™! stand for linear combinations of operators of the
form A’laj. Plugging these ingredients back into the wave equations satisfied by
the 01, and eliminating all 1;,, results in trilinear null-form terms as well terms of
higher degree of linearity, either linear or of higher degree in the d1,. All of this is
just like in [23]. Terms which are at least quadratic in the dv, can be treated just
as there, using the fact that Corollary 2.6 shall allow us to retrieve all the necessary
estimates about v,,. The only added difficulty comes from the terms linear in §1,,.
One way to think of these is as an extra driving term added to the flat operator O.
However, the very good decay estimates satisfied by the 1), shall allow us to treat
these terms as source terms instead. The added difficulty over [23] we encounter
here has to do with the fact that we need to gain explicitly in time. This will force
us to localize simultaneously in physical and frequency space. In fact, we shall use
a kind of wave packet decomposition to get the necessary estimates. The next two
subsections provide the technical setup. In the same vein as the preceding theorem,
we have

Theorem 3.3. Letu : R>T! — H? be a smooth geodesic Wave Map with compactly
supported initial data. Then for any p > 0, there exists € = e(u, u) > 0 such that
for all smooth initial data w[0] = (@(0),0:u(0)), with ||(uv — @)(0)||g1+uxmr < €
there exists a smooth Wave Map i : R**t — H? extending u[0]. @ will stay close
to u in the sense that sup, ||(¢, — @U)(t)HLi <e.

3.4. Sobolev type spaces. We commence by introducing the functional analytic
framework of [40], [37], [23] which we have to rely on to run the perturbation
argument. We recall the Littlewood-Paley multipliers Py introduced in the previous
section:

— N
PoF(©) = xol LD 7(©).

for a suitable cutoff xo(.). These are not flexible enough, and we also introduce

the multipliers @); which localize the space-time Fourier support to dyadic distance

~ 27 from the light cone: letting

o€, T) = / e THED) (4 3 dida
R2+1
denote the space-time Fourier transform, we let

Gotr. ) = xol 1 jr
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where xo(.) is as for the P,’s. We note that these definitions entail the identities

Y Po=6,> Qi0=0¢ ¢cSR™.

kEZ jez
We have the basic inhomogeneous Sobolev spaces H*, and their homogeneous coun-
terparts H*®:

161l = \//Rz“ + €2)*16(©)dE, (16l = WR [€[2<]6(8) [2de

Note that the space H® is defined as completion of S(R?) with respect to the first
norm. Trying to do the same for H* leads to difficulties (one gets not necessarily
locally integrable functions). We shall only work with smooth functions anyways, so
we only care about ||.|| ;.. These norms are not flexible enough, and we also need
the X% spaces of Klainerman-Machedon as well as their ('frequency localized’)
homogeneous Besov analogs(again only as norms):

- 1
I61x-0 = \/ Gl i = Dl pards, 0> 5

1811 xcome == 2512 11Qs¢ll1312])*

JEZ

, ¢ < 00

161l a0 = 2% sup[2]|Q; ]| 12 1]
' JjEZ

We shall always have b = % The latter norms can be assembled to ’global versions’,

most naturally via
0l ame = [ D [1Peo|Zaie
kEZ "

The most intuitive way to think about the X*? etc is to view them as superpositions
of 'twisted free waves’, gotten by foliating space-time by cones ||7]| — [£|] = A. One
has the representation (see [17])

¢ = pre" M,
AeR

where O¢) = 0 and

A oallzr-dA < |6l xeo-

At the homogeneous level, we have the embedding®

°-0

51 2
X)®tc L2,

More generally, the Strichartz estimates (see e. g. [9]) imply that the following
embeddings hold:

X

1
5ol

c2Mmw=Dprg,

8The way to think about these is in the sense of inequalities between the associated norms:
ACB = |lullp Sllulla-
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where zlz + i < i. Similar embeddings hold for the ’subcritical spaces’ X*f. We

shall need slightly shrunk versions of the spaces X*? etc. which give stronger
control for the ’elliptic regions’ far away from the light cone. For example, we have
the norms (see [17]) ||.||xs.6, which are defined via

@llacs0 = 1@l x50 + |01l =10

Similarly, we introduce the space H* defined as the completion of S(R?) under the
norm

[l = (19l e + [0 o=

3.5. Tataru’s null-frame spaces. This subsection also summarizes material ex-
pounded in greater detail elsewhere (e. g. [37], [22], [23]). The spaces X*?¢ and
their homogeneous Besov counterparts are unfortunately only part of the story.
This has to do with the fact that even the strongest homogeneous versions of these
norms (the norms H-Hxa,%,l) do not yield good algebra type estimates, due to log-
arithmic divergences in low frequencies. A solution to this problem is given by
'spaces’ incorporating Tataru’s null-frame spaces. We present here a first version
of spaces that overcome this difficulty. We shall construct norms ||.||s assembled
from a family of "frequency localized’ norms ||.|[sp:

lglls == [ 1PkolI3
kez

The norms ||.|[gpx in turn are gotten as in [23]: they are constructed to satisfy

H~||Xo,%,oo < lsw S HHXD%l We arrange that the norms are invariant under
k k
the natural scaling operation associated with derivatives of Wave Maps in 2 + 1

dimensions, since we shall be working at the level of the derivative. The precise
definition of S[k] is complicated: we first construct norms ||.|[sp, . associated with
every integer k and cap x C S'. To do so, we introduce null-frame coordinates
(tw, To,), w € ST, on space-time, whose definition is as follows:

ty = —(Lw)- (t,2)

V2

x, = (t,x) — t—w(l,w)

V2
Thus these are Cartesian coordinates with respect to a tilted reference frame, whose
'time axis’ with direction %(Lw) lies along the light cone. Now we introduce

the space PW|k| defined as the atomic Banach space whose atoms are Schwartz
functions ¢ € S(R**!) satisfying

inf [[¢|[r2 Lo <1,
wEkR w Tw

where & is a slightly grown version of x (say by a factor il) concentric with it.

10
Thus for ¢ € S(R**1),we have

K] ‘= inf w 2 1oo d
Wl =, Il o do
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Moreover, we put for ¢ as above

||w”NFA[H]* = Sup dlSt(u}, H)H’I/JHLOO L2

o L2
w2k w e

Now we put

_k _1
[l stkm) = [1¥llzorz +27 2672 |[Yl pwie) + [l NF AR

This definition immediately entails the following fundamental first bilinear inequal-
ity

w'|32%
)||¢|‘S[k,n]||¢||S[k’,m’]7 9)

< I¥l727
16¢llL222 S dist(r, #/

provided 2k N 2" = (). We now construct the norms |[¢)|| s by evaluating suitably
microlocalized pieces of ¢ with respect to the .||, ], taking a suitable mean and
combining this with [|.|| ya.t.c type norms. The null-frame norms may be thought
k

of as controlling the ’free wave-like’ character of v, while the remaining norms may
be thought of as controlling the ’elliptic character’ of .

For every integer [ < —10, subdivide S' into a uniformly finitely overlapping col-
lection K; of caps x of diameter 2!. Also, for every integer A\ with —10 > \ > [,
we subdivide the angular sector {£ € R2|é—‘ € kK, [£] ~ 2%} into a uniformly finitely
overlapping collection C . » of slabs R of width 2¥%*. We introduce various local-
ization operators associated with these regions: for each k € Kj, choose a smooth
cutoff a, : S — Rsg supported on a dilate of x. These are to be chosen such
that ZneKl a, = 1. We also introduce cutoffs mg(.) : Rsg — R>¢ such that
the cutoff mp(|¢ \)am(%) localizes to a dilate of the slab R. Also, we require that
Srecnn mallE) = xo
PRw:

(l,%) We have the associated pseudo differential operator

o g o
Pri(t, §) = mR(\él)an(m)dJ(ﬁ)
We also have the ¥YDO’s Py, associated with multiplier an(é)XO(%). Then,

almost? as in [23] we define

60l =12 + Ao g o + IR 3.0

_ ~ + 1
+sup sup  sup |A| 1(2 Z ||PRQ<k+2lw||?§[k,in])2'(10)
+ 1<—10-10>X>1 wEKy REChpn

This norm looks very complicated, but it isn’t too hard to get control over its
ingredients. A fundamental inequality [23] for example states that

[[PeQ<rroy¥llsm S ||Pkw||Xo,%,1 (11)
k

9The original definition also contained a norm \\PkQZkatw||LM Inspection of the

A
proof there yields that this is superfluous, though, since the norm ||.|| 112 suffices for the
P T
k
elliptic estimates.
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We also need a norm ||.||y with respect to which we evaluate the nonlinearities of
our wave equations . We shall put

[l = 3 1Pl 2
kEZ

where the N[k] will be constructed as atomic Banach spaces. More precisely, we let
N[k] be the atomic Banach space whose atoms are Schwartz functions F' € S(R**1)
with spatial Fourier support contained in the region |¢| ~ 2% and

(1) HFHLgH—l <1 and F has modulation < 2¢+100,
(2) F is at modulation ~ 27 and satisfies [F[|p2p2 < 232k,

(3) F satisfies ||F||X_%'_l’2 <1

k

(4) There exists an integer | < —10, and Schwartz functions F), with Fourier
support in the region

{(HOIx£7>0, |7 — ¢ I< gk—21-100 é € 4r)

" [¢]

with the properties

F=Y" Fo () IFlpap)? <2

KREK, KEK;

In the last inequality, N F'A[x] denotes the dual of NF A[x]* (the completion
of S(R*™) with respect to ||.||ypafs-) used in the definition of S[k, x]:
Thus N FA[x] is the atomic Banach space whose atoms F' satisfy

1
—||F <1
dist(w, k) ] ||L%sz’w -

for some w ¢ 2k.

Observe that X, "~ 2" ¢ N[k], Po(L}E~") € NIk].
This definition immediately entails the fundamental 2nd bilinear inequality (again
2k N 26" =)

_ 2%}
!

oYl npap S dist(r, &)

Bl L2 L2 Y]] s, w1 (12)

We quickly summarize here the main properties of these spaces we shall need, all
proved in [23]: all functions ¢, v etc. below shall be in S(R**1).
(a): Product type estimate

. . j—min{k,kq,ko}
||Pij(Pk1¢1Pk2¢2)‘|X0,%,oo SZmln{k1,/€2}2mm{J L 1727 0}
k

- max{k ko) —j
gmint 00| Py, 1 s || Pra 02 i)
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Oy

(b): Bilinear null-form estimate: let R, denote the Riesz type operator R, =
0

;

For 0 <p< i, we have!
|| P[RRy Pr, 11 Ro Py, 1o — Rzpk1¢1R2Pk2¢2]||ng*P*2

min{kq,ko,k}
<2 2 T Pkl simg

i=1,2

(13)

|| PRy Py o1 Ry Pyt — Ro Py ¥y Ry, Py ol 0.2
§0p|k—k1|22 e H HPkleHS[kq]
i=1,2

(¢c): Trilinear null-form estimates: these arise upon formulating the derivative wave
equations in the Coulomb Gauge and applying Hodge type decompositions, as ex-
plained below: let I =3, PrQ<py100:

2
107 Po[Ra Py tr A1)~ 05 1[Rs Prytho R Preyths — Ry Py o3 Ry Py o]

j=1

2
+ 0o Po[Rp P, 1 A1 " 01[R° Pyyiba R Prytbs — R; Pryh2 R Piyibs] v

j=1

S 0251 min{f min{kl,kQ,kg},O} H 252 min{maxis&i{ki,ki*kj},O} H HPkl /l/}l | |S[]gl]7
i l

(14)

|1P00° [Rg P,y A1 Z 0jI[Ro Prytp2 Ry Prytbs — Ry Prytba Ro Prysl]| vio)
J

< Qg min{= min{hy bk} 0) T o mintma s hosks—h:3:0) T || Byl (15)
i l

Of course one may rescale these, i. e. replace Py by Pk, k € Z. Then one needs to
replace min{— min{ky, k2, k3},0} by min{—min{k; — k, ko — k, ks — k},0} etc.
(d): ’energy inequality’ The following relates the spaces S[k] and N[k]:

[ Petdl| k) (-1, 1)xR2) S . [min{2"To, 1} || D Pyab|| v k) (1.7 < R2)

inf
<To<T
+  sup  ||Peyfto]ll o g1l
to€[—To,T0] Lo (16)

In this inequality, one can leave out the factor min{2*T, 1}’% and replace S[k]
with the following stronger norm

91| s/1k) ::2_k”vz,t'¢)”L§°L§ + ||Vag,t¢||)‘(1,%‘oo
k
_ ~ + 1
tsup sup  sup AT D PrQE, ¥l E ) ?
£ 1<—10—10>A>1 e H RO x

provided the norm N[k] is replaced by LI H~' or X,;l’i%’l.

(e): Relation to Strichartz type spaces: Let p, q satisfy % + 2—1q < i. Then we have
[[Povl|zrrs < Cpql|Potlsio)

10Moreover, applying an operator @; in front, where [ >> k, we can include factors
min{l—ky,0}
T on the right hand side.
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(f): Relation to improved Strichartz type estimates: for | < —10, let Cp,; be a
covering of the frequency region || ~ 1 by uniformly finitely overlapping discs
of radius ~ 2. Let Py . localize the Fourier support to the disc ¢, such that
ECGCOJ P, =PF,. Let 8 > p > 4. Then we have

1 3 2
( Z ||P0,cw||%ng)2 < G2 T [y spgy
CGCQJ

(g): Bilinear inequality relating the S[k], N[k]: Let F, ¢ € S(R**!). Then for
J <min{ky 2} + O(1) we have

|| P [Prey ¥ P, Q5 Fl| | v
< 20U mintky ke b gmintka=k2 03| P 41| gy || Pe, F |

1
- 0,— 5,00
T g
Xy,

If ky = ko +O(1) j <7+ k for some r < 0, we have

1PeQ <r k[ Pr, Qi F Pry Qotr—i, )l | viiy S 2° || F| | o 3o 1 Pra V2l spra)-

k1

3.6. A modification of the spaces; Moser type estimates. In spite of the
above properties, the spaces S[k] don’t appear flexible enough to handle Moser
type estimates of the kind we shall need. More precisely, the property

141 AV 2)ls < Clllenlls, [[¥2lls)

where 91 2 € S(R?), A(.) € C*(R) with bounded derivatives, and V~! schematic
notation for linear combinations of operators of the form A’laj, appears violated.
This is a consequence of the fact that the product estimate 3.4(a) does not allow
us to recover enough exponential gains in the difference k — kq if k; >> k, the
high-high interaction case.

One way around this would be to re-engineer the way functions get subdivided into
'free wave parts’ and ’elliptic parts’. Indeed, one has better product estimates than
3.4(a) for free waves, see Klainerman-Foschi'! [11]. Our way here around this shall
be to ’enlarge the space S[k]’, shrinking the norm ||.|| g suitably. More precisely,
we analyze the 'bad high-high’ frequency interactions and observe that by virtue
of the spherical symmetry assumption, these cases are actually favorable in some
sense. Indeed, we shall be able to exploit the well-known fact (e. g. [30], [32])
that the range of admissible Strichartz estimates is significantly improved in this
situation:

Theorem 3.7. Let ¢ € S(R?*'1) be invariant under rotations. Then we have the
inequality

[Pol|rrra S [0l + DU L1 L2
provided the condition % + % < % holds.
We note that theorem 3.7 implies easily the following corollary:
Hpy appears, however, that even for free waves, a high-high-low interaction resulting in an ellip-

tic product (Fourier support very far from the light cone) does not lead to the desired exponential
gain in the frequencies.
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Corollary 3.8. The derivative components 1, satisfy the estimates
[ Petullrrrs S cx

for a system of numbers {cy }rez (frequency envelope’) which satisfies ), 4, 201kl ¢y,
00, provided the condition ]% + % < % holds and § > 0 is sufficiently small.

Proof This follows by applying a simple frequency trichotomy to the frequency

localized expression for 1, in terms of %X B;y. The latter are controlled by
application of theorem 3.7 as well as Corollary 2.6. [ ]

Definition 3.9. : We put

[l = sup  2"GHE Vsupa MO S|P3, )}
(P, 5+ <% 1=0 c€Ck,1

Here Cy; is a finitely overlapping cover of the frequency region |¢| ~ 2F by discs of
radius 2¥*!, with associated Fourier localizers P., ¢ € Cy ;. Also, put 2+ = 2+ ﬁ,
say, and let u be a small positive number, say ﬁ. We let S[k] be the atomic

Banach space whose atoms satisfy one of the following:

(1) Type 1 atoms: Fix &y small, say 6 = 1g55- These are functions ¢ € S(R?*?)
satisfying

1,2
0l ap = el + IR0l oy + I g+ sup 25 F87 DNy
k k L+4i<3—0

- 5 1

+sup sup sup NTHY L D0 1PRQ oIl ) <1
1<—10 —10>A>1 T REChnn
(2) Atoms of the 2nd type: Let I =3, 7 PrQ<k+100- Then ¢ € S(R*T!) is
of the 2nd type provided
k142
Wl = oo 2l g + 1ol
141<1-1060

0= DYl eron S 1
k

The range of Lebesgue exponents (p, ¢) includes the pairs(1+, c0), (0o, 1+).

Note that any function 1 € S(R?**!) may be decomposed into two pieces ¢ =
«a + [ satisfying

llallag S Nllsws 11618 S Nellsm

We call « ’of first type’ and § ’of 2nd type’. We let
18lls == O [1PstbllZp)

keZ
Unfortunately, these norms do not quite suffice to close all the estimates. The fol-
lowing theorem contains some bilinear estimates, which we were unable to build into
a linear framework. These have to be proved independently. To state the theorem,
we use the concept of frequency envelope: following Tao [36], we call a sequence
of positive numbers {ci }rez a frequency envelope provided Clg2 ola-bl < ¢, <
C2°la=ble, for some o > 0 and C >> 1.

A



22 Joachim Krieger
Theorem 3.10. Let 112 € S(R*™). Assume that ||Ppip1o||sp) S ek for a suffi-
ciently flat frequency envelope {¢;}. Let

IV | L < Co

More precisely, assume that for each k € Z one may split Py = ay + Bk into
functions of first and 2nd type, respectively, such that ||V, axllr= < Co,
V=23 Bellee < Cy. Also assume that ¢ satisfies the bilinear estimates stated
further below'?. Then we can conclude® Vk € Z

| Peler V]| S

In particular, if A(.) : R — C is real analytic with bounded derivatives of arbitrary
order, and s real valued, we can conclude that Vk € Z

[ Pe[r AV " 02)] sy S ek

A more precise version is as follows: for suitable § > 0,

[Py [Pry 1 V™ Py o]l sy S 271 Py hn | sk || Pros 2 (ko)

Now assume that ||11 2]|s + ||¢1,2||Bg,1 < Cy. Then we can conclude
1Pl AV )]l o ge <€
k

for a suitable C = C(Cy). More precisely, decomposing
P AV o)l =a+
into functions of first and 2nd type, respectively, we may assume that

1Ro(a+ B)llzerz < C 1Bl oy0 < C

> o

for C = C(Co,supyez [|RoPri1||Le L2, supgez [ RoPrbal|peor2 ). Next, we have the
bilinear estimates

_ min{ky,kg}
sup sup sup 2 2 90l

Bl 1191l srg) <1 k1,2,31<—10

( Z IIPkl[Pk2R0[¢1A(V*1¢2)]PC¢]||%m)% <C

c€Cg 1

ko(1—3u) B
sup sup 255 | Py, [Py Rolths A(Y ) Prarr oyl 2 o0 < O
Sl Dl sy <1 k1,2€%Z T
where C = C(||¢1]]s, ||¥2]]s, |\1/J2||Bg,1), recall the definition in 3.4. The same esti-

mates hold provided one replaces AV~ 4ps) by AV~ (o V~143)), where ¥3 sat-
isfies similar estimates as .

The proof of this is a long calculation deferred to an appendix.

128y bstitute 1o instead of zplA(V*lq/)Q).

13The implied constants in the statements below depend on Cp, the constant C' in the bilinear
estimates below as well as the decay of the frequency envelope and the constants chosen in the
definition of S[k].
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3.11. Proof of the Theorem 3.2. To show existence, it suffices to show that
some subcritical norm Zi:o [|09, (t)]| s is globally bounded in ¢. Indeed, reasoning
exactly as in [23], one deduces that for every finite time interval [—T,T], one has
with @ = (X, ¥) and § < &:

2

e D MEO s + 1T O g5 + 1% | g5 + 1065 ()] 5] < 00
€=, v=0

Using the subcritical result of

Klainerman-Machedon [12], one deduces from here that there can’t be breakdown
of smoothness after finite time.

Global boundedness of a subcritical norm in turn shall follow from the following
Bootstrap Proposition: to formulate it, we shall need time-localized versions of the
spaces S[k]: for ¢ € C§°([—T,T] x R?) define

1l spry-7,11xR2) = inf 1915149
PESRIV|D g1y m2 =t
We use similar definitions for ||.||s(—r1)xr?) |[¥|ls(—7,71xr2+1) etc. and also dif-
ferent time intervals [T7, Ts] etc.

Proposition 3.12. In the situation of Theorem 3.2, let the smooth Wave Map
extending @[0] exist on the time interval [=T,T). There exists Ty > 0 such that for
T > Ty and every K > 0 sufficiently large, there exists ¢ > 0 such that the following
conclusion applies: Introduce the frequency envelope

éL = sup Z 2_”‘k_k1‘||Pk15wl,(t)||Li + eck,
te[—T1,Ty] kL €Z

where {ck} is as in the proof of lemma 3.16, and assume
SUPye[—7y 11 ] Zu:0,1,2 100, (t)||22 < €. Then for any T > Ty we have

. K _
sup || Puowy || spe) (i1 xr2) < K, = || Peoy | s (1 xr2) < 5 -

A similar inequality holds by replacing T, Ty by =T, —T7.

Assuming this for now, we continue with the proof of Theorem 3.2. We claim that
by local well-posedness of (1), (2), there exists € = e(u) > 0 such that (using termi-
nology of Theorem 3.2) ||u[0] — @[0]|| 141 gn < € implies that @ extends smoothly
to [Ty, T1], where T} is as in the preceding Proposition. To see that this is possi-
ble, we shall apply an inequality of Klainerman-Selberg to the equation satisfied by
the differences X — x, y —y of the coordinate representations of the perturbed and
the spherically symmetric Wave Map, & = (X,¥) and v = (x,y). Subdivide the
interval [—T7,T1] into small subintervals I;, for which' ||(x,y)||x1+m0 (7, xr2) S 1.
This is possible by Corollary 2.6 and local well-posedness of (1), (2) in H'*#. Note

that
0, o,x 0" 0"x ,0,x 0O,x
) +

y y'y y 'y Yy

M
P

O(Ing — Iny) = (

14The 6 > % is chosen in dependence of p, see Klainerman-Selberg [17].
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with a similar equation holding for D(% — %) We deduce that upon denoting
I; = [a;,a;+1], we have

0,y X X
;H yy ||Xue<1 art) +1100(2) = 005 lemorcm
X X
~ 8 ~ Ha
(y) (y)HH( )

v

-~ X x
+ |Ii|6(#)[” Iny — 1HY|\X1+H=9(IMR2) + ||§ - ;Hxlﬂw(uxR?)]

. - b4
+ (LI 0y — Iy |3, xre) + ||§ - ;H?Ecww(z,-xm)]
We have used here the fact, due to Klainerman-Selberg, that
. 1
||¢HXS’9([—T,T]><R2) S ol s sms— + T |‘D¢||X5*1!9*1([—T,T]><R2)7 0> 5,5 >1
as well as the following inequality of Klainerman-Machedon
100 ur 0" ug|xs=10-1 S ||uallasel|uzll2s0

Refining the subdivision [—T1, T = Ui\il I;, N = N(u, ), if necessary, we see that

auy i X
||¥H 5, 1+1)+H8 (§) aV(§)||Hu(ai+l)
0,y X X
<2 7 u(§)*3u(§)\|m(ai)],

provided the quantity on the right hand side is less than some constant c¢. Thus if we
choose € < 5%, we see that the Wave Map @ satisfying ||@[0] — u[0][|g1itnx gn << €
will exist and be smooth on the interval [—T7,7T3]. It follows from the argument
just given and a simple algebra type estimate that by possibly shrinking the size of
[|u[0] — @[0]|| grr+nx e We can ensure that

109l Loe x (=1 1) xR2) S € 0 <A < .

Now assume that the perturbed Wave Map @ breaks down at some time T > T7.
We claim that supp, <;7 SUpPgez 6];1||Pk5¢u||s[k]([T1,t]><R2) < 0o. Indeed, in the
opposite case, choosing K large enough(and if necessary shrinking ¢), and using
the continuity of the function ¢ — sup, 5;;1||Pk57/1u\|5[k]([T1,t]xR2) for t € [T1,T),
see e. g. [23], it follows that there exists T” satisfying the properties

2112 6,121‘|Pk5¢u||S[k]([T1,T’]><R2) =K T < T <T
(S

This, however, contradicts Proposition 3.12. This then implies that

SUp; <1 ||Pk6wu‘|s[k]([7t,t]><R2) < &. But by definition of é, H'Hs[k]’ this implies
that some subcritical norm |[09, || ru (-1, 7)xR2) < 00, p > 0, which in turn im-
plies that some ||@| ;e g1+ ((_7,77xR2) < 00- This in turn contradicts breakdown
by the result of Klainerman-Machedon [12]. Of course, the preceding argument en-
tails the bound [|0%y[|p= 12 < €. Indeed, one obtains that some range of subcritical
norms ||.||gs satisfy that estimate.
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3.13. Proof of Proposition 3.12. We first recall the following theorem from [23]:
let N({¢,}) be the nonlinearity on the right hand side of (8). Then we have

Theorem 3.14. [23] Let ¢, € C°([-T,T] x R?) solve the combined system (6),
(7). Then provided

sup [|9 || s((—1,71xr2) < Ke€

and € is sufficiently small in relation to K, we have

HN({wu})HN([—T,T]xP&) S K?¢

More precisely, there exists a number §; > 0 such that we have

[P N ({30 Dl vy (-7, 11xR2) S (Sup sup 27 R Py || s (=17 xRz ) K €2
v o R1€
The proof in [23] of this relied on introduction of null-form structure into the
nonlinearities by means of Hodge type decompositions, as briefly outlined in sub-
section 3.1. Thus writing ¥, = R, ¥ + x, and requiring Zi:l,Q 0;x; = 0 results
in

2
Xo =1 3 OAT (W A1 0T — i) — v AT (YLwT — jl)). -
i,j=1 17

Y=- Z Riti (18)
i=1,2
One now writes the nonlinearities N({t,}) as sums of various terms which are
gotten by substituting either gradient components R, or elliptic components X,
in place of ¢, substituting!® the Schwartz extensions p,, for 1, which satisfy

vl s-1.11xr2) S Ke,

and further microlocalizing constituents of the expressions thus obtained. One
thereby obtains trilinear null-forms of the types recorded in 3.4(c). Substituting
elliptic components x, results in terms at least quintilinear in the variables v,
which are more elementary to estimate, but still appear to require null-form struc-
ture, which is obtained upon reiterating the Hodge type decomposition. One keeps
going like this until the error terms obtained can be estimated without using null-
structures, based only on Strichartz type estimates. Summarizing, we have

Theorem 3.15. [23] Under the hypotheses of Theorem 3.14, we can construct a
function

N({p}) € SR*)

which is expressible as a sum of terms trilinear, quadrilinear etc. up to degree 11
in the p,, and satisfies

N{pWl-rm = N(n)

i ek
PN oo Dllsi S (SUP:uesz k=l | Py, pu || sry)) max{ || pu (3, [1ow ][5

v R

150ne reexpresses 1, x, in terms of ¢, via (17), (18).
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We shall apply this theorem to our situation. The complication that arises here
has to do with the fact that the estimates for {1, }, the derivative components of
the spherically symmetric Wave Map, are not with respect to ||.||s, but rather ||.||s,
in view of theorem 3.10. We state here

Lemma 3.16. For any o > 0 sufficiently small, there exists a frequency envelope
{eihiez with exponent o and ), c? <1 such that VT > 0 we have

| Prton || sy (—7,11xR2) S Ck

We can also assume ), 24l e; <1 for > 0 sufficiently small. Moreover, choosing
a Schwartz extension Py, of Py, |—11) satisfying the above estimates, we may
decompose each ﬁk\w/l, into functions of first and 2nd type, lgk\w/l, = a, + B, such
that the following properties hold:

llowllap < ex, [18vllBi S s [1Bull 030 < C, M| Ro(aw + Bo)llogerz < C

0
k
where C' depends on ||$||B;=1 +||1n y||B;,1. Moreover, the bilinear inequalities enun-
ciated in theorem 3.10 hold for v, in place of [1 A(V~11)9)] there.

Proof We define
p = Z Q*U‘kfkl‘[||Pk1N(~-~)||L%L§(R1+2) + || Pe, N (...)

[
k1 €Z ¢
—olk—k] vy —olk—k]| X
+ ) 2 [Py, =202 + sup Y 2 | Py 00 (=) (0)]] 2,
P y T u=0,1,2 y ’
1€Z ki1€Z

where N(...) = N(Vx, Vy, x, y) runs over the nonlinearities in (1), (2). That this
is indeed a frequency envelope with the desired properties follows from Corollary 2.6
as well as lemma 2.7. We need to exercise some care to get good enough control
over the elliptic portions of 4,. For this, truncate N(Vx, Vy, x, y) past some
time Ty >> max{27% T}, and (committing abuse of notation) decompose the
nonlinearity

PkN(VXa Vya X, Y) = PkQ<kN(VX7 Vy; X, y) + P/CQZ]{:N(VX’ VY7 X, y)
Then consider
D_lkaZkN(vXa vya X, y)7

where the operator O~! is division by the symbol (72 — |£|?) on the space-time
Fourier side. Clearly, from definition we have

107 PeQ>k Vo N(Vx, Vy, %, )iz S 27 e
Thus there exists a time tg < Ty with the property
107 PiQk Ve N(VX, Vy, X, y)(to)l| L2 S ek
We easily check that (for C' independent of k)
107 RoPLQ>k V2 i N(VX, Vy, X, ¥)||Lr2 < C,
while also (using the wave equation)

X
HRva,th(;)”Lchi +|[RoVaPeInyl[per2 < C
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Now construct a free wave a with the properties

a(to) = Pk(;)(to) — 07 'PQ=e N (Vx, Vy, x, y)(to)

8ta(tO) - Pkat(g)(to) - Dilath‘QZkN(vxv Vy7 X, Y)(to)

and similarly for Iny. It follows that the quantity % —a—071P.Q>,N(...) satisfies
x
D(; —a— D_lkasz(...)) = PkQ<kN(VX, Vy, X, y),
X
||Ron,th(§ —a=07"PQxeN(..)l[perz <C

as well as ||V, (3 —a — O ' PQ>kN(...))(to)||z2 < ck. One also verifies that

||D_1vw,thQZkN(an Vy; X, y)HXfé,l,z S Ck,
k
which by Sobolev’s inequality also implies control over ||.||r as well as the Strichartz
type norms |[|.|[zr g, % + % < % — dp, of this expression. Now one solves the wave
equation for —a— O0-1P.Q>,N(...) with initial data given at time ¢y. Using 3.4(d)
(which in turn relies on a truncated Duhamel’s formula, see [23]), one constructs

Schwartz extensions Pk(i), ng_fn/y of Pk(f) ll—7,71, Pr Iny|—1 1), respectively, with
the properties
~x —~——
va,tpk(§)”fl[k] S ks (Ve Pelnyllap S ck

as well as

—_~

X o~
||R0vz,t[Pk(§)]||Lt‘”L§ < C||RoVy P Iny|[peerz < C
where C' is independent of k. Using a partition of unity, one glues these extensions

together to get Schwartz extensions

% Iny of §|[_T,T}, Iny|;_7 1) which satisfy

X
||Pk(§)||A[k] S ¢k

etc. Now one recalls that
wu _ (aux + Z.auy)ei Ej:l,z Aflaj(ajT'x)’
Yy
plugs in the Schwartz extensions of 5 etc. and uses theorem 3.10 to obtain the
desired conclusion. [ ]

Continuing with the proof of Proposition 3.12, our strategy now will be to analyze
the wave equation satisfied by 0, = ¢, — 1,. Using (8) for both #,, ¥, and
subtracting, we obtain a first version. We eliminate zZNJy by substituting dv, + .
One thereby obtains a sum of products of components d1),,, 1, which are at least
linear in §v,. Proceeding as in the previous description, we decompose the v,
1, into gradient and elliptic parts. For the d1),, this is obtained by applying the
procedure to 1,51,, 1, and forming the difference, resulting in

o, = Ru(&z’) +0xu, 69 = — Z Ry

i=1,2
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2
Oxw =1y AT G AT O(OI] = djF) — GisTIO (L] — i)

ij=1

2
—i Y AT AT (Y]] — YUF) — i AT (PL0? — i)
ij=1
Clearly one can reexpress the latter difference as a sum of terms linear, quadratic
and cubic in the §v,, eliminating the v, = 01, + 1. In order to demonstrate
Proposition 3.12; we shall rely on the following refined

Proposition 3.17. Let
D&/)a = Na(éwuv wu)

on [=T,T). Proceeding as above, express the nonlinearity as a sum of trilinear null-
forms (substituting the gradient components for d1,, 1, ), as well as error terms
‘at least quintilinear’ in 6, 1, (which arise upon substituting 0x,, x»). Denote
the sum of terms which are linear in 61, by N14(0¢,, ¥,). Then for any ¢ > 0
there exists Ty > 0, such that for any fixred smooth function x(t) € C*(R) with
supp(x) C [=1,1]¢, x|j=2,2 = 1, we have

|| Pr.(6V0) | st (-1, 1 xr2) < K&, T > To > To

t ~

= HX(TT)PkNm((Wm Yl Nk (~T. 1) xR2) S CHER
0

Here {&} is associated with Ty as in Proposition 3.12 (substitute Ty for Ty ). More-

over, denoting the terms at least quadratic in 01, by N2 (0, 1,), and letting €, ¢y,

be as in the statement of Proposition 3.12, the following conclusion holds provided

€ is small enough and {é} 'flat enough’:

[Pk (60 )| (-T,1xR2) < K& = || PeNaa (000, ¥u)| | N (1,11 xR241) S €K .

Deferring the proof of this for the moment, we continue with the proof of Propo-
sition 3.12. Let ¢ < 1/C for some C >> 1, and construct Ty as in Proposition 3.17;
Define T := 2Ty. Now assume we have the situation in the statement of Proposi-
tion 3.12. We intend to use the energy inequality 3.4(d). Fix k € Z, and consider
Pyov,. We distinguish between the cases T' — 17 < % and the opposite. In the
former case, the wave equation becomes useless, and we use the divergence-curl
system directly: observe that by virtue of (6) we have for i =1,2, T3 <t <T

t t

P (t) — Ppoi(T1) = 0; P,ovdt +/ PN (¢, 04)]dt

T1 T

In this equation, by abuse of notation, N (1, §v) is a linear combination of terms of

the schematic form 6V =1 (¥2), 69V~ (1d9)) ete. Let’s put N (v, §1p) = 5V 1 (1?),
the other terms being treated along the same lines (but also requiring € to be small

enough). We note that

1P [0V ()]l ez S K207 Bk,

where B is an arbitrarily large number (the implied constants will depend on it).
This follows from a simple frequency trichotomy and the bootstrap assumption.
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Now using Holder’s inequality, we deduce

t
1
| [ PN Gt Sl - Tl B2 DR S ke
T

B

Clearly we also have
t
1
|| | 0iPuowbidt||pe S|t —Th|28Kép S = K&y,
T ’ c

Therefore, we infer that

K K

|[Peovil|peerz S (1 + Clj)ék S oGk
)-

B

10
provided K, C are chosen'® large enough (in relation to B
deduces as well that

Arguing similarly, one

=

K _k .
22||Peotil|p2rz + 272 (| POkt 22 S c Ck-

[N

Using the fact that (see e. g. [23])

1Pt llsu-r.mixre) S 1Pstllnse 2 (ormxre) + 22 || Pl L2 p2 (L mryxr2)
+27% [[Peosl| L2 02 (—7,1)xR2)

and choosing K, C large enough, one deduces from this that

K
|1 Pkdvillsiug (2 71 R2) S % s

which is the desired conclusion for Pydv;. The argument for dtpy is similar us-
—k
ing (7). Thus we see that we may assume |T — Ti| > 2. Moreover, reiter-

ating the preceding argument, and choosing K large enough, we conclude that

HP’“‘W’/HLWL2([T1,T1+2 E1iR2) S &=k Now revert to the old notation

D(Swu = N(&ﬁm%) = Nl(él/}l/) + NQ((SwlM wu)

as in Proposition 3.17. Clearly, we have

[ PeN1(0%0, o)l Nk (170, 7] x R2) <HPkX(T YN1(0%w, V)| IN k) (10, 11 xR?)

[P N2 (60w, )l Nk (10, 7y xr2) S 1 PeN2 (600, )| Nk (- 7.1 xR2)

Using 3.4(d) as well as time translation invariance, we can now infer that

K K
[1Pk0%[|sip1(ry 7)5m2) S g 0r + (K + K26 S -0

provided €, ¢ are small enough. This yields the desired conclusion.

3.18. The proof of theorem 3.3. This is basically identical to the proof of the-
orem 3.2. Control over some subcritical norm |[|u[|pe 1+ follows from standard
Moser estimates instead of Corollary 2.6.

160f course C is chosen independently of K.
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4. THE PROOF OF PROPOSITION 3.17.

We have thus reduced the proof of theorem 3.2 to the verification of Propo-
sition 3.17 in addition to the technical Moser type estimates allowing estima-
tion of ||Pyt)||spe. The proof of this Proposition is divided into the part deal-
ing with expressions linear in 01, as well as those of higher degree of linear-
ity.  We commence by spelling out in detail the decomposition N (dv¢,,1%,) =

Nio(00y,0,) + Now(00y,1,), where O1h,, = No(61,,1,). As in [23], this de-
composition requires extreme care in order to avoid too many time derivatives.

Recalling (8), we define

3 5 5
Ni(6%u, ) =D A0y, ¥0) + Y Bia (0, ) + Y _ Cia
=1 i=1 =1
where

Ay (8t)y, b)) =i0° [61ha s 128 [Rst' Rjip* — Rgp® Rjp']

j=1

2
—i0° [0 A7 " 9j[Rath! Rjtp? — Ratp® Rja)"]] (19)

j*l
+i0a [0, A 128 [R"'Rjy)® — R"* Ryt
j=1
2
A1 (0, ) =+ 0 [a AT 0;[Redy Rjyp® — Ry R;00"]
j=1

2
—i0° (s ALY 05 [Radt Rt — Rot?R; 00"

j*l
+i0a [ 128 [R50 Ry — R4 Ry

j=1

A3 (8, 1) = +i0° [ha s lza [Rgty' R;6)® — Rpoyy® Rjo']]

j=1

— i’ s lza o' Rj6Y° — Rady® Rjib']

ity 123 [R4 R;6y* — RV 4 Ry']].

By, C1 (8%, vy) = V[0V VT oV (4?)]]
By, C2(8%u,vy) = V[V 0V [pV T (4?)]]
B3, C3(0¢u,vy) = V[0V YV HaYV T (4?)]]



The proof of Proposition 3.17 31

By, Cas(0hy, ) = Vi [p VT VT [V (6y0)]]]

Of course we have used schematic notation for the B, C’s, as their fine structure
won’t matter. They are obtained by substituting one y, instead of the correspond-
ing entry v, in the inner square bracket expressions on the right hand side of
(8), where y, is the ’elliptic component’ of the spherically symmetric ¢, in the
decomposition ¥, = R, + x,. We recall 1, = L + 2, 6, = L + idy?,
V== 19 Ry, ¢ = =37, 5 Rjop;. One can then define Noo (0%, ¢,) =
No (0¥, 1) — N14(0¢,,,1,,). The quintilinear terms above shall be relatively sim-
ple to estimate on account of the strong Strichartz type estimates satisfied by the
¥y, see theorem 3.7 as well as the definition of ||.||sjx. Unfortunately, the lat-
ter norm falls short of controlling ||.|] 2L, which appears necessary in order to
grant an elementary estimation of the trilinear terms A;,. We shall instead have
to revert to the inherent null-structure in these terms as was done already in [23],
in addition to the more complicated ingredients in ||.||s. The main new difficulty
over the estimates in [23] has to do with the fact that we need to gain explicitly
in time in these estimates. This would be relatively straightforward if we were
working with Lebesgue type spaces; however, we shall work with null-frame spaces
of type wa L3, which considerably complicates obtaining gains in time. The main
novelty here(lemma 4.4) shall be a special type of decomposition of the spherical
components v, into pieces which have well-defined physical as well as frequency
localization properties. More precisely, we shall be able to physically localize ¥,
closely to the light cone. This part will then be written as a sum of two components,
the first of which can be written as a sum of pieces which propagate in a direction
essentially opposite to their physical support. Thus the first component is obtained
by first localizing v, to an angular sector in Fourier space, then multiplying with
a physical cutoff localizing to an opposite or identical'™ angular sector, and finally
summing over all sectors. The size of the angular sectors shall essentially be dic-
tated by the ( in the statement of Proposition 3.17. While the first component
is exactly the part which fails to decay in wa LY ast — oo, it does lead to im-
proved trilinear null-form estimates due to the dual localization properties. The
2nd component in turn will decay like a standard Lebesgue norm as t — co. The
next subsection contains the core estimates. As the estimates are rather technical,
we briefly explain the strategy of the proof, which is conceptually simple:

(1): First, upon localizing the nonlinearity to a time interval ¢ ~ 2¢, one tries to
reduce the frequencies of all functions occuring inside the nonlinearity to absolute
size << 2% for some small § > 0. The idea here is that far apart frequencies should
interact little. But this in addition to the refined control over the frequency modes
of the spherically symmetric components should suffice to get control over the cases
when extremely small or large frequencies are present. The tool to achieve this are
the refined trilinear estimates in 3.4(c). Unfortunately, these estimates aren’t quite
good enough to control certain high-high interactions, which accounts for a number
of extra cases that need to be considered.

(2) Having controlled the cases when the frequencies are very small or large in
relation to the time interval one works on, one now tries to exploit the pointwise

7 This depends on whether the space-time Fourier support is contained in the upper half-space
7 > 0 or lower half-space 7 < 0.
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estimates provided by Christodoulou-Tahvildar-Zadeh, since one has gained some
room to lose in the frequencies. The device here is the decomposition of the spher-
ically symmetric components referred to in the preceding paragraph, which is a
direct consequence of the pointwise decay estimates. This allows one to decom-
pose these components into pieces that disperse quickly enough, as well as other
pieces that interact very weakly. Of course one exploits the trilinear structure of
the nonlinearity to make this work.

4.1. Estimating the trilinear null-forms. We use the operator
I =73 cz PeQ<ki100 as before and employ the schematic decomposition

Va1V ots]] = Vo i [01 IV [thoths]] + Vae[th1 (1 — 1)V [1hats]]

for each of the A;,’s. In order to make sense of this, one needs to substitute Schwartz
extensions for the inputs Jy!»2 (T),T]> P2 (r;, 7] of the inner square brackets, in
accordance with the bootstrap assumption in Proposition 3.17. In the following
we shall localize the frequency localized nonlinearities P, N(...) to a dyadic time
interval t ~ 2¢ and strive for an estimate of the form

X () PN ()| S 279

One can then sum over ¢ large enough to obtain the estimate in Proposition 3.12.

(A): The large modulation case. Estimating the terms

(1) Vau[60A™" Y 9;(1 = I)[Ratha Ryt — Ryjtho Ryifs]]

j=1,2
(I1): Vau[p AT Y 0;(1 = I)[Rgdipa Rjtbs — R;02Rat)s]]
j=1,2
(I): The first term. We use the decomposition
t

Mﬁwmwwﬂzam—M&w&%—&w%%n
j=1,2
= Y xiO)Vauldp AT Y 0;(1— D)[RethaRyjbs — RyoaRebs]],
i>log, To j=1,2

where ;(t) smoothly localizes to the interval ¢ ~ 2. Then we localize the frequen-
cies and freeze ¢ € Z, arriving at an expression

Xi(1) Vit P [Py AT Y~ 895(1 = 1) Py[Rg Py b Ry Py s — Ry Py o Ry Pry 03]

j=1,2
We distinguish between the following cases:

(La): One of the following options hold: i < |kof, ¢ < |ks|, @ < ko — kaf, @ <
min{|k — k1|, |k — k2|}. This case is handled by means of lemma 3.16 as well as the
following lemma, provided Py, ,12 3 are of the first type:

Lemma 4.2. [23] Let 1123 € R*T. Then, for integers ki 2.5 and suitable 6, 5 > 0,
the following inequality holds:
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IVt Po[Pry 1V (1 = I)[Ry Pry b2 R Pryth3 — R; Prytha Ry Pry 3]l vjo)

< 251 min{— min{k‘th,k,g},O} H 252 min{man¢i{ki,k1—kj},0} H HP]{;Z ¢l | |S[kl]
@ l

Indeed, observe that if ¢ < max{|ka|, |ks|}, we obtain from lemma 3.16 that
min{|| Pr, V2| spka]s || Prs 3] spg) b S 2744, Carrying out the summations over k, k;
satisfying these assumptions, we arrive at the upper bound < 27# K&, . Summing
over i > log, Ty results in a small exponential gain in Ty < Tp. If one of the other
cases occurs, one gets an exponential gain 2~ ™#{01.92}% from the above lemma. We
are fudging a bit since we have thrown the localizer x;(t) in front, and this may affect
the space-time Fourier support of the expression, hence its norm ||.|[ y(z,). However,
this is detrimental only if the modulation (i. e. distance of the space-time Fourier
support to the light cone) is < 27% and only affects those parts estimated with
respect to ||.| |X71’7%’“ as null-frame spaces aren’t needed yet, see the proof in [23].

ko

Assuming Q< _;o(1)(Output) to be a X,:OL

1
—11 .
2’"_atom, we estimate

[1Xi () Pro @< —iro) (Output) || 11 -1 S {IXe (Dl 2250 1 Pro Q< —i0(1) (Output)[[ 2

<N okeTE <
a<0

Thus the cutoff is irrelevant.
Now assume at least one of Py, , is of the 2nd type. We need the following lemma

with
€
a frequency envelope ¢, as in the preceding. Assume that Py,s is of the 2nd type,
and Py, 13 admits a decomposition into functions of first and 2nd type as enunciated
in theorem 3.10. Then we have for suitable 412 > 0

|| Pe[R Py tho Ry Pryths — R Prytb2 R Prys]|| 22

min{hgk} 5 in (ks —ks,0} o0 min{k—ks}[Cha | Chs
<27 901 min{ks—k3,0} 952 min{ 2}[64_76]

Lemma 4.3. Let o3 € S(R**). Assume also that || Pr, , U2tk S “2°

Proof First assume that Py,13 is of the first type. Using the definition of ||.||s(x],
we infer the desired estimate for the contributions of

Pr[Rg Py, (1 — I)Yp2 Rj Pytps — Rj Py, (1 — I)th2 Rp Piyt)s)]
and similarly for
Pp[RpPpyha Rj Pr, (1 — I3 — R Prytba Rg(1 — I) Py, t)3]

Take the first expression: first consider the case ko = ks +O(1). We estimate, using
theorem 3.10

|[Pr[Rg Py, (1 — I)YaR; Prytbs — RjPry (1 — 12 Rg Py s]|| 22
< 2K D PR Py (1 — 1o Ry Peyibs — Ry Pay(1 — Db R Peys)l o 1o
(k=k2)(1=34) Cp,

PR Zks

<252
€
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Next, in case ko << k3, we estimate
|| Pe[RsPr, (1 — T2 R Py s]|| 1212

k ¢
SO D0 PelRsPu, (1~ DR Peths]|[35,5)* S 2% 201 et
c€Ckgz,ky—k3

The remaining term is estimated similarly, as is the case when ko >> k3. Further,
if for example ko = k3 + O(1), we can estimate
|| Pe[Rp Py It)2 R Proyth3 — Rj Py Ith2 R Pryths]|| 22
—€ —e)k—(L—¢ ék
< 207K Pyl 2 2+ || Py sl e 2 S 2079 )sz

The remaining cases k = ko + O(1), k = ks + O(1) are handled similarly. Now
assume that both Py,1e and Py, 13 are of 2nd type. In that case, if k1 = ko +O(1),
estimate

||Pe[Rg Pe, 1 Py Rjtbo)ll 22 S 297 9% || Rg Pry || npe 2 | Pry¥2 | 2 2+

< 9(1=e)(k—k2) ok Cha

~ €
The remaining frequency interactions are treated similarly. [ ]

Returning to case (I.a) when at least one of Py, 12 3 is of 2nd type, we claim
that we have the estimate

IV a,t Prg [Py 01V ™1 (1 = I) Pe[Ry Pryth2 R Pry 03 — Ry Py 2 Ry Piey ths]]] | N ko)

5 261[min,;zgyg{k,k,;}—maxi:rz)g{k,ki}]2—62(\k—k1\)[% + %]Ek;o

One could then sum over all frequency parameters (except ko) and obtain the
required exponential gain in 7 under the hypotheses of case (I.a)'®. To verify this
estimate, we may assume ko = 0. One needs to distinguish between k; € [—10, 10],
k1 > 10, k3 < —10. These are similar, so we treat the first case: we have
|Vt PoQ>10[Pry 601V 1 (1 — I) Py [Ry Pry 0o Rj Prytbs — Ry Prytba Ry Py ¥s]]| v o)
S PoQ>10[Pry 091V~ (1 — I) Pe[Ry Py 02 R Py o3 — Ry Prytha Ry Py 3]l | L2 12

< ||Pk151/)1”L°°L22%261 min{ks—ks,0} 932 min{kka,O}[Cﬁ + Cﬁ]&o
~ t x € €

One checks that this verifies the claim, with a lot to spare. Next, we can estimate

[[V2,t PoQ<10[Pr, Q<k—100091
V(1 = I)Py[Ry Pryt2 R Piyths — R Prytba Ry Prey 3] ol
S Vet Po®Q<10[Pry @ <k—1000%1

V(= D) PelRy Pyt Ry Pegtbs = R Py Ry Peg sl o -

min{

k.k . . C C
5 2_§2 x 3} 251 mln{kg—k3,0}262 m1n{k—k2,0}60[01;2 n CI;:S ]

18The cutoff y;(t) in front is handled as before.
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Again this verifies the claim. Finally, we have the estimate

| V2,6 PoQ <10 [ Pry @>k—10001

V1 = I)Py[Ry Py ho R Proytbs — R Prytha Ry Pryts]]| [0
S Vet PoQ<10[Pry @>k—1000¢1

V7 1 = 1) Pe[Ry Piy 2 R Py 3 — R Prybo Ry Py a]]|| 1 g1
S 1Py, Q>k—100091 [ 2212

IV (1 = I)Pe[Ry Puytbo Ry Pryths — R Pryth2 Ry Pryts)|| 12 poe

_ k_ min{k,k3} . _ s rp _ . Cr C
52 %) R 261mm{k2 k3,0}262mm{k kz,O}cO[f_’_?s]

as in the preceding estimate. This concludes case (I.a).

(Ib): @ < k|, ¢ S |k1], and none of the properties in (I.a) hold. Thus in this
case, we have k < —i, k1 S —i, |k — k1| << i; we may treat the last difference as
O(1)'. In this case we have to work harder to obtain the exponential gain in i,
since the previous trilinear estimates won’t suffice. Observe that we only need to
worry about the case v = 0, though, since otherwise one can pull a derivative out of
the inner square bracket expression. Also, we may easily reduce the Fourier support
of Py, ;123 to the hyperbolic regime?’ (distance to light cone at most comparable
to frequency). First, consider the case |k| > (1 + u)i, for some small p > 0. In that
case, we have

||Vt Pro Xi (t) [Py 091V (1 — I) Pi[Ry Prytha Ry Pryths — R Pioytba Ry Pry )]l N o)
S|V, t ProXi () [Pry @>k— 10001

V™ 1 = I)Py[Ry Peyba R Proytbs — Rj Pioytha Ry Pry )]l Mo
+ [V, Prg X (8) [Prey @ <k—1000%1

V(1 = 1) Pe[Ry Piy o R; Progths — R Prytba Ry, Preg sl | o)

The first summand is further decomposed as follows:

||V a,t Pro X (£)[Pry @>k 100011
V(1 = I)Py[Ry Prytha R Pryths — Ry Piytha Ry Py 3] N o)

SVt Pro @ ko Xi () [Pry @>k—1000¢1
V1 = 1) Py[Ry Prytha Ry Piytbs — R Piytho Ry Prybs]]|

L—L1,—1,2
X, 2
+ |V a,t Py Q<o Xi () [Py @>k—100091

V(1 = 1) Pe[Ry Pry 2R Prytbs — R Pytha Ry Py sl y gy

9We do this in order to avoid carrying too many small constants around; this is legitimate
since the exponential gains obtained later are independent.
20We shall not include the localizers Q <k, , everywhere in order to streamline notation.
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We then estimate

1V a2, Prey Q> ko X () [Prey Q> k—10001
V(1 — I)Pi[R, Prytb2 Rj Prytbs — R Prytha Ry Pryts]]|

-3,-1,2

Xk0

k
<27 Ixi (] 2| Py @>k—1000%1 || Lo 2
IV 7H(1 = 1) Py [Ry Py, ha Ry Proytbs — R Prytoa Ry Prybs)|| oo 12

G~
Ckl

x>
N‘O

+

ol
[N

AN

273 +3g, <2

Similarly, we have

IV, P Q<o Xi (£) [Py @ k—1000¢1
V(1 = 1) Pe[Ry Pry o Ry Progths — R Prytbo Ry, Progths]]|| gy
S 27X ()] 221 | Pry @k 100691 | 22 12
[V™H(1 = I)Py[Ry Py tho R Prytbs — R Peytha Ry Pryths]|| e r2
and this is controlled by 2k0~2+3¢, < 2757¢, as desired. The remaining terms
are handled similarly. Thus we now assume that ¢ < |k| < (1+p)]¢|. We then claim
that we may replace the operator (1 — I) by Q>§. Indeed, we have
|V ¢ Preg X (8) [Py 001
V(1 = D) PeQ_ & [Ry Py, 0 R; Piytbs — Ry Prytbo Ry Piyts]]| vk,
S 0Y 0 IVarPeXi()[Pr, Qea—1000¢h1

k+100<a<%
V(1 = I PeQa[Ry Pry 02 R Pryths — Ry Pryba Ry Py 3]l ko)

+ Z 1V 2, Pro Xi () [Pry @>a— 100001
k+100<a<%

V1 = I)PuQa Ry Py tha R Pryths — R Piytba Ry Pry )]l N i)
We treat the first summand, the 2nd being similar. We have
|1V 2, P [Xi (8) [ Prey @ <a—1000¢1
V(1 = I)PyQq[Ry Prytpo R Pryths — R; Prytha Ry Py 3]l Mo

|| Pro Qa+o(1)[Xi(t)[Pr, @<a—100091
V(1 = I)PuQalRy Prytha R Preytbs — R Prytba Ry Prytbs]]]l 1212

ko
2

S27

This is clearly acceptable. We now notice the identity

—2(04120,v3 — Ortha0yp3) = (O + 0y )02(0y — Or)tbs — (O — Or)1h2(0r + Or )93
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Applying this to our frequency localized situation, we have the identity?!(recall
that 1 o are radial)

RoPr, Q<po V2 Ri Pry Q< iy V3 — Ri Py Q<o Vo Ro Pry Q <1, Y3
= 2@+ 00V Py Qerat2(9h — 9,)V " Pey Qe
— (01 — 0r)V ' Py Q iy h2(01 + 0,)V ' Py Q iy 3]

Now let ¢ € C3°(R) be a smooth cutoff and use the decomposition
a3 =0, i (Wiaz+(1=¢ i (u))is, where u =t —r and ¢ (u) = ¢(%). Now
Proposition 2.2 implies that

a6, (Winallzz S Vit xtx 25 <275

Now let = T+ M = 5 and return to the full expression. We first estimate the
large- modulatlon contribution:

|| Pro Q> ko Vo, Xi (t)[Pry 001
V7 PQ. £ [RoPr, Q< [0, i (W] Ri Py Qs b3
- R, Pk2Q<k2 [QS ( )wQ]ROPk3Q<k3¢3HN ko)

S Pro @> ko Va,e Xi (1) [Pry 621
i (u)h2| Ri Pr, Q< k3 Y3

V_IPszg[ROszQ@z [0, 2
— RiPr,Qcpy[0__ i (u )¢2]Ropk3Q<k3¢3H 11
ko

o~ 3T
2(1 €0 kl”XZ( )HLj*'HPhéleLfJngo
1R P, Qra [0 i (2]l e L2 || Preg 3| e 2+

N
l\D
""o

Keeping our assumptions on the frequencies in mind, this is more than what we
need. Next, restricting the expression to modulation < 2%, we have

[ Pro @<ko Va,eXi () [Pry 0901
v_lkaZ% [ROP/CQ Q<k2 [¢27ﬁ (U)¢2]R1Pk3 Q<k3w3
= RiPy, Qi [0 - i (W)12] Ro Pry Q@< 3| o)

S Z || Pro Q<o Vet Xi (8) [Prry Qaro(1)0%1
k2+O(1)>a>%
V' PuQa[RoPe, Q< [¢2—L (u)2] Ri Pry Q <1y 3
- R; Pk2Q<k2 [¢ ( )¢2]R0Pk3Q<k3w3||L1H 1

ke
D D Ea [P C )||Lj+Hplea-i-O(l)&/}lHLfL;O
ka+0(1)>a>%

o, - i (w)a|lLge L2 || Pry Q<ks¥s|l o= pa+

2 2+

21Recall the suppressed localizations, see previous footnote.
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We can bound this by

i

DAL DR DD R DR F

Our assumptions ensure that we may sum over g < a < kg + O(1), resulting in

an exponential gain in 4. An identical argument may be used when Pj,Q<k,%3
is replaced by Pr,Q<k, [d)fﬁ (u)v3], so we may replace both Py, ,Q<k, .23 by
Pry s Q<ky [(1—(;52_24 (u))1bs]. In that case we utilize the null-form identity recorded
earlier: use

RoPr,Q<ry [(1— ¢ __ i )12 Ri Py Qs [(1 — ¢ _ i )1)3]

2 2 9" 2F

— Ri Py, Qi [(1 — ¢2—ﬁ)¢2]RoPk3Q<k3[(l _ ¢2—ﬁ)¢3]
= 210+ 0V PraQunl( — 6, al(@ = )V Py Q1 = 6, 0]
= 10 = 0V Qa1 = 0, Wal(01 4 09V Pla@eial(1 - 0, sl

We can now exploit the fact that || < % < i(1 = ) for p small enough, as
well as Ty large enough. Thus we may move the multiplier x;(¢) past the Fourier
multiplier V™' P,Q. k while trading in errors exponentially decreasing 2?outside of

t ~ 2¢. In other words, under the present assumptions on the frequencies, we may
write schematically

Xi(t) V¢ Prg, [Pk15¢1V71PkQ>g[,]]
= Xi(t) Va1t Pry [Pk151/11V71PkQ>§(X11(t) + xa2())[, 1]

where x;1(t) is supported on ¢ ~ 2¢ while |y (t)] < 27V for t < 27700 as well
as |xi2(t)] <t~V for t >> 2. Tt is then easy to verify that this leads to acceptable
terms, so we may focus on the contribution of y1;(¢). We shall want to move the
operator J; + 0, past the Fourier localizer Py, Q<k,. We write

P Qe (1= 0 i (w))¢0]
= pi(r) P, Qe, [(1 = 6 i (u)2] + (1 = pi(r)) P, Qe [(1 = 6 i (w))¥2],

2 2 272
where p; (1) localizes smoothly to a disc of radius ~ 2¢710 around the origin. Now
on account of the fact that V1P, is given by a convolution kernel which decays
rapidly outside of a disc of radius < 2¢, we see by means of Proposition 2.2 that

X1 (8)ps (1) V™ PoyQr [(1 = 6 i (u))]llpee S 277F

2 2+

One then easily concludes that the contribution of this term is negligible: indeed,
plugging it into the inner bracket instead of Py,9 and using schematic notation,
we can estimate for example

[1X(8) Vit Pro [Prey Q<iea —100091 V™ Pe@Q i (xin () D] ko)
S 11 (8) Vit Pro [Py Qs 100091 VT PiQs s (i LD - 51

0

ko _
<2t k||Pk1Q<k1—1005w1||Lf°L§||PkQ>§(Xi1(t)[a])I'L?Liv

22More precisely, these errors behave like [1 4+ 2= (1=9i(2i=a _ )]=N for ¢ < 2¢=¢ and [1 +
2-(1=8)i(2i4d _ 1)]=N for ¢t > 2¢+° provided x;(t) is supported in [2¢~¢, 2¢+0],
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where
1PeQs x (xar (0, DIl 222
S i () + 8:)[pi (1) V™ Py Qe [(1 = s (w)4ha]]l| 2 1o

27 2F
(0 — 0,)V ™" Py Qs [(1 — ¢ g (W) o]l L2
< 2—(1—E)i
Our assumption |k| < (1+ p)i shows that putting these estimates together gives an
acceptable bound. The contribution of Py, Q>k, —1000%1 is handled similarly. Now

consider the contribution of the term with p;(r) replaced by (1 — p;(r)). We use
the fact (see e. g. [36]) that

SHU = pilr), P =727V (T (1 = pi(r)

where the latter expression stands for a weighted average of translates of the deriva-
tives of Z2(1 — p;(r)). Notice that

L
r

Ve (1= pir D)z S 27,

hence the contribution of the commutator is treated exactly as the contribution
of the term p;(r) Py, Q<k,[(1 — ¢2—ﬁ(“))¢2]~ This finally allows us to move the
operator 0; + O, past the operator V1P, Q,. Arguing as before, one can also
move the operator x;i(t) past the localizer V1P, Q,, generating acceptable
error terms. Using lemma 2.4, we can now estimate

[1Pra @<k V™ xin () (1 = pi(r) (0 + 0p)[(1 = 6, s (w))1)e]
(0 = 0:)V ™ Pey Qs [(1 = 6, s (w))h2]ll 1212

272
S Py @k, V™ xan (8)(1 = pi(r)) (8, + 8,)[(1 — ¢ g (W)alll L2 Lo
1(0r = 0,)V ™ Py, Qe [(1 — ¢ - st (W)]|| o2
S22

Proceeding as before, one deduces from this (and an analogous estimate for the
term with (9; + 0,) interchanged) the following estimate for the full expression:

k. i
X (t) Vet Pry [Pk15¢1V_1PkQ>g Loy S 27 F272= 6,

Since |k| < (1 + p)i and by assumption ky < k + O(1), choosing u small enough
allows us to get an exponential gain in ¢. This concludes case (I.b).

(I.c): None of (La), (I.b) hold, and i < |k1|. This then implies |k 3], |k| << ¢, and
we shall treat these as O(1). Note that also necessarily i < k1 = kg + O(1). One
first reduces Py, ;123 to modulation < 29 where § is very small but such that
290 >> max{|kq 3|, |k|}. We shall treat the latter quantities as O(1). To achieve
this, one estimates for example

|| Pro Q<o Vit Xi (8) [Py Q510091 V (1 — 1) [Proy Q> 6%, Pk3Q<5¢710¢3]]||X71,71,1

2
ko

_ 8 _ 0 i
S 27 2| Py 6| ngo 2 | Pry @>si ot L2 2 || Pra ¥l Lo noe S 2727 G,
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Similarly, one has
[ Pro Q<o Ve, Xi (1) [Py Q> 5110091V (1 = 1) [Pry Q> 5i%2, Pry Q<si—1093]ll 11 g1
S NPy Q>5i-10001 || 2 12 || By Prey Q> 5692 2 Lo | | Prg 3| | Lgo e + et
<2 G,
The estimate when Pr,Q<s5i—10%3 gets replaced by Py, Q>si—10%3 is more of the
same. Moreover, we have by assumption
[ Pro Qo Ve, tXi () [Pry 691V (1 = 1) [P, Q512 Pk31/13]]||X;%,71,1
0
S 27%0||Pk1577[11||L5}4L§+HRqu2Q>6iw2||L‘;°L§4||Pk31/)3”L?+L;c7
which leads to an acceptable estimate. Now we estimate
||PkUQ<kovz,tXi(t)[Pk1 Q<k—10011

V(1 = 1) P[P, Q<sitha, Pk3Q<5i—10¢3]]||X—1,—%,1
ko

< 22| P, 641 || e 21| Pro Qi (D)2l | v oo || Py Qsim10¥3] [ 2+
< 2(25—ﬁ)i&k1

(I.d): None of (I.a), (I.b), (I.c) hold. In this case, we may treat all of k, k;, i = 1,2,3
as O(1). The exponential gain in ¢ is again obtained as in the preceding case. This
concludes the treatment of case (I).

(IT): The 2nd term. This term is significantly simpler than the preceding one: note
that if at least one of |k|,|k;|, ¢ = 0,...3, is of size at least comparable to logs, Tp,
one gets an exponential gain in 7y from lemma 3.16 in conjunction with lemma 4.2
and the calculations in (I), provided Py, is of first type. If it is of 2nd type, and
Pr,15 of 2nd type as well, one also argues as in (I). If Py, is of 2nd type, but
Py.15 of first type, one uses the estimate

| Pk[R3 Proy Q <oy 602 R Pry Q <oy ths — Ry Py @<y 002 R3 Piey Q <oy 3]l oo 12 < 27
and (with a similar estimate when Q <y, is replaced by Q>g,)

[ Pi[ R Pry Q> ky 092 R Py Q <ty b3 — Ry Proy Q> 1, 002 R Py Q<ios 3] [ L2 12

min{k,ko,k C
< 2¥276\k27k3| Cﬁé

~ € kS (20)
Using the first of these, one gets for example when ko = k1 + O(1)
t _
||v$7thUQ>koX<?0)[Pk1w1A P 051 = D PRy P, Qeiy 692 R Py Qg ¥

7j=1,2

— R;jPr, Q<iy 0002 R Proy Q <13 3]]| |X—

ko

.12

k
S2 7 |Pubill ez (187 Y 05(1 = D) PRy Pry @y 692 Ry Py Qg s
j=1,2
— R P, Q <y 602 R Pry Q <k V3]l Loo e
which is bounded by

2(’“—’60)(1—6)25[nf1i1”1{kzJ’f3}—max{’%ks}]5,C éﬁéﬁ
e e
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Assuming max{|k|, |k;} to be at least comparable to dlog, Tp and summing over
k, ko 3 results thus in the estimate éleJ“. Using the 2nd of the above inequalities,
(20), and placing Py, 17 into L$° L2 results in a similar estimate provided ko = ki +
O(1). The remaining frequency interactions kg << kj etc. are handled similarly,
as well as the contribution when @), is replaced by Q<y,. Thus assume now that

all the occuring frequencies |k|, |k;|, i = 0,...,3 are of size < dlogy Tp. Then we
use Proposition 2.2 directly in conjunction with 3.4(b) resp. lemma 4.3, to get

t _
||Vw,thoQ>koX(fo)[Pk1¢1A YY" 951 = D) Py[Rs P, 0t R, Pryids

7j=1,2

— RJPk2§7/)2R5Pk3¢3]]||X

=

-%.-1.2

ko
t _
. ||Pk1><(70)leL;foLgo||A " 0;(1 = D) Pi[Rg P, 6102 R; Pryibs
j=1,2
— Rj Py, 002 R Py ¥s]|| L2 2

_ 1
5 TO o [éks + ék2}

But using the definition of frequency envelope we have &, . < T%¢,, so we arrive
g q y P 2,3 0 1

~

at an acceptable estimate upon summing over the admissible frequency ranges. If
we replace @, by Q<,, we can for example first reduce Py, 11 to modulation
< 2dlog, To, then reduce both of Py, ;12 3 to modulation < 36logy Ty, and finally
estimate

t
\ |vx,thOQ§koX(fo) [Pr, Qr—10<.<2510g, To¥1

AT! Z 0;(1 = I) Pr[RpPr, Q <3510, 7o 002 R Py Q <35 10g, T, V'3

j=1,2
— R; Pr, Q<35 10g, 1,602 R3 Py Q<35 108, T V31l 11 1
S 1Pry Qr—10<.<25108, 1011|2237 [Vt VT Py Q<35 10g, 7,002 |Larp2+
[Vt V! Py Q<ssog, To¥sll 2+ oo
Arranging that % — ﬁ >> § and using the usual properties of the frequency en-

velope easily results in the desired bound. If one replaces Plek_10<_<2510g2 oW1
by Py, Q<k1, one can estimate the output with respect to ||.| ‘X*lv*%vl in the same

manner. This finishes case (II) and thereby the large modulation case (A).

(B): The small modulation case. We now study the expressions

(I) : OP[oapu A1 Z 0;j1[Rga Rjtbs — Rjrpa Rpas]

=12

(I1): O°[pa s~ > 0;I[RpdtbaRjths — Rjotba Rytbs]],

j=1,2
as well as the analogous expressions

(II1): OP[5epg Nt Z 9jI[Rpp2 Rjrps — Rjpa Rgihs]]

j=1,2
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(IV): 0[N~ >~ 0, I[RpovaRyjtbs — Rjotpa Ryths]]

j=1,2

(V)1 0al6" A7 OjI[RytbaRjtbs — Rijtha Ryt)s]]

7j=1,2

(VI): 0a[" A7 Y 0I[R 00 Rjtbs — R;dtaRyabs)]

j=1,2

As is, these terms cannot yet be well estimated, and we need to further decompose
the first input into a gradient part and elliptic error term: thus for example we
write in term (I)

51% = Ra(;w + 5Xoc

Relegating the error terms involving x, until later, we substitute R,dv for §v,,
and similarly for the other terms (II)-(VI). We commence with the sum of first and
fifth term in the list:

(I): (I4V): As in the large modulation case, we shall have to consider various types
of frequency interactions. We also reiterate the decomposition

X(Tio)aﬁ[Ra(SwA_l Z O;I[RpbaRjrbs — RivaRats]]

j=1,2
+ X(Tio)aa[RV(WA—l Z O;I[Ry 2R3 — Rjba R3]
j=1,2
= Y xiOO°[RadOAT > 0;I[Ratha Rjtbs — Riba Rynhs]]
i>log, To Jj=1,2
+ O [RV SN Z 0;I[Ry 2R3 — Rjvpa R, 3]]]
j=1,2

We frequency-localize this to obtain the following expression:

Xi (t) Peo [0°[Ra P, 6001 PeS™" >~ 031 [R Py 02 Ry Pryths — R Piytha R Piyths]]
j=1,2
+ 0[RY Pr, 001 oA™Y 051[Ry Prytha Ry Pryths — R Piytba Ry Py 3]
j=1,2

Now we subdivide into the following possibilities:

(L.a):  One of the following options hold: i < |kof, @ < |ksl, ¢ < ko — kal, @ S
min{|k — k1|, |k — k2|}. In this case, we obtain the desired estimate involving an
exponential gain in ¢ from 3.4(c) as well as lemma 3.16 if both P, ;12 3 are of the
first type. If at least one of them is of the 2nd type, this is again straightforward
due to the strong estimates satisfied by these: then we have

1PAT Y 051[RpPry s R; Pgtbs — Ry Prytbo R Prog sl 12 1
j=1,2

< 26[min{k,,k2,k,g}—max{k,kg,k,g}] Cky Cks
~
€ €
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1PeA™Y Y O51[RgPry o Ry Pryths — Ry Py b2 R P3| a2+

j=1,2
< 9—k(1—€)gb[min{k.kz ks } —max(k.ks.ks}] Cha Cha
~ € €
From this we get

| Proo Q<o [0” [Ra Pry 641
PeATY Y 7 051 [Ry Pytho Ry Py s — Ry Py o R Py sl 1y

§j=1,2

. 1
5 26[m1n{k,kg,... ,k3}—max{k,ko,... 7]%}]672 H Cr,
i=1,2,3

The contribution when one has Py, Q >, in front is even simpler and left out. Term
(V) is treated by exact analogy.
(Ib): @ < |k|, @ < |ki1|, and none of the properties in (I.a) hold. This implies
k k1 < —i. We may and shall assume k — k1 = O(1), ko — k1 = O(1). Also, we may
and shall assume that |ky 35| = O(1). We shall again treat term (I), term (V) being
treated analogously. We start out by observing that we may assume k > —i(1 4 p)
for any p > 0. Indeed, assume the opposite. Again considering term (I), we have

|| Pio Q<10 Xi (1) [0° Q@ ko100 [ R P, 0391 P

AN 051 [Ry Pyt R Prgtbs — Ry Py o Ry Pry )| 1y
=12

< Z || Py Q<o Xi (8)[0° Q5[ Ra Pr, Qi+ 0(1)0%1 P
ko+100<5<—i4+0(1)

AN 051 [Ry Py R Progtbs — Ry Prytha Ry Pry )| 1y
=12

S Z 2j|\Xz’(t)||L§||Rapk1Qj+O(1)5¢1||L§L§
ko+100<5<—i+O(1)

[PL[V ™" Prytho Prg 3] || Lo 0

One checks that this is estimated by < &, 2%, which is acceptable. Similarly, we
estimate

|| Pro Q@ <k Xi (1) [0° Q<o+ 100 [ R P, 691

PeATY S 01 [Rg Prytoa Ry Pyt — Ry Py tba Ry Py sl g
i=1,2

SOz [Pry 091l e e

PO 0jI[RyPyytha R, Prytbs — Ry Pytho R Py ths]|| 212,
j=1,2

which, upon using 3.4(b) as well as lemma 4.3, can be estimated by < 5;@‘02%,
which is acceptable.

The estimates when )<y, is replaced by (>, are similar. Thus we now assume
that |k| < i(1 4+ p). Arguing as in case (A)(Lb), we may replace Pl be PkQ<%
while only generating acceptable error terms. We may then move the multiplier
xi(t) past the operator P,V~1Q <&, and transform the latter back into V1P, I
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innocuously. Proceeding as in [23], we intend to exploit the null-structure of the
expression. Before being able to do so, we need to effect a few more reductions:

we need to reduce the modulation of the output and first input to size < 201,
respectively. For this, note that

|| Py @ ko-+100[0° [Ra P, 031 P

AT Z 051 Rg Py, X (1) Y2 R Prytps — Rij2Xi(t)¢2RﬁPk3w3H||X
Jj=1,2
S 1Py @0 +100[0° [Ra Pr, Q> 1, 51 P
AT 01 R Py Xi ()R Py s — Ry Py Xi ()2 R Py sl 3 -1

j=1,2

1 _
-3.-1,2
ko

ko
k

<27 % ||Ra Py Qzk, 001 || 12 poo || Pe[V ! Prytha Pry Raths]| Lo 12

Cs 6&]

Bl T

k

N}

S

We can also reduce Py, ;12 3 to modulation < gmax{kz,ks}+O(1) ~ For this, note that

[PLI [V " Pryth2 Py Qs masc{ha ks }+100%3) || £ 12

S > 28|V P, Qiroy¥allzrz || Pry Qs p2 12
j>max{ka,ks}+100
< Z 2k2—(2—2u)j2(1—2u) max{kz,ks}

j>max{ka,ks}+100
—1
||V Pk2w2||)'(,:;%7“)’17“’1 ‘|Pk3’l/)3|‘xk—3(%—u),l—u,l

< 2—k2 Cky Cks
~Y
€ €

From this one deduces that for a = max{ks, k3} + 100

|| Pro Q< ko+0(1)[0° [ R Pry 591

PATY Z OiI[RpPry Xi(t) 2 R Pry Q> aths — R Pr, Xi(t) 2R Py @>aths]]l| 11
j=1,2

S RaPr, Qs +0(1)0¢1 || L5 Lo | | PrI [V ™ Pryth2 Py Qs masc{ka ks }+100¢3] || 1 12

< 2k—k2&k &ﬁéﬁ

~ 1 € €

One can sum over the appropriate range of k3 3, deducing the desired estimate. We
shall always assume these reductions of modulation, but sometimes omit them to
simplify notation. Now we expand the null-structure as in [22], [23]: schematically
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we have

2
2% AT'9;[R,fR;g — R; [R,g]0"h

Jj=1

2 2
= O[AT'; VT fRiglh] = Y OAT' 9,V fR;glh
j=1

2 (21)
2
— > ATV fRg)Oh — VT FO((V T g)h)
j=1
+ VOV g)h+ VT (VT g)Oh,
2
Z A‘laja”[R,,ijg - ijRl/g]h
j=1
2 1
= YA 9,00 gl — 0V Y gl 22

j=1
1 1
+ 5DV*lfv*gh — §V’1ngh]

The first of these identities is useful when the outer derivative 9° falls on the first
input Ry011. The 2nd is useful provided the outer derivative lands on the inner
square bracket. We shall treat each of these terms. Clearly, the terms in the 2nd
expansion are almost identical to the ones in the first. We treat the first in detail,
the 2nd being treated similarly.

(Ib.1) The first term in the expansion. This is the expression

Piy Q<o O[Ra Pry Qerg 01 PeAT" > 0,1V ™' Pryxi(t)h2 R Py 3]

j=1,2

This is straightforward to estimate: we have

|| Pry Q<o D[R Py Qg 601 PA™H Y ajl[v_lpkzXi(t)w2Rij31/}3]]||X—17
j=12 ko

ke _ ko
<272 ||Ra Py Qi ¥l 5o £t [V ™ Py Xa (2| 2+ po [| P sl par 2+ S 27 G,y

,1

Nf=

(Ib.2) The 2nd term in the expansion. This is the expression

PryQ<ro[RaPry Qerg 81 PLA™ Y~ 9501V ™" Py, xa ()92 R, Piys]]

j=1,2

This turns out to be significantly more complicated. The reason for this is that
we need to exploit the bilinear inequality 3.4(g); using Strichartz type norms here
appears to result in a loss in the low frequencies, or in ¢. The only way we can
possibly squeeze out a small gain in ¢ is to exploit the temporal cutoff x;(¢) applied
to Py,1s. This is a non-trivial task on account of the fact that the only way to
place the inner bracket [,] into L?L? appears to involve null-frame spaces. Our
main tool for this is the following lemma:
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Lemma 4.4. Let C be a sufficiently large number. The following limits hold: for

any k with |k| < 155551, and arbitrary € > 0,

Zlggo || PrQe—(1—eyi—c,x) [Xa (t )%]II =0

w\»—-

More precisely, for appropriate u(e) > 0, we have
|| PrQi—(1—e)i—c,r [Xi(t )%]H 0300 < 2 He)

Neat, denote by x5 ,, a smooth bump function whzch localizes to the complement in
the 2¢t/C-neighborhood of the (physical) light cone of a slab of length 2= centered
at time t = 2%, angular opening 2x with |k| ~ 2159 and distance < 2¢/C from
the light cone. Then with the same assumption on k,

Zlggoz sup 27%(2 | P,z Z Xi gt )

le[ilv_lo] REK mEKgi
1
Pk,HQ::k+i(571)7C[X’i(t)wu]||2PW[iR]) >=0
More precisely, this quantity decays like 27" for suitable u > 0.
Proof : We first estimate
b
‘|vx,thQ>k7(lfe)i[Xi(t)§]||A[k]7 [Vt PeQsk—(1—eyilXi () Iny ]| afr)
for arbitrary k € Z with |k| < &i. Observe that
b'e b'e b X
Olxi(t) =] = X7 ()= + xi(0)0:(Z) + xi(t)O[=
[ ()y] ()y (t) t(y) (t) [y]
Therefore, we obtain for j € [k — (1 — €)i, k]:
X i X x
||PijVxXi(t);HA[k] S27 [\IPk(XQ'(t)§)I|L§Lg + ||Pk(X§(t)5t(;))\|Lng

+ ||Pk@j<xi<t>m[§1>|m1

The first two terms on the right hand side are elementary to estimate, using Holder’s
inequality, finite propagation speed and the energy inequality:

X _;
IIPk(Xé’(t)§)|\LgL3 S I )||L2||Pk‘(y)||L°°L2 S 2827720 <2

1P (i ()94 y))llmm S I Mzl perz S 278

We conclude that the contribution from these terms is at most
< Y ottarigoeE
§>k—i(l1—e)

Proceeding to the last term above, we use the null-structure in (2) as well as Propo-
sition 2.2 to get

HPk(xz-(t)D(;)HLng

(8t + 8,«)X (815 - 3r)x

S ()

This establishes the claim for 3 because of 3.4(d). As far as 0, PrQ>p+(e—1)i(3) 18
concerned this only differs from the preceding as far as the estimate for

1200 (2) lLger2 + ete S 27°
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PszkRoﬁt(f)- This is treated by using the equation for D(%) and arguing as
before. The estimate for Iny is similar. We now establish the 2nd inequality
stated in the lemma provided v, is replaced by Vm?, Valny. First, let ¢ €
C>(R?T!) be a rotationally symmetric free wave with ¢[0,z] = (0, g(x)). We use
the representation formula

Pend(t,z) = / FGUENmEDIER)an (@) (—t + 2 - w)dew
—c/ FGUENmREDIER ) an (@)t + 2 - w)dw

where(committing abuse of notation) we wrote §(§) = §(|¢]). Now assume that
11+ Vig)a (|§|)||L\2£| < C. This implies that

I (F@UEN Iz s 27
Now observe that on the support of x7 ., we have
[tz -w| > —t—|z|| +]||jz| £z w > ||t —|z|| — |z|sin < z, Fw >2 | > 2%

Next, observe that the multiplier x¢ PQ(t x) smears out the Fourier support in the

angular direction by an amount ~ 2~ “g , while |k| ~ 2 “ and |k| < &i. This

entails that one can include an operator P,Wi with the same properties as Py , in

the expression and reason as follows?3

_ L
272 Py,s § X§ 5r (6, 2) P c Q50| pwas)
HEK(e_l)_
(51,

_ L
=272 |Pei D> PluXise(t ) PenQ ¢l pwisn
KEK(E,l)i
2

1—e¢ c 1
4 ( Z ||Xi,:Fr€(t7x)Pk,nQid)H?DW[in])2

HGK(e_l)i ,Nﬂ2l’%$ﬁ@
fes b2

Using Plancherel’s theorem, we can further estimate this as

<Y [/ ks FGUEDE & 2012 ()o])}

KEK (c_1)i ;wkN2RFAD
2

Sl Eaeblls, anw)dul)

KEK (c—1)i ,KN2RA£D
R

Using Cauchy Schwarz’ inequality, this leads to the estimate

c 1
Z DlPer Y Xigalt:2) PnQ o [yypar)?

REK] KEK (c_1) .
52

S 27N+ Vigadlelze,

23 et QF microlocalize to the upper or lower half-space T >< 0.
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Now we proceed to the inhomogeneous situation at hand: let S(¢) denote the free

wave propagator, i. e. O[S(t)(f, )] = 0, S(0)(f,9) = f, &:[S(0)(f,9)] = g. Also,
let U(t)g = S(¢)(0, f). Then we can write

Z(t,.) = S, .>,at[§]<o, )+ / Ut - smg](& )ds

Reasoning as above, we immediately get the desired estimate for the linear part.
As concerns the inhomogeneity, we decompose the integral as

t

t X 2%1 X X
/OU(t—s)D[§](s,.)ds:/O Ut - 9o )ds+/2 Ul = )03, )ds

C

Then we observe that from the argument given above we have for [ € [ — 1) ‘. —10]

ST DA N S o [/ U(t—s>m[§1<s,.>ds1||2pmm>%

REK; K/EKE 1,

)

S 277 2 DTy g S 27F
y

provided % << « and we choose o > 0 small enough, by the proof of Corollary 2.6
and finite propagation speed. Next, we can estimate by using 3.4(d):

t
l—e X 1
27N I Pesn@E s i8] / IRUGRLCREE [ E

KEK c—1 .
et

€

X _ e .
S th>25im[;]||L%L§ S27o™

Call the integral in the preceding . From this we get control over the 2nd more
complicated norm in the lemma: using Cauchy-Schwartz and the fact that ||.|| pyy ()
is essentially unaffected by multiplication with bounded functions, we get

_ L c 1
2 2( Z ||Pk,7€ Z Xi,IHPk,nQik+(571)iw|ﬁ’W[:I:E,])2

REK; HEKE—li
ehi

1—ei 1
T Z Z || P, mQ<k+(€ 1)l¢||pvv[m])2

REK; HEKE 1

(23)

i,kC2R

and we just bounded this expression. The estimate for Iny is of course analogous.
Let p1(e) = §a. Now we need to transfer these statements to 1,. We recall the
identity
ayx + Zayy)ez Zj=1,2 Ailaj(a]T‘x)

y y
We observe as usual that 8“—" =0, (5) — x%¥  For example consider the term

y v
; 8yy iXjm12 8710 ( =) the other terms being treated similarly. One expands the

exponential in a Taylor series, which results in schematic terms of the form
TR VA VAR TP VAR VS VA M

where V™11 stands for expressions like %, V—I(KM)’ and v stands for either

yy
a’% or 6;—". Also note that the coefficients of these expressions decay faster than

quu:(
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exponentially. Now apply a localizer Py, |ko| < ﬁ in front. We redefine C
so large that & << pi(e), the latter coming from the preceding computation.
We claim that if one of the input frequencies has absolute value greater than i
for suitable § > =55, one obtains an exponential gain in ¢ for the norms in the
statement of the lemma. This is done inductively: write the expression under
consideration as

Py [Py 01V o .. VT 1)V Py, ]

If by > % + 5, s0 s ko. If Py, (...), Pg,1o are both of first type, one estimates
using 3.4(a)

1Pe[Pie, (¥1V ™ 2. V7 o)V Pyl o,y
k:
Ck1 Ckz

S NPy 01V 02 VT )| g || Prs 2l Aps) S ;

If one of them is of 2nd type, one places this into L?L2* to control the portion
of the output at modulation < 257100 (the other portion being controlled by the-
orem 3.10.). One obtains the same bound, and our decay assumptions on the
frequency envelope yield the claim, provided one shows that the 2nd more compli-
cated norm in the statement of the lemma is controlled by ||. H 1.1~ This follows

0,
k
from (11) as well as the preceding computation (23). In case ky < — — b, first

assume Py, 12 to be of 2nd type. If ky > j — 10, we estimate

i _ ikz
|| PeQ; [Py o1 V™ Py o] O o S22 Pt Lo 12|V Prythal |2 pee S272 G,
k

1000C

1
2
If ko < j — 10, we estimate

1PeQ; [Pyt V™ Pyl o4 o S 11PkQ;5 [P 1 V™ Py Q1002
k:
+ || PeQ; [Py Q> j-1001V Py Q- 10¢2]||

Then we have
||PeQ; [Py 1V ' P Q- 10%/12]||

< 2ﬁ(k2—3)6k2

0300 SIPtllLe 2|V Py Qs -102|[ L2 e
k,

Also, we have

HPkQJ[Pk1Q>] 101/11V Pk2Q<j 107/}2]” 0,
X

<28 1P, Q> -10¢1 112221V Py Q1002 Lo e S G
Control over the more complicated norm in the lemma is a bit more difficult, and
follows from a computation performed in the appendix, in addition to the calcu-
lation (23) performed above: one again obtains the bound < ¢é,, and the claim
follows by summing over ky < — — 5. If, on the other hand Py,1p9 is of first
type, then one estimates

1PPtr 7 Proall

3,00

1000C

:*%vw < ||P/€1’L/)1||A[kl]+)-(z;%«1prfzw?“A[kz] S Chy
with a similar estimate (using (23)) controlling the 2nd more complicated norm

in the lemma. Summing over ky < —15555 — O results in the desired exponential
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€1
1000C

gain in ¢. Now assume k1 < — — 5. In that case, the claim follows from the

estimate

Hpk[Pkﬂ/)lV*lsz%Hu + S22 B ey — K| Py b1 || i | Py 02| 0115

1 . 0,
z Alka]+X, 2

0,
k

by a calculation similar to the immediately preceding. Summing over ky < — ﬁ —
5 results in the desired exponential gain. Having thus shown that we may assume
|k1] < ﬁ + 5, we apply the same procedure to the expression

P, [1V g ... V=g, _1]. Of course the frequency bounds will grow the further
one continues this process, but this is counteracted by the rapidly decreasing co-
efficients coming from the Taylor expansion?®. Arguing inductively, we see that it
suffices to show that provided two functions ¢; € S(R**1), 15 € S(R?*™!) satisfy
the assertions in the lemma, then we get the same assertions for the expression

PkXi(t)[Pk1¢lv71Pk2¢2]

where |k|, |k1|, |k2| < di, 6 << e. First, we estimate
|| Pi[Pry Qs kg — (1— )i [Xi (1) 01]V ™ Pryaba] ||
S (k] + kx| + [k2 DI Pry @y — (1— i [xa (t ¢1]||Xog,1|\v_lpk2¢2||

k1

< mz—#(é)i.

.0,11
sz2 +Alk2]

We have used the bound on Pj,1» from theorem 3.10, as well as the easily verified
fact that

||Pk1Q>k1—(1_e)i[Xi(t)w1]||X . < 9—H(e)i

0,4,
k1

One proceeds similarly when Py, is replaced by Py, Qsk,—(1—c)i%2. Thus it suf-
fices to consider the expression

kal(t) [Pk?l Q<k1*(1*€)i¢v_1pk2Q<k2*(176)i¢]
5ei

We may always reduce the modulation of the output to size > 2=, as follows
easily from 3.4(a). Now we carry out the following decomposition

PkXi(t)[Pkl Qi:kl,(1,5)i¢v71Pk2Q<k2—(1—e)iw]
= PkXi(t)[ Z XS,:':NPIQ,mekl_(1_E)i¢v_1pkzQ<k27(175)i¢]

KEK 1.
S

+ Ple(t>[ Z XiFFIiP’ﬁ,HQikl_(1_5)i¢v_1Pk2Q<k2*(176)i'¢)]

HGK%I_
+ kal(t)[¢l(t7 x)Plﬁ Q::k;l,(1,5)i¢v_1Pk2Q<k2—(1—e)i'¢)]

In the immediately preceding we let x; 1,(t,z) localize to two slabs aligned or
anti-aligned with  of length ~ 2° and thickness ~ 2 (the complement of x{ .,

(24)

within the %ﬁi-neighborhood of the physical light cone), and we let ¢;(t, ) smoothly

localize to the intersection of the complement of the % neighborhood of the light

24M\ore precisely, one needs to go to expressions of length up to W.
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cone and a box of dimensions ~ 2¢ x 2¢ x 2¢(finite propagation speed and properties
of the Fourier multipliers). We estimate

[Pexi (8) (i (t, ) Pry Qcey —(1-)i®V ™ Pry Q oy —1—e)i || .

max{k,ky,ko}

S20 2 ot ) xi()V T Py Qany ¥l | 12 poe | Py Qeiey —(1—0)i® Lo 12
+ ||Pexi(8)[¢i (t, ©) Pry Q <y —(1-i @V ™ Pry Qtp - (e—1ys, k2]¢]||

1
sgsl

?~o

X,

0,51

k

Now the first summand on the right hand side is immediately controlled?® from
Proposition 2.2, while we estimate the 2nd as follows(modulo error terms of order
of magnitude 2-V):

[Pexi(8)[0i (t, @) Pr, Q <y —(1-)i®V " Proy Qisgt-(e—1)i,ka) V]|

1
0,5,1
x22
k

max{k, kl ko) B
S2 P (8)[6i(t, ) Pr, Qciy —(1-)i®V ™ Py Qg+ (e—1yisha)¥ll | 1212

max{k, k1 ko}

S 2 ()| Lge Lo || Py Q< — (1- )il e 2+

[V ™ Proy Q iyt (e— 1),k X (¢ VUl 2+ oo

max{k,kq,ko}

<27 o(M) 2

~

This is acceptable if we choose M large enough. Now we proceed to the other two
terms in (24). Consider the first. We have for min{k1, k2, k} + O(1) > j > k — 3¢

HPkQJXZ Z Xi, ¥5Pk1,5Q<kl (1—e) d)v Pk2Q<k2 (1—e)i 1/1]”

0,11
HEKQ- ch 2
2
min{k.ky ko) =i . )
S 2 i ( Z |[Pry 7 Z Xf,xnpkl,nQ<kl,(1,6)i¢|‘?’W[:I:fg])2
REK j—min{k by kg} REK e,
2
1
(Y IV PLaQE ol rpan )

REK j_min{k,kq ko)
—

which is bounded by 27#¢. One can easily sum over j € [k — ai, k + bi], obtaining
the desired estimate. If j > min{ky, k2, k} + 100, say, then necessarily ki = ko +
O(1) = j + O(1), since the inputs x§ jFNth,{Qdcl (1—eyit2 etc have modulation
< 027 << max{2*,2F1.2}. Then one can concurrently microlocalize the inputs
to caps k1,2 € K_1g0 of distance ~ 1, and argue just as before. The 2nd term in
(24) has to be decomposed further as follows:

Ple Z Xi, $NPI€17KQ<]¢1 (1— e)z¢v Pk2Q<k:2 (1- e)zw]

KEKQ
= Pexi(t) Z Xi, jFK‘thK‘Q<k1 (1-0i®V " ' Z Xi ko, ~Q<k2 (1-ei¥]]
HEKQ HEKQ
+ Psz Z Xi, $5Pk1,nQ<k1 (1— E)ﬂsv ! Z Xi, JFmPkg,nQdQ (1— (),7//”
HEKQ_ HEng
2 2

250mne may have to shrink the size of |k|, |k1,2| if necessary.
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For the first of the immediately preceding terms, we can estimate?® provided j <
min{k, k1, k2} + O(1)

A
22 HPkQ]XZ(t)[ Z Xi,:FWPkl,NQjékl_(l_e)i(é

HGKgi
2
— +
\% ! Z Xz?,ZFNP’fQWQ<k2_(1_€)inHL?L%
I{EKQ/L_
2
+ — + 1
S ( Z ||P/€Qj[Pk175Q<k1—(1—e)i¢v ' Z Xg,inpksz@g—(l—e)iw||i§Lg)2
HGKgi K/GKgi
2 2

Using elementary geometry and the definition of PW k], N F A*[k] etc., this in turn
is estimated by

_J—min{k,ky,ko} = :
ST S 1P@E, i8R’

KEK 1.
o

c 1
( Z ||Pk,f% Z Xi,q:mpkz,nQ::kQ,(l,e)iw‘|§?W[:t;?;])2

ReKjfmin(k,kl,k'z} KJGKE—li
P 2

This can again be estimated by < 27#%, as desired. The case j > min{k, k1, ka} +
O(1) is treated as before. Finally, we have

|| PeQ;xi(t)[ Z Xi,?npkl,HQﬁkl_(l_e)igb

HEKgi
2
-1 +
\4 Z Xi,$rcpk2,ﬁQ<k2_(1_€)iw”HL%L%
KEKgi
2
< 2—Ni
on account of the support properties of the (Fourier)multipliers. We deduce from

this that the expression Pyy;(t)[Px, ¢V ! P, 1] also satisfies the 2nd property of
the lemma: simply apply (11) in addition to (23). ]

We can now conclude case (I.b.2). The preceding proof in addition to 3.4(g)
imply that

|| Pro Q<o [Ra Pry Qe 01 Pe AT > 0,01V ™" Pry i ()2 Ry Pry sl | v ko)
j=1,2
S ||Pk1§7/’1‘|S[k1]||Pk1[v71szXi(t)7/)2Rijsw3]||Xo,%,1 <27,
k

One can sum over the admissible frequency ranges here (picking up factors O(7)),
which yields the desired result.
(I.b.3): The third term in the expansion:

Piy Q<o [RaPr, Qi D01 PA™" > 0,1V ™" Pry X (t)h2 R Py 3]

7j=1,2

26Exploit the fact that x;, . only smears out the Fourier support by about 27¢ up to negligible
error terms.
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This is much simpler to estimate, on account of the strong Strichartz type estimates
available for ,,: we have

1Py Q<o [Ra Py Qg D91 P Y 031V Pryxa (92 Ry Prog sl 1
j=1,2

S 1Pi, Qo D891 || 2 v IV 7 Pry X ()02 4[| Prog ¥l a2 S 2740,
(I.b.4) The fourth term of the expansion:

Pro Q<o [Py Q<es V™ 031 Prey + 0(1) D[V ™ Pry Q <oy Xi (£) 12 R Piey Q <y 0201 ]]
This is straightforward by means of 3.4(a), 3.4(g): one estimates®’

|| Pro Q<o [Prrs Qs V™ 03 Py 01y IOV ™! Py Q <y Xi () 02 Ry Py Q < kg 501 )1 N ko
S ko — ksl P, V 17Jf?)||

011
3]+X 2

||[V ' Py Q<o Xi (D)2 Ry P, Q1o 0301

X
S ko — kal|[Pr, V 1#’3“ % +A[ks]
2k1||Pk-15¢1||5[k1]||V71Pk2@<k2Xi(t)¢2||Xo 24 Afks)

S 27ME,
(I.b.5) The fifth term of the expansion.
PkoQ<ko [Pk3Q<k3V71w3pk3[[vilmpkzQ<k2+0(1)Xi(t)7/)2Ro¢Pk1 Q<k057/}1]]

This can be estimated by means of lemma 4.4: observe that we may throw an
operator Q,+(e—1)i,ky) in front of Py, @ x,+0(1)Xi(t)12, since in the opposite case
we have

[ Pro Q<o [Prey Qs V003 Py IV ™ O Py Q <oyt (e—1)iXi ()02 Ra P, Q<o 001l 11 1
<277 Py Qe V™ w3||L2+Lw||V 'OPe, Q< (e—1)iXi (2] L2 L2 | Poy 0901 [ e 120
S 2R Tigl-dnkg, < 9mmig

for very large M, on account of the assumptions on ki, ky. Using lemma 4.4 we
have

[1Pro Q<o (R Pres Qe V™ 03 Py I[V O Piy Qpiy (e 1)i k) X (%2 Ry Piy 9] | 1y 1
S 27| Py Vs 24 o [Py Qg (e— 1)k Xi(E )¢2|| 0.3 1||Pk15¢1|\LMLoo

Sk

< 2 M9 g

Choosing M large enough results in the desired gain in i.

(Ib.6): The siath term of the expansion. This is similar to the third and hence
omitted. The terms in the expansion (22) are simple variations of the same kind of
reasoning and hence omitted. This concludes case (I.b).

(Lc): None of (La), (1.b) hold but i < |ki|. This implies |ks 3], |k| << i, and we
may treat these as O(1). We also have i < ky, and k1 = ko+O(1). Now we proceed
in close analogy to the immediately preceding case. We may pull the multiplier

2"Recall the definition of S[k] via [I-1lak]> [|-l|B[x]- Also recall that we may replace Pg,2 by
sz Q<k2¢2 ete.



54 Joachim Krieger

xi(t) past the operator P,QIV~! right in front of Py,12. Also, we may reduce the
output and first input Py, d1p1 to modulation < O(1): for example, one estimates

|‘PkoQZOV:L’,t[PMQ<k1Rafswlv_lpkl[PImXi(t)l/}2pk3w3“‘|X—1,—%,1
ko
S 1 Pay 041 [ 5o 12 [V Pl [Pry X (8)42 Piy 3] || 12 oo

S 27
on account of the proof of lemma 4.4, and the fact that by theorem 3.7 we have

IV PRI [Py, X ()02 P ¥3)l| 1200 S |\V_lka[PkQXi(t)¢2Pk3¢3]Hxaﬁ,l
k

The estimate for when Py, R, is replaced by Pr, Q>k, Rqt1 is of course similar,

since one may place this into L?L2 and gains 9=*%. Then we resort to the null-form
identities (21), (22). We wind up having to estimate the same types of expressions
as in (I.b.1-6), with our changed assumptions on the frequencies. We shall do this
in a brisk manner here:

(I.c.1): we need to exert some care not to lose in kq: use the proof of lemma 4.4 as
above to obtain

1Py @<0(1)O[RaPr, Q<o) 01 Pr A" Z IV Pryxi ()02 R; Pry 3| |X’1”%71

j=1,2 ko
S P Qeoydnllpoe 2 || PeA™ Z IV Pryxi (1) 902 Ry Py 3] 12 oo
j=1,2
S P, Qeoydtn e el | > 5jI[V71Pk2X¢(t)¢2Rij37%}3]||XE,#1
j=1,2 K

— i
S 2 Ckq

(I.c.2): This is estimated exactly like (I.b.2).
(I.c.3): The argument is here is slightly more complicated than in (I.b.3); we argue
as in (L.c.2):

|| Peo Q<0(1)[RaPry Qo1 D601 P AT Z IV Py Xa ()2 R Py 3]l | 1 g1

j=1,2
< 279Py, Qo) D0Un |z e | [PRAY Y 031V Py (82 R Py sl 131
j=1,2
S|Pt ajI[V*lszxi(t)szijswrﬂHX«ﬁl S e,
j=1,2 §

(I.c.4): The argument here is more complicated than in (I.b.4) on account of the
fact that we don’t get the desired exponential gain from simple application of 3.4(a).
Instead, we shall have to resort to lemma 4.4. We split the expression into several
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manageable pieces: first, using 3.4(g), we can estimate®®

1Py @<0(1) [Prs Qs V003
IOV Py Qpioy (e 1), ko +0(1)] (X (6)02) R Prey R 01 ]| | N o)

< ||Pk3¢3vfl¢3||Xo,%,1+A[k3]
k3

IV ™ Py Qpiy (e~ 1)i ko +0(1)] O O2)l] o312 [[P Badnllsps) S 271y,
ko

Next we reduce the large-frequency input Py, 61 to modulation < 27%. For
this, throw an operator Q>_;s in front of Py, 611, let the operator O fall inside
the inner square bracket and use the proof of lemma 4.4, placing the products
Pry Qs V103V Pry Q <oyt (e—1)i (X (8)02) ete. into L7LE® and Py, Q> _i56¢1 into
L? L2 and the output into LtIH —1. Next, we claim that we may apply an operator
Q>_is+c in front of the inner square bracket. Indeed, if we apply an operator
Q< _is+c, we estimate using 3.4(a) that

| |Pk0Q<O(1) [Pka Q<k3v71w3

10Q<—i51+c[V 7 Pry Qi (e—1yi (Xi () 02) Ra Py Q< —i56%1 ]| N ko

S IPvall o
k3

10Q<—i5+¢ [V Py Q <oyt (e—1)i (X3 (£)1h2) Ry P, Q< —is601 | |X°”

k1

1
201

—ib—ky _
<27AF G

17

which is acceptable provided |ks| is small enough in relation to id, which we may
always arrange. Thus we now reduce to estimating
ProQ<0(1)[Pry Qs V"3
10Q> _i5:¢ [V Py Qg (e—1)i (Xi (1) ¥2) Ra Pr, Q< —156¢1 ]

We note that on account of lemma 4.4, we may estimate®’

| Peo Q@<0(1)[Prs Qs V"3
I0Q>_is1c[V! Z Xf,;Hsz,ankﬁ(e_l)i(Xi (t)2) R Pry Q< —is 001 ]l N ko)

KEK 1.
St

S Prs sl 51k 1T0Q> —i5+0 [V D X§ 3 Prain Q2 4 (e—1i (X (D)102)

KEK 1.
o

RaPr, Q<—isOallll o1,

Xk1

287t is easy to see that we may restrict Py, Rad%1 to modulation < O(1), so that we don’t lose
from R.. We shall omit this to streamline the formulae.
29We need to assume that § << €, which we may always arrange.
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and one has (see the arguments in [23])

1P, +01)@>—is+c [V Z Xf,zFﬁsz,ankﬁ(e_l)i(Xi(t)djz)

KEK 1 P
2

Rij1Q<fi651/}1]||ngl%,1,
5 ( Z ||V_1Pk2,f~€ Z X$7q:ﬁpk2”€@:<tk2+(e_l)i(xi(t)wQ)||%’W[ig«/])

REK —is4+C—ko H€K571i
-2 2

Nl

—Si—kgy
1

(> P cQE 50U ier)®

REK _is+C—ko
2
— i
S) 2 Cky

Also, arguing as in the proof of lemma 4.4 and using the same notation, we can
estimate

| Preo Q@<0(1)[Prs Qs V"3

10Q5 —is+c[0i(t,2) V" Py Q <yt (e—1)i (Xi (D)102) Ra P, Q<—is 0]l 11

S0t @) Pry Qe V03 12 1o 164 (8, )V ™1 Py Q <o X ()02 | 12 L0 || Py 0801 || 20 12
+ [19i(t, ) Ra Py Qs V03] L2 oo |0 (, )| L3 oo
IV 7 Pry Qs (e 1)i k) O (0%2) ] 124 o [ Py 0901 || 50 12
<27,
This means we only need to estimate the following expression:
PryQ<0(1) [Py Qs V"3

I0Q>_is+c[V ! Z Xi,:pnPkQ,nQﬁkﬁ(e,l)i(Xi(t)Lsz)RaPkl Q<—is091]]

KEK 1,
2
Using 3.4(g), it suffices to estimate

HIDsziéJrC[v_l Z Xi,:FHsz,KQi:kQJr(E,l)i(Xi(t)'(/}Q)RaPklQ<7i551/}1]‘

|X
KEKe—li
2

1
0,—3%,1
k1

We have the identity3°
Q27i5+6‘[v71 Z XZ-,¥HV71P;€2,HQ::k2+(671)i(1/)2)RaPkl Qi:_i(sé'l/’l]

KEK c—1 .
ot

= by

—i5—ko
R1,2€K—5i—k2 Jdist(£r1,Ero)~2 2
2

Q>—is+c[Pryc V! Z Xi,:pnv_lpkg,nQikﬁ(e,l)i(1/)2)Rapk1,;€2Q§_155¢1]
KEK ¢—1
1y

One can move the multiplier x; . to the outside of this expression while generating
error terms rapidly decaying in ¢ and hence negligible for the argument. Hence

30Again this requires that § << e.
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exploiting orthogonality we may now estimate

1@>—is+cl D XitnV ' PranQZy (o 1)i(¥2) RaPi QZ_i5001]| 212
KEK c_1 .,
i

SC Y| >
eEKc_1. —id—ko
TET Gl Ry 0€K sk, dist(ER1,ER)~N2 T 2 kNRL#D
2

_ 1
1Q2—i6+C[Pra. i V" Pia Q% (e—1)i¥2 B Pry iy Q235001 21221°)
On the other hand, using (9), we can easily estimate that

|‘Qz—its-&-C[szJﬁv_lpkz,NQ§k2+(6_1)iw2RaPk1,ﬁzQifié(swl]HL?L%
SV P Gl lpw il | Pr s Q5001 I pars
2,K <k2+(€_1)1‘ 2 PW[:EH] kl,ﬁz <7745 1 NFA[:EHQ]

S27
Plugging this back into the preceding inequality and using the definition of S[k, x],

we arrive at the following;:

1Q>—istcl Y XixnV " Praw@QZy, 4 (1) (Y2)RaPrQZ 15001 ]| 1212

REK 1,
2

e—1,  —id—kg _ + 1
S2TTE( Y IV P Q@ eyl B )

KEK 1.
St

1
( Z 1 Pey 2 Q% _i50%1 [y 251)?

REK _si—ky
2

It follows easily that this expression is < 27#¢¢,, which is as desired.

(I.c.5): This is much simpler since a derivative has been moved from a high-
frequency term to a low-frequency term. We use finite propagation speed and
Hoelder’s inequality to conclude

HPkOQ<O(1)[Pk3Q<k3v_1¢3v_lD[Pk2Q<k2¢2]RaPk151/Jl]||Lt1]-'1*1
< 27M02%| Py Qs V03 24 oo |V 1 D[ Pry Qi V2]l 12 L0 || R Prey 001 | a2+
< 9fi—hog,
One can choose § = §(M) arbitrarily small so one gets the desired exponential gain
1(rIl(Z‘,G) This is the expression
V' Pe,Q <y r01)¥2V ™ Pry 030 P, Q 01y 091
One estimates this using 3.4(g) as well as lemma 4.4:
| Pre Q<o) [V ™" Pry Q< iy +o1y¥2V ™ Pryth30 P, Q <o(1)0%1]| | N jko)
S 2k Tk Z ‘|Pk(v_1Pk2Q<k2+0(1)1/)2v_1pk3¢3)‘|X0,%,
k<max{ks,ks}+0(1) k
|‘DP1€1Q<O(1)5¢1||X0‘—%,1

k1

1

— i
g 2 Ck,

The terms on the right-hand side of (22) are treated analogously. This concludes
case (L.c).
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(I.d): None of (L.a), (I1.b), (I.c) hold. In that case we may assume |k1 23| = O(1),
|k] = O(1). One proceeds exactly as in the immediately preceding case (I.c), but
has to argue differently for case (I.d.5): In that case, we split the expression into
two manageable pieces:

1 Piog [Pres @<ia V™" 03V 1 B[Py Qe+ (e— 110,121 X () 2] R Py @ <01y 8]l v
< 3 2"7*2 | Ro Py Q<ky V™ 03 Ra P, Qe 001 | oy
k<max{ks,k1}+O(1) ’

||D[szQ[ngr(e—l)z‘,kQ]Xi(t)iﬁz}HXo,f
ko

1
5
S/ 27”16161

We have used here 3.4(g), 3.4(a), as well as lemma 4.4. Next, once P, )9 is reduced
to very low modulation, we can estimate

|| Pro [Py Q<is V103V ™ O[Piy Q <yt (e—1)iXi (D) 102] Ra Pry Q<o(1) 081 1 -1
S P V3] 2+ poo | IV T O[Pry Qg (e 1yiXi ()%2] | 2 12 || Pry 9901 [ e 24
< 27Hig

This concludes the treatment of case (I).
(IT): The term (III). This is treated analogously to case (I). One invokes the identity

0"[Ryh Y AT'O[RifRjg — Rif Rig]

j=1,2
| -
= 5|:|V 'h Z A 18j[Riijg—ijRig]
j=1,2
1 _ _
+ 500V > AT0;[RifRig — R;f Rig)]
j=1,2
1. __ _
—5[V7'h Y ATIO;0[RfRig — R; fRig]
j=1,2

(III): The sum of terms (II4VI). We frequency localize the expression and its
inputs as in the preceding. If both Py, ¢1, Py, 13 are of the first type, we may as-
sume that |k;| << 1, |k| << 14, due to lemma 3.16 as well as the trilinear estimates
3.4(c). Now assume at least one of them is of the 2nd kind. Then the estimate is
straightforward on account of the strong Lebesgue type estimates available: for ex-
ample, assume that Py, 1, is of the 2nd type. We need to estimate the schematically
written expression®!

V‘T’tpko [le Rlev_IPkI[széwQPk3¢3]]

In this case one has the estimate

||Vt Prg [Pry Rut01 V™ Pyl [ Pry 62 Pry 3] || Nk
< 2751 ‘k17k0|262 [min{k,kQ’g}7max{k,k2,3}]&k0

This is a simple exercise with the exception of the case when v = 0 and Pk, Ro?; has
large modulation, i. e. we replace this expression by Pg, @k, +100R0%1. Assume

3114 is to be kept in mind that the inner square bracket stands for a null-form of type Q. ;.
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that ky >> k, the other situations being similar or simpler. Then we have
IV 2,6 Pro [Py @by 1100 Rot01 V™ Pyl [ Pry 62 Pioy 3] N ko
< 27| Pa [P, Qo + 100 Rothn VPl [P, 6902 Pey 5]l 2.2
S 2_%\|Pk0 [Pr, Q> ky 1100 R0t || 2o 22 ||V Pid [Pry 042 Pry 3] || £2 1.0

k—k min{k ko, k3} —max{k ka,k3} Ck. C
<9 2162 2:kg}—ma 2:k3} Cp, kg.
~ € €
Thus in that case, too, we may assume that max;—o, . 3{|k|,|k;|} << i. Next, we

claim that we may also reduce the modulations of all inputs to size < 1. Indeed,
for example assume that the first input Py, 1 has modulation > 1. Then we may
estimate (using schematic notation)

[ Pry @<y Ve, Xi (1) [Py Q>0 R t91 V™ Pl [Py 0402, Prog 3]l 11 g1

S 11Piy Qomasetka ko NP~ 3121 P02l s 2 || Pr i (¥l 2+ o S 27"

k1
If, on the other hand, we replace Py, Q <k, by Pi,Q>k,, we have to be careful when
Py, 11 is of the 2nd kind. Then we first reduce both Py,dv2, Pr,13 to modulation
< 20700 (which is straightforward), and estimate

|| Pro Q> ko Vit Xi (1) [Pry @0 Ry t1 V™ Pl [Proy Q< 5:609, Pry Q<sits]]| |X"”1’2

2
ko

=

< 27k”Ple>ORV¢1||L?OLi | \Vw,tV71Pk2Q<5i5¢2|\L34L3+
(X6 (t) Py Qi VeV sl 134 1

Assuming (as we may) that all the absolute frequencies |k|, |k;| as well as di are
much less than (% — i)z and summing over these frequency ranges, one obtains
from this and the definition of frequency envelope the upper bound < ¢&,27H,
which is as desired. The remaining cases are handled similarly. Now one reverts
to the expansions (21), (22). The only term requiring different treatment than in
case (I) is the 2nd term of the expansion. We record this with the appropriate

microlocalizations as follows:
PioXi(8)[Pry Qeothr Y AT'0;0IP[V ™ Py, 012 Pryibs]]
j=1,2

As before, we may innocuously move the localizer x;(¢) right in front of the inner
square bracket [,]. Then we decompose this term as a sum of manageable expres-
sions, keeping in mind lemma 4.4, as well as the estimates in 3.4(a)-3.4(g): first,
we have

11 Pio X (6) [Py Qs +-(e—)ips] 1 >, A 0501 PL[V ™" Pay 6102 Py sl | v ko)
j=1,2

S ||Pk1Q[k1+(e—1)z‘,k1]xz‘(t)1/)1||Xo,%,1||I[V_1Pk25¢2pk3¢3]||Xo,%,1 S 27 e,
Kk k

Similarly, one estimates
I Preo X (8) [ Pry Q < (e—1)itk, Y1
Z AT'0;01 Py [V ™" Pry 612 Proy Qg+ (e— 1)i.15) V3] | N ko]

7j=1,2

5 271“5]%
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It is further easy to see that one may reduce the output to modulation < 27%
for some very small®? § > 0 (in other words, throw an operator Q_;s in front of
it), and also reduce the inner square bracket 0OIP%|...] to modulation > 279+C,
Further, one easily reduces the input Py,d%, to modulation < 27%. One can then
rewrite the expression as follows:

P/co Q<—i5 [XZ (t) [le Q<(671)i+k1 77[]1

Z AT'O;0IPLQs 540 [V Py Q<5602 Proy Q<+ (e—1)it3)]]
j=1,2

+,+ > dist(+ n 27i57mi2n{kl,k}
K1,2€ —io—min{k; k) ist(£r1,Ekr2)~ (25)
Pry e Q2 _isXi(1)[Pry e Q2 0
ko,r1 < —ig Xi kire @ < (e—1)ith ¥1

> ATOOIPQs —io [V Pry Qe —is6t2 Pry Q< iy i (c—1)i 03]
j=1,2

Now we have achieved the kind of situation in which the 2nd part of lemma 4.4
becomes useful: indeed, we can estimate

c +
|‘PkoQ<—i6Xi(t)[ Z Xi,:FnthfiQ<(6_1)i+kl ¢1

Hngi
2
S ATO0IPQs —is- [V Py Qe 5002 Py Qo s -1yl I i

j=1,2
c + 5
< > 1Phis D X5 anPruwQ2 _1yiny V1l [Pwwe)) 2

nleKw NEK%i
2

P _5i P, 1
|| k2Q< 5l5w2||5[}€2]|| k3¢3||A[k3]+X2$§,1

This furnishes the desired estimate < 27#¢;, . One similarly treats the contribution

when Py, 93 is replaced by > . > cpe. | XfFKPkS,,ﬁkaﬁ(e_l)iwg. Thus we now
2

replace both Py, ;11 3 by

+
Z Z Xiquﬁpkl,BQ<k1Y3+(e—1)iw1737

+ k€K 1.
Sti

respectively. Observe that on account of the rapid decay properties of the kernels
of the multipliers Q<~_;s etc., we can rewrite our term (up to errors of order of
magnitude 27V%) as

Z Z PkoaK2Qifi5Xi(t)[Xi7$Vv1 Py ik, f(e_l)HkI%

+,+ 1,
’ 51,2€K£,1i,dist(:l:lil,:i:l-cg)§252 ‘
Pl

Z AT1Y; D]PkQ>fi6+C[v_lpkgQ<76i5¢2Xi,:Fm2Pkg,m2Q§k3+(€_1)iw3]]

7j=1,2

32As usual, we choose § << e.
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We can now invoke (12) as well as (25) in order to conclude that the preceding
expression is bounded with respect to ||.||nx,) by

5i min{k; k} + 1

S 2 12 2 ( E E ||Xi,:Fli1 Pk‘l,lil Q<(671)7L+k1w1”%w[:‘:1€1])2
+ Klngj
i

(Z Z ||Xi,:!:H3Pk1,H3Qi(571)i+k1"/}1H?JW[:I:n_g})E||Pk26w2‘|s[k2]
+ HgEK%i

On the other hand, it is easily seen that

1 e—1;
( Z ||Xi,:|:lilPkl,lilQ:E(Efl)iﬁ,klwlH2PW[:‘:I{1])§ 5 2TL||Pk1w1||A[k1]+X2,%,1-
K1 EK%i 1
This implies that the preceding expression may be bounded by < 27HG, | as de-
sired. This concludes case (III).
(IV): The term (IV). This is similar to (IT) and the preceding case (III). Details
are omitted. We are now done with establishing Proposition 3.17 for the trilinear
null-forms linear in the perturbation dt.

(C): Estimating the trilinear null-forms at least quadratic in §¢. The
claim here follows directly from 3.4(c) in conjunction with lemma 3.16, provided
any function Pgt, present is of first type. The other case is treated just like for
the expressions linear in d1. This completes the trilinear estimates.

4.5. The quintilinear and higher order terms linear in the perturbation.
These turn out to be fairly simple to estimate on account of the favorable Strichartz
type estimates available for the radial components v,,. We recall that these terms
have the following schematic structure:

A0y, y) = Va0V RV YV ()]
B(6%y,90) = Ve [YV R0V V(4]
C(6, thy) = Vo [0V RV 54V (17)]]
D(6¢y, %) = Vo [0V RV VT (000)]]
E(0¢y, 1) = Vo [V UV W)V THQu; (59, ¥)] ete

F(0¢y, %) = Vo [0V VTV (%) VT VT (17)]]] ete

We have left out the other terms like E, F, in which ¢ gets shifted to different
positions. We treat here the first quintilinear term in the list, the other terms being
tedious reiterations of similar computations.

(A): We microlocalize this term as follows:

V.t Prg [Pry 60V " Pay [Py Ryt)N ~ Pro, [Peg 9V ™ Prog (Pry 0 Prg00)]]]
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We first dispose of the case when v = 0 R, has elliptic microsupport?, i. e. is
replaced by RoPr,Q>k,+100%. Recall that the expression

v_1Pk4 [Pkswv_lpke (Pk7,(/JPkZ8’(/))]

arises upon substituting the elliptic part for an input of the form Pj,1);, where
J # 0. We then rewrite this expression as Py,1; — R; Y., 5 Rit;, and are led to
a term of the schematic form

V .t Pig [Pry 6NV ™ P, [Py Q> kg + 100 RoW Proy )]

We claim the estimate (under our bootstrap assumption)

V2.t Pro [Piey 6OV ™1 Proy [Pry Q> ks +100 Rt Proy V]

< 2—51|k1—kol262[nlini:27314{ki}—maxi:213‘4{k7‘,}] Ck4 ~
~ € CkD

As usual, we may assume ko = 0. We first treat the case when ko < —10. Then
consider the cases

(a): ko € [k3 — 10, k3 + 10] whence k4 < ks + O(1). Either Py, has modulation at
least comparable to that of Py, Q>,%, or else either Py, 61 or the output has mod-
ulation at least comparable. These are all similar, so we treat the first possibility.
Write this contribution as

D Vi Py [P, 09V Py [Pry QuRov Pr, Qa4 01y Y]
a>ks3+100

Then we can estimate

I Z vz,th0Q<ko[Pklawvilpkz[PngaRO¢Pk4Q2a+O(1)¢]]||L%H—1

a>kz+100

S Y P62 [|1Pry QaRotl |22 || P, @saro) ¥l 12
a>ks+100

< Y o Hal-atkimagtip Ok O

a>ks+100 € ¢

irrespective of whether Py, v is of the first or 2nd type. This is an acceptable
bound. Similarly, we have

I Z V2t Py Q> 1o [ Piey %V ™! Piy [Py Qu Rot Py Qs a0 (1) Y]] |

L—L—12
X, 2
a>ks+100 0
k
S D 277 ||IP 0vllnse 12 1 Pry QaRov | L L2 || Pry @ av o) ¥l 21
a>ks+100
S Z 2k4;k02(175)(k4*a)6ﬁ&k07
a>ks-+100 ¢

again an acceptable bound.
(b): ko < k3 — 10, whence k4 = k3 + O(1). One proceeds as in the preceding case.
Again treating the case when Py, 1, is at modulation at least comparable to that

33When v # 0, this distinction is irrelevant.
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of Py,13, we can estimate

1Y VP Qeko[Pe, 68V " Py [Py Qu Rov Pr, Qa0 y ¥l 1 -
a>ks+100

2%2|| Py, 69| oo 2 || Prs Qa Rl | 222 || Pry Q> a0y ¥ 2212
< ka—kag(l—e)(kB—a)éﬁéﬂN
) e

~ €

ko s
a>ks+100

which leads to an acceptable estimate. The contribution of Py Q>, is treated
similarly.
(c): The case ks < kg — 10. Rewrite the term as

Va,t Pro [Py 91V ™" Py tp Py Ro(1 — I)1) =
> VP Pry 01V Pr,th Py RoQat]

a>k3+100

Then one estimates

||Vt Pro Q<o [QZa—lO[Pkl5¢1v71Pk4¢]Pk3ROQa¢]||L%H—1
SQza—10[Pry 691V~ Pyl | 22| | P RoQat)l | 12 1.0

min{a—

a k4,0}
<27227 ¥ Py, o P 0.l
S P80l 1Pl oy

5 oula—ks)
2 2 2 ||P]€3R0Qaw||X7(%*u),1*u,l
kg

. ra—ky ks—a  Cp
§2m1n{ T ,0}272Jr Ch, 4

One can sum over a > k3 + 100 to obtain the desired estimate. Similarly, we have

1V a0, Pro @< ko [Q<a710[Pkléwlv_lpk4¢}Pk3R0Qa¢]||X—1,—%,1
ko

< 27| Qa10[Ph, 661V Poytll| e 12| Py RoQutl 2.

a

—ky ks—a Cp. _
0t e
€

5 2min{

Next, as to the large modulation contribution of the output, we estimate using
theorem 3.10

||vx7tpkoQ2ko [Pkld,(/le_lPk‘le]%ROQaw]'|X_%’_1‘2
ko
k
S 27| Py 0 || Lo 12 ||V T Py 0 Py RoQat) | 12 oo

ky—k C
< 25(k3—k4)2442Q5k1 Cha
€
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Now consider the case ko > 10, whence k1 = ko + O(1). Again this only requires
trivial modifications: for example, one estimates in case k3 = kg + O(1)

I Z Vet Pro Q<o [P, 00UV ' Py, [Prs QaRot Pr, @>aroyYlll| L1 1

a>ks+100
S > 2782 Py vl Lee 12| Pry Qa Rotl | 12 12| Pry @ av o) ¥ 1212
a>ks+100
- ) (ks—a) = Ck (- —O)(k1—ks) = Ck
5 Z ) k32(1 €)(ks a)cle‘lSQ (1 5)k12(1 €) (k1 k3)6k0f7
a>ks+100

and this is again an acceptable estimate. The remaining cases are more of the same.
We conclude from this®* that the estimate

1 (£) Py [Py 68V ™ Pioy [Prey (1 = 1) Roto P, ¥l viwo) S 27"

holds, provided we have ¢ < max;—o 3 4{|k;|}. Now assume that max{|ks 34|} << 1.
We shall treat this quantity as O(1). Also, assume i < k;. We also omit the
operator V1P, for simplicity’s sake, and estimate

[Vt Preo Q@ ko [Prey 0% Py, Ro (1 — 1| Nk
0 ka4
2

.
<27 || P, 0| e 2 || PeypRo (1 — 1) p2pz S 2722

x>

. Chy
Clc1 —
€

This yields the desired exponential gain in 3. The contribution of the hyperbolic
part is unfortunately a bit more complicated. First, observe that if a > i, one
estimates

V2,6 Pro Q<o [Q<a—10[Pr, 0% P, V] RoQu| | N
Chy

< 273 | Py 00| oo 12 || Pry Ul Lo Lo [ R0Qa Pry ¥l 2100 S 27%51“7,

which upon summing over a > i results in the desired exponential gain in i. The
case when QQ<,—10 is replaced by Q>q_10 is similar (place the output into L%H‘l).
Now consider

Va6 Pio Q <keo Xi (D) [ Pry 09 Piey V] Ro (1 — I) Py Q <517
We have
1V 2, Prio @ <o Xi () [@ <a—10 [Piey 09 Pre, W] Ro (1 — 1) Piy Qu ] N ko)
S 2_%||Pk15¢||L§°L§HXz‘(t)Pk4¢4||L;>°Lg° [Ro(1 — I) Py Qa¥|| 212

_i . Ck
S2 e

Summing over a < i yields an acceptable estimate. Now consider for k3 + 100 <
a < i

Va6 Pro Q<o Xi (1) [@>a—10[Pr, 60 Py ) Ro (1 — I) Pr, Qat)]

34Applying the multiplier x;(t) doesn’t affect the estimate for reasons explained earlier.
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We first reduce Py, 671 to modulation < 297109 which is straightforward. We
estimate

||Vt Pro Q<o [Q@>a—10[Pry @<a—1000%
Pry Qs k- (e=1)i(Xi (0) )| Ro (1 — 1) Prey Qa0 || 13 g1

<273 ||Pk1Q<a—10051/)Pk4Q>k+(6—1)i(Xi(t)d))}HXO*%’“’||RO(1 = DPiQa¥llzrs
k1
<27% ||Pk1Q<a—1005w||S[k1]||Pk4Q>k+(571)i(Xi(t)’¢)||Xo,%,1||R0(1 — 1) Py, Q| 1212
kg
5 2_ﬁ2_#i6k‘17

using lemma 4.4. Next, borrowing notation form the proof of lemma 4.4, estimate
[Vt Py Q<o [Q>a—10[Pry Q<a—10000¢: (t, )
Py Q et (e—1)i(Xi (0)Y) [ Ro (1 = 1) Py Qo] 11 1
S 1Py @<a—10000 | g 12|04 (t, @) Pry || L2 oo [|Ro (1 — 1) Py Qatl[ L2 2
+1@>a—-10[Pry Q <a—100000: (t, ¥) Qs ky (e—1)i¥]l [ 212 [[Ro(1 — I) Py Qatl[ 22

The 2nd summand may be estimated as in the immediately preceding since we may
assume that |a|, |k| etc are << €i. As to the first summand, we estimate it using

163(8) Pestbll 2 < 270,
from which the desired estimate follows. Now one decomposes

(1 - (bi(tv x))Pk4Q<k+(efl)i(Xi(t>w) = Z Z qu,q:nPMﬁQikJ,_(g_l)i(Xi(t)w)

+ kEK. 1.
St

+Z Z Xi7:FfiPk47fin<[k+(e_1)i(Xi(t)w)y (26)

+ kEK. 1.
St

and proceeds as in the trilinear estimates: plugging in the first summand on the
right, we have

1@>a-10[Piy Qca—1000% Y Y X5 50 Pra @ o1y (s (0)0)]]

+ HEKgi
2

1
S Z [[Pey 1 Q§a71005¢||?\/FA*[iR1])2

K1E€EK a—1y
2

c 1
( Z ||Pk>4,f€4 Z Xi,:FmPk:zL,ink_A,_(e_l)i(Xi(t)w)|‘?’W[i%d)2

F2€K a—ky KREK 1,
3 3

1
20,5 ,00
X2

k

1

This can be estimated by < 271G, , as desired. Plugging in the 2nd part of (26)
is handled as in the trilinear estimates, exploiting the orthogonality of these pieces.
This gives the desired estimate. The case when k; << i is more elementary. One
may always assume that Rgts lives at modulation < d¢ (argue as before), whence
one may estimate

‘|V:E,th()Q§koX7,(t)[[Pkl(swpk4w]R0(l - I)Pk3Q<5i'¢}]||LtlH.*1
S ||Pk151/’|‘Lg‘/fL§+||Pk4Xi(t)¢||Lf+LgcHRO(l - I)Pk3Q<5i¢||L’;‘L;YI
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Choosing 5 — 5= >> & results in the desired estimate < 27#/¢y,. Also, we have

Va6 Peo Q> 10 X (1) [ Py 09 Prey Y1 Ro (1 = 1) Py Q<sitlll 312

ko

S P, 69| e 2 |13 (8) Pey bl Lo 2o [| Ro (1 — 1) Py Qi) p2r2 S 2775 &,

which is as desired. This finally concludes estimating the contribution when Py, R,
is replaced by Py, (1—I)R,%. Thus we may replace Py, R, by Py, IR, whence we
may discard IR, for all intents and purposes. We revert to the original formulation
of this term given by A(d,1), and decompose the innermost bracket (?) into
a Qu;-type null-form as well as error terms at least quadrilinear by means of our
standard Hodge-type decompositions, i. e. we write (using schematic notation)

(%) = Ry Rj? — Rj Ry + V7 (0V T (%) Ry
+ VWV @A)V V().

Substituting the @, ;-form for now, we claim that we have the estimate

||V1,tpko [Pkléwvilplm [Pkswvilpkzx [Pk5wvilpk6QVj(Pk7’l/}Pksw)m||N[ko]
S ékl ékz éks (élﬁ + Eks)
251 [min{k7,k8}7max{k7,ks}]252[mini:2,... 6{kiy—max;—2 . e]{k:i}

To prove this, one needs to analyze the possible frequency interactions. By scaling
invariance, we may assume kg = 0. The first step consists in reducing
PrsQu;(Pi, ) Prgtp) to hyperbolic microsupport, dealing with the contribution of
(1=1) Py Quj(Pr, Pryp). The argument for this is given in the appendix®® of [23].
Then we deal with the following cases in schematic fashion:

(A.a): ko < —10, ks = ke + O(1), k3 = ks + O(1). We combine 3.4(b) as well as
lemma 4.3 to conclude that

min{kg 7.8}

||P/€6(QVJ'I(‘l:)kﬂ)bj:)kgw)||LfL32C S 2 2 (ck7 + 6k8)'

Next, we have

_ _ 1
|| Proy [Prs ¥V 1Pk6AmL%L2 S 27Fe( Z ||Pc1/1\|2L§Lgo)2HPksAHL,?Lg
L c€Clky ky—ks

ky—kg

3ks _
S22 7 27| Pt sk || Pro All 2222

~

Finally, we have

| Pry [P,V P, Al e S27F4( Y ||Pc1/)\|imo)§|\Pk4A||LgL2
c€Cky ko —k3 toe

ko —k3

3k3 _
S22 2N Pyl s 1 PrAll g
t x

351f one of the inputs of Qu;(.) is of 2nd type, one use lemma 4.3 instead of 3.4(b).
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2 1 . s
We have used here that (Zceckwrk4 ||ch/z4\|Lt% L2)2 < \|Pk4¢4||LL%L%. Combining

= @

these inequalities, we easily see that
|1Vt Prog Q<o [Py 09NV ™ Py [Prog ¥V ™1 Py, [Py oV ™ Prg Q5 (Pir ¥ P )l 1 1
S Py 89| oo L2 || Pry [Pry ¥V ™" Pay [PreythV ™ Prog Quj (Pry ¥ Prg )]l 11 12

‘ _ E o4 — min{k
< oM Eagts gy ey ache 0 are)

||Pk15w”L§OL§Hpksqzb”S[kg]HPk:)wHS[ks](EM + Eks)'
Moreover, we can estimate
1V, Pry @ o [Py 0N~ Py [Py oV 1 Py, [Py bV ™ P IQu (P 0 Prg )|~ 312
ko

k
<27 282 || Py 09| poe 12 || Pry [Py ¥V " Py [Pis ¥V~ Prg 1Qu; (Pry 0 Peg)]l | 212

k min{kg 7 8}
AT S R

N

~50|| P, 69| | Lo 12 || Pry sl | 2o 12 || Pry s || L2 12 (Ghr + G )

One easily verifies that these estimates verify the claim in the case under consider-
ation.

(A.b): ka+0(1) < kg << k5. In this case, we rewrite the term under consideration
as

Vet Pro [Piy 0OV ™ Pry [(Prey V™' Proyth)V ™' Prog Q5 (Pry 0 Prg )]
Note that necessarily ks = ks + O(1). We have
[V, Py Q<o [Py 00V ™ Py [(Prg ¥V ™ Py )V Prog 1Qu i (Prr ¥ Peg)]]] 11 1
< 25 75| Py, 69| e 12 || Perg 00 (Pes oV ™ Piy )

||L2L%
2r;

|[Prg 1Quj (Prer 0 Prgh)l 212
Then we estimate

1Peoroy PtV Pl - S Y Pa(PeypV ' Pl |y

L3L; LIL?
a<ke+O(1)
1 1
2D D ST LI SR TR IRE
a<k+O(1) c€Cky a—ky c€Cks,a—ks
a—ks a—kp 3_ 2 - I
S ) 2 2 2T a0 TR B gl ik | Pl sks)

a<ke+O(1)

where 2+ = 2 + (M). Putting this together with the above estimate for
1Qy; (P, Prg) easily results in the claim for this case as well. Replacing the
operator <y, by Q>k,, we have

V2, Prog @0 [Prey 0NV ™" Py [(Preg oV~ Py )V ™ Prg 1Qu 5 (Prey ¥ Py )]

-1 12
x 2 h
ko

=

S 2k2leﬁdw”Lchﬁ||P’f2[(Pk3¢v_1pk5w)v_1PkGIQVj(Pk7¢Pksw)]||L’;’L,§

<97 ™ 2
~J

957 (ke —ks) g

1Py 09| Lge 12 || Prs ¥  Lgo L2 || Py 5 || Lo 22 (Chy + Chs)
This again verifies the claim.
(A.c): k¢ < ko + O(1) << k5. Consider the case when the output is reduced to
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modulation < 2%, the opposite case being treated similarly. We rewrite the term
as above and estimate

1Vt Py Q<o [Py 09V ™ Piy [(Prg ¥V ™ Py )V ™ Prog 1Qu (Prey ¥ Pregth)]]l 11 1
< 26T VR || Py 3| poe 12 ||(Pk3¢V_1Pk5¢)||L2LA24 IV~ Prg IQu;j (Pry ¥ Py t)|| 12 £

i L
min{ky g} —max{k7,kg} kg—ky ko—ks = _ 5 ~
2 272 27 Ck13k30k5(3k7 +Ck3)

<2

This again yields the desired claim.

(A.d): ks < kg + O(1). This case is treated similarly and left out. The remaining
frequency interactions are also simple variations of this kind of reasoning and left
out. This establishes the claim for term (A)(d%, ). We immediately deduce that
if we reduce the expression to dyadic time ~ 2, i. e. we apply a multiplier y;(¢) in
front, we may reduce almost all (logarithmic) frequencies to norm << 4, i. e. we
may assume |kal, ... ,|ks| << i. We shall treat these frequencies as O(1). In that
case, though, we can argue rather simply: observe that

1V, Py Q< Xi (1) [Prey 6V ™ Piy [(Prog ¥V ™ Py )V ™ Prog 1Qu (Prc b Py )] 11 1

S P, 89| g £ 1| Prg ¥l 2+ poo [ Pres ¥l s 2+ IV ™ Pig 1Quj (Prr ¥ P )| 2.2

S 27,

We have used 3.4(c) as well as lemma 4.3. Similarly, we can estimate

1V 2, Pig Q1o X () [Pr, 64NV~ Pay [(Proy V1 P )
vilkaIQuj(PIwi/)Pkgd})””|X—l,—1,2

2
ko

_ko
S 272 || Pey 09l e n2 1xi () ¥sl e noe || Prs ¥ Lo £oo || Prig L Quj (Prey ¥ Prg )| 2 12
<27,
We still need to consider the case when (1?) gets replaced by the error terms
R,V YV ~1(1?)) ete. But this is straightforward: first, if v = 0, one reduces

Ry to TRy arguing as before; the latter is morally equivalent to ). One then
winds up with the following schematic expression:

V[0V VT VT oV T VT )]

One can place two of the inputs ¢ into L7 L2° and two others into L L2, LM L2+,
respectively36. Details are tedious reiterations of previously given arguments. This
concludes the estimates for term A (1, ). The estimates for the remaining terms
B(01, 1) etc. are more of the same. One invokes the weaker form of the improved
Strichartz norms available for the spaces S[k| available by 3.4(f), which is good
enough when combined with the stronger version available for the 1,,.

4.6. The higher order error terms at least quadratic in §y. Completing
the proof of Proposition 3.17. We need to estimate expressions like A (01, 1)) as
in the preceding section in which at least one additional ) has been replaced by .
Of course we no longer need to gain in time, but we need to obtain an estimate like
in theorem 3.15 upon frequency localizing the expression and its inputs. This will
eventually allow us to sum over all frequency interactions. The degree of difficulty
of these terms varies depending on how many inputs d¢ are present, due to the

360ne avoids losses for high-high interactions by interpolating with the improved Lngo-norms‘
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weaker nature of the estimates satisfied by these. However, we shall try to treat all
of these terms in a uniform manner, as these estimates are not interesting in and of
themselves. Proceeding as in [23], one introduces a null-structure into these terms
by splitting all inputs into gradient and elliptic parts, just as before. Substituting
the elliptic parts results in error terms of higher order, while the gradient parts
contribute to the null-structure. Of course, as before one may apply this splitting
to both the inputs d1) as well as ¥. Carrying out this process a finite number
of times results in the decomposition described in theorem 3.15. This theorem
then ensures that all the resulting terms upon frequency localizing will satisfy the
desired estimates, provided all inputs Py, are of the first type. Our concern here is
whether the same kind of estimates hold if they are of the 2nd type. Thus consider
for example a typical quintilinear term of the form

Vot [Pr, 001 Py V1 [Pry Ry, 6YN ™ [Py, tp Pry )]

The first step here consists in reducing R, 0% to the ’hyperbolic version > R, 1§,
arguing as in the preceding subsection. Next, one applies the usual Hodge-type
decomposition to the innermost square bracket [1)?], replacing this by the sum of
a Q,j-type null-form as well as error terms at least quadrilinear. One treats the
resulting quintilinear null-form just as in [23], resulting in the desired estimate,
provided both inputs Py, ;145 are of the first type. Now assume at least one is of
the 2nd type. We first consider the expression

Vet [Py 691 Py V™ [Py Ry I6WNV ™ Py [Py bV ™ (1 = 1)Qu; [Preg ¥ Pr Y]]

If both Py, .1 are of the first type, one argues here as in the appendix of [23],
resulting in the desired estimate. If at least one of these inputs is of the 2nd type,
one substitutes lemma 4.3 instead of 3.4(b) in that same argument. Thus we can
now replace Q,;(Pret), Py, V) by 1Quj(Pig, Pr,1)). If both Py, 1) are of first type,
one again argues as in [23] (these quintilinear null-forms are part of the expansion
in theorem 3.15). If one of Py, is of 2nd type, the estimate becomes quite simple
due to the strong estimates available: observe that then

1Pes V7 Qui I [Prgth, Py )| g g2 S 2000 maxtidglemintide,
Repeating the usual frequency trichotomies, one gets from here that
IV 2t Py @<k [Prey 001 Py V™1 [Py R T60)

V7 Py [PV L = DQuj [Prs ¥ Pl 1y g
S 2—51 \k1—k0|252 [minj=z . . 7{ki}—max;=2 . ,7{’?1}]&]%

|1V 1, Prio @ ko [ Prey 091 Piey V™ [ Proy R 159
V_IPIM [Pkswv_l(l - I)QV][P]CG’@[JPIW’L/}H]HXf

ko

,—1,2

[N

5 2—61\k1—ko|252 [min;—=2 . 7{ki}—max;—2 . ,7{’%‘}]5]%

The remaining error terms are treated analogously.

5. APPENDIX: PROOF OF THEOREM 3.10.

We first check the algebra type estimate. Thus let 11 5 € S(R?*™!); we need
to estimate || P[P, 1V ™" P, to]||sp). Of course we may assume that k = 0. We
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decompose

Po[Pyy 11V Prypa] = PoQ<100[Pry 01V~ Prytha] 4+ PoQ>100[Pr, 1V ™! Pryho]

We first consider the large modulation case, i. e. the 2nd summand on the right.
Commence with the case k; > 10. We freeze the modulation of the output to dyadic
size ~ 2!, and further decompose into the following cases:

PoQi[Pr; 1V Pryibo] = PoQi[Pr, Q>1-1001V ' Pi, o]
+ Po@Qi[Pr, Q<i—1091V ™ Py Q>1-10%2] + PoQi[Pry Q11091 V ™ Py Q<1—10%2]

We treat each of the summands on the right: for the first, observe that irrespective
of whether Py, is of first or 2nd type,

1Po@il Py Q211091 Y ™ Py o]l o1
0

< 207 P, Q1108 L2 22 [V Pry o L2 12
When [ > kq, one estimates this by
— ) (1— _
S Z 2(1 ) a)|‘Pleat/)ﬂ|X,(%,“),(1,“),1HV 1Pk2w2‘|Lf°L§
a>1—10 k1

If, on the other hand, [ < ki, one estimates this by

1_ —
S2@ “)l||Pk11/J1||X IV Prytol [ e 2

1
0,1
k1

if Py, 4, is of first type, and by
< 20N Pyl a2+ | Pre V™ 2o 12
if it is of 2nd type. Moreover, one estimates
1Po[Pry 1V 02l e 1+ S 275 1Pyl e 12| Py o[ e 12

Next, one estimates the output with respect to ||.| |L§+Loo by interpolating between a

crude estimate for L%"’Lg" gotten by placing the inputs into Lf"'Lgo and a refined
estimate for |[.[| 2z by using improved L}L-Strichartz norms for the inputs,
resulting again in a small exponential gain in k;. This yields the desired bound
upon summing over k1 = ko + O(1) > O(1), showing that this contribution to the
output is of 2nd type. Now consider the third summand in the above trichotomy:
we have k1 = ko + O(1) = [ + O(1) in this case. First assume both Py, ,11 o are of
first type. We can decompose '

PoQi[Pr, Q<i1—101V Py Q- 1072 = ZPOQZ[Pkl il_m%VfleQfl_lol/fz]
x

= Z Z POQZ[Pkl,m Qilflo"/}lv_lpkzﬁzQflflowﬂ

+ K1,2€K g, Jdist(k1,m0)~1

Now one estimates, using the definition of S[k, ]:

| Z Z PoQu [Pkl’filQi:lflo/(blv_lpkz,fwQi:lflowQ]||L3L§

+ K1,2€K g, Jdist(k1,k2)~1

1 _ 1
S Z( Z ||P/€17H1 :<tl—107701||?3W[im])2( Z ||Pk27l€2 :<tl—10v 1¢2||?\/FA[im1])2
+

K1EK i, Ko €K i,y
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This in turn can be bounded by
S 2271 Py agpa) [ P 92 Al

Multiplying by 2(:=#) results in an acceptable estimate. Now assume Py, is of
2nd type, say. In that case, we estimate

1PoQi[Pr, Q<1 1091V ™ PryQei—10%2) || 1212
S P Qei—10¥nll 22+ [P V™ 0| e 12

Multiplication with 2(1=#)! again yields an acceptable bound. One estimates the
output with respect to ||.[|pez1 as well as ||-||L}+L,<;c as before, showing that this
contribution is of 2nd type as well. The 2nd term of the trichotomy is treated like
the first. Now consider the case k; € [—10,10]. We decompose

PyQ1000¢[Pr, 01V ™! Prytho]
= PyQ>100[Pr; 0101V Pyytba] + PoQ=100[Pr, 11 Ro Piy 2]

We claim that if Py, ¢ is of first type, so is the output. This is immediate when
Py,19 is of 1st type. Now assume that Py, is of 2nd type. If Py, 11 has modulation
> 210 this is again immediate. In the opposite case, one calculates

1PoQ100[Pr; Q<100:91V ! Prytha]l| 1212
S 1P, Q<1001 [ g 12 [V 7 Py @5 1002 13150

Using the definition of B[kz], one checks that the summation over k2 can be carried
out. Next, we use the first bilinear property in theorem 3.10(which will be proved
later independently of this) to calculate

|[Po@>100[Pry 1 Ro Pry ¥2]| | L2 L2
S Z ||P0Q>100[PcQ<10¢1RoQ>9o¢2}HigLi)%

c€Cky ky—ky

< 2002 =R || Py by || o]

One can sum over ky < 15, getting the desired bound. Control over ||.||r again
follows via the Sobolev embedding. If Py, v is of 2nd type, so is the output. This
is a simple repetition of arguments before. The case k; < —10 is more of the same,
which finishes the large modulation case. Now consider PyQ <100 [Pklwlv_lPk2 ).
First assume k; > 10, and both Py, %12 of first type. In that case, we claim
that the output will be of 2nd type. We need to check that it is controlled with
respect to both ||.||L?cLé+ as well as ||.| ‘L}*LgO' For the first norm, this is immediate
from Bernstein’s inequality. For the 2nd norm, one interpolates between a crude
estimate for L, " L2° gotten by placing both Py, ,11 2 into L7 1L and an estimate
for ||.|] 2L gotten by using improved Strichartz type norms for the inputs. The
remaining improved Strichartz type norms constituting ||.||z are controlled from
Bernstein’s inequality. Now assume Py, ¢ is of 2nd type. Then the output will
again be of 2nd type, as is easily verified by placing Py, into L{°L2. This
concludes the case k; > 10. Now assume k; € [—10,10], in which case ky < 15.
First assume Py, is of first type. We claim that then the output will be of first
type, irrespective of the type of Py,12. Commence with the case when Py, is
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of first type. We need to check the various parts constituting ||.||4f]. First, we
consider ||HXO%°O Freeze the modulation of the output and decompose
0

PoQ; [P, 1 V™ Pryta] = PoQ;[Pry @101V~ Prytbo]

+ PyQ;[Pry Qe j—1001 V™ Pey Q> j10%2] + PoQ;[Pry Q<j—10¢1 V" Py Q< j—10%2)]
We start with the first term on the righthand side: estimate

[PoQ; [Pr, Q> —10%1V ™' Pryths]

oo

o o

I,
< 281|P, Qx-10¥n 222 1V Ptial Lo,
and one easily bounds this by
|| Pry 1l apiea) || Prs 2] Afka)

Now consider the 2nd term in the above trichotomy. We can estimate this as follows:
[PoQ;[Pr, Q<j710"plv_1pk2Q2j710w2]||XU,%.oo
0
S 1P Q<jr0¥]| 5o 12 [V Py Q1092|1210

J—ko

< gmin{(3 =) (k2=9).0} gmin =201 | B[] 4 ) || Pry | ko)

We have invoked the improved Bernstein’s inequality [37], [23]. Note that one may
sum here over ko < 15 for fixed j < 100. Now assume that Pj,1)s is of 2nd type.
Then we don’t use the preceding trichotomy, but divide into the cases ko > 7 — 100
and ko < 7 — 100. In the first case, we estimate

1PoQ; [Pry 1 V™" Pry o] o S Pl L2V Prytal |2 poe

j—ko

S 272 [Py Yl apea) | Pra 2l Bl -
In the case k3 < j — 100, we split
PoQ;[ Py 1V~ Prytha] = PoQ;[Pr, @>5—10%1V ™' Prytbo]
+ PoQ;[Pry Q<j—1011V ! Piy Q> j—10%2]
The first summand on the right is estimated just as before:
1PoQ; [P, @>j—10%1V " Prytho]

1

H 20,5

x)2
0

Lo

o o

I,
i _
S 22(|Pr, Qx5 1001|1202 ||V Pry o Lge poe
as well as

> Pij[Plezj—loﬁ’lV*lPkg%}I\Xg,%m

ko <j—100
< 22| Py Qs j—10¥n | p2r2 |1V M n || Lo Loe

As for the 2nd summand, we have
1PoQ;[Pr, Q< j—10¥1V ™ Py Q> j—1092] |

j 1_ o y—i(1— _
< 22 || Py Qe jmrotn || pge 2202~ Mk2271 70| 1Pk2Q2j7101/)2|\X7<%7u>,17u,1
k2

1
- 0,5 ,00
x>z
0

Thus we can estimate this contribution by

< 2G=m2=D )| By iy || apea || Prazl| Biia)
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rrun{k2 4.0} (A—w)(i—k )
Observe that we have obtained the gain 2 2027#U=%2) " which allows us
to sum over ko < 15. This concludes the estimate for ||. || . We still need to

control the complicated null-frame part, as well as ||.||L. ThUb fix [ < —10, and
—10 > X > [, and consider an expression

AT D I1PRQEy P vn VT Prytbolllfp0,40)) 2

KEK; RECy 1o,

The following estimates are irrespective of the type of Pg,1s. Then we split this
into a bunch of contributions: Observe the identity

PrQ%y [Prth V™ PeaiQeoths] = PrQZy[Pr, Q%1 001 01 V™ PeaiQ<artds],

where Ry = (1 + 1g55)R. Next, note that from the definition of S[k, x], we have

PrQuontillsicsn £ X 11PR P QEnsonyballsin s
mEKzfmoﬂilC(lﬂLﬁ)”
S > 1P, Py iy Q2o 01y Y llstk ]

k1€K] 100,51 C(1+ 135k

Note that 11,%1 - %(1)/»4; = R, the latter as in the definition of PW{x|. Hence the
above 1nequahty. Putting these observations together, we get

NS YT 11PRQEY [P v VT PeayQ ool [ g 1)) 2

KEK; RECyH, 1,2

B ~ Lio—
S A 1( Z Z ||PRQJ<[21¢1||%[/%¢H])2||V 1w2‘|L2’°L§°’

K€K 10(1) RECH x,a+0(1)

which leads to the desired estimate. Further, using

[|PoQ <21 [Pkﬂ/)lV*lPazszﬂbz]||Xo,%,1

0

+ |[PoQ<21[Pe, 1 V™ P>211/J2]|| v S Pry ¥l Ay

0.4,
D
‘We can estimate

MY D 1PRQELP 1V Pooiths] |3 1)) 2

KEK, RECh.p.x

1

SPQE [Pry 1 VT Pogyiha]]|

1
x>z
0

A~ 1 Z Z |PRQ<21 Pk11/)1vilp<2lQ22lw2]H%[O,in])%

KREK; RECyH, i,

s ||P0Q<2l[Pk1¢1V71P<21Q221¢2]||Xo
0

Eh!

and so the desired estimate follows easily for the contributions of P;ﬂﬂqV’lPZgﬂ/)Q,
P01V PogjQ>91b5. The estimate for ||.||L, is quite similar. This concludes the
estimates when Py, 1 is of first type. If it is of 2nd type, so will be the output.
This is straightforward to check. The case k1 < —10 is a tedious reiteration of
similar estimates and hence omitted. This concludes the proof for the assertions
of theorem 3.10 as far as the estimates concerning ||.||s are concerned. We now
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proceed to the assertions concerning the bilinear estimates, as well as the estimates
for

|Ro[1 AV o)l g 125 1|1 PrQ <o) 1 AV~ b2)]|

1
0,5 ,00
x2

k

We start with the latter, which follows from the refined assertion for the function
[ in the decomposition

PeQerro) AV o)l =a+ 4

To understand this decomposition, one expands A(V~!4) into a Taylor series (us-

ing real analyticity). One winds up with schematic expressions of the form V=11,

V1YV 19 ete. For the first type of expression, Py[¢yV 1], the previous proof

revealed that the only contribution of 2nd type arises from high-high interactions.

But for these it is straightforward to verify that they are controlled with respect to

H-on,%,u see 3.4(a). Now one proceeds inductively, assuming the assertion to be
k

true for both Py, ,¥1.2 V12 € Z, and considering Py [Py, 11V ™! Py,1b2]. For exam-
ple, considering high-high interactions, when Py, 11 is of 2nd type, one estimates

_ 3_, _
1PeQ <o) [Py 1V IPkaQ]HXO,%,l <26 )k||Pk11/)1HL§L§+HV Py, r2

k
3_ o) (ke
S 267k By || Ak | Pe 2 S [ka)

One can sum here over k; = ko + O(1) > k+ O(1), obtaining the desired estimate.
In case of high-low interactions, one reasons as follows: assume Py, v; is of 2nd
type. Then for j < k+ O(1), k = k1 + O(1), we have

PeQ;[Pr, 01V o] = PuQ; [Py Q> j—1001V ' Pej_10Q<j—10%2]
+ PuQ;[Pe, 1V P 10Q5—10%2] + PrQ; [Py 1 V™ P> 10%2)]

We estimate each of the terms on the right: for the first, we have

> Pij[PkrlQij101/11v_1p<j710Q<j710'¢2]||Xo.%,1
J<k+0(1) g

S Z 23 Z 1P, Qatin || L2 22 |V ol e 1.0
j<k+0(1)  a>j-10
S | Peynll 40,%,1Hv71w2||L,‘?°Lg°

X

Now consider the 2nd term on the right. We exploit the improved range of Strichartz
type norms available for Py, 11:

|| PrQ; [Pklwlv_lp<j—10Q2j—1Ow2]||Xo,%,oo
k

S 281 Pz 20 1V 7 Peym10Q 109l e

ik
S 277 || Py Y| Ay

One can sum over j < k4+O(1), resulting in the desired bound. Finally, the last term
in the above trichotomy is handled similarly. One handles low-high interactions
analogously. This shows that the desired property for § is inherited from one stage
of the expansion to the next.

Next, consider P Rg[y1 A(V~14)]. One expands A(V~145) into a Taylor series,
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and proceeds inductively. Assume one has supycg ||PrRot12||ror2 < C, and
consider Py Ro[1)1 V™ 11)5]. One rewrites this as

Py Ro[yr V™M o] = > Py Ro[Py, 1 V™" Piyio]
k1 >k+10,k1:k2+0(1)

+ PuRo[P—10,5+100%1V 2] + Py Ro[Pey—1001V ™ P— 10,510 %2]

One treats each of these terms separately: for the first, let the derivative 0; fall
inside, replacing this by

I > PyV [Py 01 V! Prytha + Pry v R || Lo 12
k1>k+10,k‘1:k2+0(1)
S Y 1Pk Rotnllpee sz [Peytballzse £z + || P b1l | g 2 || Ro Prothol[pge 2] < C
k1:k2+0(1)

Next one estimates

|| PeRo[P—10,6+1001V ™~ 2] || Lo 12
<PV Plc10,6+100001 V™ 2 + P10 1081 Rowe] || 1o 12
S \|P[k—10,k+10]R0¢1||Lg°Lg||V711/)2HL;’°L:C
+ | Pe—10,k410)V "1l Lo 2 || RoPepr1stal| Lo Lo
Again one checks that this can be bounded by C. The third term above is more of
the same. The assertion follows from this. We proceed to the bilinear estimates.
For this we expand the expression

Pi[t1 A(V~15)] as a Taylor series, obtaining terms of the schematic form 1,
YV, YV 1YVl etc. Consider a typical such term of the form

Po[1 V™ oV lepg . Ve, ]

This term will have a coefficient decaying like (a!)~!. Freeze the modulation of the
output to dyadic size ~ 2!. If V™14, has modulation > 2!710 we can estimate

|PoQiRo[1V ™ oV 03 ...V Qsrp10%alll 1212
S 2@ ivom 1V 2V s . VT ]|l 2212 |1V T @sigr0¥all 2 p2 4 12 ne
<o
Summing over [ > O(1) results in the desired upper bound. Similarly, we have
I Z PoQiRo[r V™ oV s .. VT Quo10,110%al ll 2212
1>0(1)
S Z ‘|Q[l—10,l+10]R0¢a||i%L§+L§LgO)% SO

1>0(1)

which is again acceptable. Thus assume now that V11, has modulation <
20=10 If [¢)1 ...V~ 1p,_1] has modulation > 2!=10 repeat the same process with
this expression instead of the longer one. Continuing in this fashion, one either
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eventually3” forces 1, to be at modulation > 2/19¢ or else one arrives at a situa-
tion of the following sort:

POQZ [Q>l710(a7m71)[Q<l710(a7m) [¢1 ce v_lwm]v_lwmﬁ-l] ce. V_lwa]

If V='49,,41 has modulation > 2:=10(@=m) " one argues just as before. One loses
exponentially in m, which is counteracted by the small coefficient eventually applied
to the expression from the Taylor expansion. Thus we may also apply an operator
Q<1—10(a—m) in front of V~%%,11. In this case, however, we can write

POQl[Q>l—1O(a—m—l)[Q<l—10(a—m) [¢1 cee v_lwm]v_1Q<l—1O(a—m)’(/}erl] e V_lll)a]
= PoQi[@>1-10(a—m-1) [Pi—10(a—m)+0(1) @<i=10(a—m)[¥1 - - - V™ "]
VP 10(a—m)+0(1) Q<i—10(a—m)¥m+1] - - - V7 11ba]

As to the first bilinear inequality in Theorem 3.10, we decompose

Ped = PiQsrr1006+ Y Y PewQE 1000

+ kKEK_100

Then we have

( Z | Po@iRo[Q>1-10(a—m—1) [Pr—10(a—m)+0(1)@<1-10(a—m) W1 - - - V™ p,]
ceCy,r
VP 10(a—m)+0(1)Q@<i—10(a—m)Vm+1] - - - V71¢k]Pcsz+1oo¢||ing)%
< 27RO | PyQu Ro Q5 1-10(a—m—1) [Pi=10(a—m)+0(1)@<t=10(a=m) [¥1 - - - V" ]
VP 10a—m)+0(1)@<i—10(a—m)¥m+1) - - - V7 ]| oo 12 [ PeQ>k+1009| 2212
< 2min{§,0}2r210m

The loss in m will be counteracted by the small Taylor coefficients. Now consider
the contribution of

Z Z quﬁQikHoo@b

+ k€K _100
We have the identity

Py@Qu[Q=1-10(a—m—1)[Pi=10(a—m)+0(1)@<i-10(a—m) 01 - - - V™ p,]
VP 10(a—m)+0(1)@<i—10(a—m)¥m+1] - - - V1]

+ K1,2€K _100, dist(k1,k2)~1
POQl [Q>l710(a7m71)[]lelo(afm)+o(1)$,{1Qil_lo(a_m) [,(/)1 o V—l,(/)m]
V_lplflo(afm)jLO(l),nQQil_lo(a_m)wm_tﬂ] A v_lT/)k]

3TWe may assume a << [, since otherwise one gets a large gain in [ just from the Taylor
coefficient.
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We may thus assume that either +x1 or +k5 has angular separation ~ 1 from +kx.
Assume w. 1. o. g. that dist(£k;,£k) ~ 1. Then estimate

( Z 1PoQuRo[Q>1-10(a—m—1)[Pi—10(a—m)+0(1) Q<i—10(a—m) [¥1 - - - V" py]
CGC}CW

VP 10(amm)+0(1) @<i—10(a—m)¥m+1] - - - V71¢k]PcPk,an<Ek+1oo¢||2L3Lg)%
S 2P 10(a—m)+001).m @Er_10(am) [¥1 - V' Um] || N F A+ 2r)
IV Pi_1o(a—m)+0(1)Q<i—10(a—m)¥mt1lleer2 ( D 1PePrsQZ s 1000 Pwin)) ?

c€Chr

$ 2525 2|V P toam my+ o) Q<i-10a—m) Y || o 2
‘We have used that

P-10(a-m)+001)0 Q11000 11 - - T Yl

S ||[Pl—10(a—m)+0(1),n1 Qil,w(a,m) ["/)1 cee V_1¢m] <C

| 1.
Xﬁim(aim)+A[l710(a7m)]

One can sum now over [, obtaining the desired estimate with a loss 2'9™, which
is made up for by the small Taylor coefficient in front. The 2nd bilinear inequality is
proved similarly, as is the version when A(V ~145) is replaced by A(V =1 (¢2V~143)).
This completes the proof of theorem 3.10.
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