LARGE TIME DECAY AND SCATTERING FOR WAVE MAPS.

J. KRIEGER AND K. NAKANISHI

1. INTRODUCTION

A wave map v : R"*! — M with (M, g) a Riemannian manifold, and R"*! the
(n+1)-dimensional Minkowski space with Minkwoski metric m,,,, = diag(—1,1,...1),
is critical with respect to the functional®

u— L(u) := / (Oqu, 0%u) ydo, 0% = m*P g
Rn+1

The Euler Lagrange equations associated with this functional in local coordinate
are of the form
Ou’ + Fék(u)&,ujal’uk =0,0=20,0"

Although the global well-posedness of the Wave Maps problem for general smooth
large data, generic target, and spatial dimension n > 2 is far from understood (for
a recent survey of results and conjectures see e. g. [12]), global existence results
have been obtained with increasingly weaker smallness conditions on the data. The
first such results follow from the classical work of Klainerman, which uses vector
field methods and in particular imposes a very strong smallness condition on the
data, in terms of certain weighted H®-norms. These conditions in particular imply
that the Wave Map will be confined to a single coordinate chart inside the target.
Further, they immediately yield strong asymptotic results for the corresponding
solutions, including pointwise decay estimates as well as scattering in terms of the
local coordinate functions.

Recent work by Tataru, Tao and others [25], [26], [23], [24], [6], [13], [9], [11], [27]
based on new techniques introduced in [26], [23], [24], led to significantly stronger
global existence results. In particular, one only needs to assume that the initial
data u[0] = (u,0yu)i=o are small in the critical Sobolev norm |||,z ,2-1 in a
suitable sense. Note that the latter condition no longer implies that the data are
confined to a single chart: indeed, the Wave Map can now move all over the target.
The works [23], [24], [6], [13], [9], [11], [27] are based on a geometric trick, introduced
in [23], [24], namely exploiting the inherent Gauge invariance of the equations to
pass to a more convenient Gauge (e. g. the Coulomb Gauge). Furthermore,
they reveal that the cases n = 3 and especially n = 2 appear significantly more
complicated than the cases n > 4 since the Strichartz estimates by themselves
appear no longer strong enough to close the estimates, even using the inherent null-
structure. Instead, the only method thus far establishing the well-posedness at the
critical level hinges on a sophisticated framework from harmonic analysis, blending
X*% type or Bourgain spaces with Tataru’s null-frame spaces, both of which are
based on localizations of the space-time Fourier transform of the unknown function.

1Throughout this paper, the Einstein summation convention is in force. This means that we
sum over repeated raised and lowered indices.
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Both the fact that one needs to pass into a new Gauge as well as the use of complex
spaces based on the space-time Fourier transform render the question of global
asymptotic behavior as well as scattering in the original coordinates highly non-
trivial in the dimensions n = 2,3. The present paper has the goal of answering
these questions for 3 4+ 1-dimensional?> Wave Maps with target H?, the hyperbolic
plane. This target appears quite natural, as it occurs in the context of General
Relativity, and is the natural counterpoint to Wave Maps with target S2. As
already observed in [9], and exploited in [11], Wave Maps with target H? enjoy
the remarkable property that the derivative components in the Coulomb Gauge
satisfy an autonomous first order div-curl system, which no longer involves the
local coordinate functions. This allows one to conveniently disentangle the global
behavior of these derivative components from the global behavior of the actual
coordinate functions, and to pass from the former to the latter. The main result of
this paper is the following

Theorem 1.1. Let v : R3"!' — H? be a Wave Map with smooth compactly
supported® initial data satisfying the smallness condition (suitably interpreted as
explained below) Hu[O]HH% 4 < € for a sufficiently small € > 0. In particular, the
Wave Map exists globally in time and is smooth. Then denoting u(0,z) = us € H
for |z| large enough, we have

lut, ) — uscllpe St7°

for |t| >> 1 and 6 > 0 some universal constant. Here the implied constant depends
on weighted norms of the the initial data (which, however, need not be small).
Furthermore, there exist (f,g) € H3 x H= such that

u(t,z) = S(t)(f,9) + 0,3 (1)
where S(t) denotes the free wave propagator.

Remark 1.2. The critical case n = 2 appears much more technically involved,
although the same strategy should work in principle, see the estimates in [11].
Furthermore, a similar method should in principle work for more general targets,
although the fact that one can no longer formulate an autonomous system of wave
equations for the derivative components (they now also depend on the local coor-
dinates) introduces additional technical difficulties.

2. WAVE MAPS WITH TARGET H?: THE BASIC SETUP

We use the setup in [11] : identify H? = {(x,y)|y > 0} equipped with metric

2 2
dg = " Then introduce the derivative components ¢}, = %7 o2 = &'Tya

a =0,1,2,3. Further, introduce the derivative components in the Coulomb Gauge
in complex notation

Yo = YL+l = (9L, +igl)e AT T 0%

20ur argument can obviously be modified to also handle the higher dimensional cases n >
4. Indeed, the argument becomes much simpler then, since one has stronger estimates for the
nonlinearity.

3This means that u(0, ) = uco is a fixed point for |z| sufficiently large, as well as d;u(0,z) = 0.
One may weaken this condition to sufficiently fast decay at infinity.
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We recall that we then obtain the following divergence curl system

3 3
(2.1) Oathp—0pthe = ithg A1 0;(bAtF Y200} ) —iho AT 05 (00T —130))

=1 =1

3
(2.2) 0hy, = iy, AT 0 (Wb} — Y2))

j=1

From here one infers the wave equations

3
Otpa =i0 [ho A1~ 05 (0517 — bF))]

j=1

3
(2.3) — 0[Ny 05 (vt — va)]

Jj=1

3
+i0alp, AT Y0 (0 YT — 4P )]
j=1
Schematically speaking, the terms on the right are of the form V, [V ~![4?]]. In
dimensions n = 2,3, the right hand side of (2.5) is not amenable to estimates as
is, and as in [11], we need to exploit the underlying divergence-curl structure to
decompose it into a null-form plus a better error term. For this, we split

(2.4) VYo = Rath + Xa, «=0,1,2,3,
where we impose the vanishing divergence condition 23:1 0jx; = 0. Here, the
symbols R, = V10, with V/*l\f(g) = |§|’1f(§) denote Riesz type operators. The

X can then be obtained as solutions of an elliptic divergence curl system, and are
schematically of the form

Xa =V UV TH(4?)]
If we now insert the splitting (2.4) into (2.5), we can replace the right hand side by

3
Ot =i0°[Ra A1 8;(Rat Rjt® — Rgyp®Ryy)Y))

j=1

3
—i07[Rgp A" 05(Ratp' Rjp> — Rt Ry
(2.5) jj
+i0a[RPA™Y 0 (RV Y Rjp* — RV R
j=1

+ Vo[V OV @)V 4 Ve [0V VT VT (07)]]]
+ Vo [V IV VT @)V [V (2]

Here the last three expressions are of course recorded schematically, with each V!
denoting operators of the form 22:1 AT10,. Tt is this complicated system of wave
equations which shall be at the heart of our analysis, similarly to [11].
Recall that the basic paradigm for establishing scattering for a wave equation of
the form

Ou = F(u, Vu)
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is to establish lim; e [~ U(t — s)F(u, Vu)(s)ds = 0 in the underlying Sobolev
space H* (which is dictated by scaling reasons, for example). This follows by
establishing L} H*-bounds on the source F(u,Vu). For our system (2.5), such
estimates are not available in dimensions n = 2, 3.

2.1. The method to obtain scattering for the 1,. Fixing a large dyadic time
interval I := [—2!+2 2!%2] | >> 1, we shall split the components 1, into two parts
Yo = Ya,1 + Ya,2. Here 1,1 approximates the moderate-frequency part of v,
(where 'moderate’ is in relation to the scale 2'), while Yq,2 approximates the very
large/small frequency part of 9, 2. While 1,2 will turn out to be small since the
extreme frequencies of 1, carry only little energy, 1,1 will be shown to be small
(albeit in a different sense) since we shall be able to apply commutating vector
fields to it. Thus the simple basic premise of the present approach is to split ¥,
into a moderate frequency part, obtained by filtering out the extreme frequencies in
the nonlinearity, which is basically amenable to classical commutating vector field
methods (although of course ¢, 1 is not small with respect to the weighted norms),
as well as an error term which accounts for the remaining errors due to extreme
frequencies. Scattering of 1, will then follow by splitting the right hand side of
(2.5) into two parts, upon writing ¥, = 4.1 + ¥a,2. Indeed, crudely denoting the
right hand side of (2.5) as F'(3) (it being understood that it is not a locally defined
function evaluated at 1), we can decompose

F(d}a) = Z Xt~2t [F(wa,l) + error],
l

where the splitting 1, = 1a.1+%4 2 is the one on the interval [-2!+2 2/+2]. We shall
then show that 1,1 can be placed into LngO, which allows us to estimate F'(1)q,1)
in L%H *%, while the error is exponentially decaying in { (but with respect to a more
complicated norm!). This shall then imply scattering for v¢,, as well as pointwise
decay. The latter facts allow one to retrace the steps from local coordinates to the
1o to obtain decay and scattering for the coordinates (x,y).

2.2. Tools from harmonic analysis. In order to precisely define 1,1, we intro-
duce the Littlewood-Paley localizers Py, k € Z, as well as the space-time localizers
Qy;, as follows: choose a function ¢ € C§°(R,) with the property ZjeZ d(55) =
1,z > 0. See e.g. [20]. The we define Py, Qj via

i1 - Il

P () = 05/ (©). @ul (6) = 6(1 =) )

Here " denotes the spatial Fourier transform f(¢) = Jgs f(x)e 2™ @8 dx, while we

denote the space-time Fourier transform by f(7, &) = Jgsin f(t,2)e 2T+ gy,
We can then also introduce the operators

P = ZPk’ P[a,b] = Z Py, etc

k<l k€Ela,b]

Further, let F(¢) denote any of the multilinear expressions on the right hand side
of (2.5). Then introduce the operator P|_s 57, which acts by restricting the fre-
quencies and modulations (i. e. the distance of the space-time Fourier support to
the light cone, measured by ||7| — [¢]|) of all the inputs, as follows:
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Definition: the function P|_s5; 5F(¢) is obtained from F(1) by
(i) replacing the ith input ¥ by Py, Q<k,+51%, and summing over k; € [—0l,48l] for
each i.
(ii) replacing the ith operator A=10; by P.,A™10; and summing over r; € [—l,dl]
for each i.
(#ii) Applying an operator PrQ<kys to the output and summing over k € [—4l, 81].

Example: the trilinear expression

3
10 (a5 05 (0hUT —FY))]
j=1

is replaced by

P sis [10°[pa 126 (Vi3 — v2vh)])]

j=1
3

— Z Pr@Q <t s1i0° [Pr, @y ro1tba N Py Za_j(Pk2Q<k2+5l?/}éPk3Q<k3+5l1/}]2,
k,k1 2,3,m7€[=61,01] =

— Pry Qg 5105 Pry Q<ip 45107 )]

2.3. Definition of 1,1, 1o 2 on some interval [—2!72 2*2]. We can now define
the equation which defines 1,1, as follows:

(2.6)

Otha,1 =P[_g1,5 [10°[Ratp1 A Za (Rgoi Ry — Rgi R;yt)]
—i0°[Rghy A 126 IR — RathRja)1)]

+i0a[ Ryt A7 Z 0;(RV 1 R} — R TR 1))
j=1
+ Vo[V VT WD)V @D)] + Vo[ VI VT [V (00)]n]
+ Vo [ VIV i VT @)V e VT @],
1/)a,1[0] = wa[o] = (wa(o)vat¢a(0))

Here we use as before ¢¥; = — 2?21 Rj; 1 for the first three trilinear terms on the
right. For the schematic higher order terms, it is understood that 1, is replaced
by a1 Vou

We immediately observe that this is not a standard wave equation, since it
involves nonlocal operators in its source term, even in the space-time sense. Thus
it certainly does not satisfy Huyghen’s principle! Nevertheless, we shall be able
to construct solutions on some interval [—7T,T] which contains [—2/+2,2!+2] and
also matches the initial data, via Banach iteration in a suitable space. Indeed, the
solution will be smooth. We note here that this iteration is qualitatively different
than the procedure used in [11]. There the equation (2.5) is only used to deduce a
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priori estimates, while the local existence of a solution is ensured by the classical
local existence theory in local coordinates. For the problem (2.6), such a step is
not possible, since it is not a geometrically motivated problem. Thus the existence
of local solutions needs to be demonstrated from scratch via iteration.

We can now also define 9,2 via

d}a,2 = wa - 'l/]a,l

2.4. Analytical preliminaries. Here we recall the functional framework under-
pinning [26], [24], [11], in Tao’s formulation. We shall use the following homoge-
neous X*f-type norm:
E j 1
1] xpar =257 (D [29]1Q | 212]7) 7
JEL

provided r < oo, as well as the obvious modification when r = oco. In order to
estimate the frequency localized components of v, we have the family of norms
|[-||s[x]; k € Z, defined as follows: let

KIS 1=|\Vm,t¢||L§oH7% + ||Vm,t¢|\X;%.%,oo+
+ 1
sup (Y 1Pt Q@ sl |2k n)

I<—10 REK]

Here we have chosen for each integer | < —10 a finitely overlapping cover K (with
the overlapping being uniform in 1) of caps & of size ~ 2! of the sphere S?. The
superscript + in Qik 4o indicates that we further localize (sharply) to the upper
or lower half-space £7 > 0, repsectively, and finally, the norms ||.||s[,.] are defined
as follows: first, let

[N Fafx)- = sup,ga.dist(w, £)|[9]| Lo 2

tw T

where w ranges over S? and we use the null-coordinates

fo = (1)  —(1,0), 20 = (£, 2) — £

V2

We then also have the dual norm, i. e.

(1,w)

1
K] *=— inf ETYZRAY w
Wllweaa = inf | o Tt el 2,

wes?2 Vo=
Further, we introduce
Wllw = nf [l e
I~ fwe;c w=% Jwer “ bo T

Then we put
k _1__k k
el stn) =22 [0l NP apg- + 1672272 [|9] pwing + 22 [[¥]| Lo 22

Further, the frequency localized components of the source term, i. e. the right
hand side of (2.5) etc, shall be evaluated with respect to the following norm:

= inf 1+ 11
||¢||N[k] 1+ +s+Ya=PeQ<ry10¥ leHL}H > H¢2||X 3 -3l

Tt (5, f Wl page)®
Zz P31=13 ;EKZ Y=t REZ]{[ KIINFA[K]

+ ||PkQ>k+10¢HX L

_1
27 2°N0|Vy 4| 1L L, 2
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Here in the last term but one upon fixing [ < —10 we only consider those v,, with
Fourier satisfying |[7| — [¢]| < 2F=2/7100 2k=4 < |¢| < 2FH @ = %ﬁ € k. We
note that the norm [|.|| [z we use here is slightly different than the one in [11], as

the elliptic portion PrQsk+10% is estimate with a weaker norm, namely

P 1 V. 07 1
I kQ>k+10¢|\Xk 1o TV kQ>k+107/}||Lchz 1

2

This change barely affects the estimates, though.
Finally, we need time localized versions of these norms: for 7" > 0, we introduce

[l Nk (~T, 7] xR3) = inf IS
FESRIFD | fli_p ryxr3=Y|[_ 1,77 x5

and similarly for ||.|[ng)(—7,7)xR?) etc.

2.5. Some geometric preliminaries. Here we quickly recall the infinitesimal
generators of the Poincare group on R3*!, namely the vector fields I' which are
given by 04, 0y,, ¢ = 1,2,3 (translations), t0; + Z?:l 70y, (scaling), 0, — 1,0,
i,3,= 1,2,3 (rotations), td,, + x;0¢, i = 1,2,3 (Lorentz boosts). We shall denote
these by I'* where o = 1,2,...,11 for some ordering. We shall denote products of
these by 1 T® —=: T(@1,e2)  In particular, the notation T, |3| = 2, refers to a
product of two such vector fields (as an operator, with 5 a pair of indices, hence
of length two), while I'?,|3] = 1, refers to a single such vector field. We recall that
we then have the relations

[Dvl—‘ﬁ] = cgl], |ﬁ| =1
[D7Fﬁ] = CB’YF’YD + dﬁ‘jv |6| = 2a |’Y| =1
2.6. The core estimates. With the above setup, we can now formulate

Proposition 2.1. Make the same assumptions as in Theorem 1.1. Specifically, we
assume that the coordinate functions at time zero (x,y)(0,7) : R® — (R x Ry),
(0%, 0:y)(0,z) : R® — (R x R) satisfy the condition

Vxx| 2 |v3¢X| 2 8tX 2 8tx 2
L0202 (Ee+ [ (O (P < e

for sufficiently small € > 0. Further, fiz a time scale 2!, 1 >> 1. Then there exists a
smooth solution 1, 1 solving (2.6) on [—21+2 2!72]. Further, the following estimates
hold: Introducing the families of numbers

—olk— 1 oll— 1
= Y0 (2 A, ) d= SRR, )

0<|B|<3 lEZ leZ

for a sufficiently small o > 0, we have
Z 1P a1 s S 2% ex
0<|B]<2
for some fized C. We also have

||Pkwa,1

Proposition 2.2. Under the same assumptions as in the previous Proposition, we
have

lsi S di

| Petba 2l s S min{dy, 20 mexth=ob=k=ol g} .=

for a sufficiently small pn > 0.
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These Propositions will follow essentially from estimates established in [9], [10],
as well as some elementary observations concerning commutators of the I'? and
Fourier localizers. They will be deferred to the end of the paper. In a similar vein,
we have the following

Proposition 2.3. Let F (1) denote the right hand side of (2.5). Then for T ~ 2!
we have

[|[Pe(1 =P _s1.60) F ()N~ 1,11 R3) S €k

where ey is as in Proposition 2.2. The same estimate applies if we replace 1y by
(i. e. we replace each o by Ya1). Also, without any further localization, we have

[ PeF (1, o)l N (-1, 1)xR2) S €k
where F(11,12) is any of the multilinear expressions on the right hand side of (2.5)
with at least one factor Vg, 3 replaced by 1q.1.8,2.

Remark 2.4. The numbers dy, ex form frequency envelopes, a notation borrowed
from [23]. A frequency envelope is a sequence {ci}rez of non-negative numbers
such that for some o > 0 we have

27cr|k7l|cl <cp < 2U\k7l\cl

for each k,I.

3. DEDUCING ASYMPTOTIC DECAY AND SCATTERING FROM THE CORE
ESTIMATES

Assuming the above Propositions, we now deduce asymptotic decay for the 14 1,
Ya,2, as well as scattering for 1),. Combining these ingredients, we then obtain
Theorem 1.1. We commence with the following crucial

Lemma 3.1. Let 1,1 be as above, and assume t € [—212 21%2] satisfies t ~ 2.
Then we have

e (£ )| S 29075

In particular, if we choose 6 small enough, we can achieve 1o 1(t, x)| S 271z

Proof. (Lemma 3.1) This is a consequence of the Klainerman-Sobolev inequalities:
recall (see e. g. [22]) that we have
— _1
Va1 (t,2)] S (L4t 4 ) T+ [ = J2]) 72 Y 1T anlles
|B1<2
Assume first that |z| > 2!. Using a smooth cutoff function X||t\_ , we localize

this to

| |20

_ _1
|X\xlz2l><"t|,‘w‘|~25¢a,1(t, )] S (L4 [t + |z 7ML+ [[¢] = J2] )7
x> ||r5[x|m\32zx"tl_lx“ws%,ﬂHLg
1B1<2

for s =1,2,3,.... It is straightforward to verify that the expressions

Fﬁ[X|m|z2lX||tHZ||N25]a 18] <2,
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are uniformly bounded for |z| > 2!. Now we distinguish between the cases 2° >>
[t| ~ 2!, 2% < |t| ~ 2L, In the former, we have using Proposition 2.1 as well as the
Sobolev embedding and Holder’s inequality

||1—‘B[X‘x‘22lx|\t|7|w\‘~25¢a’1]||l’i
S |‘F'B[X|I|Z2ZX||t‘_|m||wgs¢a,1]||Hw%||X"t|_‘z||N25X\t|~2l||L§ < 200028,

whence we obtain

X Yo (2] 2727 [ 2 2

Summing over 2° >> 2! yields the bound < 2¢%/27! which better than what we
need. Next, assuming 2° < 2! and arguing in the same way, we get the bound

15, _ s 2
||FB[X|I|221X||t‘_‘m||w25¢a,1]lng§2C‘”[22125162 327! S 2520t

Summing over s > 1 yields the desired estimate in this range. Finally, if |z| << 2/,
apply the above reasoning to || [x < <21¥a,1]l|12- O
Corollary 3.2. Under the assumptions of the preceding lemma, we have the esti-
mate
_L
IX|t|~2rYanllLzre S 2772,
provided 6 > 0 is chosen small enough.

We can now prove

Proposition 3.3. Under the assumptions of Theorem 1.1 and using the preceding

- . 1 L
terminology, there exists (a1, Va2) € HZ X Hy 2 with the property
lim ¢ (t,.) = S(t) (a1, Yas)|l 3 = 0, Vo

|t] — o0
Remark 3.4. The proof actually shows that the convergence occurs at rate |¢| ™ for

small enough v > 0.

Proof. (Proposition 3.3) We decompose o = a1 + Yo, 2 for some fixed time scale
2!, viz. preceding discussion. Accordingly, denoting the right hand side of (2.5) as
F (1), we write it as F (11 + ¢2). Exploiting multilinearity, we write it as

F(¢) = F(y1) + error,

where error is a sum of multilinear expressions each of which contains at least one
power of 1, 2 (for some ). Then we further decompose

F() =P _ssnF (1) + (1 = P_s ) F (¢1) + error

Finally, we time localize , i. e. write
(3.1)

F) = 3 00 F ) = 3 () Prsian F(n) + (1 = (s i) () + exror]

1>1 1>1

where 11, 19 in each decomposition of course depends on [. Now the frequency
localizations implied in P[_s; 5;F'(¢1), together with lemma 3.1 easily imply

t L
16(5Prstan F@Il 5y S 275,
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provided we choose § > 0 small enough. Further, on account of Proposition 2.3, we
obtain

[1Pe(1 = P_s1,60) F (Y1)l Nk (=1, 1) xR3) + || Prerror|| nr)(—1,m)xr3) S €k

Note that error is of the form F(i1,12) as in Proposition 2.3. Further, due to a
lemma in [24], we also have the same estimates for Pyd(%)(1 —P_s5) F (¢1) ete.
Now fix some Ty >> 1 as well as T >> T, and write

balt, ) = S(t) ($al0]) + / WE(t - Ut — 5)F () (s)ds

where t € [Ty,2Tp]. Here nj:(t) vanishes for + < 0, equals 1 on [0,7], and is
compactly supported and smooth on (0,00]. For example, upon choosing such a
ny (t), one can set 17 (t) =y (%). Then decompose

t To
/ 17 (t = s)U(t = s)F(¢)(s)ds :/ 7 (t = s)U(t = s)F(¢)(s)ds
0 0

+ / Dt — $)U(t — ) F()(s)ds

To
We need to show (A) that

Ty o
lim 7 (t = $)U(t = s)F(1)(s)ds = S(t)(Yar1, Yaz)

To— o0 0

in the H2-sense for suitable (a1, ¥a2) € H2 x H™2, as well as (B)
t

lim || [ 5t — Ut~ )F()(s)ds]| ., =0

To— o0 Ty

Use that U(t — s) = V=4 'sin(V=A(t — ) = =4 &0 0 OTe

Hence it suffices to consider

To _ _ To
/ N (t—s)/—D  eHIVTB R (s)ds = /- B eFIVE [ FVEER(y)(s)ds
0

0

Here we use that nf (t —s) = 1 for t € [T, 2Tp], 0 < s < t, since T >> Tp. We will

show that the limit .
0 .
lim eTIV=L () (s)ds

To— 00 0

exists in H~2, from which (A) follows. Consider

/T ’ e:l:zs\/jF(w)(s)dS = Z - ’ qb(%)e:ﬁémF(w)(s)ds

QLZTO 0

Then note that

T _ Ty .
1] oGeY=ER@)(s)dsll g = sup (| o(5)eT VTR ()(s)ds.g)
To llall 3 =1 /7o

Now, using (3.1), we get

STy

V)
el

T,
I{ ¢(g)€ys' “OPLsienF (1) (s)ds, g)] S 277

To
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Further, write
( g ¢( )gsm(l—P —st.on)F(¥1)(s)ds, g)

- Z/ s d’(%)Pk(l — Pps150) F (1) (5, 2)e V=2 Pyg(a)dds
k — 00

Here Pj is a multiplier like P, but satisfying PyP, = Pi. Then use that [24]
16(50)e™"*V=2Prgllspg < llgll 3. as well as | < PoFy v > | S |[F w19l lspm-
Using Cauchy-Schwarz, we conclude that

T,
I{ g ¢(g)6:ﬁs A1 - P_si,50)F(¥1)(8)ds, g)|
S ~ 1 —v
5ZHPK(ZS(?)(I_P[—6l,6l])F(w1)(S)||N[k]HPkgHH% Zek 2 S22 ST
keZ kez

for suitable v > 0. Of course the same argument applies to the contribution of error
n (3.1), whence summing over [ with 2/ ~ Ty and letting Ty — oo, we obtain (A),
e.

i. e. the H2 convergence of f eTV=AF(¢))(s)ds. The argument for establishing
(B), i.
t
+ —
A ] s (t = s)U(t = s)F()(s)ds|| 1 =

is no different, using Theorem 4.4 as well as the fact (see e. g. [24]) that

t
| . ni(t — s)U(t — s)F(¥)(s)ds|| s =111 xR S F W) Nk)(—1,7)xR3)
0

and applying the same reasoning to the term ”error”, the proof of Proposition 3.3
is complete. [

We now show how to deduce scattering of the original derivative components
from Proposition 3.3. We have

Proposition 3.5. Under the assumptions of the preceding Proposition, we have

lim_[[¢a — S()(Pa1, Ya2)ll ;g =0

[t|—
Furthermore, there exist pairs (f1,91) € H2 x H=2, (fy,92) € H? x H2, such that

tim[f(t..) = S(0) (1005 =0 Jim_[y(t) = SOF2.00)l 5 =0

[t|—

Proof. (Proposition 3.5). Recall that ¢, = waem_l 33219595 We shall need the
following

Lemma 3.6. We have

S A —1x3 1
1P T8y 4[| Paally S d
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Proof. (Lemma 3.6) Expand
A ST
Pk[eA ZJ:la]d)]”H%]

3

—szaz NPekh—5(D>_ AT'010;6)) Pr—nsye’™ 2J13¢||
j=1

3
A =153 1
+ Py Z AN P—s ks (Z AT 00;0)) Papyroe’™  Zi=1 00| 4]

- szal HPores( ZA '010;07) Pory2e’™ Ll 2]
j=1
Similarly, we have the identity
Proo =Pi[Pcp_5VaPp_2 ko€ AT Y00, 0595 i)
+ P[Pys jor 50 Pegsroe™® 2i=1%95]
+ Pe[PokystbaPog e Eii 01]
We infer from the first identity above that

AT g gl AT 9, gl
| Pele® =2 2193 | g S|Pl g€’ Elea””fl\-@max{\l%ll\-A}

+ || Pr—s kt50] s + Z 27 |\Pl¢ [
I>k+5

Further, from the 2nd equality above we infer
PiATISE B¢t
[Pedall ;1 SlPr—2,k421€" i=1 ]¢J||H%‘|P<k—5¢a||l_'[%

k-l
+ 1 Pe—5,k+51%all 41 + Z 27 [|[Pvall ;g
I>k+5

Substituting the latter inequality into the former, we obtain
A —1 3 . 1 A —1 3 . 1
P D8y SlPappre™ D 29|y max{lloll
A —1 3 1
+ ||P[k—7,k+7]elA 2= 0395 3 [P<ktball ;1

k=1
+ [1P—10,k410%all ;1 + 22 > |[Ppall 8
1>k

+> 2 1Pl

>k

Using the definition of dj, this implies
S A —1 3 AL A1 3 e
1P S8y S el Pygpimle® T S 29| o 1,
Iterating and choosing e small enough, we obtain the desired bound
||Pk[eiA*1 E?Zl (9;¢JI]HH% 5 dp,

which in conjunction with the above easily implies |[Py¢a|lrz < di.-
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Returning to the proof of the Proposition, fix a time scale [t| ~ 2!, I >> 1, and
correspondingly decompose o = Y1 +¥a,2. Then we can write ¢ = a1 + a2
with

¢a,1 = ¢a,leiA71 Zi:l aj¢;7 ¢a,2 = wa,QeiA71 Zi:l 8'7(1)]1

Using reasoning as above, it is then clear that
_z _
16aillee S 2772, [|$asll 3 S 277,
for some v > 0. Indeed, we can strengthen the latter to ||¢a72\|3%,1 < 27% and

similarly HP[_VZJ,I]CQSQJHB%J < 27! for some 1/ > 0. By splitting

3 3 3
AL Z aqu} =A"1 Z P[_Vl7yl]8]‘¢} + A7 Z Pi_y1,01:0; },
=1 = i=1

and using the decomposition ¢} = ¢J, + ¢j, from above, we then deduce

3
1A ST 904t e S 270 [t ~ 2
j=1

for some v’ > 0. Now write
d)a - S(t)(i(xlﬂ;oﬁ) = (61’A71 E?ZI 8j¢; - 1)1/1(1 + 7/104 - S(t)(d;ala 1/;(12)

We need to show that the first expression on the right converges to zero as t — oo,
with respect to H . Once again decompose

Pk[(eiA_l Si=10i0) 1)va] :Pk[P[k—w,kHo](@m_l S 0305 _ 1)Pcj—5v4]
+ Py [P<k+10(€iA_l X5 0i05 1) Py—5 k+5%a)
+ Py[Pogga(e™ i %% 1) Py sap,]
For the first term on the right, we can bound
| Pe[ P 10,4101 (€2 Z0=1 %% — 1) Py_sapua|
iNTESE 0500 1)

21
H?2

S Pr-10,k+10)(€ I3 11P<k—sall ;1

Thus, using Lemma 3.6, if we restrict to |k| > vl, we obtain exponential decay in
I. Hence we can restrict to |k| < vl. Then use the splitting 1o = a1 + ¥a,2 and
estimate

SN —1 3 1
| PePri— 10,5100 (€2 L= 955 D) Pep—sthalll ;1

N =153 41 _ T
SPr-10ps10) (€ =1 %% — )| 927 |0 || S 2717 12127%d,

Choosing v > 0 small enough and summing over |k| < v still results in exponential
decay in [. Further, we have

A =13 1
| Pel P10 k4101 (€ 2071 %% — 1) Py stba o] 3

A —1 53 1 _
S | Pik—10,k+10] (e 2= 995 1)HH%2 k||P<k—5¢a72HL;° < ek,

where in the last step we have used Bernstein’s inequality and the Sobolev embed-
ding as well as the definition of e;. Square-summing over k results in an exponential
gain in [.
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. IATES 3950t

Next, consider the term Py[P<t10(e i=1%% — 1) Pi_5 k45/%a). Here we

obtain exponential decay from
(47 B — 1) S 27 ] ~ 2,
which follows from the bound on the exponent obtained further above. The term
. —1 3 - 1

Py[Popio(ei®” 2i=1%% _1)P_; 51,] is handled similarly.

Finally, we also need to demonstrate scattering for the original coordinate func-
tions x, y. Recall that we have

log -1 Z 0; ¢2

Reasoning as above for A1 Zj:1 ngb}, we obtain

(3.2) lim [|A” 1Zaj¢ INpe =0

[t|—

with a small polynomial decay rate in ¢. The already proved fact that ¢;(¢,.) =
S(t)(Va1, Vaz) + 041 (1) yields

log[ylut . 12@%& 12%2 0,3 (1)

o0

Here we of course write 1,1 2 = 7%1,2 —&—iwam. Further, invoking (3.2) and reasoning
as above, we obtain from here

3
yi<t7.>=5<t><A-1Zaj¢§h 12%2 0,3 (1)
o] =1

From the relation qSl- % we obtain in the same fashion that

i 1Za]¢]17A 128]1/)32 %( )

Yoo

We further have the following
Corollary 3.7. (of preceding proof) We have the bound

() = (%00, ¥00)) (8, g S 7

for v > 0 sufficiently small and large |t|. Here (xoo,yoo)) are the values of u(0, x)
for large |x|, i. e. the "data at infinity”.

4. THE CORE PROPOSITIONS

We now outline the proofs of Proposition 2.1, Proposition 2.2, as well as Propo-
sition 2.3. We observe that these are essentially contained in [9], [10], the only new
ingredient being the presence of the vector fields IT'®. We shall refer some details to
these papers. We begin by collecting some
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4.1. Basic facts concerning the spaces S[k], N[k]. .
Lemma 4.1. ([9])We have

3

IR Prtpl g < 21679 G0 Py |spg, v = 0,1,2,3
provided % + % < %, with implicit constant possibly depending on p,q. Also, we
have

1Pbllsim < ||Psz,t1/f|\X;%,%,1

The first part of this lemma allows us to control some Strichartz type norms. This
shall be especially handy when estimating terms of high degree of multilinearity.

Lemma 4.2. (e. g. [9]) The following estimate holds for suitable > 0:

1PeQ;[Pry V1 Preytalll -1 S g0 min{j—min{k.ky,k>}.0} o= |k1 k| H |1 Pr; 5] 51k,
j=1,2

Furthermore, for any p > 0 we have

|k1—ka|
2

|‘Pk[Pkl'L/Jlszw?]HLfLi‘*'“ < 2mirakg- H || Pr; il sk,

Jj=12
Finally, the following bound obtains* for p > 2:
||Pk[Rqu1¢1Rij2'l/)2 - RijlwlRquzq/}Q]HL%Lg

3_3 min{k,ky 2}—max{k,ky o}
5 2(2 p)k2 2 H ||P’€Lwl||5[k1]

i=1,2

Proof. (Lemma 4.2) Only the last part requires a justification, and this only in the
case k1 >> k. We decompose

Py[R, Py, 1 Rj Pyytba — Rj Py b1 Ry Pry1bo)
= PpQ<ky20[ Ry P, 01 Rj Prytp2 — Rj Py Y1 Ry Pr, 2]
+ PrQ> k120 Ry Pry 1 Rj Py bo — Rj Py, 01 Ry Pryt)o)
For the first term, use a simple algebraic identity and estimate
[Pk Q< rot20[ By Py 1 R Prytho — R Py 1 Ry Py o] || 210
< PeQ<k 4200, [V~ Pry 01 R Pryba|| L2 1o + || PiQ<hoy 200 [Ry Py 1 V™ Prythal| 1212

S 275 [Py ¥l g v l| Provoo 1 20
and from here the claimed inequality follows easily. Further, we decompose

PrQ>p420[ Ry Pty Rj Poyb2 — Rj Py 1 Ry Pryibo]

= PrQ>k120[ Ry Pry Q> k1001 Ry Py o — Rj Py, Q> k1091 Ry Prytho)

+ PuQ>k+20[Ro Pry Q<i+10V1 R Pry Q> k+10%2 — Rj Py Q<k+10¥1 Ry Pry Q> k4102)
+ PrQ>k420[Ry P, Q <k 41001 R Pry Q <1 10%2 — RjPr, Q<1091 Ry Pry Q <k 1002)

40ne can significantly strengthen this estimate and also include the case p = 2, see e. g. [11],
but we don’t need this here.
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The first two terms are estimated similarly: for example, we have
[ Pr@> k20 [0 Py Q> k1091 Rj Py b2 — Rj Py @> k1091 Ry Py 2] 1212

3k _ —
S 2% ||Vt VT Py Qokr100n ] 2202Vt VT Pry Qg 109 | e 2

sk _k_
<27 ik H [ Pr il sk

i=1,2

and the inequality of the Lemma follows from Bernstein’s inequality. Finally, for
the last term above, upon freezing the output to modulation 2!, 1 > k + 10 (i. e.
apply an operator @Q; to the expression), use that we may assume k1 = [ + O(1).
Then the inequality follows from the same calculation as at the end the of the proof
of Lemma 4.8 below, after summing over [. O

Of fundamental importance is furthermore the following

Lemma 4.3. ([24], [10])Let j < min{k;, ko}+O(1). Also, let F and v be Schwartz
functions, the former at frequency ~ 21 and modulation (distance of the space-
time Fourier support to the light cone) ~ 27, the latter at frequency 2¥2. Then the
following inequalities hold for suitably small 41 2 > 0:

[Pe(EY)| vy S 2761lk*ma’({kl’kz}lfﬁljfmin{kl’]%}l\|F||X%,-%,oo 1] 5(k2)

ki

[V P (F)| [Ny S 2_61lk_maX{kl’k2}|2_62|j_min{kl’k2}|\|F||X%,—%,oo V2| 5]
k1

Finally, the relation between S[k] ad N[k] is obtained via the following
Theorem 4.4. The following inequality holds:

1Peoll s - mixrs) S OPedl N -1m1xre) +1€10]]] 51 -1

The proof of this follows from simple modifications of the one given in [24]. We
now give the proof of Propositon 2.1

Proof. (Proposition 2.1). We fix a number ! >> 1, and construct a solution ¢, 1 (for
all &) on the time interval [—2!+2, 2!+2]. This solution is obtained via simple Banach
iteration: specifically, we require that the iterates ¥a,1,, 7 > 1, all be smooth
functions which are supported on a compact time interval [~7",T'], T’ >> 2!, and
furthermore solve (2.6) on the interval [—2!72 2!+2]. The iterative step is given by
the following;:

t
Ya,1,5+1(t, ) :=nr(t)S(£)(1hal0]) +/ nr(t — s)P s sy F(P1,;)(s)ds, j = 1
0
where 77 >> T >> 2!. Furthermore, we start the iteration with

Ya,11(t, ) =1 (t)S(t)(al0])

Here np(t) equals 1 on [—T,T] and smoothly truncates to a dilate of this interval,
contained within [—7",T"]. Proposition 2.1 now follows from theorem 4.4 and the
following

Proposition 4.5. Assume we have the bounds

| Prtpe, 1,51l sk (=11 xR3) < Mdy, Yk € Z
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Further, assume we have

Z [PeLP a1 5 s (-1 xre) < M2y, Yk € Z
0<|B1<2
1PV a1

Here the numbers ci,dy are as in Proposition 2.1, and N > 1 is arbitrary. Then,
provided M, M are large enough absolute constants and € > 0 is small enough
(again with € as in Proposition 2.1), and My, Mpy_1 ... are large enough constants
depending on the initial data (and N ), we infer the bounds

[[Petpa,1 i1l sk (=11 xRs) < [€M + Cldy, VEk € Z
for some C independent of M, as well as

> NPT Yo i llswy—r.mxre) < [€M29° + C29%ey, VE € Z
0<|B8IL2

stk (1,7 xR2) < Mndy, Vk € Z

NPV Y Yot 1| spy(rmyxre) < [€My + My_1]dy, Vk € Z
Furthermore, we obtain for the differences

> VTP Piltbat g1 — Y gllls-r.rixes) < Cne
0<|B|<20<k<N

To see how the proof of Proposition 2.1 follows from this, note that each
VETP Py [1a,1,5] converges with respect to Lg°H 2, whence the limit is smooth and
satisfies the same bounds. O

Hence we now direct our efforts to proving Proposition 4.5. This will be achieved
via multilinear estimates much in the spirit of [9], [11], the only new ingredient being
the I'P:

Proof. (Proposition 4.5) We shall first establish the inequality
| Pitba,1 i1l sy, mxr3) < [€M + Cldy, Vk € Z

This will follow from the energy inequality Theorem 4.4 as well as the following
two fundamental Propositions 4.6, 4.9. The first deals with estimating the trilinear
null-forms on the right hand side of (2.6), while the 2nd deals with the higher order
terms

Proposition 4.6. The following trilinear null-form estimates hold:

3
|| Pu0”[Ra Pry 0P, A1~ 05( R Py o Ry Pyt — R Prytha R Pryta)]l i
j=1

3
< 2751|k2*k3|252[k47max{k2,k3}]2753\167161\ H ||Pk¢1‘|s[k;]
=1
3
|1 Pe0” [Rg Pryp Py A1~ 05(RaPiytba Ry Pryths — R Pryh2 R Piy )| v i

j=1

3
< 9—01lka—kg|9d2[ka—max{ks,ks}]9—d3|k—k1] H || Py, ¢iHS[k']

i=1
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3
|[PeO%[R, Py Py, A1 Z 0j (R Prypa R Pyoyb3 — R Prybo R” Py 03)]| Nk

Jj=1

3
< 2761|k27k3‘252[k47max{k2,k3}]2753|k7k1| H ||Pk:/l/}z||s[k]
i=1
for suitable positive 61 23.

Remark 4.7. We observe that these estimates are very similar to Theorem 4.2
contained in [10], and indeed essentially implicitly contained in the proofs of [10], see
also [11] in the 2-dmensional context. The only extra feature here is an exponential
gain in the difference ky — max{ks, k3}. Our treatment shall be correspondingly
brief.

Proof. (Proposition 4.6) We shall treat the first inequality, the other two following
from identical reasoning. By scaling invariance we may assume k = 0. We note that
the cases k4 = ko + O(1), k1 € [—10,10]¢ follow from Theorem 4.2 in [10]. Hence
we now assume ko = ks + O(1) >> ky, k1 € [-10,10], k4 < 15. One distinguishes
between the following cases:

(1): output in elliptic regime. This is the expression
3

PoQ>200°[Ra Py 0 Pe, A7)~ 0;(Rp Py 02 R; Piytbs — R Prytha R Py b))

j=1

Recalling the definition of ||.|[njo), we need to estimate this with respect to

| B - 1
X, 2 2T N0|V,, | LR H, 2
First, we observe easily that

O™Vt | Po@5200° [Ro Pry ¥
3

Py, AN 05(Ry Pyt Ry Py s — RyPry o R Prytha)lll oy
i=1 '
3
S RaPry ¥l oo 2 || Pry A Z 9j(Rp Py, 0o R Pyths — Rj P, 02 Ra Piys)|| oo Lo
j=1

which can be bounded by < 2ka—kz H?=1 || Pr;il| s[k;),Which is as desired. Next,
freeze the modulation of the output to dyadic size 2!, [ > 20. Then we can write
(using that kq € [—10, 10])

3
PyQi0°[Ra Py Py A1) 0(R Py o Ry Py ths — R Prytha R Pry)s)]
j=1
3
= PyQi0°[RaPi, Q21-100Pr, A1 0;(R3Piytba Ry Pryths — R Pryh2RgPrytbs)]
=1

+ PoQi0°[Ro P, Q<i—10%
3
P, Q121007 9;(RpPryt02 R Peytbs — R;Prytba Ry Pryts)]

Jj=1
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The first term on the right is estimated by

|| Po@10° [Ro P, Q1100
3
Pe, 5717 0j(RaPuytnR; Peyts — RiPiy 2R Pyl 4 g e

j=1

= Y [|PoQu0°[RaPr, Qi1

11,>1-10

3
Pi, A7) " 0;(Rg Prytho R Pryibs — Rj P2 RaPrys)ll -4 -
=1

3 3
(-l —k2 —k2
S Y 22k R TP lsp S 257 T IIPe vill sie
i=1

1,>10 i=1
For the 2nd term, we use the following
Lemma 4.8. Ifl >> k, then the following bound holds for suitable § > 0:
k—1 . i
|PeQulRy Prthr Py ol e S 27 200 tibn e} mmastbnkadl TTH Py | sy
i=1,2
Proof. 1t is very similar to that of the last part of lemma 4.2: we can write
PreQi[Ry Py, th1 Py, o] =
PRy Py, Q>1-1001 Pk, 2]
+ PrLQi[Ry Pr, Q<i—1091 P, Q>1-10%2]
+ PrQi[Ry Py, Q<i-10%1 Pr, Q<1—10%2)]
Here the last term on the right is nonzero only if k&1 = I + O(1). Then when
k1 = k2 + O(1) we estimate
[ Pe@Qi[Ry Py Q>1-1001 Pro 2]l 1212 S 2%HRqulezqo%HLng|\Pk2¢2||Lg°Lg

3k __ 17 _
522 zl=k1 ||Pki1/)i‘|s[ki]7
2

1=,

which is as desired. The cases k = k1 +0O(1), k = k2+O(1) are handled analogously,
as is the expression PyQ[R, Pi, Q<i—10%1 Pk, @>1—10%2]). Now for the last term
above, we may assume k; € [l — 5,1 + 5]. Furthermore, we may microlocalize the
two inputs to the same half-space 7 > 0, i. e.

PoQi[Ry Pry Q<1-1091 Pry Qi—10%) = > PrQE[R P, Q%) 1011 Poy Q%102
+

We split this into three terms as follows:

Z PlelL [RVP]CI Qilfloz/]lkaQjélflOpo]
+
- ZP’“Q?E[RVP’CI [igkf%k1,171o]wlpk2Qj<El—1o¢2]
+
+ ZPlei[RVPklQi%k—%klwlpsz?:%k—%lm,l—10]w2]
+

T ZPlej:[RVPklQi%kf%kjwlpkeQi%k‘f%qu’bz]
+
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The first term is estimated by
+ + +
|| Z Ple [RVplﬁ [%k_%kl71_10]1/)1Pk2Q<1710¢2]||LfLi
+

RN
=+

EPRE L1} 3(p_
ST TT P wllspe = 2047 TT 11Pavillsmg

i=1,2 i=1,2

The 2nd term above can be estimated similarly. Finally, for the third term, we can

3p_1
gk—5k1

+ +
|‘R”P’“lQ[%k*%kl,lﬂo}%Hxé‘%w||P’f2Q<1710¢2HL§°L§
1

decompose it into

+ + +
Z PeQp [Ry P, <%k7%k1¢1pk2Q<%k7%klw2]
+
3 (k—
- Kl’ZEK%(Lkl)|di5t("”~1»*'<2)§22(k e
+ + +
Ple [RVPkl,m <%kf%klwlpk2*"2@<%k7%k1¢2]
Using the definition of ||.||s[z,+) and the Cauchy-Schwarz inequality, we can estimate
this by
+ /{LzeK%(k_kl)|dist(nl,7H2)52%(k‘fk1)

+ + £
Ple [Rqu1,mQ<%k_%kl¢1Pk2,n2Q<%k_%klw2]||L§L§

1

3 (f— 1
SRl S D SN 1 W[ AL
+

REKS o)

+ 1
x ( Z ‘|Pk2’”Q<%k—%kl¢1||~29[k1751])2

HeK%(k—kl)
This in turn is bounded by < 2%(k—k1) [lizi 2 [1Pe,%illsk,), which is as desired. [
Then we can estimate
||Po@10°[Ra Pr, Qi-10¢
3
Pe,Qs1-1007" Y 0;(RpPuytha R Pryibs — RjPe, 2 RaPrys)lll 4.4

o]

=1
Ll
S 22[|Ra Py, Q<i—10¥| 3o 12
3
1Pry @110 > 05(Rg Pytba Ry Piyths — Ry Prytha Ry Py sl | L2 Lo
=1

3
kq _
< 27 2Rl T P s e
i=1
This concludes estimating the contribution of the output in the elliptic regime.
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(2): Output in hyperbolic regime. This is the expression
3
PyQ<200°[Ro Py Pi, A1 " 9;(RpPiytbo Ry Prytbs — Ry PrythaRs Py t3))]
j=1

Here, we first reduce R, Py, as well as the output further to modulation < 2%+~10,
To achieve this, estimate

|PoQ20> > ks —100° [Re Piy 11

3
Py, AN 0;(RPrytha Ry Pryths — Rj P2 RaPrys)ll] 3.4
j=1 0
_ kg
S27 ||RaPk1¢1||L;?°L§
3
1P, A7 0;(Rp Py o Ry Pryths — Ry Prytha RaPe,ths)l| 12 oo
j=1

Using Lemma 4.2, the right hand factor can be estimated by

3
1P 8 05 (Rs Prytho Ry Pry s — Ry Prytoa R Pryts) || 2 o
j=1
k kq—k
<2727 ] I1Pevillsi
i=2,3

and the desired estimate follows. The expression

3
PyQ<200° [RaPi, Qhy 1001 Poy A7 05 (R Piytba Ry Pryths — R Pry 02 R Pryibs )]

j=1

is estimated similarly (place the output into L} H~ 2), hence we now need to estimate

3
PyQ<ky—100°[Ra P, Q<ry 1091 Po, A7) 05(RPyy oo R; Prgtbs—R; Py tha R Piybs)].
j=1

Note that we may include an operator Q, +10 in front of Py, A~ .... We further
reduce the inner inputs Py, ,%2 3 to modulation < 2k4120 a5 follows: for example,
consider

PyQ<ty—100° [Ro Py, Q<roy— 1001
3

Py, A1 Z 0j(RpPryQ>ky2002 R Preyths — RjPryQ>ky 42002 R5 Py 3)]
=1
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Simple geometric reasoning then allows one to include a multiplier Qsx,+15 in front
of each Py,13. Then one estimates

3
1PoQ<ks-100°[Ra Pry Qs 1081 Py A7 05 (Rp Py @3ka 2002 Ry Pry Qs ks 4158
=1
= Rj P, Q> ky 20023 Picy Q> kut1593) ||
< 224 |Ro Pry Q<1001 || 20 12
IVt V7 Py @1y 2092 22021 Vit VT Py @1y 2003|2212

3
< 2k T || P, il s

i=1

_1
LIH, 2

We now let the outer derivative fall inside and obtain two terms, each of which
admits a null-form expansion: the terms are

3

PoQ<ri-10[Ra0’ P, Q iy 1081 Pey A7 05 (Rp Py Qs 42002 R Pry Q <2013
j=1
— R Py, Q<ioy+2002 R Pry Q <1y 42013)]

3
PoQ<ry—10[RaPi, Q<roy—1001 Py A1 Z 9;0° (R Piy Q<ky+20%2Rj Proy Q< iy 203
j=1
— Rj P, Q<kyt20002R3 Prey Q <y +20%3)]
We treat these separately. In order to streamline the formulae a bit, we shall omit
the localizers Q< +20, it being understood that the inputs Py, ;2.3 have Fourier
support at distance < 284120 from the light cone.

(3): The first null-form. We use the expansion

3

Z AT'0;[R,fRig — R;fR, 10" h

3 3

W) g V~fR;g] ]—;DAflaj[V*lijg]h
3
Z V7 fRigl0h — VT OV g)h]

+ v Lro(vlgh + Vv Tigon

Hence we need to estimate the following terms: first assume ko < —20.
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(1): PoQ<ry—100[RaPry Q<ry—1091 Py A1 2?21 0;(V ™1 Py, 0o R; Py, 1p3)]. Here
we use lemma 4.1 to estimate it by

3
1 PoQ<ky—100[Ra Pry Qg —10%1 Py A1) 05(V ™ Pry 02 R; Piybs) | 4

j=1

1 1
-3.-3a
0

3
k.
<27 [|RaPr, Qery—10%1 || Lo 2 I[P, A1 05(V T Paytha Ry Py ths)| |2 o
i=1

kg
-2

2

AN

_ 6
%225 || Ro. P, Q<ky—1081 || o 12 || Py 2| L 12| Py sl 1o

This is seen to be bounded by < 20ka—k] Hle || Pr,vil| s[k,) for some § > 0, pro-
vided we choose p > 4 sufficiently close to 4.

(il): PoQ<ks—10[RaPry Q<ky—1091 P, A7 Z?Zl 9;0(V ™" P,ta R Py;p3)]. This
we estimate by using Lemma 4.3 as well as Lemma 4.2: First, we have

3
PoQ<ky—10[RaPr, Q<ky 1091 Py A1 Z 9;0(V ™! Prypa R Pryt)3)]
=1

3

= PoQ<ks-10[RaPr, Q<rs—10%1 P, Qciyp 1087 Y 0;0(V ™ Prytha R Pitbs))]
=1

Then we first remove the localization operators @<k, —10, which is simple (estimat-
ing as before) and omitted. Thus we now need to estimate (including an operator
Q <k, to render the R, harmless)

3
Po[Ra Py Q< 1 Pry Qera 10071 Y 050(V ™" Prytho R; Py t3)]

Jj=1

3
= Y Po[RaPr, Qi1 P, QA" Y  0;0(V ! Peytha R, Piyibs)]
=

j<ka+10

Using Lemma 4.3 we have
3
|1 Po[ R Py @<k 1 Py QA1 Y~ 9;0(V ™" Pry oo R; Py )] | o)
j=1

—1n

< 26(j_k4)||Pk1¢1\|S[k1]||DV—1Pk4Qj(V_1Pk2¢2Rij3¢3)||X%,

kq

for suitable § > 0. Using Lemma 4.2, we estimate this by
250*'“4)\|Pk1¢1||swc1]\|DV*lleQj(VﬁlPkZ%Rijaws)HX

1

1
R

kol
N

< 20801 P i g2 TT I1Ptilsne
i=1,2

which is as desired upon summing over j.

(iii): PoQ<ky—10[Ra0Pr, Q<ky—10t1 Pry, A1 Zgzl 0;(V1 Py, bo R Py,p3)]. This
is estimated similarly to (i). Simply place the output into L} H -3,
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(iv): the term corresponding to V~1fO(V~1gh) in the above expansion is the
most difficult to handle; we use that Pj, acts via convolution with a function
ag, (z) of bounded L'-mass. Further, we recall here the precise microlocalization of
Py, ;12 3. Thus we write this term as

/Rz QAky (y)POQ<k4*10[D[PklQ<k4710Raw1v_1P’€3Q<k4+20w3<' - y)]
V7 Py Qerato0t2(- — y)ldy

Note that the restriction that Py, Py,13 is reduced to frequency 2% allows us

to simultaneously localize them to angular sectors rg 3 such that dist(ke, —k3) <
2™ Thus we can write

/}R3 ks (V) PoQ <ty —10[0[Pity Q< by —10 Rat1V ™ Py Q <oy 2003 (- — )]

V! P, Qeryt20v2(. — y)]dy

- >

K2,3EK ko |dist(r2,—r3)S2ka—k2
/3 ey (V) PoQ < ks —10[0[Pry Q< ks —10 Rat¥1 V™ Preg s Q< by 12003 (- — v)]
R

V7 Pry s Q< og202(- — )] dy

Here we first abolish the outer localizer Q<,—10, and modify O to OQ <k, 0(1):
clearly, we have
PoQ<ky—1010[Pry Q< ky—10Rat1 V™ Pry ey Q <y 420¢3(- — )]
V! Pry ey Qs 2002(- — )]
= PoQ<ry—10[Pr1+0(1)Q<ks+0(1) I[Py Q< ks —10Rat¥1 V™ Pry 10y Q oy 42003 (- — )]
V! Pry ey Qs 2002(- — )]

Then, replacing the outer Q<x,—10 by @>r,—10, say, we can estimate

[[Po@>ks—10[Pr, +0(1) @< ks+0(1) D[Py Q< iy —10Rath1
V! Pryrs Q<kat20¥3(- = 9)]V ™ Pry iy Q<iar202(- — 9)]]|

.11
2°7 2
Xo

_ka —
$ 27225 Py, Qeny10Ratn Lo 22 [V Prg s Qbat20$3(- — 9)l| popoe
IV Pry ey @<kar20tha(- — y)l| o
We have taken advantage of the fact (see e. g. [24]) that the operator Pr, Q <k, +0(1)

acts boundedly on spaces of the form LYL2, 1 < p < oo. Then we use Lemma 4.2
as well as the fact that

> P Qerr2tlipg S 1Pt 3
rREK]

This is straightforward for the first two components defining ||.||g(x. For the com-
plicated null-frame part, use that ||.||spx,«7 S |-[lsjk,x) for £ C #". Hence we have



LARGE TIME DECAY AND SCATTERING FOR WAVE MAPS. 25
for =10 >1" > 1
+ 2
E E ||Pk,~’Q<k+2l/Pk,nQ<k+2l¢||S[k:,in’]

KEK K€Ky

+ + 2
Z Z ||Pk7l€'Q<Jg+21/P/€,RQ<k+2[w||S[k,if€]

K E€K KEK, kC2K/

S Z Z 1Phr @y o Bpa m) S Z 1Prs @1 3s )

KEK | k' €K/ |KE2K! rEK;

The case when I’ < [ is handled similarly. Hence we now see that (using Bernstein’s
inequality)

(1,2€Kky —ky |dist(r2,—r3)S2ka—k2

k
272 25| P, Qepy—10Rathr 150 12 1|V Prg g Q2093 (- — e
IV 71 Pry ey Q<isr2092(- = )| Lo Lo
3
200 s=k3) TT || Py il s
=1

We have now reduced ourselves to estimating

/3 ar, (Y) Po[BQ <y +0(1) [Py @ <k —10Rat01 Prey Q <y 12003 (- — ¥)]
R

V' P, Qcryr202(. — y)]dy
We first write

10Ps, +0(1)Q<ks+0(1) [Pry Q< ka—10Rat1V ™ Pry 1oy Q <y 42003 (- *Z/)]HX% -1,
k1

S Y NP0 QP Qeri—10Rat1 V! Py 1y Qkyr20¥3(- — )]
I<ks+O(1)

X

>
= w\»—A
M\»—A

We need to estimate this expression for fixed [ first, the point being to eke out a
small gain in |k3]. One distinguishes between different ranges for I: first, assume
[ > k4 + 30 whence % > % + 15. Then write (here we have to go into full
detail)

Pr,+01)Qu[Pry Q<y—10Rath1V ™ Pry oy Q<2003 (- — 1))
+,+
K] o €K kg k |dist(E£r],£r5H)~2

Pk1+0(1)Ql[Pkl,n’lQ$k4_1oRa¢1v_1Pk3,n’2Pkg,n3Qi:k4+20w3(‘ -yl

*kS

At this point, the operator Qﬁk _10 becomes harmful, as it is applied to a large
4

frequency input. However, we can easily abolish it, by estimating the contribution

from Pkl,n’le;krmRawl as above, where the operator >, 10 was applied to the

output (here one places the output into LLH~2). Now we estimate (Here Q4 is
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the operator which localizes to =7 > 0)

:t’:t ’ 3 / ’ I=ks
K] o €K 1— kg |dist(Er],Er5)~272
2

Proy+0(1)Q1[Piy 1wt QFRat1 V" Py ot Pry s Q4 100¥3(- — ]I

= >

l—k3
Ky o €K 1y |dist(E£r],E£rH)~27 2
2

1 _
22| Py, oy QF Rathr || v arang) IV ™ Prgoy Prans QE 1y 4 20| PW o]

Since k% is much larger than k3 in the present case, we only sum for finitely many
K} o for fixed x3. Now we use the estimate

Ik
1 Pe, QF Rathr|Inpajeng)s S 10— k3|27 = || Poy | siay)

Hence we get

>

l—k3
K1 2 €K kg |dist(£r],Tr5)~272
2

1 _
22| Py, oy @ Rathn || v e ng) IV ™ Prgony Prors Qe 1y 4 203 PW )

ky—k3 l—kg i—

k-
S27 7272 23|k3*l|||Pk11/)1\|s[k1]||Pk3,n3Q<k4+201/13||s[k3]

kq—k3

Note that since k4 — k3 << [ — ks, the factor |l — k3| can be absorbed by 2~ 2
Finally, we can wrap up case (iv) under the assumption ! > k4 + 30: we have

>

RzyaeKk4,k2‘dist(mz,—ﬁg)§2k47k2
|1 Po[OPs, +01)Qi[Pry Q<ky—10Rath1 V™! Pry 10y @ <oy 2003 (. — )]
V! Pry ey Qs r2002(- — )l v o)

< 9dli—ks] )

£1,2€ K1, —ky |dist(ko,—kr3)S2ka—F2

[10Py, +01)Qi[Pry Q<is—10Rat®1 V™ Prg ey Q <y +20%3(- — )|

L1 1y
272
X;Cl

|| Py o @<kat20%2| | 5[ko]
By the preceding, we can estimate this by

>

k2, 3E Kk, gy |dist(rz,—r3)S2ka—F2

ky—

k
272 ks — U|| Py 01| 57801 | Pra e @ <at2002 | 5ks] || Prs oo @ <ea 2083 | 5]

Using Cauchy-Schwartz as well as the observation from further above, we obtain
the desired estimate by summing over k4 + 30 <[ < k3 + O(1).
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Next, assume [ < k4 + 30. Here we decompose
Pry+0(1)Qu[Pry Q <oy —10Rat1 V™! Pry 1oy Q<iy 2003 (. — 9)]
= Piy+0(1) Q[P Q<ks—10Rat1V ™ Pry 1, Qi—10<. <kat20¥3(. — )]
+ Py yo1)Qu[Pr, Qi—10<. <ki—10Rat1 V" Pry 1, Q<i—103(- — )]
+ Py o)) Qu[Pr, Q<i—10Rat)1V ™ Pry ey Qci—1003(. — )]
For the first term, estimate
18Py, 101y QulPr Q<rs—10Rat1 V™ Py 1oy Q10 <har20¥3(- = D]l 43— 3

1 3k3 J—k3 _
S22 Z 1Py Qery—10Ratn || 312272 2755 [V Py, 1o, Q003|212
FEI—10,k4+20]

We have used here the 'improved Bernstein’s inequality’, see e. g. [24], [10]. This in
1—j J—k3 .
turn we can bound by < >>ici_10.5,-10] 27727 [Liz1 2 [1Pe.¥illsk,)- Summing

kq—k
over j and then over [ < k4 + 20, one easily obtains the gain 2 e , and from here
the argument proceeds just as before. Next, we have

Pr, 101 Q[P Qi—10<. <ki—10Rat1V ™ Pry 1oy Q<i—10%3(. — 9)]

= > Porom@QilPrQiRatr V! Pry e, Qi 10¢s(. — y)]
JE[1—10,ka—10]
Now we can simultaneously localize both Py, QjRat1, V7 Pry s Q@<i—10%3(. — y)
- L
to caps K 5 of size ~ 272" such that +x/, +x} have angular separation < 277" .
Hence we can write

Py, +01)Qi[Pry QjRatt1 V™! Pry ey Qi 10%3(. — )]

J
kY o €K j_pgy |dist(£r],£r5)S2 2
2

Pry100) QulPry iy Q5 Ratht V™ Py g Prg vy Q21003 (- — )]

Of course for fixed x7 5, there are only finitely many x3 for which this expression
does not vanish. Then we can estimate

1OPe, +0(1)@1[Pry ny @F Ratht V! Proy et Prg s Q211093 (- — )]

3md e

Xy

[

L _
S22 ||Pk1,n’1Q;‘tRaw1HL3L§||v " Pyt Py s Q1 _10¥s | L3 Lo

Using Bernstein’s inequality for the 2nd factor, we estimate this by

=g ks .
<272l - | H [ Prey ey 0115101 | Prig oty V31 S ks

i=1,2

Now, for fixed j,1, one sums over «} 5 as well as 2 3 (of which there are only finitely
many for fixed &} 5), and finally sums over j,1 in the appropriate ranges, to obtain
the desired estimate, just as in the case [ > k4 + 30.

The expression
Py +o(1)Qu[Pr, Q<i—10Rat)1V ™ Pry 1, Qci—10¢3(- — )]

is handled similarly. Here one localizes the inputs to caps 5’172 which are separated,
and reasons as in the case | > k4.
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This concludes case (iv).

(V): Pry (V7' Py Q<iey 120920V ™! Pry Q <y 420003] Pry RaQ <y 1091 This is much
simpler to estimate: use

| Prey (V7! Py Q <y 420%20[V ™" Py Q <y 420%3) Py RaQ <y —10¢1 |11 12
S BV PryQeravo0¥sll 222 [1V T Pry Q<iar20¥al | L oo || Py RaQ<hs 1091 [ iz

kg

This can be estimated by 9% -2 H?:l || Pr;il|s[k,), which is better than what we
need.

(Vi): This is the expression V‘lszQ<k4+201/}2V_1Pk3Q<k4+20w3 DPkl RQQ<}C4,10’¢11.
This is again straightforward: we estimate it by
IV Pry Qs 42092V ™ Pry Qs 42030 Py RaQ <y —10¢1 [ 11 12
S Hv71Pk2Q<k4+20’l/}2||LfL;° ||V71Pk3Q<k4+20’l/}3HLfL§° ||DPI€1 R&Q<k4*10w1 | ‘Lfo:v

ky—ko

and the last expression is easily estimated by < 27 2 Hle || Py, Vil sk

Now, we assume ks > 20. Here cases (i), (ii), (iii), (v), (vi) are handled in
identical fashion. For (iv), we now have the identity

[Pr, Qry—10Rat1 Pry Q <iey+2003(- — y)]]
= Pry10(1)Q<kr+0(1) [Py Qra—10Rat01 Py s Q<hiat20V " 03(. — 9)]]

Freeze the modulation to size 2!. Then we need to distinguish between the cases
l > k4, I < kg. The calculations are essentially the same, so we outline how to deal
wit the first case. Now one writes

Pry +01)Q[Pry Qra—10Rat01 Pry Q <y 120V~ 103(. — y)]]

- D

I—ky
kY o €K gy |dist(Er],£r5)~27 2
2

Proy+0(1)Qt[Pay .t Qi 10 Rat1 Prog i, P rs @y, 120V 3(- — 1)]]

From this point on the proof is an exact replica of the case k3 < —20.

The case ko € [—20,20] is also essentially the same, the only difference being that
now in case (iv), the term [Py, Q<k,—10Rat1 Py Q<ky+20V 1 03(. — y)]] may have
very small frequency. This is handled similarly, see e. g. [11], where such an argu-
ment is carried out in detail.

(4) The 2nd null-form. This is handled just like the first null-form, the only
difference being that one uses the identity

3
> AT'0;0[RyfRig — R fRuglh

j=1
3
= O[3 ATV Rig)h — 5OV )V g
j=1

- %D[V*lfvﬂg]h + %D(V’IQ)V’lfh
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These can be handled just as the terms in the identity underlying (3).

The remaining expressions in the statement of Proposition 4.6 can be estimated
in the same way. ([l

We next state the following Proposition needed to handle the quintilinear and
higher order terms:

Proposition 4.9. We have the bounds

[PVt [Pr, 1 Py VT Py V7 [Proytha V™ Pry [Pry 3 Py ] Pey Ry s )] v g
5
< 2—5[“@—]61‘+|k3—k4H25[mil’l{k‘2,5,’r‘lngg}—max{k2)577’1)2_’3}] H ||P]ng||s[k]
i=1
for suitable 6 > 0. Analogous bounds hold for the other higher order terms in (2.5):

[PeV ot [Pry V7 [Proy 01 Pry V7 Pioy b2 Py 3] Pry V1 [Py 04 P 5] | v

5
S 276[\k47k5|+|k27k3H26[min{r1,3,k}fmax{n,g,k}] 25[min{r1,2A,kl}fmax{rl,g,kl}] H ||Pk17/11

i=1

||S[ki]

Proof. We show the first estimate, the 2nd following in a similar vein. This is in
principle straightforward given Lemma 4.1, the only difficulty being the operator
Vg, in front. To deal with it, assume the output is at frequency ~ 1 ( as we may
by scale invariance) as well as modulation 2!, [ >> 1. Thus this is the expression

PoQiV 4 4| Py 01 P, VT P, VT Py t0o V™ Py [Prytbs Proy 004] ] P R s

Then either k1 > 1 — 10, or Pg,11 has modulation > 21*10, or else PMV’l ... has
modulation > 2!719. In the last case, repeat the same argument with

Prlv_l[Przv_l[szwQV_lprs [Pk3¢3pk4w4]]Pk5va5]

The conclusion is that at least one of the inputs needs to have frequency at least
comparable to 2!, or else at least one input needs to have modulation at least
comparable to 2!. Note that we can organize the expression as

Vot PoQi[ Py, 01 Pr, VX Py, Ry 2)s5]]
with
X = P,V [Py toV ™ Py [Py 3 Proytha]]

Then use the decomposition

Va4 PoQul Py ¥1 Py, V! [X Py Ryt)s]]

= Xty >1-100 Vet PoQi[Pry 1 Pry VX Py Ry 105]]

+ X1 <1-100 Vet PoQu[Pr, Q11091 Pr, V! [X Pr, Ry t)s5]]

+ Xty <1-100Vat PoQi[Pry, Q<1- 1001 Pry Q>1-10V [ X Py, Ry 05]]
To estimate the first and 2nd terms, we use the following
Lemma 4.10. We have the bounds

x| | < 9f[min{ra 3.ka 5.4} —max{ra s,kz23s,4}] H || Petil s (ki)

1
. oo 1 1S
L2HINL2W, '~ 2L H2 554

Proof. (Lemma 4.10) simple application of Bernstein’s inequality. [
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Then we compute (for suitable § > 0)
||Xk1217100Vz,tP0Ql[Pkﬂ/hpnvfl[XPk5Ru¢5H||X7%,7%,w

0
< 2%l||Pk1¢1\|LfoLz||Pk1+o(1)V_1[XPksRu¢5H|L§L§
< 9dlmin{ras ke ,s.a}—max{ra s kz.z.4)] H || Pe il sks)
i=2,3,4
% 95 9—k19d[min{ky,rz,ks}—max{ki,ra,ks}] H || Pe, il | sk
i=1,5

where we have again invoked Bernstein’s inequality a number of times in the last
step. This is of course more than enough to get the estimate of Proposition 4.9 in
this case. Next, estimate

X1 <1100 Vit PoQu [Py @31-10%01 Pry V7 [X Pioy Ry 5] | o)
< 2% min{||Pe, Qz1-1091 || 1212 || Pry VX Pag Roths]l | poe o ne 12,
[Pr, @110 || 2 £ | Pry VX Piy Ryt)s ]| poe 12}

Again, one checks this is bounded by an expression as in the Proposition. Finally,
for the last term, use a similar decomposition

P, Q>1-10V [ X Py, Ry1)s)
= Xns>1-100Pr, @>1-10V ' [X Pioy Ry 05
+ X <1100 Pry @1-10V X Py Ry Q512095
+ Xk <1-100Pry @>1-10V " Q51-20 X Pry Ry Q <1—20%5)
For the first term here, use that
[1Xks 21100 Pry @110V (X Py Rutbs]|| 212 S 27 (| X] 22 (| Rutbs 5o 2
and from here one concludes
|1Xk: <1-100Va,t PoQu[Prey Q<1—10%1 X5 1-100 Pry @ >1-10V ™ [X Piy Rus]] || o)
<22 [Py Q<i—1091 | e Lo || Prs 01 X M L2 02 || Pis Ruts || Lo 12

5
< 2%+k1—%k526(min{r273,k21374}—rnax{r213,k2,314}) H ||Psz||S[k]
=1

Further, write
Xks<1—100Pr Q>1-10V X Piy Ry Q>1—2005]

> Xks<i-100Pr, @21-10V X Piy Ry Q1,45
11>1-20

Then we get

1) Xo<t-100Va e PoQi[Pr, Q<1 10%1 X <1100 Pry Q2110 [X Piy @1, Rutds]]| | v
1,>1-20

< 2% (I=l) 25 min{k1,2,3,4,5,71,2,3} —max{k1,2,3,4,5,71,2,3}) HPk /IZJ'LHS[]C]
11>1-20 i=1
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for suitable 0 > 0. Finally, consider the contribution of
ks <1—100Pr Q@>1-10V 1 [Q>1-20X Ps R Q<1 2095

Here we use
Lemma 4.11. The following estimate holds:
1Q0, X[ S 27327 wradmintrarabuaammaxtrarakasal) T || Pyaiil|speg
thx i i
i=2,3,4

for suitable 6 > 0.
Proof. (Lemma 4.11) Use reasoning as in Lemma 4.8, as well as above. ]

Using this, we can estimate
Xk <1-100 Ve PoQu[Pry 1 X ks <1—100 Pry @>1-10V H [@>1-20 X Pry Ry Q <1200 || w(o]

l —
< Y 27Xk <1-100PoQuPry 1 X ks <1100 Pry @21-10V ™ [Q1, X Pry Ry Q1 —2005) || 212
11>1-20

5
< Z 2%(l—l1)25[min{k1,2,3,4,577"1‘2,3}—max{kl,2‘3,4,5,T1,2‘3}] H ||Plcwz||5[k]
1,>1-20 i=1
for suitable 6 > 0. This follows as usual via various frequency trichotomies as well
as Bernstein’s inequality. This concludes dealing with the large output-at-large-
modulation-case, and we now need to focus on

Vot PoQ <20 [Py 1 Pry V= [Py VT [Prytho V7 Py [ Proy th3 Proyt04]) Prey Rutbs]|

This we do via the following

Lemma 4.12. We have the estimate
3.3_1)p _ _
2T\ P, VT [Py 42V Py [Pt Pl g

P
x

< 26[Inin{k’2,T‘Qﬁg}—ﬁlax{kQ,'f‘gyg}]2—6|k3—k4‘ H ||Pkw7,||s’[k;]
i=2,3,4
for suitable 6 > 0 and p > 2.

Proof. (Lemma 4.12) Follows from Lemma 4.2 and some simple frequency tri-
chotomies and Bernstein’s inequality. O

From here one easily concludes
1Vt PoQ<20[ Py, 1 Pr, V[P, VT [Pryth VP [Pk3¢3Pk4¢4]]PksRu¢5]]]||L .

1
tHe ®
5
< 276[\161|+\k37k4I]26[min{k2,5,T1,2,3}fmax{k2,5,r1,2,3}] H ||Pkwl‘|5[k]a
i=1
again choosing § > 0 small enough. This concludes the proof of Proposition 4.9 for
the first inequality. The 2nd follows similar reasoning. ]

We now continue with the proof of Proposition 4.5, where we need to establish
the last 3 inequalities for the iterates 1q,1,;. This only requires some additional
work for the terms involving the vector fields I'?. To get estimates on I'” Ya,1,5, We
need commute the vector fields T'? inside the source terms on the right hand side
of (2.6). To do this, we require the following simple
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Lemma 4.13. The following commutator bounds obtain for any translation invari-
ant norm ||.||s:

109,07 PhQsaltlls < 2722 PF |V Peyls+(181-1) D 27| Va D Pylls
[v[=18]-1

107, PiQersatltlls < 27 PRIV 0 Pwylls + (181 = 1) Y 27%||[ Ve D Prytl|s
[v|=I8]-1

First considering the case |3] = 1, note that 071 P,Q>}, is given by convolution
with a function a(t, z) with the property |la(t,2)||11 @s+1 272F Then we have

T, 07 'PQsk] = Ft,:r:/

R3+1

a(t—s,x—y)w(s,y)dsdy—/ a(t—s, x—y)l's y(s,y)dsdy

R3+1

Taking into account that I is of the form 9, 0, ;0. — 70y, t@tJrZ?:l 2;0q,, Ti0p+
t0:,, we see the above integral can be written in the form

/ SG(S, y)vt,zw(t — 5T — y)dey + / ya(sv y)vt,rw(t — 5T — y)dey
R3+1 R3+1

Then conclude by observing

lIsa(s, )l + lllyl(s, )]z, S 27

For higher order operators, use
[[102, 07 ' PuQsk) = T1[T2, 07 ' Pe@Qsi] + [T1, 07 PQ5k] T2,

as well as the fact that [, D’lPkQZk] can be written as a convolution operator
whose kernel enjoys similar properties to the one associated with 07! P,Q>. The
proof or [I'?, PyQ <151 is similar. O

With this in hand, observe that we have

t
Ola,1,5+1] = [D»F]¢a,1,j+1+FD[nT(t)S(t)(¢a[0])]+FD[/O nr(t—s)P_s1.50F (11,5)(s)ds]
Then clearly we have

Ol %a1j+1)l—r,m) = O, TYa j 1l -1 + TP 1—s1,60 F (¥1,5)l—7,1)

In order to estimate the right hand side, and in particular the right most term,
observe that application of T' does leave the null-structure (4.1) intact: indeed,
[O0,T] = cO for each vector field I and a suitable number ¢ = ¢p. Re-iterating the
proofs of Proposition 4.6, 4.9, and applying the preceding Lemma, we can conclude
that

TP st.60F (1) = m | vpy- o xre) S M2 ey,
provided we make the bootstrap assumption ||PI%1||sp(—7,1xrs) S M2y,
The claim of the Proposition follows when |G| = 1 for 94,1 j+1, by using the energy

inequality Theorem 4.4, and one argues similarly for Fﬁi/Ja,l, |B] = 2, etc. This
concludes the proof of Proposition 4.5.

Next, we explain the proof of Proposition 2.2:
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Proof. (Proposition 2.2) We shall again use Proposition 4.6, Proposition 4.9, as
well as some elementary additional estimates. Fix a time scale [ >> 1 and consider
t1)q,2 defined on [-271+2 21+2] a5 in the preceding. The equations satisfied by the
Va2 = VYo — Va,1 is as follows:

OtYa,2 = F(P1,92) + (1 = P_sis0) F (Y1), a2

Here F'(11,12) is the right hand side of (2.5) but with ¢ replaced by 1 2, and the
additional requirement that at least one copy of 15 is present. We need to establish
the following

Bootstrapping step: Let 0 < T < 242 and assume that we have
| Prtba 2l st (-1, 11 xR3) < Mey, o =0,1,2,3
for some M larger than some My = My(¢[0]). Then we have

||Pk’wa,2

M
|sk]((=T,7]xR3) < 5k = 0,1,2,3

We recall the definition of ey := min{dy,, 2#(max{k=0L=k=3IH g\ for 1 > 0 suf-
ficiently small. Having established the bootstrapping, Proposition 2.2 will then
follow from the fact that (see e. g. [11])

Jim sup || Prtpe 2| k) ((—1, 1) xR3) = 0

We will show that the assumption above implies

[PeF (W1, 02) || wiig =711 xR2) + 1 Pr(1 = P_sr,50) F ()| v =71 xR2) S €M ey,

which implies the bootstrapping step by invoking Theorem 4.4. We shall first prove
the estimate

|| PeF (1, 02) || Ny (-7 1) <R3y S €M e,

Recall that PyF(11,12) consists of trilinear null-forms as well as quintilinear and
higher order terms. From Proposition 4.6, we have the schematic relation

" PeV o ¢[Pry 1V ™" Pr, [Pry 02 Py 3] | N i) (7,7 xB9)

3
5 2—61|k2—k3|2—62[k4—max{k27k3}]2—63|k_k1| H ‘|Pkiwi”8[ki]([7T,T]><R3)
i=1
Here the term " PV, +...” of course stands for one of the trilinear null-forms in
(2.5). Now, we we think of the entries 11,92, ¢3 as either given by a ¢, 1 or a ¢4 2,
with at least one occurence of 1) 2. Then we have two possible cases:

i): at least one copy of V.o inside V1 Py, [...]. Let this be Py 2.
9 4 2 B

This we estimate by

< 2—53|k—k1|2—51|k2—k3|2—52|k4—max{k27k3}\dkl Chy s

Now use that

er, = min{dk2, oK max{kgfél,szfﬁl}dkrz} S 27/,1,5l
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since we have dj, < 2771*l for some ¢ > 0, and we assume that p is chosen small
enough. Then we have

Z 2*#512*53|1€*kl|agk1 <ep
ki1€Z
We can now infer that

Z 90slk—k1lg=61lka—ks| g0z [ka—max{ha ks}lg, o q < e
k1'2,3€Z

(ii):  The first input Py, 1)1 is Py, 1q,2. Here we infer the desired bound directly
since the ej form a frequency envelope.

The remaining terms in F'(¢1,s) if higher degree of multilinearity are treated
similarly and omitted here.

Now we turn to estimating the term

Pr(1 =P_s,50)F (1)

Recalling the definition of —P[_s 57, we see that in the expressions constituting
(1 — Pi_s1,61)F (1) either at least one frequency 2% satisfies |k| > 61, or else at
least one operator Py(Q)>kys occurs. We need to show that this implies an extra
exponential gain in [. We do this here for the trilinear terms, the higher order terms
being treated similarly: first, again using the schematic notation

”kaxyt[Pklwlv_l‘PkM [Pk2¢2pk31/13]]”7
assume that one of ky 3 3 4 is of large absolute size. Then reasoning exactly as before
in (i), (ii), implies
" PeV gt [Pr, V1V ™" Proy [Pry b2 Py 3] | viig S ex

Further, we have

Lemma 4.14. The following estimates hold, where we again use schematic nota-
tion:
" PuQ> k451 V t [Py 01V " Proy [Pry 02 Py s | vy S 27 "ldk

" PV gt [Pry Q> 1y 45101V ! Pi,y [Proy 02 Py 3
" PV 2,4 [Py 01V ™" Pry [Pry Qs oy 51802 Pry 3

" PeV ot [Py 01V ™" Pry Qs g5 [ Pry 02 Py 03] | vy S 277 ke
Here v > 0 is a constant depending on § but not on p.

]
0w S 277 dx
Dl S 277 dx
]

Proof. (Lemma 4.14). All of these follow essentially directly from the proof of
Proposition 4.6. ]

The preceding Lemma completes our treatment of the trilinear terms in (1 —
P_s1,61)F (1) since 27%!d;, < ey for u (in the definition of e) small enough. The
quintilinear etc terms in (1 — P_s; 57) F'(3)1) are treated similarly. O

Proof. (Proposition 2.3) This is contained in the preceding proof. (]
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