GLOBAL SOLUTIONS TO A NON-LOCAL DIFFUSION
EQUATION WITH QUADRATIC NON-LINEARITY

JOACHIM KRIEGER AND ROBERT M. STRAIN

ABSTRACT. In this paper we prove the global in time well-posedness of the
following non-local diffusion equation with « € [0,2/3):
Oru = {(—A)_lu} Au+ou?,  u(t=0)=ug.

The initial condition wg is positive, radial, and non-increasing with ug €
L' N L?>+9(R3) for some small § > 0. There is no size restriction on wug.
This model problem appears of interest due to its structural similarity with
Landau’s equation from plasma physics, and moreover its radically different
behavior from the semi-linear Heat equation: u; = Au + au?.
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1. INTRODUCTION AND MAIN RESULTS
We study the following model equation for « € [0,2/3):
(1.1) du={(-L)"u} Au+on?,  u(0,z) = up,

where as usual

Cortu= ()@= [y

drl - | A Jes oyl

31
34

We also consider (£, z) € R>¢ x R3. Moreover, we shall restrict to ug positive and

radial; a condition which is propagated by the equation. Note

t
dr u(t,z) + (1 — a)/ dsdz |u(s,x)|* = dz up(x).
o Jrs

R3 R3

In other words for solutions to (|1.1)), the quantity above is formally conserved.

Our motivation is partially derived from the spatially-homogeneous Landau equa-

tion 1936 |8| in plasma physics, which takes the form
Ocf = Q(f. /),
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where for 9; = ai we have

v

QN Y 0 [ o a0 - v) {F0)@N0) - @) (w.)).

ig=1 K

Here the projection matrix is given by

g L U
i (v) = - |o|1*? (@j Y “J) , L>0.

8w |v|?
The parameter satisfies 7 > —3, and we are solely concerned with the main physi-
cally relevant Coulombian case of v = —3. Then formally differentiating under the

integral sign and integrating by parts we obtain

3 3
o 1) = Y (500 f - /R o, 37 000 (0 — ) (w2) | (o),
i,j=1 ,j=1
where I
() (= (5, — Y%
w2 (7 (0= i) ) =
Furthermore Y, j=1 0i0ja"” (v — v,) is a delta function, so that
(1.2) Of = Y ai;(£)0:0;f + Lf?, (t,x) € Ryo x R?,

1<4,5<3

See |10, Page 170, Eq. (257)]. We can set L = 1 for simplicity.

It is well known that non-negative solutions to preserve the L' mass. This
suggests that with & = 1 may be a good model for solutions to the Landau
equation . It appears that neither existence of global strong solutions for
general large data, nor formation of singularities is known for either , or .

For the Landau equation , Desvillettes and Villani [3] have established the
global existence of unique weak solutions and the instantaneous smoothing effect
for a large class of initial data in the year 2000 with v > 0. Then Guo [6] in 2002
proved the existence of classical solutions with the physical Coulombian interactions
(v = —3) for smooth nearby Maxwellian initial data. For further results in these
directions we refer to |1,[2L{4}|10] and the references therein.

Furthermore, it is well known that the nonlinear heat equations such as

Ou = Au + au?,

will experience blow-up in finite time even for small initial data. This problem has
a long and detailed history which we omit. We however refer to the results and
discussion in [9], and the references therein, for more on this topic.

At one point, |10, Page 170, Eq. (257)], it was thought that equations such as
could generally blow up in finite time. It was a common point of view that the
diffusive effects of the Laplace operator would be too weak to prevent the blow-up
effects that are caused by a quadratic source term. Then since the diffusion matrix
such as @;;(f) or (—A)~'u may be bounded (or decay at infinity, such as in (2.4)
and [6]) then blow-up may indeed occur, as is the case for the Heat equation.

This intuition may no longer be as widespread as it once was for the Landau
equation [10], in particular because it has a divergence structure and since also
there seems to be lack of numerical simulations finding blow-up. Yet these issues
have still been without rigorous clarification.
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Furthermore, for v non-negative, we have that
Eeij(u) < (—A)_lu.
This gives the expectation that the diffusive effects of (—A)~lu/Au will be stronger
than those of Y-, ; ;5 ai;(f)05 f-
The main contribution of this paper is to show that in contrast to the behavior of
nonlinear Heat equations, solutions to indeed can exist globally in time even

for large radial monotonic initial data. We initiate the study of (1.1, and attempt
to construct global solutions for a > 0 as close to 1 as possible. We have

Theorem 1.1. Let 0 < a < % Suppose that ug(x) is positive, radial, and non-
increasing with ug € LY (R®)N L2+ (R3). Additionally suppose that — Aty € L*(R3),
where ug o (m)%uo. Then there exists a unique global solution with

u(t,z) € C°([0,00), L' N L*T(R?)) N CO(Rx0, H*(R?)),

()% (~D)u(t, x) € C°((0, 00), L*(R?)).
The solution decays toward zero at t = +00, in the following sense:

Jim [u(t, zon =0, g € (1,2).

Above the space L2t means that there exists a small § > 0 such that we are in
the space L2T9(R3). Furthermore we use the notation (z) & /1 + |z[2. Also the

space X is defined by X ¥ L1 0 L2 (R3).

Remark 1.2. Due to instantaneous smoothing for parabolic equations, one can
strengthen the above result to the effect that u € C>° (R, x R3).

The reason for the upper bound a < % comes from the interplay of the local

well-posedness we can establish for , and global a priori bounds. In effect, we
shall show that this problem is strongly locally well-posed for data of the form of
the theorem. Furthermore, the equation immediately implies a priori bounds for
the norms [|u(t,-)||La(rs) for 1 < ¢ <2+ for a small 6 = §(a) > 0. The quasi-
linear character imposes the added difficulty of establishing the non-degeneration
of the operator {(—A)_lu}A, which we ensure by exploiting the additional sym-
metries/monotonicity properties of the data. Note that the method employed in
this paper suggests a natural threshold a < % which corresponds to conservation
of L3 -norm. This appears as a natural limit for the well-posedness of in light
of the optimal local well-posedness for

Ou = ANu+ u?,
established in [11]. Indeed, we can strengthen the preceding theorem by exploiting

a more subtle a priori bound to get

Theorem 1.3. Let 0 < a < %, and ug be as in Theorem . Then there exists a

global solution in the same spaces as in Theorem[1.1}; this solution further satisfies
Jim Ju(t, ) agesy = 0. q € (1.3/2].

It appears that the case a = 1 is the natural threshold for global well-posedness.
Note that in the latter case, the problem (|1.1)) admits static solutions of the form
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See e.g. [7]. These are the counterparts of the (smooth) Maxwellian static solutions
of , and by contrast to the theorem proved in this paper, one usually expects
solutions to with a = 1 to converge to such static solutions as ¢t — oc.

It further seems reasonable to conjecture that increasing o beyond o > 1, one
should get finite time blow up solutions. We are unable to show this, but we do
have the following simple example:

Proposition 1.4. Consider (1) but on the ball B(0) & {z € R3 | |z| < 1},
choosing (—A)u to have vanishing values on {|x| = 1}, a > 1. Then nontrivial
non-negative smooth global solutions of (1.1 vanishing on 8B1(0) cannot exist.

Proof. Let u(t,z) > 0 be such a solution, ¢ > 0. Then using integration by parts:

2
d

— u(t,x)de = (o — 1)/ u?(t,z)dx > / u(t,x)dx |
dt Jp,(0) B1(0) B1(0)

using the Holder inequality in the last step. But then we infer
lim u(t, z)dz = oo,
t—T By (0)

for some T > 0 since fBl(O) ugdzx > 0. O

The difficulty in extending this reasoning to the context of R3 is that the L'-mass
could spread out to spatial infinity ‘too quickly’.

We will use the notation A < B to mean that there exists an inessential uniform
constant C' > 0 such that A < CB. In general C will denote an inessential uniform
constant whose value may change from line to line. Furthermore, A 2> B means
B < A, and A= B is defined as A < B < A.

In the next section we discuss the local existence theory. Then in Section [3] we
extend this local existence theory globally in time and prove the decay rates as
t — o0, both of these make use of monotonicity formula.

2. LOCAL EXISTENCE THEORY

Our main result in this section is the following local existence theorem:

Proposition 2.1. Consider (1.1) with o > 0, and let ug, Uo be as in Theorem ,
Pick ro > 0 such that

(2.1) / uo(x)dz > 0.
r51>|m|>r0

Then there exists

T=T <||UO||L1HL2+(R3) + HAEOHLQ(H@)» To, / uo(x)dx> > 0,

o> |z>ro

and a unique solution u(t,z) on [0,T) x R® satisfying the following properties:
u(t, x) is radial, non-increasing, and positive. Furthermore

we CO0,T), L' N L**(R?), (z)2Au e L*(R?).

Finally we have the pointwise bound

(2.2) Dy > (=A) ult,x) > %, Dy, Ds > 0.



GLOBAL SOLUTIONS TO A NON-LOCAL DIFFUSION EQUATION 5

This will hold uniformly on [0,T) x R3.

We recall the Newton formula for radial functions (Lieb-Loss |7, Theorem 9.7]):

. 1 u(y)
—AN\)"u(x — u(y)d d
(—A)Lu(z) (y)dy + / y

Arlal i< > Alyl

(2.3)

o0

1 || ) 1
- dp+ = dp.
3|x/0 u(p)p p+3/ u(p)pdp

|z|
We claim that (2.3]) combined with v € L{°LL implies
D, ~
(=A)"tu(t,z) < =, D;>0.
(x)

This follows easily by splitting into the separate regions |z| > 1 and |z| < 1. On
the former region we use Newton’s formula (2.3)) and on the latter region we use
the upper bound in (2.2]). We conclude uniformly on [0,T) x R? that

(2.4) (=) tu(t,z) = (x) L

This estimate will be used several times below.
We prove Proposition[2.1]by constructing a local solution by means of an iteration
scheme. Specifically we set

u(o)(t,z) Lef etPug(x), telo,T),
and then we define implicitly
Ou) (t,2) = (=A) WU A +a(ul=D)? je{1,2,...},
w9 (0, ) = up(x).
Our goal will be to establish the uniform estimates in the following lemma:

Lemma 2.2. 37 > 0 as well as D; > 0 (i = 1,2,3), all depending on o, (2.1) and
luoll 1 (ms)nr2+ (r3) such that we have the following uniform bound Vj > 0:

(2.5)

. 1 .
14| Lo 0,7y L1 L2+ (r2)) + S(UP £2 || X o<1 | Loms)y < Ds,
0,7

s

where x|z <1 smoothly truncates to the indicated region (|x| < 1). Further (2.2)

and @2.4) hold for u = u9) Vj > 0 uniformly. Moreover all the u)(t,-) are non-

increasing, positive, radial and we obtain the uniform derivative bounds
[(@) 2V u (t, ) 2@y < Das 0 < o] <2,

where Dy depends on the same quantities as D; (i = 1,2,3) and it additionally

depends linearly on || Atg|| 2.

The proof of Lemma 2.2 is the core of the paper and extends up to Section [2:5]
We proceed by induction on j. In the case j = 0, the bounds

”etAuOHL;’O([O,T);leL“(RS)) < luollLrnze+ w3y,
follow from the explicit form of the heat kernel. Further the bound
1
le" S uol Loqrsy < ¢ 2 [luoll L2 (rs),

follows from the Sobolev embedding after applying V. Also, clearly u(® will be
radial and positive throughout, as well as non-increasing. Furthermore the formula
(2.3) combined with a simple continuity argument as well as the Holder inequality



6 J. KRIEGER AND R. M. STRAIN

allow us to conclude that (2.2) holds for u(?) (¢, z), where the constants D; depend
upon ||uo||p1Az2+®s), 7o and fro‘l>|y|>ro uo(y)dy > 0 for i = 1,2.
Indeed, to obtain the lower bound, we use

1 u®(t,y)
(2.6) / uO (t,y) dy + / — Py
Arla] Jiy <ia) itz A7yl

L xT)r U(O)
2 ey [ Ot

Then if x is a non-negative smooth cutoff which equals 1 on {|y| < r5'} and
localizes to |y| < 2ry ', we have

%(/x(y)u(o)(ty) dy)| < /u(o’(t,y) dy = /uo dy,

whence we obtain j‘ly‘<2r—1 uO(t,y) dy > ‘fly|<r—1 ug dy provided that
0 0
fy<7"0_1 Uo dy
f ug dy

The bound for ||(z)2V*u(®|| 2, |a| < 2, follows also from the explicit kernel rep-
resentation for the Heat kernel e!~.

t K

The difficult part is establishing these bounds for the higher iterates u?) with
7 > 1. We shall proceed by induction, assuming the properties stated in Lemma
hold for j — 1 and deducing them for j. This induction will particularly clarify
the nature of T > 0.

We shall rely in part on the functional analytic framework developed in Theorem
3.1 and Theorem 3.2 of Part 2 of Friedman [5]: let A(¢) be an operator valued
function, for t € [0,T], with A(¢) acting on some Banach space X (note that A(t)
need not be bounded). We suppose that the domains of A(t) are given by D4y
(independent of ¢ € [0,T]). Further consider the following Key properties:

e D, is dense in X, and each A(t) is a closed operator.
e For each t € [0,T], the resolvent R(\; A(t)) of A(t):

RO A(1) = (A(t) = M),

exists for all A with Re (\) < 0.
e For each Re )\ < 0 we have the bound
1

RAR)| S ——.
IROSA@D % 5757
e For any ¢, 7, s € [0,T], we have a Holder estimate for the | - || x operator
norm
(2.7) I[A(®) — A()]A™ ()| S Jt =7

This should hold for some v € (0, 1).
The implicit constants above should all be independent of A, ¢, 7, s and . Then
following Friedman |5, Theorem 3.1 and Theorem 3.2], there exists a unique fun-
damental solution U(t,7) € B(X); that is a strongly continuous operator valued
function such that Range(U(t,7)) C Dy Vt, 7 € [0,T], and furthermore

aU(t, 7))+ AU (t,7) =0, 7<t<T, U(r,7)=1.
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In the following we will construct suitable operators A(t), then prove that they
have the requisite properties to deduce the existence of the fundamental solution.
It may appear natural to use the operator

AT = (o) U D)A 41,

which however is not self-adjoint. This causes difficulties in establishing the resol-
vent bounds. Instead, we introduce the slightly modiﬁe(ﬂ operator

A(t) = g;(=0)(g;) + 1,
. 1
g; = [(=2)Tub Y]z,
It is not hard to check that this is a self-adjoint operator with domain
Dy {u e L*(R%) | A(t)u € L*(R*)}.

Then it is easily verified that D4 is independent of ¢, in light of the assumptions
on w1V, Note that (A(t)d, ) r2gs) > ||ﬂH2L2(R3) for w € D4, whence we have

(2.8)

[R(OA; A < ReA <0,

1+ A
i.e. the resolvent bound among the key properties is satisfied. In particular, A(c),
o € [0,T] generates an analytic semigroup

e—tA(a)

with the important bounds

1
|A(o)me 4| < et t>0, m=12,....
In order to use the operators A(t), we need to re-formulate (2.5) as follows. Let
~(5) def _¢ _ i :
gl et -t ; Ly, j>1.

Then we obtain

. L O0vqi o 2
(2.9) 0" + A(t)a) = —LYigH) 4 aet@(uwl))?
gj 9j
4 z
We then treat _%ﬁ(ﬂ + ozetg”g—f1 (u(J_l))2 as source term, and apply a bootstrap-

ping argument to recover the L2-based bounds on ). The L!, L**-bounds in turn
will follow directly from ([2.5)).

Organization of the rest of Section [2| In Section [2.1| we prove the continuity
estimate in . Then in Section we prove the uniform bounds on u?). After
that in Section we will establish the monotonicity of each u(9) by induction.
Subsequently in Section [2.4] we prove the pointwise control over the elliptic oper-
ator (—=A)" ') as in . In the next Section we prove uniform bounds for
the higher derivatives. Section then proves the convergence of the (/). Finally
Section proves the uniqueness of the solution w(t, z).

In order to construct the fundamental solution U (¢, 7) associated with A(o), we
still need to verify the fourth of the key properties, i.e. the Holder type bound.

IHere we omit the superscript j for simplicity
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2.1. The continuity estimate. Notice that condition (2.7) is implied by
(2.10) I[A®#) = ADIAT (D St =77, t,7€[0,T], 7€ (0,1).

This simplification is explained in Section 3 of Friedman [5].
Consider the identity

[A(t) = A(D)] A7) = [g;(1)(=L)(g:() - ) — g5(T)(=L)(g;(7) )] o W0 @,

where we set
L (ML) e M) ),
(1) (=) (g5(r) ) © (95T (= L) (g(r) ) +1)
Thus & is clearly L?-bounded. Then we decompose
= [A@#) = A(M]ATH(T) = g;(0) A (lg5() — g5 (D]gy (DA g7 (1) ) 0 @

(2.11) +1g; () = g;(MA(g;(T)g; H(T)A g7 (7)) 0 @.
We estimate the two terms on the right separately. The second term simplifies to
(2.12) [9;(t) — g;(T)] (g5 '() ) o @.

We decompose the first term in ([2.11]) further into
9O (g5 (1) = g5(7)]g; (AT g5 (7)) 0 @
2

(2.13) = (g:(t)lg;(t) — g;(T)]g; 2(r) - ) 0 @
(2.14) +29;(1)V ([g; () — 9;(M]g; (7)) - VAT (g7 (1) - ) 0 @
(2.15) +9; () A ([g;(t) — g;(T)g; (1)) - A7 gy () -) 0 @.

Thus to prove (2.10) it suffices to estimate (2.12)) - (2.15).

We will now show that we can estimate (2.12) and (2.13) in a similar way. In
particular, because of the L?(R?) boundedness of ®, it suffices to establish

95 (t) = 95 (T)]g; " ()|l Lo rs) max{L, [lg;(t)g; (7)==} St =7, ~ € (0,1).
Note that v/~ will satisfy (2.4) by the induction assumption which yields from
(2.8) that [|g; (t)g;l(T)HLoc(RS) < 1. We thus reduce to showing that
(2.16) (@) [(=2)" 17Dt 2) = (=2) D (ra)]| S Jt 7).

Both (2.12) and (2.13]) will hold in this case. Note that without loss of generality
below we can assume that |t — 7| < 1 (since we are proving local existence).
Pick some 8 > 0. Recalling ([2.3) with u = «U~Y, we can write

Z1 e 1 -
(=0 000) =g [ i)

(j—l)(t )
u Y
+ /le\zmax{\tfrw,ww} Y

+O((@) Mt — 77wl ()] p2qsy)-

where x,<.<p = ¢(‘%l) - gb(%), and X|y|>q = qﬁ(lZ—I) for ¢(x) a smooth cutoff which
equals 1 for || > 2 and vanishes identically for |z| < 1. Note that the O(-) terms
result from applying Cauchy-Schwartz to the terms which were not written.

Then we obtain

(=2) WD (t2) = (=0) VD (r2) = L+ I + I,
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Here

U= (t,y) — uli =D (7, y)]
4|yl

5L =/x|y\2max{\mm,|m\} dy,

1
L= /X\t ra<iyl<te [0t y) = uU (7, y)] dy,
1320 (@)1t = 718 {Ju0 D (Oll ey + D ()2 })
Now we refer to the equation defining «U—1(¢,-) in ([2.5), whence we get
W40 ) = [ [0 )80 s, a0, ) s,
¢

Thus we obtain the identity

T —N) "2 (s,9) Aul=D (s, y
I :/ /X|y\zmax{\t—ﬂﬁ,|x\}( ) (o-0) 28 gyas
drly]

a(ul=2(s,y))*
/ /X\y\>max{\t T s S E— 47T|y‘ d ds’

and similarly for Is.
We will use the following general monotonicity estimate. Suppose that u(z) >0
is any radial monotonically decreasing function. Further assume that

ro
/ u(r)ridr < Ds.
0

Then by monotonicity

3Ds3

(2.17) u(rg) < e
0

We will use this estimate several times below. ‘
With ([2.17) applied to u7=2) we have that |[u7=2)(¢,2)| < |2|~3. Using this as

well as performing integrations by parts, we obtain
LISt =7 St =74 ()

)

and similarly for Is. We conclude that
(—2) 0V, 2) — (—0) "V (r,2) = Ot — 7' (2) ™1 + (2) Yt — 7] 7),

where the implicit constant depends on [|u=V| x + |[uli=2?)||x. Picking 8 < 1, we

obtain (2.16)) with v = min{l — 4ﬂ, 2} This proves the (2.16) and hence it proves
the L? operator bound for an 1-
We prove next the L? bound for (2.14). Decompose this term further as

29;(t)V ([g;(t) — g;(T)g; ' (7)) - VAT ( Y(r)-)o®
=g;(t)[g; ")V (=2) T It ) — g H(T)V(=L) Tl (7, )]

9; (VAT g7 (1)) 0 @
= g;(t)([9;(t) = g;(MIVAT W=D (1) g7 3(7)) - VAT (g5 (7)) 0 @
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We estimate the first term on the right, the second being more of the same. Split
it into
(2.18)
9; (O]9 OV (=)D, ) = g7 (M V(=4) T (7, )]
g5 (VAT (g7 (7)) o @
- [V(,A)*lu(jfl)(tv N — v(,A)flu(a‘fl)(T7 .)]
g5 (VAT (g7 (7))o @
+ 951 (1) [(9(7) = 9OV (=2) b (7, )]
g5 (VAT (g7 (7)) o @

Commence with the first term on the right: as before, the trick consists in splitting
into a region of small |z| and one of large |z|: for 3 > 0 to be determined, write

[V(=£)"1lD(t, ) = V(=2) =0 (r, )] - g7 H(m) VAT (g (7)) 0 @

X . . _ _ _
= [ X WV 0) — u D )] dy] g (VA (g7 (7)) 00
Tz Sy <al

v G-1) G o A1 ) o
+47T|gc\3 /|y<|m|X|thrﬁ[U (t,y) —u (1,y)] dy] g5 (T)V (gj (7))o

Then note that since
_ 1/ — ~ _1 1~
(g7 (1) VAT (g1 (7)) 0 @) (@)] () S max{|2] 72, |2]2 }[l| .2,
we get

X

e 3/ (Xl jt—rie [Vt y) —aI™ D (r ) dy] - g7 (T)VA (g (1) +) 0 @) (W)
2 Sy <oy

. _5 _3 B\~
S minf|z| 73, 2|72}t — 7|7 ||| 2

This unfortunately fails logarithmically to be in L?(R?). To remedy this, note that
for radial u € L?(R?), we get due to Newton’s formula

_ _ _ ~ k 3(i_ ~ _ 3k ~
Xjal~2r (05 1 (MVA™ g7 (M)@)) (2) S22 [ D229 9| |x|aeai ]l L2427 2 || X0 18] 2]
i<k

where 7,k € N. Then note that

1D 2™ Xpapmar (g5 (MVAT (g7 (1)) 122

k>0
<D 2200 gl e + 27 % X<l 2]
k>0 j<k
< [lulza
We thus get
xr

ﬁ/ Xyl <lt—re [Vt y) —uI =D ()] dy] - g7 (1) VAT (g7 (1) ) o @
|z Sy <ol

Sle—r|
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On the other hand, for the second term above, we again use the equation satisfied
by ©~1, which furnishes

T . .
/ Xyl lt—r12 [ (8 y) — w7~ (1,y)] dy]
ly| < ||

47|z |3
= TP / / Xyl [(=2) 702 (7, ) Au =0 (7, ) + @ (0= (7,)) ] dyds]
Arlzl* Jo Siyigral T
whence we have (with ||.|| denoting L?-operator norm)
x

47r|:c3/|y<|x|lezt—Tﬁ[U”_”(tvy> w0 (7, y)] dy] - g5 (VAT (g5 (7)) 0 @]
<l

In summary, we obtain

[V (=) a7, )=V (=)l (7, ) |-g7 (1) VAT (g7 (7)) 0@ S [t—7]7

with v = min{g, 1 — 23} where we take § < %
The second term in (2.18)) on the other hand can be estimated by using

|97 (7)[(g;(7) — ;D] S |t — 7|
with v > 0 as in the bound for (2.13)), and as before
IV(=2) "= (7, )] - gy () VAT (g M (r) ) o @] ST

This completes the L? bound for (2.14)).
Lastly we prove the L? operator bound for (2.15). We decompose it into

9, (A (lg; () = g5 (Mg (7)) - A gy (7 )')O‘b
=g;(t)(l9;(t) = g;(MWI Vg3 (r)) - A7 (g5 M (7) - ) 0 @

(219) +g;(t)([g;(t) — g;(MN(V(=2) " uli™ 1)) ( ) A g (r )O‘I’
+g; (1) (Vigi(t) — g;(7)] - V(=2) a0 (1)g: (7)) - A7 g; (7)) 0 @
+g;(0)(Alg; (1) — g;(M]g; (1) - A7 (g5 ( )')0‘1’

First term on right hand side of (2.19| . Here we need to exploit the precise structure
of

b = g;(1)(~2)(g;(r) ) o (g ()(~L) (g;(7) - ) + 1)
Hence we get for & € L*(R?)
(95 () ([g5(8) — g5 (r)Ju¥ =Yg <T>>-A Hg; ' (r) ) 0 @) (@)
= g;(1)([9;(t) — g; (M Vg72(7) - (g, () (=A) (g5(7) ) + 1)~ (3)
= Xpu1<195 () ([95(8) — g () 01 72(r)) ( () (=0) (g5(7) ) + 1) (@)
 Xai2195 (0 ([95(1) — g5 (M0 g2(0) - (g5() (=) (g5(7) ) + 1) ™' (@)

The second term here can be 1mmed1ately estimated since

X 212195 (8 (19 (1) = g5 ()]uV Vg2 () |Lge S [t — 7|7
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for v > 0 as in (2.13), and hence
X129 (8) (195 (1) = g5 (M Vg2(7)) - (g;(T) (=) (g;() - ) + 1)~
St =g () (=) (g5(r) ) + 1) @2 S It — 7|7 12

For the first term above, denoting v = x,<1 (¢;(7)(=2)(g; (7)) +1) - (u), observe
that by elliptic regularity theory we have

(@) e

[vllwzz2 < [lullze,
whence we have
1X(e<195 () ([95 (1) — g5 ()] g 2(7)) - (g5(r)(=L) (g5(7) - ) + 1) " (@) 2
< 1950 (195 (1) = g5 (Mg; 2 (D)oo 1wV g2 [fill 2 < |t = 77|l 2
Second term on right hand side of . Write this, applied to u € L?(R3?), as

950 (l9; (1) = 9 (M (V(=2)"uT0) g7 () - (9, (1) (=) (95() - ) + 1) (@)

1 G—1n2 - -1,
= Xj1195 () ([95(1) = ;(DI(V(=2) " ™ D) g4 (r) - (g5(T) (=) (g5() - ) + 1) (@)
21 Go1nN2 - -1,
+ X1i2195 (D ([95 (1) = g5 (MI(V(=2) "1 u=D) g7 4(r) - (g5(r) (=) (9(r) ) + 1)~ (@)
For the first term on the right, we have
1 (-1 2 _
Xja<1 (V(=2) 1Y) ~ x g < 2]
in light of Newton’s formula (2.3)), Holder’s inequality and the fact that u—1 €
L?(R3). Then reasoning as for the first term of (2.19), we obtain
1 G—1N2 — -1,
X121 <195 (£) (95 (8) = g5 (M(V(=2) a0 7D) g7 (7) - (g5 (1) (=) (g5(7) - ) + 1) (@) 2

S [t — [ (V(=2) " a0 ) |2l (g5 () (=) (g5 (7)) + 1)

S [t = 77wl

(@[

For the term
Xjalz193 (D) ([95 (1) =93 (DN (V(=2) 107 0) g4 () (g5 (r)(=2) (95(7) ) +1) " (@),
simply use that
etz (V(=2) a0 e S0
Third term of right hand side of . Write it (applied to u € L?(R?)) as
9iO[g; OV (=2) () — g7 () V(=L) " (7))
V(=) (1) g2 () (g5 (T) (=) (g5(7) ) + 1)~
= [V(=2)7u;(t) = V(=4) " uy(7)]
V(=)D (1) g2 (1) (95(r) (= L) (g5() - ) + 1) (@)
+9;Olg; (1) — g5 (N]V(=2) Ty (7)
V(=) (1) g5 () (g5 (r) (=) (g5(r) - ) + 1) (@)
For both of these one splits into the regions |z| < 1, || = 1, and one further
decomposes the integrals giving V(—A) " u;(t) — V(—=A) " u;(7) into the regions

lyl < |t —717, |yl = |t — 7|%. In the region |z| < 1, one places
1

(g; (D) (=D)(g; (7)) + 1)~ (w)

1

(w)

1
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into L> and the remaining product directly into L2, as in our estimates for (2.14)).
In the region |z| 2 1, one easily checks directly that

etz [V (=) 1a5(6) = 9(=2)ay(7)] - V(=) 7D (7)g52 ()
Sle—
Xei2105 015 (1) = 67 IV (=A) s () - V(=2) 0D (1)g5 2 (7)o 5 [t = 77

from which the desired estimate easily follows.
The fourth term of (2.19). We expand it into

9; () (Dlg; (1) — g5(T)g; (7)) - A g (7)) 0 @

= WOt ) =D g () - A7 g () ) 0@
+...

where the terms ... can be treated like the preceding terms and are omitted. The
first term on the right appears to require a somewhat different method, as we no
longer average the difference term [uU =1 (¢, -) — u=1(7,.)] over z. We proceed in
a number of steps, taking advantage of frequency localization: observe that due to
the non-increasing nature of /=1 as well as radiality, we have (for some 3; > 0
to be chosen)

j— _15
IV DX)t—r 51 2otz —r w0 )] lls S [t = 71772, 5 € [0, 7]

Now let P.,, P>y etc be standard Littlewood-Paley frequency cutoffs localizing to
frequencies < 2%, > 2% respectively. Then we have

i _ 761
1P g2 t0g [t—71 [Xje =1 2 gz —rior w0 (7, )] o S 8= 772772
Interpolating this with the bound (using radiality and monotonicity of uld _1))
i— _ 381
1P> — 3 108, 161 [X[t—r -5 2oz 1m0 (7, )l S JE—7]7 72,

we get

. 51
(2.20)  ||P>—g, 10, [t—r| (X|t—r|-21 2jalz)i—rr (7, )] 22 S It = |7

In order to use this, we decompose (here again u € L?(R?))
(2.21)
([I=D(t,-) =D (7, )]g; (1) - A7 g5 (1) -) 0 @) (@)
= Xpafz i (W07, ) = a7, )]) (g5() (= ) g (7 > n'a
F Xje—r |01 2z r o (I () = a0 (7)) (g5(7) (— ( )+I) 'a
+ Xjalgle—rn ([IV () =D (r,)]) (g5 )( AN)g;(T) + )
For the first term on the right, use
(2.22)

X 2> [t—r| -1 (9= (t,) —ub =1 (r, M) (g5 (T)(=L)gj(r) + 1)

i G 1
S Xz -on (Y7 () = w70 ()] oo (95 (1) (= L) g5 (7) + 1) il 2
St =7 [a] e

-1
U||L2
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On the other hand, for the last term above, we use Holder’s inequality and L?*-
control: We have

X gjt—rior (9708, ) = a7 (7)) (95 (T)(=2)g5(r) + 1) | 2

vB1 . s _1~
St =7 a0 () = w7 e ey g1 (95 (1) (= 2) g5 (7) + 1) |
St =7 08, ) = w0 () el e S 8= 7] e

We conclude that in (2.21]), we have reduced to estimating the middle term on the
right hand side, for which (2.20) will come handy. Write

1

Xjirf -1z z—rpn ([0 () = ™D (7)) (g5 (1) (= A)gs(r) +1)
= Py tog, [t [Xjt—r1 - iz jp—rlor ([0t ) = ul =07, )]

(2.23) “Xjal<jt—r-o (95 (T)(=L)g G(r)+ 1)
+ P>y 108, |t—rl [X[e—r(-51 2 a1zl (W7D () =70 (7, )]

1~

Xal<jt—r1-o1 (95 (T) (=) g (1) + 1) @

The second term on the right can be immediately estimated using (2.20)), as well
as the following bound resulting from standard elliptic estimates:

IR i pt—ri=n (95 (T (=) g5 () + 1) " il g < [t — 7|72 ] 2
We thus obtain
P>, 10g, |t—r| [X|t—r]-81 > 2|2 [t—r |1 ([~ (t,) = b= (7,)]]
Rpetgle—r-o1 (95 (T) (= 2)gs (7) + 1)l 12
S P>y 10, |- [X|t7‘r|*5lz|m\2\t77'\51 (Y= (t,) —ul= (7, Nz
X a1 j—ri-81 (95 (T)(=2) g5 (1) + I)ilﬁHLw
S =71 % F e,
which yields the desired bound provided
961 < B2

We have now reduced to estimating the first term on the right hand side of (2.23]),
for which we use the equation satisfied by uU—1.
We start out by estimating

Pe_g, log, [t—| [X\t—f\*ﬁlz\ac\th—Tlﬁl ([U(jfl)(tv ) = u(jfl)(ﬂ ')H
for which we make the following Claim: we have the bound
o o s
||P<—Bz log, [t—7| [Xlt—‘l'l’ﬁlzlw\zjt—ﬂﬁl ([U(j 1)(157 ) —uU 1)(7, ')H re S It — T|1 202
To see this, we use a bit of Littlewood-Paley calculus: write
P<7ﬁ2 log, [t—T| [X|t7’r|*51 2|z Z|t—7|P ([u(j_l) (ta ) - u(j_l)(Ta )H
= P<_ 108, [t/ [Xjt—r/51 Zjalzt—rm P patog, le—rl+10[u D (¢, ) = a0 (7, )]

+ > P10, 1t~1 [P (Xje—ri =01 2ol 2j0—r10 ) P70 (8, ) — w070 (,
1>—f2log, |[t—7|+10

Ik
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where we let P, & Zae[l% 1+5] Pa- Thus we are led to bound the expressions

P<l[u(j_1)(t7 ) - u(j_l)(Ta )]7
which we do by expanding
P<l[u(j*1)(t, - u(jfl)(ﬂ ]

t
:/ Po[(=2) " @) AulD 4 a(u2)?] ds

But then using the fact that the operators P.; are given by smooth convolution
kernels with bounded L!-mass (independently of 1), we easily infer

| /t Pa[(-=2) (=) Aul=D 4 a(w-?))z] ds|

Slt= 728 Ju ™ | Fa e + OV pe] S Jt = 7]28
Applying this above, we deduce the bound
1P< 52 togy le—r1 [Xtt—r1-51 2jal 2111 Ptz togy lt—rl+10[u¥ "D (8, ) =l =D (7, )]] [l
St —7]'m3
Furthermore, using that for 2! >> |t — 7|51 we have for any N > 1
1 N
]

1Pr, (Xje—r =01 2 20— 2 ) Lo S [m

9

we can estimate (for [ > —(slog, [t — 7| + 10)
1P<— 108, 1t—71 [P1 (Xjt—r -1 3zl -2 ) PO (#, ) = w0 (7, ][ e
1 ]N
[t — 7]Pr 2!
and summing over [ > —fslog, |t — 7| + 10 results in an upper bound (better than)
|t — 7|1~ 252, which establishes the above Claim. We can estimate the first term

on the right hand side of by
1P<— 52 t0gy le—r1 [Xtt—r1-51 3jaf 2y (D8 ) = =D (7, )]
et le—ri—o1 (9507 (= 2)g5(7) + 1) "l 1
S 1P<— g5 10g, 27| [X|t77—|—ﬁ12|w\2\t77—\/’1 (w9 (t, ) = ul=1(r, Nz

R et (95 (1) (=2)gi (7) + 1)~ | 2

z1

<|t—7’|[ 2z

~

S Jt— 712027 e

whence we obtain the desired bound if 8 < % Except for estimating terms similar
to those treated further above, we have now estimated estimated the fourth term
of , which completes case (2.15)).

The estimates in ([2.13])-(2.15) in turn establish the desired Holder estimate
for suitable v > 0. In particular, we have verified all the key properties which
ensure the existence of the fundamental solution U (t,T) associated with A(t).

Remark 2.3. We make the important observation that while the implicit constants
in this section depend on the constants D;, one can in fact make them independent
of the D; by choosing the time interval sufficiently small (depending on the D;).
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To see this, it suffices to shrink the Holder exponent a bit. This has the important
consequence that all estimates flowing from Friedman’s theory for the parametrix
U(t,s) are independent of the D; as well.

2.2. Obtaining control over u/). We re-formulate (2.9) as an integral equation:

oy [ 059 ~(; 1 (g 2
a (t,z) = U(t,0)o +/ Ult,s) [—gﬂ a9 (s,x) + aes Z=L (u(J_l)(s,x)> ds,
. : :

gj 9j

—1

which follows from Duhamel’s formula. Here we have ug = [(—A) uo] 7%u0. Note

that the right hand side depends linearly on %\?), and we will apply a bootstrap
argument to control this term. Alternatively, one could run a secondary iteration
to construct 7). We shall prove L?-based estimates for #(7), and then use a direct
argument to establish the remaining L', L?T-bounds. In the immediately following,
we shall derive an a priori bound on

(2:24) D E [ED @)l e + 1 11@) 30T (1) 2(es) |
telo,

assuming inductively the following bound (for D5 > 0)
¥z < Ds, k=0,1,...,5—1,

in addition to the remaining bounds stated in the Lemma [2.2
Observe that Sobolev’s embedding gives

s _ i
2 |[Xjoj <1t | Lo rey S 09|z

Now we will estimate each of the terms individually.

(#i1) Estimating the expression U(t,0)ug. Observe that due to radiality and
monotonicity, as in (2.17) and (2.4), we get
- 1
[ollr2rey S (@) 2uoll2(re) S lluwollrzre) + lluollLr(ws).-
Further, due to the L?(R3)-boundedness of U(t,0), we achieve
[U(#, 0)uollL> < [[tollz> < lluollz2 + [luollzr-

According to Remark [2.3] the implied constant here may be assumed to be inde-
pendent of the D; ( at the cost of choosing T' small enough). Also, due to the
operator bound ||A(t)U(t,0)|| < % and an interpolation type argument, we get

it - 1,
(@) "2 VU (¢, 0o 2 < 7 lollzs,

whence [|U(t,0)uol|z < [Juollz2(rs) + [|uol| 1 (rs)- Indeed, observe that
<QJVU(t7 O)ﬂ(); QJVU(t7 O)ﬂ0> :<[gja V]U(tv 0)607 QJVU(tv 0)60>
+ (g; VU (t,0)uo, [g;, VIU (¢, 0)uo)
+([V, g;]U(t,0)uo, [g5, VIU(t, 0)to)
+ <v9jU(t7 0)170’ ngU(t7 0)a0>a
and we easily get
([, VIU(t,0)k0, g; VU (t,0)50)| < [llg;, V= U(t,0)io |l 22[lg; VU (£, 0)iio | 2
[V, g;]U(t,0)d0, [g;, VIU(t,0)a0)| < [I[V. g;]lI7~ U (2, 0)o |7
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One concludes from the preceding that
(9;VU(t,0)t0, 9; VU (t,0)t0) < [V, 93]l < oI Z2 + AU (2, 0)do]| 2 1o 2

According to remark 2.3] the implied constant in this inequality is independent of
the D;; furthermore, we get

[A@®)U (¢, 0)tol| 2[ITo | 22 < [0l 2
where the implied constant may be assumed independent of the D;. But then we
get
~ C1~ 1
lg; VU (¢, 0)uol| L2 S 2 [[uollL2[1 + 2 [[[V, ;]| <]

Finally, we have
1

()2
where, using an argument as in (2.6)), we may assume that the implied constant is
independent of the D; on [0,T] for T small enough. We infer

£% || (x) VU (¢, 0)o| 2 < |0l 22,

with implied constant independent of the D;.

(#i2) Estimating the term fot Ul(t, s)%ﬂ(j) ds. Recalling the definition of g;, we
J
v A 1D . . ,
have 8;% = %%. Then we use the equation (2.5) satisfied for uU—1) to
see that what we need to do is estimate

t (—8) M (=) 0D 8l +a(ul )]
/0 U(t, s){ (CA)TuG—D a b (s, x) ds,

where U(t, s) acts on the entire expression to its right, of course. To estimate the
integrand observe that by Newton’s formula (2.3) we obtain

(=A)7! [(—A)_lu(j_Q)Au(j_l)]
1

= _ V(=A) " b2 U= gy
Arla] Jiy <ia)

_/ v[ 1 (—A)_lu(j_2) -Vl dy.
wl>lel - LA7lY]

Furthermore we have

||<|fﬂ|>/|<| \V(_A) 72 VY dyl| e S IIVaO D2 la 7 2 4 072,
Y|lsS|x

1

| (z) min{|z|2F, 1} v[ﬂemflu”*”] - Vul ™Y dy| e
[y >z Y

S IVl 2 (a2 g2 + [Jub =2 a],
as follows by a straightforward application of Holder’s inequality. Furthermore, we

have
_ o)\ 2 i
() (=) (w2 e S a2 3501

lz|<1
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Using the bounds ([2.2) for ut=1 we infer
~ o o o2
|| (—A) 1[(—A) lu(] Q)A’U,(j 1) —|—a(u(3 2)) ]ﬂ(3)<3 )” ,
(—A) TaG D e
SEEED g2 + 101 0TD o] [ 1960V 1] 02 g2
+ 3 (w2 2 + 7 | xpa 1692 po PO o

We conclude that
t (=) H(=A) w02 Aul-D 4+ o (ub—2)
I [ vies [ 27

2
] a9 (s, ) ds|| 2

(=)~ 1uG-D
t _ j—1
< ( / 50 as) @2 [ 3 8 2], ¢ € (0,7
0 k=j—2
and further
—A)H(=A) "D Aul=D 4 (ul-2)?] _
£l V/ (4 | SR 2 5006, sl

< (¢ / (t— )" s~ ds) a0 4] Z 17" 2], t € [0,7).
k=j—2

Choosing T small enough, we then obtain

t A (A U= AU o (w22
| /OUa,s)( ) >(A)1u(j1) +a(@I )] oo

s,)ds||z < a9 2.

This is the desired estimate for fot U(t,s) azfj a9 ds.

2 .
(#3) Estimating the term fot U(t, s)esg’é—fl (ﬂ(J’l))2 ds. In this case, we split the
J
integrand into two parts:

9 ' 2 97 j N 2
esﬂifl(a(yfl)) — Xja<1¢® ]—-1 (5(371)) + Xjal1€" -1 (u(J 1)) '
9g; j 9;

2 . .
Recall that from (2.4), we have e gg a0~V ~ esg; a1 = wU~Y. Hence
recalling radiality and monotonicity, we have

2

951 o4 /~(i_

Xe121 ;, ¢ (@97V)?| 12 S @0V 2wl 1
J

From here we easily obtain (here the implied constant may depend on the D))

||/ (t,s X|a:|>1

and we can make this < D3 + D5 (as in the statement of Lemma by picking
T small enough.
In the regime of |z| < 1, we apply the Holder inequality to achieve

e (@ID) ds|lz < (a9 Y|z + [[uli=D]|1]?

2
951 (i 2 i
1X21<1 ;‘ e (@ (5,9) Iz < Ixpeiiu Vs, )34 < s~ H[RUD)Z.

J
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This also uses Sobolev’s embedding, whence we obtain (for T small enough, de-
pending on the D;)

2

t 2 ) )
[ / U“’8>><|x\slg;—1625(60—%,-))stuzsT%na@—“n; t €10,7).
0 J

This completes the last desired estimate.
By combining the last three estimates, (ii1) - (#3), we obtain

oy 1, s 1
[a9P]|z < 5”“(3)”2 + C1T5[Ds + Ds5)? + Csluol| 12

Thus if we pick D3 > Ds suitably large with respect to ||ug||pinzz and then T
small enough, we recover the bound

[z < Ds,
and via Sobolev’s embedding, this of course also gives

. ,
t= @ (t,)|| s < Ds.
ax, Xz <1u? ()] s 3

Thus to complete the deduction of the bounds for the un-differentiated u), we
only need to recover the L'(R?) and L**(R?)-bounds.

For the L'(R?) bounds we revert to the original equation for u) as in (2.5).
Integrating over R? and by parts, we obtain

8t/ ul?) dx:f/ w0 dera/ (u(jfl))2dx,
R3 R3 R3

whence we have

/u(j)(t,~)dx§/ ug dx + oT D3,
R? R3

from which the desired L!(R®) bound follows easily for T’ small enough.
Next, we study the a priori bound in L?*(R3). Writing 2+ = 2 + §, we obtain

D (u)'*° dy:/ (—A)~ =Dy . {vu(y‘)(u(j))lﬁ] dy
R3 R3

_ (1+5)/ (—A)_lu(j_1)|Vu(j)\Q(U(j))(sdy
R3

=12 (D)1 +0
o [ @Oy )

1

- V(=A *1“(3'*1) v (5)\2+9
< 2+(5 R3 ( ) (u ) dy
G-1)\2(,, ()10 G-1)2(,, ()10
—|—oz/RS (u ) (u ) <oz/Rg (u ) (u ) .

We have used
— | V(=2)"tulD. V(u(j))Q—HS dy = _/ ERSY (u(j))2+5 dy < 0.
R3 R3
We obtain

¢
/ (u(j))2+5(t,y)dy§/ ug+5(y)dy+// (u(jfl))2(u(j))1+6dyds.
R3 R3 o JRrs

In order to estimate the second integral we split the integrand as

(1O (0) 7 = iz (070 0) 7 s () ()
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For the first term, using the monotonicity as in (2.17)), and interpolation we get

t
i 2 i 1+d i— 2 i
S X () s < i (10 B < D
0 JRS

provided we choose T small enough. For the second term, we use Holder to obtain

1446
[ a6 @) s 5 [ an = s 15

But again by Holder, we have (where k is either j or j — 1)

_ 1 1
||X\x|§1u(k)”L3+5 N ||X|x|§1u(k)||i2’y|‘”X\x|§1u(k)”267 vy=3 (2 - 3—|—6> .

Then with the inductive bounds for uU~—1), as well as the established bounds for
29, we achieve

t ’ '
// Najr (9 70) (u ”)1+5dyds</ 5202
0 JR3 0

provided we choose T' small enough. This establishes the L?*(R?)-bound.

2.3. Monotonlcn:y of 9. The maximum principle implies that «() > 0 since it
solves . In the rest of this section, we will prove that () is non-increasing.
We apply x -V, =710, r = |z|, to the equation (2.5) to obtain

(=) 1yl {(m . Vw)Au(j)} + {(x . Vz)(—A)—luU—”} AuD — 9y(z -V, )ul)
= 72{ (z - Vg)ul™Y }u(jfl).
Then we look at the commutator, [A, B] = AB — BA, as follows
1 1
Au = =0,.(royu) + —0,u,
r r
2 2
[ Vg, Alu= —;GT(T(?TU) - ;&u.

Furthermore, due to radiality of u/—1, we have from (2.3) that

1 / 2D
- (t,y)dy.
amr Jiyi<jal

‘We collect these last few calculations to obtain

(z- vm)(—A)_lu(j_l) =

(—=A) =D {(az . Vm)u(j)} — (=A) D {rg (ropu)) + 3 u(J)}

_ L/ W=Dy {18T(T8Tu(j))+ 13ru(j)} (- V)
AT Jly|<lal r r
=-2 {a(m . Vw)u(j‘l)} LU=

Here the key feature is that the coefficient of z = (rd,)ut~" in the above is
strictly negative, while the right hand side is non-negative by assumption. Now by
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the maximal principle, the solution of

, . 2 2
(—A)_lu(J_l)AZ — (—A)_lu(j_l) {T(‘)Tz + ﬂz}

1
dmr lyl<|=|
— _2q {(x VY )ul=D } w1,
on Br = {z € R? | |z| < R} with initial data
2(0,2) = (10;) [X|4 <2 (PR * u0)],

and boundary conditions z(t,-)|sp, = 0, where ¢g is a standard mollifier with
limpg_00 @R * ug = ug and Xje|< & is a smooth truncation of the indicated region,

. 1 1
w1 dy) {&z + 22} — Oz
T T

cannot attain a positive maximum. Hence the solution %)% of the problem
(i 1 (1) A ~(i N2 ~(
O = (=)D AGULE 4 a(u(J 1)) . aW R, = Xlr\S§(¢R % ug),

with vanishing boundary values on dBp is non-increasing.

A simple limiting argument, using analogous bounds to those obtained in the
preceding subsections, then shows that u(), being the limit of a sequence of non-
increasing functions, is itself non-increasing.

2.4. Controlling the elliptic operator: lower bound for (fA)’lu(j). In this
section we will prove the lower bound from (2.2) for u = u) as in
L Dy
(2.25) (=A) ") > 2=
(z)

We begin with the assumption Ay % fr0<‘$|<r_1 uo(x)dz > 0. Now choose a
0

smooth cutoff function x(r) € C§°(R>o) which satisfies (0 < 79 < 1):

0, r<20 or pr>2r7"t
— ) = 2 - 0 >
x(r) { 1, re [7‘0,7"0_1].

We may furthermore suppose that y satisfies

1
oo{ TE e

Ton 1o 5,.—1 o,.—1
e o 7T, reqrg,2r ]

We abuse notation to write x(|y|) = x(y) for y € R3. Then consider the function

10 [ 3t ey = [ () w9 (t,) dy.

P<lyl<i

‘We compute

fin = /R X [(=2) YD 20 4 a(uU=)?] dy
:/ (@) [ (u =) — 40Dy @] dy
R3

2 [ V) Ty -2) Tl Dl dy
]R3
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By our choice of x, and the positivity of uU—, u(), we have
Dyx(y)(—2) "l D40 427 v (y) - V, (—A) Dyl > 0,
for ||y| - %0| <1, |\y| — %| < 1, while we have

|2 x@W)] + [Vux®)] Sros X (),
for |y| €[5 + 0, % — 0] for some small 6 > 0.

Using the radiality and monotonicity of u¥) and v/~ as in (2.17), we then
conclude that

f/<t) Z _C(TO7D3)f(t>7 f(O) Z A07
whence we get
f(t) > e ClrolIT g0 te0,T).

In particular, from (2.3 we get

(—2) Ot ) = ——e"CORPIT 4 o] > 2057, ¢ € [0,T].

1
||

4
Also, by monotonicity of (—A)~'u9) with respect to |z|, we get
1

(=A) D () > o e_C(TO’D3)TA0 lz| < 2ryt, t €0,T).

= dn(z) 2
Note that the factor (x) in the denominator is not needed in this last lower bound.
We can thus recover the bound (2.25)) provided we have

1 TO —C(T‘O D3)TA

dm 2

This concludes our proof of (2.25)).

Dy < —

Remark 2.4. The preceding proof reveals that in fact Dy can be chosen to be depend

only on ryg, fr0<‘z|<r 1u(z) dz, T, due to the monotonicity properties of w.

2.5. Higher derivative bounds. Here we prove the bounds on Veu9), 0 < |a| <
2, claimed in Lemma [2:2] Our point of departure is again the integral identity

t . 2 .
a(j) :U(t’o)aoJr/ U(t,s)[f asgjﬂj)(sv.)Jragj—les(a(gfl)(s"))Q] d57
0 9j 9i
whence we get
(2.26)
~0) — ot ' _ 9s9j ~; ) 932‘—1 s(G=1) (e )2
AV = AU(t,0)ug + AU(t,s)[ w)(s,))+a e (u (s, )) ]ds,
0 9j 9j
def

We start with the linear term v = AU(t, 0)ug. Note that v satisfies the equation
O = (nggj)u

where we put u = U(¢,0)ug. Expanding this out, we obtain

0w = g;A(g;0) + (Dg;) Agju) +2Vg; - VA(gu) + 29, 8(Vg; - Vu) + g;A(Agju),

whence

v(t, ) =U(t,0)vo

¢
+ / U(t,s)[(Dgj)Agju+2Vg; - VA(gju) + 29;A(Vgj - Vu) + g;A(Agju)| ds
0
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We shall use the above to derive an a priori bound on ||v||z, where ||.|| z is as above
in (2.24). Note that we have a schematic identity of the form

(Ag;j)A(gju) +2Vg; - VA(gju) + 29, A(Vg; - Vu) 4 g; A(Agju)
= > Vg Vg, V*:u
lon|<2,|e3]<3 328, |ovj|=4
These estimates are fairly tedious but essentially straightforward. We treat here

the extreme cases |ag| = 0, |ag| = 3.

|ag] = 0. We can write this case as
E V*g;V*2gou
[ <2, Jay |[+|oa|=4

We treat the cases |a1| = 2 and |ay| = 0, the remaining one being analogous. In
the former, we get (another schematic identity)

Vg, V2 giu =V (—A)*lu(j*)vaz(_A)*lu(jfl)gj—%

+ (V(—A)_lu(j_l)fg;3 (V(—A)_lu(j_l)fg;?'u

+ ...
where we have again omitted similar terms. For the first term, use

oz (@) 2V (=2) b D S 1,
whence we get
X221V (=2) a7V (= A) TV g 2| 2 S ul 22,
while we also have
(e (@) 2V (=) D (8, s S5
indeed, recall that |[u¥ =Yz < Ds.
Next, by Sobolev’s embedding we have
l[ullzee S Nlvllz2 + llullz2,

whence we get

X2 <1V (=2) T a7V (= A) U= g2

1 (i _3
ST e Vo (=2) " D (vl + lullz2) S 3 (ollze + llullz2)
k=1,2

Next, for the term

1 (12 — T (12 -
(V(=2) b)Y g3 (V(=A) 1) g2,
use
_ i 2 =« . _3
[(V(=0) D)6 e S G D)2,y St
1 (12 — i
(V(=2)" ") g2 e S w700
whence

— i— 2 _ _ i— 2 _ _3
H(V(=2)" VD) g3 (V(=2) D) g7 %ul| 2 S 5 (o]l 2 + ullz2)
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Next, if |a1| = 0, i.e. we have a term g;(V*?g;)u with |as| = 4, we can expand
schematically

Q2 o Qg — - _ _ . 4
Vg = g; 'V (=)l 4 g T (V(=A) Tl D)

where we omit 'intermediate’ terms. Then we estimate the contribution of the first
term by

X(21<1959; V2 (=8) )| 12 S g2 V2 (=2) 7 b pa e <1 ulls
S AUz + [ ] full 2
where we are invoking the bounds

. o » - .
X111 V2 (=2) 7 a0 o S S AuY V| + uU7D) 2]

X|a21959; VO (=8) bV 2 S Vo2 (=4) 7 b g2 [ X0 21 ull e
SNAu Dz + w7V 4
For the second term above, we have
_ 1 (i—1)\4 _5 (i— i
Xizi<19;  (V(=2) 7N <yl # 1w D)3z Xz <t ) 24,
whence we obtain
_ 1 (=14 _ 1 (14
IXjei<195 - 95 T (V(=2) """ D) | 12 Slixjei<a9; (V(=2) 7 D) L2 fluf
St ol

The contribution in the region |z| 2 1 is again much simpler due to radiality. When
inserting the preceding estimates into the Duhamel formula, we can summarize
these estimates by

t
||/ Ult,s)[V*g;V*?gju] ds|
0
t
S (HtE(t—s)TE)s i |luls, )|z + | 2TY V|2 + 1) ds
0
STH|vllz + | ATY V]| 7 +1]

where the implied constant does not depend on |[v||z or |AT®) ||z, k < j — 1, but
only on the a priori bounds derived in Subsection [2.2]

|as| = 3. We next treat the contribution of the expressions ¢;Vg;V*3u with
laz| = 3. This is schematically the same as V(—A)"tuU~DV%3y. We write

V(=A) D yasy = x|z‘21V(—A)_1u(j_1)Vo‘3u + X|m|§1V(—A)_1u(j_1)V°‘3u
For the first term, we can estimate

X2 V(=) DV 12 < [[{2) "2V Au| 2 St 2 0]z,
while for the second term, we have

_ i — i _3
X121 V(=2) " a7V ] 12 S Ixgegga V(=2) T ™D poe X121 VO ull 2 S 871 0|2
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Summarizing the preceding estimates, we have proved that

t
|| / U(t,s) 3 Ve g, V02 g, Vo y ds|
0

| |<2,|e3]<3 328, |ovj|=4

t
< / L+ e3(t— ) H)s 4 [lu(s, )z + 1A 5 + 1) ds
0

whence recalling the equation for Z stated further above, we get
1 (i
lollz S llvoll 2 + T [llvllz + 18G9~V 7 + 1]

from which we get ||[v]lz < |lvollzz + T3[|ATY—D]||z + 1; here the same remark
applies about the implied constant as before. In particular, recalling the equation

[2-26) for Au), we have
IAUE,0)i0 |1z < I[Tollz2 + (T3 | AT V]| 2 + 1] dio] 2

Next, consider the integral term in (2.26]). Thanks to the immediately preceding,
we have

2

as ~ j— ~(j—
||/ AU (¢ - g] J)(SV)_'_O‘%eQS(u(J 1)(3’.))2} ds|| z
J

2
Dsli 951 96 /~(i_
/ A - gj @) (s,-) + a=L=Le? (@0 (5,))%] | 12 ds

9j

2
LA (i ~ 95— ~(i— 2
+ [T agd 1>||z 11 285, + a2 @05, .
gj 9j
Here the second expression on the right is of course treated like in Subsection [2.2]
and so it suffices to consider the first expression on the right. We treat a number
of different contributions separately:

Contribution of A( =917 = Sg] AU + A Sg]]u(]) + QV[ ‘g’] V9. For
the first term on the rlght use the estimates in case (4i2) in Subsection to
conclude

BsG; « s
g—?’mw(s,-)nﬂ

J

_7 ~(4 1 ~(5 1 - -
SEE[ATD | L2 + 12 ||x)0y <1 ATD | o] [£2 [V V| 2] 1972 || 2
+

3 [ 2 42 X160 [0 AT 12

In particular, we get (for suitable v > 0)

max/ I S““A (s, )2 ds S T ATD |
tel0,T

where the implied constant only depends on the a priori bounds on u®, k < j—1,
derived in Subsection 2.2
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Next, consider the contribution of A [%] u9). This is again tedious but requires

no new ideas to estimate: decompose

(—A) 102D AulD 4 a(ulD)?
(=)~ tyl=1)

V(=A) " (=A) 1= Aul=D 4 o (uli=D)?]

057 .
A[Z217470) =
[ 9j ]U

@

42 V(=)D
[(_A)—lu(j—l)f
3 o . 9 1 L
+ (—A) 1 [(—A) 1u(] Z)AU(J 1) + a(u(J 1)) ]A[(_A)—lu(j—l)]u(J)

We estimate the first expression on the right, the second and third being more of
the same. For the first, write it as

(—A) U= Agl=D 4 a(uu—l))?

o)
(—A)—TuG—D v
B (=)= AqU=D 4 a(u(j_l))2~j)
= Xjz|<1 (—=A)~1yli=D b
+ (7A)71u(j72)Au(j71) + a(u(]fl))za(])
Xle|21 (—A) 1D
Estimate the first expression on the right via
(=) =D Aul=1) 4 Cy(u(a 1)) ﬂ(j)”

[PEEES! (—A) " TuG—D
S AT pal[@9 | a2 | 2 + [ub ™| poo [ || a9 s
St 2uY |

where the absolute constant only depends on the bounds established in Subsection
On the other hand, we can estimate

—A) U= A=) 4 a(uu‘fl))?

( oy
X221 (—A)~TuG—D u(])HL2

S ||U(j_2)||L1||Au(j_1)HL2||X\z|517~7(j)||Loo + ||X|m|21<$>éu(j_1)\|%oc [

S 1Az 41

Finally, we consider the contribution of the third term above, 2V [%] v
J
Write it as

V(=2) " (=A) 12 Auli=D 4 o (uli=D)?]
(—A)_lu(j—l)

(=) [(=2)uli=D Aul=D 4 o (ul=D)
[(—A) 1G]

vl

2
+ }V(—A)‘lu(j_l) .va)
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We estimate the first term, the second being similar. Split it into

V(=A) " (=A) 12 Auli=D 4 o (uli=D)?]

Rvint)
(—A)TuG—D Vau
_ _ S i i 2
g YO A DA 40O ) o
2|5 (=)~ TulG=D
V(—A) " [(=A)1y0-2 Aul—D 4 g (yl—D)? ,
+ Xz|21 A=A — f.uf afu )].vam
z (—A) 19,G—1)
For the first term on the right, we get
V(=2)"H(=L) "l =D A= 4 a(uu‘fl))?] _—
s By T s
S Xz 269D [ pallu ™2 Y a2 [ValP |2 + Y A%z w07V 4| Va2

a=0,2
St (@) 2 VAU e + | AT D o+ [[u Y 2],

where the implied constant only depends on the bounds derived in Subsection [2.2
Furthermore, we have

V(=A) " (=A) 12 Auli=D 4 o (uli=D)?]
X1 SR

S a2 p e | AuY | 2 | VD 2

+ (18607 [ 2+ w09 g [ VED 2 S 75 (1 A6 12 + 1)

VAW

This completes our estimation of ||A(%ﬁj)) IIzz.
J

2 .
Contribution of ozA[gi]—’_leQS (17(3_1)(5, ))2] Upon expanding, this results in a
J

2
. . . g ~(j—
number of terms, and in particular the expression ;—fer\Vu(J D%(s,-), where we
JI

omit the constant . Here we place both factors VaU—1 into L*, taking advantage
of Gagliardo Nirenberg:

()2 Va4 < (z) "3 VATV 2 (@) vav Y 2,
S [62) =3 VaI | + [[(@) 3 V2D ][ (2) " F VAU 2,
for some p € (3,6). Further, we have
@) "2 VAU e < @D )Z 18T D)2 + () 2a Y g
z) =3 Va1 S [l(@) "2 VALY 5 ||(z) "3l 3
1 2u DY E I+ s
Combining these estimates, we deduce the bound

{a) "2 val=D(t, )|2. S ™2 [|ATY | g2 + 2 [ (2) "2 VATI |12 + 1]

~

2 .
The remaining terms in the expansion of a/A [% e?s (uli=1(s, ))2} are treated like
J
the preceding terms and omitted.
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To summarize the preceding discussion, we obtain the following bound:
t
0595 ~;
u / Ut )] - 29305, + 0= @070 (5,)?] sl
0 9j g;
t
S / sONATI 2 + 7 ||(@) 2 VAT 12 + 1] ds + TV AT 4,
0
and furthermore, taking the supremum over ¢ € [0, T], we obtain the bound (recall
(2.26) and the followig estimates)
18aD |z S T [|1 8G9z + 18G9~V 2] + || Ao 2 + 1

where the implicit constant only depends on the bounds derived in Subsection
We conclude that the bound

18Y=Y]|z < Dy

is recovered, provided D, is large enough in relation to ||Atgl|| 2 and the a priori
bounds derived in Subsection 2.2 and 7' is small enough in relation to the a priori
bounds derived in Subsection This completes the higher derivative bounds of
the lemma for |a] = 2, and the ones for |a| = 1 follow by interpolation. The proof
of Lemma [2.2] is finally completed.

2.6. Convergence of the u/). In order to complete the proof of Proposition
we need to show that the iterates u(7) constructed in Lemma actually converge
to a local-in-time solution, on some slice [0, 7] x R3. Recall that the interval [0, 7]
on which we proved a priori bounds on the iterates only depends on

luollx, o, / wo dy.
ro<\y\<ro_l

Yet for the proposition, we may work on [0, T] where T > 0 depends in addition on
|[Augl|z2. Now consider (2.5) for the iterates j and j — 1. Subtracting (2.5) for j
with its counterpart for j — 1 we deduce the difference equation

o, [u(j) _ u(j—l)] — (—A)_lu(j_l)A[u(j) _ u(j—l)] + BY),
[u(j) _ u(jfl)] (0,-) = 0.

Here we use the definition

BU ' AuUD [(=A) 1D — (—A) D] a[(u(a‘m)? _ (u(jfz)ﬁ.
Proceeding as in the derivation of (2.9)), we obtain

8,DY) + A(t)DY) = _%D(j) +e g BY),
9j

where D(@) & *tgj_l (u') — w=D) and we recall the definitions from (2.8).

Now, using Duhamel, we obtain the integral equation

(2.27) DY) —/ Ult,s) { SgJD<J>+ g 1B<J>} ds.

We now intend to use the a priori bounds derived in Section [2:2] through Section
to estimate the source terms on the right. Here the expression

€_tgj_1Au(j_1) [(_A)—lu(j—l) — (—A)‘lu(j‘Q)] ,
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appears somewhat delicate and requires us to iterate once more. We will use (2.4))
implicitly several times in the following developments.

Specifically, using (2.3]), we write

e*tgj_lﬂu(jfl) {(*A)flu(jfl) - (*A)flu(ﬁ?)}
1 ; i
U=t y) — =D (t,y)) d
u Y u Y Y
drlz Jyyi<jal ( )

+e g7 Ayl / (w0t y) —uU2 (L y))
’ ly|> 2| Arlyl

= 1Au(J b

dy.

Note that we have

oo Al [
(2.28) Amlz] Sy <el

<) 2wV L2 [ DYV (8)]| 2.

(W (t,y) — w2 (t,y)) dy| 12

For the second term in the expansion above we further split

) G=D(t. ) — w02 (¢
e_tgjlﬁu(]_l)/ (’LL ( ’y) U ( ’y)) dy
yl>Jal Amly|

: U0 (t,y) — w2 (t,y))
:eftgflAu(jfl)/ Xlul< (U ) 5
J 1> 2] ly|<{x) 47T\y|

, G=D(t,y) —ul=2(t ))

e — _ u yY) —u Y

+e tg.lAu(] 1)/ Xlyl> ( ( dy.
J wl>a] [y|Z (=) Ax|y|

dy

For the first term on the right, we again have the same estimate (2.28]). For the
second integral above involving the cutoff x|, > (), such an estimate unfortunately
fails logarithmically. Hence we go one step deeper into the iteration and replace

/ (uU=D(t,y) —ul=2(t,y)) p
X|y|> Yy
yl>|e| \le(:@ 47r|y|

i— 2
:/t dS/ Xiyl2 £5-a((2) 1" DAUD + aul) ) ay
lslal Amly|

where A] S ! indicates the difference of the expression for k = j—2,k = j—1. Then
using mtogratlon by parts, we get

¢ N7 ((—2)tulE=D Au®)
—2
/ds/ Xly|2 () — m dy
lyl> 2] y

/ds/ X‘y|> >( Ayl (A; gu(k))]Vu(j_l)dy
\>|1|

|yl

/ds/ V[AERE (A1 (4,6-2) v AT L™ dy
wislal 1Yl
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The first term on the right is estimated by

/ds/ X‘y|> >(—A) (AJ 3u )]Vuj D dy|
wistel L

< T%(tggx]w [Vu9=D @) 2) [|DY=2 (1) 2

w=2) — (=3

dy Lo |-

+ 1 Xjy|2lz|
lyI> 2l

The second term above is estimated by
/ ds/ X‘yP >( A)_l(u(j_m)]VA;:;u(k) dy
wistel Ll
STl peeps [ max #2[(2) 2 VDUV (1)]]12].
* " T tefo,T)

Combining the preceding estimates, we easily deduce
le™! g5t AuY TV [(=0) U™ — (= 2) Tl e
( U= (s,y) —ul=2)( )
u 5,Y) — u 5,9
+ || X|y|>(z
wlstal 4rly|
S [IDY V2 + 1DV |5

(-2) -3
=gy (u (573/) U (Say))
+T2H X|y|>(x

izl R Ayl

dy||L;°
(2.29)

dy”Lt"f’m([O,f]xR?’)'

The remaining terms in are much more straightforward: we have
ooy a0 — @)
SIDY V|2 ™Y + w72 o (s
SIDY Dz [lu ™D [ + [[ub | 2 ss)]
IS D4||D(j71)||L2(]R3)-
Finally, as in (#2) of Subsection we get
0

(2.31) [ ;% I S s~ O [IDY)|| 2 + 82 || (2) "2 VDD ],
J

(2.30)

with implied constant only depending on the bounds derived in Subsection [2.2]
By using ([2.29), ([2.30), (2.31) in (2.27), similar estimates to control the second
component of || D]z, and choosing T small enough in relation to Dy, Do, D3, Dy,
we deduce

(w1 (s,y) — G=2)( )

U S, Y u S5,y

D0 iz e W1z, 0 e
1 j-1 u(j—2>_u<j—3>)
z (k) .
<30 3 1p¥lz ¢ / Nzt Wl oy

j—2

Here we recall || - ||z from (2:24). Tt follows that the {u())};>; converge to a limit
w on [0, 7T] satisfying the desired estimates.
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2.7. Uniqueness. Let u; and us be two solutions to (1.1) with the same initial
data, and satisfying all the properties in Proposition [2.1
Then one gets the differential equation

8t [ul — ’LLQ} :(—A)_lul A[ul — ’LLQ:I + AUQ [(—A)_lul — (_A)_l'LLQ:I
+afuf —u3], [u —u2](0,-) =0.
But then choosing

7 def 75

T=T | max Hui||x,7"o,/ w1 dy, max || Atz |
1=1,2 T0<\y\<T0_1 1=1,2

and replicating the immediately preceding estimates, we infer that
ul(ta') :Ug(t,'), vt e [O7T]

Repeating this argument, observe that the set where u; and uy agree is open and
closed and the two solutions co-incide. This completes the proof of Proposition [2.1

In the next section, we prove using some monotonicity formula that our local
solutions must in fact exist globally in time.

3. GLOBAL EXISTENCE THEORY

In this last section, we finally prove Theorems [I.1] and then

Proof of Theorem[I.1. Given data ug as in the theorem, by the local existence
theory we can find Trax > 0 such that there exists a unique solution wu(t, -) of
for t € [0, Tynax). We first show Tpax = 0o. Suppose this is false.

We immediately obtain the following monotonicity from (L.1):

OS/ u(t,x)dmg/ ug(x) dx.
R3 R3

The assumption a < % also implies a bound on ||u||z2+s for § > 0 small enough as
follows; using integration by parts we obtain

Opuu 10 dx :/

R3

+ a/ w3t dx
]RS

< ozfL /u3+6d:17§0,
246) Jps

/ u2+6(t,~)dx§/ ug+6dac, t>0.
R3 R3

Next, pick 79 > 0 such that holds. The computation in Section shows
that we have the bound holding for all ¢ € [0, Tinax], where the constant
Dy = DQ(UQ,To,TmaX) > 0.

Indeed, from Section [2:4] we get a uniform positive lower bound on

/ . 71u(t,$) dz, t€ [0, Thax]-
ro<|z|<ry

(—2) " uV [Vuu' ) de — (1+ 5)/ (—A) " u|Vul?ul] da

R3 R3

whence
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Now pick

T =T | |Juollx,70, inf / u(t,z)dx | >0,
t€[0,Tmax) r0<‘x|<r0’1

as in Lemma and write I = [0, Tipax) = Ué‘:1 I; with intervals I; satisfying

|I;] = T. Using the assumption Aty € L? and applying Lemma successively to
each I, we obtain

sup [ A7(t, )] 2 < € <||u0||X, ro. / o) da, Tmax> | Ao 2.
te e

o<|z|<ry !

But then Proposition |2.1| grants

T=T <||u0||x + ||A170||L2,r0,/ ug () dm,Tmax> >0,

o<|z|<ry !

such that the solution u(t, -) extends to [0, Tinax +T), which contradicts Tax < 00.
Decay at infinity. Note that for ¢; > t5 a solution to (|1.1) satisfies

[t [ e =ia [ [ oy

whence we have -
lim / / u?(s,x) deds = 0.
T—o00 T R3

This follows because we have an a priori bound on f u(t;, -)dx for i = 1,2, and the
quantity below is non-negative. This implies that

(1-a) /tt /R W2(s, 2)dwds

is bounded uniformly with respect to ¢1, to and of course increasing with respect
to t3. Hence the limit as t5 — 0o exists and is given by

(1-a) /:O /R W2(s, z)dxds.

This function is non-increasing with respect to ¢ so that the assertion follows.
In particular, there exists a sequence t, — co with

/ u?(t, ) drz — 0,
R3

and by (2.17)), the L!-a priori bound, and Holder’s inequality, we get
lutn)|pamsy — 0, 1<qg<2.
But the monotonicity established above for |lu(t,-)||La(rs), 1 < ¢ < 2 implies

(o]
lim / / wud ™t dadt = 0.
T—oo J7 JRr3

i (T, ) =0, g€ (1,2).

It follows that

This completes the proof of Theorem [1.1 ([
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Based on many of the computations in Theorem [I.I] we will now prove Theorem
after deducing additional a priori bounds on [Ju(t, -)|| L2+ ®s) when « € [0,2/3):

Proof of Theorem[I-3 Let u(t,-) be a solution of (L.1)). We show that for some
small § > 0, and any T > 0 such that u(t,-) is defined on [0,T) x R? we have

lim sup [[u(t) || p2+5 ms) < 0o
t—T

Once this is known, the theorem follows as in the last proof. Using the assumption
a < %7 we easily infer as in the preceding that

lim sup ||u(t, ')”L%“ < o0,
t—T

for v > 0 sufficiently small. Consider

duu° dx = / [(—=A)rudu+ au2]u1+5 dz
R3 R3

= <a - 2—%—5) /]Rs w0 de — (14 6) /]R:;(—A)_lu\VuPu5 dx.

Then perform an integration by parts to obtain (with £ > 0 to be chosen)

/ w3 dr = (2+ 5)/ (1/ u(s)s? ds)u1+‘saru47rr dr
R3 0 0

,
o 1 r u1+% 8
(3.1) =(2+49) / (; / u(s)s? ds) X< " Orun? 4mr? dr
0 0
o0 1 r ’UJ1+% s
(3.2) +(2+9) / (; / u(s)s*ds) Xrzw— Oruu? 4mr? dr.
0 0

To estimate ([3.2)), we use Cauchy’s inequality with 9 > 0 to write

1+4

s
Ayuu? dmr? dr
,

246, [ 1 [T ry u?to
<o ¢ u(s)(g?ds)xrzm[;z o o ] 4
o

1 2.6
Dol gr) [ G710l o e+ Collual gm0 70)

2+ 6) /0°o & /OTU(S)SQ d5) Xy

IN

To estimate (3.1)), first use Cauchy-Schwarz as

+§
2 ] 9
Oruuz 4mwre dr

2+ 6) /OOO & /Oru(s)SZ ) Xy <

r
< LV 2 u2+6 d ~ ) 2 5d %
~ R ( s XTSKTT $) ( s X’r’gn( Tu) U 'T) )

[N

where we use %for u(s)s?ds < ry for suitable v = % — 1> 0 where g = ﬁ% < 3.
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Further using Hardy’s inequality we obtain
,  ut N ) s N
v -
K (/ Xr<rx™5~ dx)Q(/ XTSN(&U) U dav)2
R3 ~ T R3
u 5 1 . 5 1
([ st ([ T ot an)’
R R

<[ Fglomratdat [ (e da]
R3 R3

In the preceding, we have chosen the cutoff X,<, such that X,<.Xr<x = Xr<x-
Also, the implied absolute constant only depends on Hu||L 34, Combining the

above estimates for (3.1) and (3.2), we infer that

~

Ayt dx
R3
y 1
< (v +£")Ca(llwoll 544 ,1) /Rd w\arw?ua d + Cs([luoll 34+~ ;1070:F)

~+8) [ () ulVuPid do < Calllul 5007005,
provided we choose k and then 7y small enough such that
(v0 + £")Co([luoll 54+ ,,) < Do,
where Ds is as in Lemma[2.2] recall Remark[2.4] We then obtain the a priori bound

246 246
5 e, 25 < ol + TCs ol 570, 5):

In light of Proposition the solution extends globally in time. The remaining
assertions in Theorem [T.3]follow by the arguments in the proof of Theorem[T.1} [
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