SLOW BLOW-UP SOLUTIONS FOR THE H!(R?) CRITICAL
FOCUSING SEMI-LINEAR WAVE EQUATION

J. KRIEGER, W. SCHLAG, AND D. TATARU

ABSTRACT. Given v > % and § > 0 arbitrary, we prove the existence of energy
solutions of

(0.1) Opu — Au—ud =0
in R3*1 that blow up exactly at r =t = 0 as t — 0—. These solutions are
1
radial and of the form u = A\(¢)2 W(A(¢)r) +n(r, t) inside the cone r < ¢, where
M) =t~ 1Y, W(r)=(1+ r2/3)7% is the stationary solution of (0.1), and 7
is a radiation term with
[ 9 0R + e, 0P + (e 0/%) do =0, =0
[r<t]
Outside of the light-cone there is the energy bound
[ (Va0 + urle, 0P + fu(e, 0]°) do < 5
[r>t]

for all small ¢ > 0. The regularity of u increases with v. As in our accompa-
nying paper on wave-maps [10], the argument is based on a renormalization
method for the ‘soliton profile’ W (r).

1. INTRODUCTION

Since the seminal paper of Jorgens [6] much work has been devoted to the study
of well-posedness of the nonlinear wave equation

Opu — Au+ f(u) =0

in R¥%" and suitable nonlinearities f(u). Jérgens showed that for H*(R®) subcriti-
cal defocusing nonlinearities f(u) = |u[P~ u with p < 5 smooth data lead to smooth
solutions for all times. The critical defocusing case p = 5 was resolved by Struwe [21]
for radial data and Grillakis [5] for general data. These authors proved global well-
posedness and scattering results for energy solutions, see Shatah—Struwe [17] and
Sogge [18]. No corresponding results are known for the supercritical case p > 5.
In this paper we address the solvability of the nonlinear wave equation in R3+!
with a focusing nonlinearity f(u) = —|u[P~!'u. In this case blow-up may occur.
Indeed, it was shown by Levine [11] via a convexity argument that data in (H N
L?)x L? with negative energy lead to finite-time blow-up, see also Strauss [20]. Local
well-posedness in the optimal regularity class was considered by several authors, see
Sogge [18] for a detailed exposition of this work. Most relevant for us is the case
p = 5 where the equation is locally well-posed in the energy space H' x L?(R3).
Moreover, if the solution cannot be continued beyond some finite time T, as an
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energy solution, then necessarily the Strichartz norm ||ulzs(jo,7,)xr3) = o0 (with
similar results in all dimensions).

The question of the blow-up rate was addressed by Merle-Zaag in the conformal
range p < 3, see [13]-[15] (their results extend to all dimensions). They showed
that if solutions to the Cauchy problem, with 1 < p < 3,

8ttu — Au — \u|p71u = O, (uﬂvul) € Hlloc X L120(2

blow up in finite time T, then the following holds: for any a € R3 the self-similar
change of variables

u(e,t) = (L= ) 7 Twe(y,s), y= 7=, s = —log(Th — )
leads to functions w, satisfying
sup lwa ()l (B) + 19swa(s)llL2(m) < K

s>—log T +1, a€R3

where B is the unit ball and a constant K that only depends on p, T, and the norm
of the initial data in H._ x L}

loc*
For the energy critical case p = 5, i.e.,
(1.1) Oy — Au—u® =0

there has been some recent activity, see [9], [8], [7], which we now describe in more
detail. The Talenti-Aubin solutions

W(r)=(1+1%/3)"=

are extremizers of the Sobolev imbedding H'(R?) — L%(R3) and satisfy the Euler-
Lagrange equation —AW — W5 = 0. In [9] the first two authors showed that there
exists a small co-dimension one manifold M around W in a suitable topology so
that data on this manifold exhibit global existence and an asymptotic behavior of
bulk term plus radiation. The radiation term is also shown to scatter like a free
energy wave. It is conjectured, see [2], that this manifold has the property that
it separates a region of scattering from one of blow-up. As a first result in this
direction, Karageorgis—Strauss [7] showed that above the tangent space of M at W
finite time blow-up occurs, albeit for the equation

Oy — Au — |ul® =0

Note that the result of [9] equally well applies to the nonlinearity |u|? (in fact, the
solutions constructed in [9] are positive so that there is no distinction between u°
and |u|® from the point of view of that paper).

Kenig-Merle [8] studied the behavior of solutions with data (ug,u;) € H' x
L?(R3) of energy &(ug,u;) < E(W,0) where the conserved energy is

_ L 5 2 |U|6
E(u,up) = /R [+ 1u?) — B e

They found that in this regime there is a dichotomy between blow-up and global ex-
istence/scattering depending on whether ||Vugll2 > [[VW]|2 or [|[Vuoll2 < [[VIV||2.
Note that

W(z,\) := A2 W (Az)
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is a stationary solution of (1.1) for all A > 0. Moreover, the energy is constant in
A (reflecting the energy criticality of the equation). Linearizing the wave equation
around W leads to the linearized operator

H=-A-5W*

The wave evolution of H has two types of instabilities: an exponential instability
arising from the negative spectrum of H (which has a unique negative eigenvalue)
as well as a "bound state” at zero energy: H(O\W|x=1) = 0 where O\W decays
like 7=1 and thus does not belong to L?(R3) — this is what one refers to as a zero
energy resonance. In this paper we construct blow-up solutions by ‘projecting out’
the exponentially growing mode of the linearized equation.

More precisely, we seek radial, real-valued, blow-up solutions

w(z,t) = At)2WAb)z) + n(z, 1)

of (1.1) where A(t) — oo as t — 0 and with the local energy inside the light-cone
|z| <t of n(x,t) going to zero as t — 0. The local energy relative to the origin is
defined as

Eroc(n) = / (2 + [Vnl? + n]®) de
[lz]<t]

The following theorem is the main result of this paper. The blow-up occurs at time
t = 0 when solving backwards in time.

Theorem 1.1. Let v > % and § > 0. Then there exists an energy solution u of
(1.1) which blows up precisely at r =t = 0 and which has the following property:
in the cone |x| = r < t and for small times t the solution has the form, with
A(t) =t"177,

u(x,t) = A2 (OWA@D)r) + (. 1)

where Eoe(n(-,t)) — 0 as t — 0 and outside the cone u(x,t) satisfies
| 19u@ 0P + o OF + a1 do < 8
[lz|>t]

for all sufficiently small t > 0. In particular, the energy of these blow-up solutions
can be chosen arbitrarily close to E(W,0), i.e., the energy of the stationary solution.

The restriction v > 1/2 arises only due to technical reasons, and we hope to
eliminate it in subsequent work. If v > 1, then the solutions from Theorem 1.1
belong to L>°(R3) for all small ¢ > 0 and blow up at the rate

luC:, £)lloe = ¢~/

as t — 0. The proof is based on a renormalization procedure analogous to the
one that the authors used for the construction of blow-up solutions for wave maps
in [10]. For our purposes this refers to the fact that we do not simply perturb around
A2 (£)W (A(t)r) to obtain the linearized equation for 7, but rather first modify the
blow-up profile and then perturb around this ”renormalized” profile. More precisely,
fix a large integer N. Then there exists a function u® satisfying

(1.2) w®e C%f({to >t>0, |z| <t}), Eloc(u®) () S (AA#) ™ as t—0
so that the radiation term 7 above has the form

n(x,t) = u(r,t) + e(r,t), 0<r<t
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where € decays at t = 0. In fact, 17 can be extended globally with the property that
cetVNHT " (RY), g etNTIHE(RY),  Ewele)(t) StV as t—0

with spatial norms that are uniformly controlled as ¢t — 0.

As this paper was written concurrently with our wave-map paper [10] it is only
natural that there would be some similarities between this paper and [10]. In fact,
a secondary goal here is to show that the method used in both papers is flexible
and applies to quite distinct scenarios. The main differences between this paper
and [10] are as follows:

e The blow-up profile is not constant in L but rather grows at rate Az. The
renormalization procedure thus needs to be adapted to this case.

e In contrast to [10], the linearized operator exhibits negative spectrum. This
produces exponential instability of the linearized wave flow.

e The linearized operator no longer exhibits a strongly singular potential in
the sense of [4]. Thus, a (Dirichlet) boundary condition is needed at R = 0.

We feel that the most important difference listed here is the exponential instabil-
ity. In fact, as in the asymptotic stability paper [9], we need to ‘project out’ this
exponential growth. Our blow-up rates are therefore expected to be non-generic.

2. THE RENORMALIZATION STEP

In this section we show how to construct an arbitrarily good approximate radial
solution to the wave equation (1.1) as a perturbation of a time-dependent ground
state profile

ug = A2W(R), W(R)=(1+R?*/3)"%, R=rA(t)
with the polynomial timescale
At) =t v > 0.

Theorem 2.1. Let k € N. There exists an approzimate solution usp_1 for (1.1)
of the form

N

U2k —1 (’I’, t) = )\

(t) [W(R) + (ti)gRQ(l +R2)_1/2 +0 (R (1(:‘)\)}2 )_2> :|

so that the corresponding error has size

AZR
€2k—1 = (0] <t2(tA)2k>

Here the O(-) terms are uniform in 0 < r <t and 0 < t < ty where ty is a fized
small constant.

Remark 2.2. The u® in (1.2) is
. L c ~ R%(1+ R?)" %
ut(r,t) = Az(t)[(t/\)QR2(1 +RHV2 10 <((ﬂ)2)> ]

The analysis below shows that it has the stated regularity up to the light-cone.
Moreover, one checks that

sloc(@f)ﬁ) IOV
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which is the claimed decay rate for the local kinetic energy of u¢. The local potential
energy of u® decays like (t\)73.

Proof. We iteratively construct a sequence uy of better approximate solutions by
adding corrections vy,

Up = Vg + Uk—1
The error at step k is
2
e = (=07 + 9% + ;a,)uk +uf
If u were an exact solution, then the difference
E=U— Uk—-1

would solve the equation
2
(2.1) (=02 +0%+ ;6,.)5—1— Sup_e+10up €2 +10ui_ e+ bup 16 +e%+ep_1 =0

In a first approximation we linearize this equation around € = 0 and substitute
up_1 by ug. Then we obtain the linear approximate equation

2
(2.2) (—af + 0% + ;& + 5ué) e+ep_1~0

For r <« t we expect the time derivative to play a lesser role so we neglect it and
we are left with an elliptic equation with respect to the variable r,

2
(2.3) (83 + -0, + 5ué> e+ep_1~0, r <t
r
For 7 ~ t we can approximate ug by zero and rewrite (2.2) in the form
2
(2.4) (—c‘)f +02 + 8r> eter1~0
r

Here the time and spatial derivatives have the same strength. However, we can
identify another principal variable, namely a = r/t and think of € as a function of
(t,a). Later, we reduce the above equation to a Sturm-Liouville problem in a which
becomes singular at a = 1.

The above heuristics lead us to a two step iterative construction of the v;’s. The
two steps successively improve the error in the two regions r < t, respectively r ~ t.
To be precise, we define vy by

2
(25) <83 + ;87 + 5Ué> V2k41 + egk =0
respectively
2
(2.6) <8§ + 0% + rar) Vg + €91 =0

both equations having zero Cauchy data' at r = 0. Here at each stage the error

term ey, is split into a principal part and a higher order term (to be made precise
below),
e = 62 + 6,1C

IThe coefficients are singular at r = 0, therefore this has to be given a suitable interpretation
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The successive errors are then computed as
ear = ezp_1 + Nog(var), a1 = €z, — Ofvogs1 + Nogy1(vargr)
where
(2.7) Nopy1(v) = 5(udy — ug) v+ 10ud), v2 + 10u3, v* + Sugy, v + 0°
respectively
(2.8) Noi(v) = 5usy,_ v + 10ud, _1v? + 10ud;,_ v + Sugy,_v* + v°
To formalize this scheme we need to introduce suitable function spaces in the cone
Co=A{(rt) : 0<r<t,0<t<to}

for the successive corrections and errors. We first consider the a dependence. For
the corrections v, we set
v—1 1

2 2

Bo =
and use

Definition 2.3. Fori € N we let j(i) = 0 if v is irrational, respectively j(i) =i if
v is rational.

a) For any positive integer k, we define Q to be the algebra of continuous func-
tions q : [0,1] — R with the following properties:

(i) q is analytic in [0,1) with an even expansion at 0.

(#i) Near a = 1 we have an absolutely convergent expansion of the form

q(a) +Z

with analytic coefficients qo, gij.
b) Qum is the algebra which is defined similarly, with the additional requirement
that

J(l

Z gij(a)(log(1 — a))

We remark that the exponents of 1 —a in the above series are all positive because
of By > —%. For the errors e we introduce

Definition 2.4. Q' is the space of continuous functions q : [0,1) — R with the
following properties:

(i) q is analytic in [0,1) with an even expansion at 0

(i) Near a = 1 we have a convergent expansion of the form

( _|_ Z 1(50+1

with analytic coefficients qo, qi;.
b) Q! is the space which is defined similarly, with the additional requirement
that

-t Z qZ] IOg 1 - a))

¢;(1)=0 if i=4k+1>4m+1.
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By construction, Qi C Q}. The families Q" and Q. are obtained by applying
a~ 10, to the algebras Q and Qy, respectively.

We remark that the number of logarithms in these definitions in the case when
v is rational is far from optimal, but we have chosen this form since it simplifies
the presentation. Next we define the class of functions of R:

Definition 2.5. S™(R*) is the class of analytic functions v : [0,00) — R with the
following properties:
(i) v vanishes of order m and R~™v has an even Taylor expansion at R = 0.
(ii) v has a convergent expansion near R = oo,

o0
v = E ci RF2
i=0

The importance of even expansions in R lies with the fact that only those corre-
spond to smooth functions in R3. For the same reason, we will work with even m.
We also introduce another auxiliary variable,

(2.9) b=

Since we seek solutions inside the cone we can restrict b to a small interval [0, bo].
We combine these three components in order to obtain the full function class which
we need:

Definition 2.6. a) S™(RF, Q,,) is the class of analytic functions v : [0, 00) x [0, 1] x
[0,b0] — R so that
(i) v is analytic as a function of R, D,

v :[0,00) x [0,bo] — Qp

(ii) v vanishes of order m and R~™v has an even Taylor expansion at R = 0.
(#i) v has a convergent expansion at R = oo,

v(R,-,b) = i ci(-, b)RF 2

1=0

where the coefficients c; : [0,bg] — Q. are analytic with respect to b.
b) 1IS™(RF, Q,,) is the class of analytic functions w on the cone Co which can be
represented as

w(r,t) = v(R,a,b), v E Sm(Rk, )

We note that the representation of functions on the cone as in part (b) is in
general not unique since R, a,b are dependent variables. Later we shall exploit this
fact and switch from one representation to another as needed. We shall prove by
induction that the successive corrections v and the corresponding error terms ey
can be chosen with the following properties: For each k& > 1,
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(2.10) Vok_1 € (ti%ls (R, Qx_1)
(2.11) e € (ti\\)ik IS°(R, Q1)
(2.12) Vo € (tA’)\jHQ 1S2(R?, Qy)
(2.13) t*ear € (ti)% [IS°(R™', Qx) + bIS°(R, Q)]

with (2.13) also valid for £ = 0. We remark that the order of vanishing at R = 0
can be successively improved with k, but this does not appear to be important.

Step 0: The analysis at k=0

With our notations, one checks that
(2.14) 2eg = —20u[N2W(A(t)r)] € A2ISO(R™Y)

as claimed. Now assume we know the above relations hold up to k — 1 with k£ > 1,
and we show how to construct ver_1, respectively wvop, so that they hold for the
index k.

Step 1: Begin with ear_o satisfying (2.13) or (2.14) and choose var—1 so that
(2.10) holds.

If k = 1, then define e := eg. If k > 1, we use (2.13) to write
Cop—2 = €y + €35

where
A2 0/ p—1 2.1 Az 0 /
WIS (R, Qk—1), t7eg o € WIS (R, Q1)
In the first term we can set b = 0 and eliminate the b dependence, as all the b
dependent part can be included in the second term.

We note that the term e}, , can be included in eg_1, cf. (2.11). We define
vok—1 as in (2.5) neglecting the a dependence of egk_Q. In other words, a is treated
as a parameter. Changing variables to R in (2.5) we need to solve the equation

1

Az _
(tA)?Lvgp—1 = t?€3;,_5 € yF2 IS°(R™", Q1)

t2eh_s €

where the operator L is given by

2
L=—-0%— EaR — 5W*(R)

Then (2.10) is a consequence of the following ODE lemma.
Lemma 2.7. The solution v to the equation
Lv=feS%R™), v(0) = 2'(0) =0

has the regularity
v € S*(R)
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Proof. Since f is analytic at 0 with a constant leading term, one can easily write
down an even Taylor series for v at 0 with a quadratic leading term.

It remains to determine the asymptotic behavior of v at infinity. For this it is
convenient to remove the first order derivative in L (to achieve constancy of the
Wronskian). Thus, we seek a solution of
5

LRv=Rf,  L=0%+5W"=0}+ TR
We use this fundamental system of solutions for L:

O(R) = R(L— B*[3)(1+ R*/3)"*

O(R) = (1+ R%/3)"%(1 — 2R® + R*)9)

Clearly, LO\W = 0 and we set ¢ = RO\W|x=1 up to a constant. The function
0 is then determined from the Wronskian constancy condition W (6, ¢) = 1. This
allows us to obtain an integral representation for v using the variation of parameters
formula, which gives

R R
v:fR’IG(R)/O #(RR f(R) dR’+R*1¢(R)/O O(RR f(R") dR'

The right-hand side grows like R, as claimed. O
As a special case of the above computation we note the representation for vy,

2.15 A V(R VeS*R

(2.15) v = (N2 (R), € S*(R)

This justifies the choice of the second term in the expansion for ugi_; in Theo-
rem 2.1.

Step 2: Show that if var_1 is chosen as above then (2.11) holds.
Thinking of vor_1 as a function of ¢, R and a we can write es;_1 in the form
eak—1 = Nog—1(var—1) + E'vap_1 + E%vap_1
Here Nog_1(vak—1) accounts for the contribution from the nonlinearity and is given
by (2.7). E'vgj_1 contains the terms in
(2.16) —0Ouvak-1(t, R, a)

where no derivative applies to the variable a, while E%vsr_1 contains those terms
in

(8tt — Opr — %&«)Uqu(t, R, a)

where at least one derivative applies to the variable a (recall that in Step 1 the
parameter a was frozen). We begin with the terms in Npi_;. We first note that,
by summing the v; over 1 < j <2k — 2,

1

A2
(2.17) Ugk—2 — Up € )2 IS*(R, Qk-1)

The first term in Nojg_1(veg—1) contributes
2 (ugp_o — ug)vop—1 = t*[(uk—2 — uo)* + 4(uzp—2 — uo)>ug

(218) +6(’LL2k_g — ’Lbo)zug + 4(u2k_2 — UQ)ug]’ng_l
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Using (2.17) we compute

1

A2
t* (ugk—2 — uo) vk 1 € (t)\) IS*(RY, Qk 1) —5p O IS*(R, Qx 1)
Az
C a®IS*(R72, Qk_l)m IS*(R, Qr_1)
Moo
C W IS (R 5 Qk,l)
as well as
2 : 2 Mg A O(R2) R
(u2k—2 — uo) ) (R, Qk—1) ( )(M)Qk (R, Qk—1)
A2
© o 59
The other two terms in (2.18) are similar. Next, compute
223
tQng—l € (t)\)l()k ISlO(RBa Qk—l)

1 1

2 A2
6 4(k 1)I 2 I 2 —1
C on )7 b S* (R, Qk-1) C ) SH(R™, Qk-1)
and
1 A
t2u§k—2 U%k—l € /\7§(t>‘)2 ISO(Risa Qk’—l) (t)\) IS4(R2 Qk 1)
)\1
2k—2 1q4 1S2
(t)\)%b SR, Qr-1) C ) S* (R, Q1)
with similar statements for u2k QUg'k_l and uzk,gv%_l. Summing up we obtain
Noj—1(vox—1) € A IS?(R™Y, Q1) C A2 IS*(R7%, Q}_1)
(t)\)Qk (t/\)zk ) Xk~

This concludes the analysis of Nog_1(vak—1). We continue with the terms in
Etvyi,_1, where we can neglect the a dependence. Therefore, it suffices to com-
pute

t?@f(@zk 1S%(R )) O ) CIS%(R)

Finally, we consider the terms in E%vg;_1. With

A3
vog—1(r,t) = Ww(ﬁ’, a), weS*(R,Qx_1)
we have
1 1
2 rha Az A2
t°FE V-1 = —2t8t W a/wa<R, a) + W [Q(V + 1)@RwaR(R, a)

—2Ra'wprq — 207w, (R, a) + (a® — Dwaa(R, a) + 2aw, (R, a)]
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Since Qj_1 are even in a we conclude that
(1 = 0*)Daa, a0y, a0y + Q1 — Qh 4

and therefore )

A2
t2Ea1}2k_1 S W ISQ(R, Q;a‘—l)

This concludes the proof of (2.11). We remark that for the special case of k = 1,
i.e., with v1 as in (2.15), these arguments yield

Az
(tA)?

Step 3: Define vy so that (2.12) holds.

(2.19) t?e; € IS?(R)

We begin the analysis with esx 1 replaced by its main asymptotic component égk_l
around R = o0o. This has the form

B AR
(2.20) e, = W‘I(a)a q€ Q4
which we rewrite as )
- Az
thgkfl = (t/\)2k71 aq(a’>

We remark that (2.19) implies that

Consider the equation (2.6) with €3, | on the right-hand side,
2
2 <_a§ e Tar) G = —1280
We look for a solution @95 which has the form

Az

WW%(G)

Vg = —
Thus,
(2o 2 Al At
t _8t + ar + ;8T WWQk(G) = WGQ(G)
Conjugating out the power of ¢ we get

t2( - (at + %)2 + 0% + %&.) Wak(a) = aq(a)

which we rewrite as an equation in the a variable,

(2.21) L(2kfg)u7% Wak(a) = ag(a), q€ Qi
where the one-parameter family of operators Lg is defined by
(2.22) Lg=(1-0a*)0ua +2(a ' +aB—a)d, — >+

We claim that solving this equation with zero Cauchy data at a = 0 yields a solution
which satisfies

(2.23) Wai(a) = a’qy(a), q1 € Qi
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This gives
AT, %

gk = )1 q1(a) = WRSCH(G)

which is not entirely suitable as the next correction since it has an odd expansion
at R = 0 instead of an even one. To remedy this we simply set
Xz . R A3

V2R = (t)\)zk+2 (1 N R2>%Q1(a) € W

S4(R37 Qk‘)

Clearly, this will conclude Step 3. To prove the claim (2.23) we need the following

Lemma 2.8. Let f € aQ}_,, k> 1. Then there is a unique solution w € a*Qy, to
the equation

(2.24) Ligg-zyp—gw=f, w(0) =0, duw(0) =0
Proof. Denote

3 1 1
(2.25) B = (2k—§)y—§:(4k—3)ﬁ0+2(k—1)>—§.

We write

L = a20,(a%0,) — a®0ua + 2(B — 1)ad, — 3> + 3
To study the behavior of the solutions at 0 we match the coefficients in Lgw = f
with

fla) = ifj a1, w(a) = iwi Q21
j=1 j=2

yields the system, with 7 > 1,
(2 + 1)(2j + 21 + (-2~ 1)(2) = 2)+ 208 = )2 = ) + (5 - P, = Jj

where we take w; = 0. The coefficient of w;;, is always nonzero; this allows us
to successively compute the coefficients w;. The convergence of the series for w
follows from the convergence of the series for f.

It remains to study the solution w near a = 1. The behavior of Lg at 1 is well
approximated by

Ly = 2(1 — )daq + 260, = 2(1 — )71 0,[(1 — a)~73,]

which annihilates the functions 1 and (1 —a)?*1. Therefore, we seek a fundamental
system for Lgy = 0 of the form

(226) ¢i(a) =1+ m(l—a),  dola) = (1 —a)** [1 +3 el - a)ﬂ
=1

{=1

This leads to the conditions, with pug = g = 1,

-1
(2.27) 2p01(0 4+ 1)(€ = B) = pel (¢ — 26+ 3) + 8° = 8]+ 2 juy
7=0
(2.28) 200 (E+B+2)(+1) = @B+ 1+ =B +4)+ 5 - 5]
-1
+2) (B+1+ )i

=0
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Clearly, (2.28) always has a solution whereas (2.27) requires 8 ¢ Zg; in the latter
case, the series in (2.26) define entire functions. If, on the other hand, [CRS Zar,
then ¢, is modified to

(2.29) $1(a) =1+ (1 —a) + c1¢2(a) log(1 — a)

=1
with some unique choice of c¢;.
Modulo a linear combination of ¢1,¢s it suffices to find one solution to the
inhomogeneous equation Lgw = f near a = 1. We begin with the case when f has
the form

fla)=Q1—a) ) full—a)
k=0

with v > 0. Then we seek a solution w of the form
w(@) = (1= a1 3 w1 —a)*
k=0

This leads to the system
(2.30)
2wo(y + 1) (v — B) = fo
2w (Y L+ = B+L+1) = fetwd(y+ 0+ Dy +0+4-28)+ 5 -]
+22] oy +7+ Dw;
which is solvable unless § — v is a nonnegative integer, in which case the solution
w has the modified form

w(a) = (1= a)* S wi(1 — a)F + cgo(a) log(1 — a)
k=0

Indeed, assume that 3 —~ = p > 0 with integer p. Then (2.30) is in general violated
for £ 41 = p regardless of the choice of w,; thus, ¢ above has to be chosen so that
the coefficients of (1 —a)?*? = (1 —a)” in Lgw = f match. This can be done since

¢a(a)log(l —a) = [(1 = )" + O((1 — a)”*?)] log(1 - a)

and

Lg[¢a(a)log(1 —a)] = 2(8 + 1)(1 — @)’ + O((1 — a)"*)

with 341 > % and thus nonzero. Note that w, remains undetermined — this

amounts to the freedom of adding a constant multiple of ¢2(a) to w(a).
Similarly, if f has the form

J

J o)
fla)="> (log(1l = a))" fm(a) = Y (log(1—a)™ (1 —a)"_ fem(1—a)*
m=0 m=0 k=0
then we seek a solution w of the form
J J [e%e]
w(a) = Z (log(l - a wm Z log 1 - CL - a)’Yle Z wkm(l
m=0 k=0

m=0

Identifying the coefficients of the powers of log(1 — a) we obtain the system
Lgw; = fj, Lgw;_1 = fj—1 — jQ1wj,
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respectively
Lowj_p = fij—1 — jQ1wj—p+1 + 5§ — 1)Qowj_p42, k>2

where
l1+a 2(1+4+a 2a 1+a
Q1=2(1+a)d, + + ( )+ b Q2 =

1—a a 1—a’

1—-a
This system is solved iteratively as in the first case provided that g — 7 is not a
nonnegative integer. Otherwise, the solution w has the modified form

w(a) = (log(1 — @)™ [cm ¢2(a) log(1 —a) + (1 — a)"* 1Y wpn (1 — a)*]
m=0

k=0

Consider now f € Qj . If v is irrational then according to Definition 2.4 we
can represent it in the form

f(a) _ fO(a) + Z(l o a)i(ﬂoJrl)*Z[%]flfi(a)
i=1
with f; analytic. Hence the exponent v above takes the values

zi(ﬁo#—l)—Q[i;l}—l

On the other hand, we have
3 1

Then «; — 3 can only be an integer if ¢ = 4k — 3. However, in this case there is
no logarithmic term due to the additional condition gqx—3(1) = 0 which has the
effect of replacing y4x—3 by Yax—3 + 1. The conclusion of the lemma follows in the
irrational case.

On the other hand, if v is rational then f has the representation

fa Z

with f;; analytic. In order for 3 — -y, to be a nonnegative integer we need to have
¢ < 4k — 3. Again the condition gqx—3(1) = 0 guarantees that there is no extra
logarithmic term arrising from the i = 4k — 3 component of f. On the other hand,
if £ < 4k — 3 then we can contribute an extra logarithm for a total of £+ 1 < 4k —3
logarithms to the i = 4k — 3 term of w. The conclusion of the lemma again follows.

It is also worth discussing the special case k = 1. This will also serve to explain
how the algebra Qj arises in the iteration. If k = 1, then (2.21) reduces to the
equation, with the usual §y = (v — 1)/2,

L, Wa(a) =a
due to t2f1(a) = A2 (tA)"ta. As discussed above,
Wa(a) = go(a) + gi(a)(1 —a)™*' if By & Zg
Wa(a) = ho(a) + hi(a)(1 — a)® T + hy(a)(1 — a)® ' log(1 — a) if By € Z§
Thus, we see that in all cases W5 € Q5 for j = 0,1 and a near 1. [

-1 Z fij(a)(log(1 — a))?
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Step 4: With vor as above show that eg is as claimed.
Modifying (2.20) to insure an even expansion at R = 0 we set
Az R
2 R ;
(EA)* " (R2 +1)2
Then we can write eo, in the form

2
tzer = t2 (€2k 1— 62k 1) + t <€2k 11— <—8t2 + 83 + r&«) 'ng> + t2N2k(UQk)

where Ny, is defined by (2.8).
We begin with the first term in esy, which has the form

ey, = q(a), q€ Q.

1

A2
e 9 Q)

t*(eak—1 — €3;,_;) €
We claim that

(2.31) 1S°(R™Y,Q, 1) C ISR, Q1) + IS*(R, Qj,_1)

(t)\)
For w € IS'(R™', Q}_,) we write

1
=(1—-a?
w = ( a’) BN
Then

1
(1—a*we IS°(R™Y, Q1_1), ——R?

1 /
(tX)2 (tX)2 (R, Qj—1)

as desired.
Next, we consider the expression

2
f = t2 <€2k 1~ <_8t2 + 87% + ’rar) UZk)

By construction this would vanish if the factor R(1 + RQ)*% were dropped in both
egk_l and vy,. Hence f contains only the components of the second term for which

at least one derivative falls on the factor R(1 4+ R2)™z:

2 R R
= Dopt? —82—&—83—1—&)1—%28@ Op————
f 2k ( t r (1+R2)5 tVU2k t(1+R2)5
R 22 R
+ 2620, 9k Op ————— + Vo —Op —————
2k 1+ R} 2k , 1+ R}

where vo, = Do R(1 + R2)_%. Then a direct computation gives

1

A2

WISQ(R Q)

fe

as needed.
Finally we consider the nonlinear terms in Naj(vax). Again the a,b dependence
is uninteresting since Qy is an algebra. We start with the last term in (2.8). By

construction,
A2
- IS*(R
V2K € (IN)2E (R, Qk)
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Thus,

273 Az 1

t2v5, € ———IS°(R® ___(1+R»3ISYR!
Vg, € (EA)10F (B, Qk) C (th)2F (t/\)8k72( + R7)PISH (R, Q)

Using that

(é;\r)slzi); = prhol g ga2ptk—2 4 3,4p4k—3 | 6pdk—d
we conclude that )

A2 _
t2ng S Wlsl(R 1a Qk)

which is an admissible contribution to (2.13). Finally, we check the first term in
(2.8). From

1

o ' U )

U2k—1 — Up €

and the form of vgy,
1

4 A2
IS?(R, Qk)) WISQ(R?)’ Q)

e 19 00

A3

(tA)?

12ud,vap € 1 (,\%W(R) +

1 1 4
C t? (AiSO(R‘l) FAEa2ISO(RL, Qk))
A2

C (N IS (R, QQW

IS*(R®, Qy)
%
(t\)2F
The other three terms in (2.8) can be checked similarly. This concludes the proof
of Theorem 2.1. O

C IS’ (R, Q)

3. THE LINEARIZED PROBLEM

We seek a radial solution of (1.1) of the form u = ugr_1 + € with ugg_; as in
Theorem 2.1. Our ansatz leads to

(3.1) Ope — Ae — A2 ()W (A (t)x)e = Nogp_1(¢) + eap_1
where Nog_1(g) is as in (2.7) but with ugx_o replaced with uog—1. Set e(t,x) =
v(7(t),A(t)x) and y = A(t)z, 7 = 7(t). Then, with A = 2,

de(t,r) = 7' () (vr + A" Lyd,v)
and
(3.2) Due(t,r) = 7" (t)(0y + I 1ydy)v 4+ 7' (£)*(0r + AN 1yd,) v
Set

(t) = /to A(s)ds + 1t_” = 1t*”

T(t) = t s)ds + —t" =~
so that 7/(t) = A(t), and 7”(t) = A(T)A(7) (we are writing \(7) instead of A(t(7))).
Then (3.1) can be rewritten as
(0 + ).\)flyay)zv + AN, + /.\)flyay)v — Av = 5Wh(7,y)

(3.3) - -
= 2(7’)[N21971(E) + €2k71](t(7)7 A 1y>
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We remark that the linear Schrodinger operator H = —A — 5W* on L2?(R®) has
at least one negative eigenvalue as well as a zero energy eigenvalue and resonance.
The negative spectrum renders the linear evolution in (3.3) exponentially unstable.
To address this further, we switch to the radial variable R = Ar from the previous
section. Thus, (3.3) is the same as

(07 + AN ROR)%0 + AN (9, + I ROR)o — v — om — 5](r, R)
= A\"2(7)[Nag—1(e) + ea—1](t(7), A\ ' R)

or, with the new dependent variable (7, R) := Ru(r, R),

5.0 (8- + AT ROR)%E — ATHO, + ANTLROR)E + L&

= A" 2R[Nop_1 (R ') + eap_1]

where
L=—0grr —5W*R) on L*0,c0)
with a Dirichlet boundary condition at R = 0. Let
: 1
B(1) == A1) = * V, D :=0, + B(T)ROr

TV

and rewrite (3.4) in the form
(3.5) D% — B(1)DE+ LE= f

To solve this equation we need precise spectral information on the operator L.

4. THE SPECTRAL AND SCATTERING THEORY OF THE LINEARIZED OPERATOR

Definition 4.1. Let

5
T ey

be the half-line operator on L?(0,00) with a Dirichlet condition at R = 0. It is
self-adjoint on the domain
Dom(L) = {f € L*((0,00)) : f,f" € AC([0, R)V R, f(0) =0, f" € L*((0,00))}
Note that L¢ = 0 where
d(R) := 2ROy A=1A%W(AR) = R(1- R%/3)(1+ R?/3)"%

This means that £ has a resonance at zero energy. Since ¢ has a single positive zero,
it follows from oscillation theory, see [3], that there is an unique simple negative
eigenvalue which we denote by &;. Thus, there is ¢4 € L?(0,00) N C°°(]0, 00)),
decaying exponentially, and with ¢4(R) > 0 for R > 0 but ¢4(0) = 0 so that
Log = Eqada. We also assume that ||¢g]l2 = 1. Clearly, £ has no other eigenvalues
or resonamnces.

Lemma 4.2. The spectrum of L equals

spec(L) = {&4} U [0, 00).
The positive spectrum is purely absolutely continuous, and &4 is a simple eigenvalue
with eigenfunction that we denote by ¢4. Moreover, L has a resonance at zero.
In fact, Lo = 0 with ¢o(R) = R(1 — R2/3)(1 + R%/3)"2. Finally, L is in the
limit-point case at infinity.
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As usual, see Marchenko [12] or Section 2 of [4], we introduce the standard
fundamental system of solutions ¢(R, z) and 8(R, z) for all z € C of Ly = zy with
the boundary conditions

6(0,2) = 0'(0,2) =0, ¢(0,2) = 6(0,2) = 1

so that in particular
These functions are entire in z. Note that ¢(R,0) = ¢o(R) from above. Further-
more,

00(R) == 0(R,0) = (1 — 2R* + R*/9)(1 + R?/3)" %
The Weyl-Titchmarsh function m(z) is uniquely defined by
(4.1) Vy(-2) =00, 2) + m(2)¢(-, 2) € L*(0,00) ¥ Im z > 0
The solution 14 is referred to as the Weyl-Titchmarsh solution. Then one has the
following, see [4]:

Proposition 4.3. The function m can be analytically continued to C\spec(L) and
it is a Herglotz function. For each R > 0, (R, z) and ¥ (R, z) are analytic on
C\ spec(L). The spectral measure of L is

dp = b¢, + p(§)d¢, p(§) = % Imm(& + i0)

in the following sense: the distorted Fourier transform defined as

Fif—f

oo b
flen = [ oumsmar,  f© = in [ (R Os(RR €20

is a unitary operator from L*(RT) to L2({&4} URT, p) and its inverse is given by

A~ ~ IL ~
Fof — 1) = fenoum) + im [ o(R. (€ o(e)de
Here lim refers to the L2(RY, p), respectively the L*(RY), limit.

In the sequel we view the Fourier transform as a vector-valued map

= ()

The Weyl-Titchmarsh solutions are scalar multiples of the Jost solutions fi (R, 2)
which are determined via the condition that

(4.2) Lfr(n2)=2f1(2), [i(R,z)~eV?H as R— oo
where Imz > 0, Im+/z > 0. They are solutions to the integral equation, with
V(R) = —5(1 + R?/3)72,

[o IO /

FoRo) = ey [Ty g ) an
R Vz

The functions ¥4 (R, z) have well-defined limits as z — & 4+ i0 when £ > 0. In

particular, ¥ (R, &) ~ co(é)elféR as R — o0o. The constant c¢o(£) is determined

from the Wronskian condition W (4 (+,€),é(+,&)) = 1. Once we have determined

¢o(&) we find m(€ + i0) from the Wronskian relation
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We now give an asymptotic expansion of our fundamental system for small z.

Proposition 4.4. For any z € C the fundamental system ¢(R,z), 0(R,z) admits
absolutely convergent asymptotic expansions

¢(R,z) = ¢o(R) + R™" > (R*2)1,(R?)
j=1
O(R,z) = 00(R) + Y _(R*2)'0;(R?)
j=1

where the functions ¢;, 0; are holomorphic in @ = {u € C : Reu > —1} and
satisfy the bounds

ci 1
(4.3) |9 (u)] < G-t [(u)~2,

cJ 1
(4.4) 16;(u)] < TR (u)?, u €
Furthermore,

1l as u—0
o e e

Proof. We begin with ¢. We formally write
oo
=R7'Y_f(R),  fo(R) = Ro(R)
j=0

This becomes rigorous once we verify the convergence of the series in any reasonable
sense. The functions f; should solve

LRT'fj)=R"fi_1, [f;(0)=fj(0)=0
where we have set f_; = 0. The forward fundamental solution for £ is
H(R,R') = (¢o(R)00(R') — do(R')00(R))1[r> R

Hence we have the iterative relation

R
R
fi(R) = / Vo [QSO(R)@O(R/) — ¢o(R')00(R)| fj-1(R)dR',  fo(R) = Réo(R)
0

Using the expressions for ¢g, 0y we rewrite this as
fi(R) =
/R R%(1 - R?/3)(1 — 2R”? 4+ R'*/9) — RR'(1 — R?/3)(1 — 2R? + R*/)9)

0 R'(1+ R2/3)2(1+ R2/3)2
It is clear from this integral that each f;(R) is an analytic function of R? provided
ReR? > —1. Moreover, f;(R?) vanishes like R2U*+Y around R = 0, and grows
like R¥*! as R — oco. The bounds in (4.3) are a quantitative version thereof, and

proved by induction.
For 6(R, z) we make the ansatz

fi—1(R')dR'

szgj ), go(R) = 6p(R)
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where the functions g; solve

Lgj = gj-1, g-1=0
Thus, the iterative relation is

R
() = [ [o(RI00(E) = 60 (R0 |1 (R aR'. g0(R) = to(R)

The analyticity is the same as for the f;(R), and g;(R) vanishes like R* around
R = 0, whereas the growth is R%*! as R — o0, as claimed.
Finally, the leading order of ¢ (u) is found by solving for the coefficients ¢y, ¢o

in

(=0rr —5(1+ R*/3)"*)c1R*(1 + 0(1)) = R(1 +0(1)) as R—0

(—0rr — 5(1+ R?*/3) %) R*(1+ 0(1)) = =V3(1+0(1)) as R — oo,
respectively. Thus, ¢; = %, = \/§ as claimed. [
Next, we turn to the asymptotic expansion of the Jost solutions.

Proposition 4.5. For any & > 0, the Jost solution fi(-,§) as in (4.2) is of the
form

. 1
f+(R§) = ¢ o(REXR), R 21
where o admits the asymptotic series approximation

R ~> ¢y} (R)
j=0

in the sense that for all integers jo > 0, and all indices o, B, we have
(46)  sup (R)’|(R9R)"(40,)° |o(a. ZMN R)|| < capio a7
>

for all g > 1. Here

+ v [ iaaR7T2+iO(R™)  as R— o0
Yo =1 i (R)= { icaR +iO(R?) as R—0

with some real constants c1,ca. More generally, ”(/};_(R) are smooth symbols of order
-2 for 5> 1, i.e, forallk >0

;i%<R>2 |((R)OR)* v (R)| < o0
Finally, wj'(R) =O(R?) as R — 0.
Proof. With the notation
o0 R) = f (R, & 1e’
we need to solve the conjugated equation
5

(4.7) (—aRR — 2305 — (1+R2/3)2> o(RE?,R) =0

We look for a formal power series solving this equation,

(4.8) S rf(R
j=0
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This yields a recurrence relation for the f;’s,

, )
20nt; = (~0mn = g

with fo = 1, which is solved by

)1 (600 = 1) =0

i I
fi(R) = iaRfj—l(R) - 5/1?, m]vj—l(}y)d}%/
Then fi(R) is smooth for all R > 0 with f1(R) = —5p% +iO(R™°) as R — oo and
f1(R) = ic+iO(R) around R = 0. More generally, f;(R) = #O(R™7%) as R —
and f;(R) =4 0(1) as R — 0. Differentiating these functions leads to symbol-type
behavior as R — oco. Defining z/J;r(R) := R f;(R) yields the desired bounds.
To finish the proof, we first construct an approximate sum, i.e., a function
0ap(q, R) with the property that for each jo > 0 we have

Jo
@9 |(B0R) (00" [rupla ) = a0 (R)| < cupgy (R) 277!
3=0
The construction of ¢q4,(g, R) is standard in symbol calculus; we set
Tap(a, R) =Y q7v] (R)x(qd;)
3=0

where 6; — 0 sufficiently fast and x is a cut-off function which vanishes around zero
and is equal to one for large arguments. The bound (4.9) implies that o, (R 3 R)
is a good approximate solution for (4.7) at infinity, namely the error

1 1 5
6(R€2 R R) = <—8RR - 22526}% — (:[MW) O'ap(R7 g)
satisfies for all indices a, 3, j
((ROR)*(49,) e(q, R)| < cayp (R) 177

To conclude the proof it remains to solve the equation for the difference o1 =
—0 + Ogp,

5
(14 R2/3)?
with zero Cauchy data at infinity. We claim that the solution o; satisfies

[(ROR)™(q0q)"01(q, R)| < capja P(R)2,  j>2

Note that this finishes the proof by defining ¢ = 04, — 01. A change of vari-
able allows us to switch from the pair of operators (ROg,q0y) to (ROR,£0¢) with
comparable bounds. We rewrite the above equation as a first order system for
(v1,v2) = (01, RORo1):

8 V1 _ 0 R_l U1 . 0
B\ v —aribay R -2tk vy )~ \ Re

Then we have

(—aRR —2ighop - ) o1(REE R) = o(ReE, R)

d _
TR0 2 =R ol = Rlvllel
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which gives

d _
Il = —C(R™ o] + Rlel)

< /R C
o)< [ () R|e(R')|dR
R R
Then for large j we have
(4.10) el SEERTV(R)™ = |o| SETRTI(R) 2 S gV (R)?

To estimate derivatives of v we commute them with the operator. For derivatives
with respect to R we have

0 L )
Or(RoR) [ ' ) — R . ) (RO !
nlfi0n) ( v2 ) < ~Tmr 2 ) (H0n) ( v2

:<10R(19R/3) >(Z;)+<R3RO(R€))

(1+R2/3)3
But the right-hand side is bounded by R~7~! from the previous step and the hy-
pothesis on e, therefore as above ROrv is bounded by R™7.
We argue similarly for the £ derivatives. We have

vy 0 7 v1
Or(0) ( v2 ) - < ~wrREr w o E ) (&%) ( v2 )

:(8 i§%>(z;)+(sag?z%e>)

The only difference is in the first term on the right, for which we write & 3= R g
and we use the decay property of v with j replaced by j + 1:

E309| S €3¢ VS RYgTI, [€e(Re)| S R MgV

and by Gronwall

== ==

as desired. Finally, higher order derivatives are estimated by induction using the
above arguments at each step. O

Next, we describe the spectral measure of £. Due to the resonance at zero
energy, the spectral density becomes unbounded for small £&. In what follows,

f*(Rvg) = er(Rv _g) = er(va)
Lemma 4.6. For all £ > 0 there is a(§) # 0 so that

P(R, &) = a(§)f+(R,§) + a(§) f-(R, )
with
_J1 as &€ —0
la(§) ’\{ 5—% as & — 00

with symbol type behavior of all its derivatives. The density p(§) of the spectral

measure satisfies
[T as £—0

with symbol type behavior of all derivatives.
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Proof. By inspection,

W(¢(7£)7f—(7§)) _ 1
W(f+(a€)7f7(>§)) —Qifé

By the preceding asymptotic analysis we can evaluate

W(P(€), F+(€) = p(e672, &) 1L (e672,€) — ¢/ (6672, €) f (6672, €)

with some small fixed € > 0 to conclude that

Wit o s { ¢

a(§) = W(o(-€), f-(-€))

as £ —0
as £ — oo

with the corresponding upper bound on the derivatives. This yields the desired
upper bound on |a(§)|. To obtain the lower bound, we proceed as follows. First,
observe that

Im (f1 (R, €)f(R,€)) = —¢2
Second, it follows that
Im (f/ (R, )W (f+(R.€), $(R,€))) = E2¢/ (R, €)

so that
9" (R, )|
| (R, €|

From our asymptotic analysis, again at R = ¢ _’,

¢/(R, )| >{ 1 as €0
PRI L ed s £ oo

which leads to the claimed lower bound on |[W((-,€), f+(+,€))]-
The Weyl solution

Y4 (R,€+10) = 0(R, &) +m(& +i0)(R, £)
satisfies ¥4 (-, & +140) = co(&) f+(+,€). Solving for co(&) yields

WO [ (8)  WOCE), fo ()
e ) = 0. 0(.0) W+ (2600

(W (f+(R,€),$(R,€))| > €2

N|=

( af)’ ¢(7§))
SO

J-
(-
Since

f+('7f) = _¢(a€)W<f+<7£)’9(7§>) + 9(’§)W(f+(a§)’¢(7£))
implies that

=2i€2 = W(f1(-€), f- (&) = =2 Tm [W(O(, &), 1 ()W (f-(-,€),6(-,€))]
we conclude that
£z 1 1
W (£ (58, 0P~ 4 hla(e)?

The denominator was estimated above, leading to the desired bound on the spectral
density. (I

(4.11) p(€) = % Imm(¢ + i0) =
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5. THE TRANSFERENCE IDENTITY

Returning to the radiation part € in (3.5), the idea is to expand it in terms of
the generalized Fourier basis ¢(R, ) from Proposition 4.3, i.e., write

S R) = ao(r)oa(R) + /0 e (r OB(R, €)p(€) de

and deduce a transport equation for the Fourier coefficients (zq(7),z(7,¢)). The
main difficulty in doing this is caused by the operator ROg which is not diagonal in
the Fourier basis. We re-express this derivative in terms of the derivative 2£0;. We
refer to this procedure, which involves a certain error operator, as the transference
identity since it allows us to transfer derivatives from R to £&. We define the error
operator K by

(5.1) ROpu = —2€0:1 + Kl

where f = F [ is the “distorted Fourier transform” from Proposition 4.3 and the
operator —2£0; acts only on the continuous part of the spectrum. Apriori we have

K : 05 ({€a} U (0,00)) — C*®({&4} U (0,00))

Splitting functions on spec(£) into a discrete and continuous component we obtain
a matrix representation for /C,
Kaa K
K= ¢
( ICcd Iccc

Using the expressions for the direct and inverse Fourier transform in Proposition 4.3
we obtain

Kaa = <R8R¢d(R)a ¢d(R)>

Ly
Kaed = ([~ FOROROR 06 de . 0u(R)),,

Kealn) = (ROréa, o(R.m))

R

Keed ) = { [ 5 ROROR. (), 0lR.0)

(5.2 +{ [ 2sven©or 9n(6) de. o)

Integrating by parts with respect to R in the first two relations we obtain

L ks = / T HOKAOPOdE,  Kealn) = Kaln)

Ly

Kaa = —3

where

Ka(n) = (Ropoa, o(Rom)) |

R

Integrating by parts with respect to £ in (5.2) yields

Keed ) = { [ 1€ R0 ~ 26000( (€ . o(R.1))

2(1+T7Z(/7(77;)) f(n)

(5.3)
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where the scalar product is to be interpreted in the principal value sense with
f € G5 ((0,00)).

In this section, we study the boundedness properties of the operator K. We
begin with a description of the function Ky and of the kernel Ky(n, ) of K.

Theorem 5.1. a) The operator K.. can be written as

_ (3 nf(m)
(5.4) ICCC__(§+W>5(§_”)+KO
where the operator Ko has a kernel Ko(n, &) of the form?
5.5 Ko(n.&) = 2 Fie,n)

with a symmetric function F(£,m) of class C? in (0,00) x (0,00) satisfying the
bounds

§+n §+n<1

< 1 1
1 E+n <1

< 3 1 1
orEnl + O FED S { (030 b)Y o
J o < E+m=s E+n<1
D, POy F(EmI 5 T S PRI S

where N is an arbitrary large integer.
b) The function Ky is smooth and rapidly decaying at infinity.

Proof. We first establish the off-diagonal behavior of k.., and later return to the
issue of identifying the d-measure that sits on the diagonal. We begin with (5.3)
with f € C§°((0,00)). The integral

u(R) = /O " ()RR — 260 6(R, O)pl€) de

behaves like R at 0 and is a Schwartz function at infinity. The second factor ¢(R,n)
in (5.3) also decays like R at 0 but at infinity it is only bounded with bounded
derivatives. Then the following integration by parts is justified:

Wl 1) = (1 L) . = (L otR0) .

2
LR

Moreover,

Lu = /Ooo F(E)IL, ROR)H(R, E)p(€) dE + /OOO F(&)(ROR — 260¢)60 (R, §)p(E) dE
= [ 11 Rorlolr pl€) de + [ €A(€)(ROm ~ 260)0(R. p(6)
~2 [ eratr (e de

with the commutator
10 20R?
(1+ R2/3)2  3(1+ R2/3)3

[, RO) = 2L + = 2L + U(R)

2The kernel below is interpreted in the principal value sense
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Thus,

Eu:/o FEOUR)S(R,)p d§+/ §f(E)(ROR — 2£06)d(R, §)p(§) d§
Hence we obtain

Weet ()~ KecleN) = { [~ HOUROR Op(6) . o(R.1)

The double integral on the right-hand side is absolutely convergent, therefore we
can change the order of integration to obtain

(1= &) Ko(n.€) = p(&) (U(R)S(R.€). 6(R.m)) |
This leads to the representation in (5.5) when £ # n with

F&n) = (UR)S(R.E). 6(R.m) |

R
It remains to study its size and regularity. First, due to our pointwise bound from
the previous section,

sup |(R, €)| < (€)7 2,
R>0
|IRORO(R,E)| SR VE>1
(5.:6) 0e0(R,€)| Smin(RETLRY)  VE>1
0ep(R, €)] S min(RE2,R?)  VO<E<1
026(R, )| < min(R%€™%,R%) Ve
0:p(R,€)| Smin(R*¢™, RY)  V0O<é<]

we always have the estimates
[F(&m] S (€)% )2,
OeF(Em) ST 72, 19, F(EmI S (€ 2m) 7,
(5.7) Oen F(E,m)| S €t VESTLn>1

02F(&,n)| < §_§n_l VeEST1,n>1

2F(E )| SEETE VESLp>1

They are only useful when £ and n are very close. To improve on them, we consider
two cases:

Case 1: 1 < ¢+ n. To capture the cancelations when & and 7 are separated we
resort to another integration by parts,
(5.8)

nE(§n) = (U(R)S(R,€), Lo(R.n)) = ([£.URIG(R, &), 6(R,m) ) +EF (€. m)

Hence, evaluating the commutator,

(5.9) (n— OF(€n) = —((2UrdR + Unn)o(R.€), (R, 1) )

Since Ugr(0) = 0 it follows that (2UrOr + Urr)¢(R, ) has the same behavior as
d(R, &) in the first region. Then we can repeat the argument above to obtain

(11— €°F(&,n) = —([£,2Ur0r + Uprlé(R,€), 6(Rn))

N
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The second commutator has the form, with V(R) := —5(1 + R?/3)~?2
Since V(R),U(R) are even, this leads to

(n = &2F(&,n) = (U (R)Dp + U (R) + €U (R))S(R, €), (R, ) )

where by U, respectively U®’®", we have generically denoted odd, respectively
even, nonsingular rational functions with good decay at infinity. Inductively, one
now verifies the identity

k—1 k
(- & F(&n) <(Z§f U or + Y EUE™ ) 6(,€),6(,m) )
(5.10) e —

(RIUZYR)| + U (R)| S (R)™*2F V.0
By means of the pointwise bounds on ¢ and 9g¢ from (5.6) we infer from this that
(©r= ()3
(n—¢&)%*
Combining this estimate with (5.7) yields, for arbitrary N,
FEm)| S (€ +m) 7 1 +1¢2 =2~ provided &+n2 1,

as claimed. For the derivatives of I we follow a similar procedure. If § and 7 are
comparable, then from (5.7), |0,F(&,n)| < (£)7%. Otherwise we differentiate with
respect to 1 in (5.10). This yields

|F(&m)] S VE >0

k—1

(n—&)*0,F(&n) = ( (D¢ U o +Z§f ) 6(R,€), y0(R.))

j=0
— 2k(n — 5)2’“*1F(s, n)

Using also the bound on F' from above we obtain

L A

|877F(£177)| g (77 . g)Qk 9 ]- 5 fvn
respectively
—1
O, FEM S ——  E<157
(n—2¢)
and
¢
O F (| S 9k n<1<E
(n—2%)

which again yield the desired bounds. Finally, we consider the second order deriva-
tives with respect to £ and 7. For £ and 7 close we again use the bound from (5.7).
Otherwise we differentiate twice in (5.10) and continue as before. We note that it is
important here that the decay of U, ,;’;-id and Ug/°" improves with k. This is because
the second order derivative bound at 0 has a sizeable growth at infinity which has
to be canceled,

0¢¢(R,0)| ~ R*
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Case 2: ¢,n < 1. First, we note that F(0,0) = 0. This can be verified by direct
integration, and is heuristically justified by the fact that U = [£, ROg] — 2L. The
pointwise bound

sup [0¢F(67)| 1

&n>0
follows by differentiating (5.8) and from the bound |9:¢(R, )| < R?, see (5.6).
To bound the second order derivatives of F' we recall the pointwise bounds, for
0<€&<1,

-

R? R<¢ 2
¢RI R>¢z )

|

J=0,1,2

-

PI6(R.6)] < {

If n < &£ < 1, then these bounds imply that

1

5 2
parenls [ w Rt | | mtretany |

[N

oo

(R)~2(¢n)"* dR

2

03
_1
S [1+log(§/m)lE >

The logarithm in the middle integral is an artefact and can be removed using the

oscillatory nature of d¢ (R, ) in the regime R?¢ > 1 as provided by Proposition 4.5
and Lemma 4.6. Loosely speaking, this means integrating by parts using that

. 1
Oep(R, &) ~ RET1OReME? for R2¢ > 1 and small £. Thus, actually

_1
|Oen F(§,m)| S €72
A similar computation yields, for £ < 1,

oo

g3 .
2 F(E,m)] < / (R)“ R dR + /g (RyUREVAR < ¢t

2

This bound is too weak when £ < n < 1. In that case, we differentiate (5.9) to
obtain

(1= OFF (&) = 20cF (€, m) + (O26(R. &), (2UrOr + Unn)(R.1))

which in turn yields
(5.11)

(n = ORF(Em) = /E " [206cF€.0) + (0200 €). (U + Una)ca(- )] dc

Using also the bound
[RORcd(R., Q)| S min(R¢™*, R)

we can evaluate the inner product in (5.11) as follows:

[(820(,€), (2Undn + Unr)0co(-,0))|

oo

C 2 57% 1 1
< / (R)"SR*R%*dR + / . (R)°R'R¢"ZdR + / (R)°R*¢'R("2dR
0 ¢ -

2

< [+ log(¢/e))¢2
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The logarithm appearing in the middle integral can be removed as before exploiting
cancellations. Thus, (5.11) is controlled by

- 90tremis| [ ¢ ac] <ot

Since 1 > £ this yields
02F(Em)] S
which concludes the analysis of the off-diagonal part of the kernel.

Next, we extract the 0 measure that sits on the diagonal of the kernel of IC..
from the representation formula (5.3), see also (5.4). To do so, we can restrict &, n
to a compact subset of (0,00). This is convenient, as we then have the following
asymptotics of ¢(R, &) for R¢z > 1

6(R,€) = 2 Re[a(€)e ™| + O(R™2)

(ROp — 20¢)6(R, €) = —4 Re [€a' ()¢ ¥ | + O(R?)

where the O(-) terms depend on the choice of the compact subset. The R=2 terms
are integrable so they contribute a bounded kernel to the inner product in (5.3).
The same applies to the contribution of a bounded R region. Using the above ex-
pansions, we conclude that the d-measure contribution of the inner product in (5.3)
can only come from one of the following integrals:

(5.12) 4 / h / " HOXER) Re [ (€)al)e ™€ D] p(e) dedr

(5.13) 4 /0 h /0 " OB Re [e ©al)e ™€ DT p(e) dedRr

where x is a smooth cutoff function which equals 0 near R = 0 and 1 near R = oo.
In all of the above integrals we can argue as in the proof of the classical Fourier
inversion formula to change the order of integration. Integrating by parts in the first
integral (5.12) reveals that it cannot contribute a J-measure. On the other hand,
(5.13) contributes both a Hilbert transform type kernel as well as a J-measure to
K. By inspection, the ¢ contribution is

-2 /_OO Re [¢a/(€)a(n)e ™€ 1)) p(¢) dR

= —47 Re [¢d/ (€)a(n)]p(€)3(€% — n?)
= —8m€* Reled' (€)a(€)]p(€)d(E —n)
ENRIAG)

- [5 i }6(6—77)

where we used that p(€)~! = 47£7|a(€)|? in the final step, see (4.11). Combining
this with the é-measure in (5.3) yields (5.4).
b) Arguing as in part (a) we have

Nl

F(Sda 77)
Ky(n) = =2
) §a—1
For F we use the representation in (5.10) with & replaced by &4 and ¢(+, £) replaced
by ¢4. The conclusion easily follows from pointwise bounds on ¢(-,n) and its

derivatives. O
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Next we consider the L? mapping properties for IC. We introduce the weighted
L? spaces L2 of functions on spec(£) with norm

(5.14) 1250 = £GP + [ 1HOR € 0(e) de

Then we have
Proposition 5.2. a) The operators Ko, K map
Ko : Lz’a — Lz’a+1/27 K Li’o‘ — Li’o‘.
b) In addition, we have the commutator bound
(K, £0¢] = L2 — L2

with £0¢ acting only on the continuous spectrum. Both statements hold for all
aeR.

Proof. We commence with the Ko part. a) The first property is equivalent to
showing that the kernel

1 o o 1
Pz () (M) T2 Ko (n,£)(€) " p72(¢) : LP(RY) — L*(RY)
With the notation of the previous theorem, the kernel on the left-hand side is

Kol €) = (#1126~ YA e
£—n
We first separate the diagonal and off-diagonal behavior of Ky, considering several
cases.
Case 1: (&,71) € Q :=[0,4] x [0,4].
We cover the unit interval with dyadic subintervals I; = [2971,29%1]. We cover
the diagonal with the union of squares

2
A= U IjXIj

j=—o00
and divide the kernel Ky into
IQKO = IAQQKO + lQ\Af(o

Case 1(a): Here we show that the diagonal part 14K of Ko maps L? to L.
By orthogonality it suffices to restrict ourselves to a single square I; x I;. We recall
the T'1 theorem for Calderon-Zygmund operators, see page 293 in [19]: suppose the
kernel K (1, ¢) on R? defines an operator 7' : & — &’ and has the following pointwise
properties with some v € (0,1] and a constant Cp:

(1) [K ()] < Colé —n[~*
(i) |K(n,€) — K(n',€)| < Coln —n'|"|¢ —n|~'=7 for all |n — /| < |¢ —n]/2
(iii) [K(n,&) — K(n,&)| < Col€ — &'[[€ —n| =77 for all [§ — &' < [§ —nl/2
If in addition T has the restricted L? boundedness property, i.e., for all » > 0
and &,m0 € R, |T(w")|y < Corz and || T*(w"™)||y < Corz where w0 (¢) =
w((€ — &)/r) with a fixed bump-function w, then T and T* are L?(R) bounded
with an operator norm that only depends on Cj.
Within the square I; x I, Theorem 5.1 shows that the kernel of K, satisfies
these properties with v = 1, and is thus bounded on L?2.
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Case 1(b): Consider now the off-diagonal part IQ\Af(O. In this region, by
Theorem 5.1,

g _1
[Ko(n, &) < (&m)~ 7
which is a Hilbert-Schmidt kernel on @ and thus L? bounded.
Case 2: (£,1) € Q°. We cover the diagonal with the union of squares

B= DIjXIj
j=1

and divide the kernel Ky into
1QCR() - 1BOQCKO + 1Q"\BK0
Case 2a: Here we consider the estimate on B. As in case 1la) above, we use
Calderon-Zygmund theory. Evidently, |Ko(n,¢)| < |€ —n|~! on B by Theorem 5.1.
To check (ii) and (iii), we differentiate K. It will suffice to consider the case where
the 9 derivative falls on F(¢,7). We distinguish two cases: if |€2 — 72| < 1, then
€ —n| < €2 which implies that
Eag-¢| _lE-¢l:
[§=nl ™ jg—nl?
if, on the other hand, |§% — 77%| > 1, then
Eeg-¢| _ lE-¢]
(€ = nllgz —nz| 1€ —nl?
which proves property (iii) on B with v =

VIE =& <I§—ml/2

VIE— &) < I¢ —nl/2
%, and by symmetry also (ii). The
restricted L? property follows form the cancelation in the kernel and the previous
bounds on the kernel. Hence, Ky is L? bounded on B.

Case 2b: Finally, in the exterior region Q°\ B we have the bound, with arbi-
trarily large NV, R

(Ko, )| S L+~ M1 +n)~ "

which is L? bounded by Schur’s lemma.

This concludes the proof of the first mapping property in part (a). The second
one follows in a straightforward manner since K, is rapidly decaying at co.

b) A direct computation shows that the kernel K§°™ of the commutator [£0¢, Ko
is given by

K& (1, €) = (n0y + £0¢) Ko(n, &) + Ko(n, €) = ;%F &)

interpreted in the principal value sense and with F°°" given by

Feom(e,n) = i’j(g) F(&.m) + (D¢ + 10, F(€,1)

By Theorem 5.1 this satisfies the same pointwise off-diagonal bounds as F'. Near
the diagonal the bounds for F'°°™ and its derivatives are worse® than those for F by
a factor of (1+ &)2. Then the proof of the L? commutator bound for K is similar
to the argument in part (a).

The remaining part of the commutator [/, {0¢] involves

3The one derivative loss can be avoided by a more careful analysis, but this does not seem
necessary here.
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(i) The commutator of the diagonal part of /C.. with {0¢. This is the multipli-
cation operator by
(€
£0s )
p(&)

which is bounded since p has symbol like behavior both at 0 and at oo.

(ii) The operator £9¢K.q which is given by the bounded rapidly decreasing func-
tion 535Kd(§)

(iii) The operator Kq.£0¢ given by

Kacldef = /0 " Ku(©)e0ef (€)de = /O " ()06 (K ale))de

which is also bounded due to the properties of Kj. ([

6. THE FINAL SYSTEM OF EQUATIONS

We now rewrite the main equation (3.5) in terms of the Fourier transform. With
F as in Proposition 4.3, and with 8 = A\ 7!,

F(0r + 8(r)ROR) = (07 — 28(r)¢0¢ ) F + BKF

which gives
2 2
f(@T + ﬁR@R) - (aT + B(—260¢ + IC)) F
~(o, - 25§6§>2f + 20K (0, — 2060) F + (K + 2060, K))F
Recall that .
S R) = an(r)at [ alrOd(R o) de

This leads to a transport type equation for the Fourier transform

X (1) = (wo(7), 2(7,€))
of € by applying F to (3.5). It is convenient to write it as a system for the two

components:
2 +&q 0
2 X
0 (aT _ 25585) +¢

— BT = 260) (9, — 20¢0¢ ) X — B2(K* — K +2[¢0e, K) X
+ A 2FR(Nop 1 (RT*FIX) 4+ eap_1)

(6.1)

where it is understood that
Nzk_l(R_lf_l)() + €ok—1 — (Nzk_l(R_lf_lX) + €2k_1)(t(7'), /\_1(T)R)

Note that Naog_1 and egy,_1 are only defined on R < 7, but for the Fourier transform
we need to extend them to all R — this will be described in the next section, but for
the moment just take an arbitrary compactly supported extension with the same
regularity.

We treat problem (6.1) iteratively, as a small perturbation of the linear equation
governed by the operator on the left—-hand side. For this we need to solve the
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following uncoupled system consisting of an elliptic equation and a transport
equation:

{33 + fd] za(7) = ba(7),

(0, - 26(7)535)2 +€]a(r,6) = b(r,8),

We want to obtain solutions to (6.1) which decay as 7 — oco. For the first equation
above this is achieved by using the standard fundamental solution Hy which has
kernel

(6.2)

1 -5, l‘rfo'
Ho(r,5) = — €] ke lealim=

1
This means that up to homogeneous solutions of the form e~!é¢/27 the unique
bounded solution to the elliptic equation is

1 i [ 1
ralr) = =gl H [ el do

The second equation is restricted to the range ¢ > 0. Hence it is hyperbolic in
nature, which means we can solve it backward in time, i.e., with zero Cauchy data
at 7 = 0o. We denote by H the backward fundamental solution for the operator

2
(0 — 28(r)¢0¢) +¢
and by H(7, o) its kernel,

z(1) = / H(r,0)f(c)do
Combining the two components we obtain a fundamental solution for the system,
H = diag(Hoy, H)

Then we look for a solution X to (6.1) as a solution to the fixed point problem

X = H(ﬂ([ —2K) (aT - 2,6’56‘5)X — B2(K2 = K + 2[€0¢, K]) X
(6.3)
FA2FR(Nay_1 (RTIFIX) + e%_l))

1
Remark 6.1. One can also freely add Ce~ 4127 to the first component x4 of X.
Thus the fixed point argument yields in effect a one parameter family of solutions
X depending on the parameter C.

The mapping properties of H are described in the following result, which was
proven in [10].

Proposition 6.2. For any o > 0 there exists some (large) constant C = C(«) so
that the operator H(7,0) satisfies the bounds

C
(64) ||H(T, U)||Li’a~>Li’u+l/2 5 T(*)

(6.5) H (aT - 25(7)55’5)1{(7’0)‘ [2e_p2e = (90

uniformly in o > 1.
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This leads us to introduce the spaces LoV L,Q;O‘ with norm
11l oo g2 = sup 7| F(7)]| 2.0
T>1

Then the above proposition immediately allows us to draw the following conclusions:

Corollary 6.3. Given a > 0, let N be large enough. Then

1
VBl s e + H (aT - 25(7)565)H6HL < Co 3 bl o 20

oo,NflL%»O‘
with a constant Cy that depends on « but does not depend on N.

The small factor N~! is crucial here for our argument to work. For Hy we have a
stronger straightforward counterpart of the above result:

Lemma 6.4. The operator Hy satisfies the bounds
[[Hobal| oo, v + (|0 Hobal| oo v < Cn|[bal| poo

We note that while the constant on the right cannot be small, we no longer lose
powers of 7 compared to the bounds for H. Hence for fixed N we can choose g
depending on N so that we gain the smallness in the range 7 > 75. Combining the
last two results we obtain

Proposition 6.5. Given o > 0, let N be large enough. Then there exists T
depending on N so that for T > 19 we have

M0l e e + || (8 — 281606 )70 < Co ¥l sz

oc,N—lLiva
with a constant Cy that depends on o but does not depend on N.

On the other hand, the nonlinear operator Nax_1 from (6.1) has the mapping
properties stated in Proposition 6.7 below. We first relate the spaces L%O‘ to the
Sobolev spaces in R3.

Lemma 6.6. Let o« > 0. Then
||x||Li,a = HRflffleHza(Rs)

Proof. For integer k we have
k

k
|l pzr = Y ICPF e = Y IR LIF ]| 2es)
=0 =0

k
=> (R'LRY R F || 2(ms)
j=0
But

R™'LR=-0% — %aR — 5W*(R)

where the first two terms can be recognized as the radial part of the three-dimensional
Laplacian. Hence we get

k
2] 2 = D IH(=A = 5WH(R)Y R F ]| oy
7=0
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Since W is bounded together with all its derivatives, the conclusion of the lemma
follows for integer «.
For noninteger a we use interpolation. First we consider the map

r— R'F g
and obtain the bound
IR F e mrzerey S |l 2o
To obtain the reverse bound we use the map
ur— FRS(u)

where S(u) stands for the spherical average of a function u in R3. O

Proposition 6.7. Assume that N is large enough and % < a < %. Then the map
& = A FR(Nop— (R F 1))

18 locally Lipschitz from L"O’N*2L,¢2,’°"~_1/2 to LOO’NL%O‘.

Proof. Using the lemma, it remains to prove that the map
V= /\72N2k_1(v)
is locally Lipschitz from Lo>N=2[2a+1 to [N 2% We recall that
Noj—1(v) = 5(usp_q — ug) v+ 10udy,_; v* + 10ud;,_; v® + Sugg_1 v* + 07,

see the comment following (3.1). The time decay is trivially obtained for all but
the first term, for which we need an additional step, where we pull out a factor of
Uog—1 — Ug. Using the regularity of usg_1 given in Theorem 2.1 we obtain

Az _ _ _

Ugk_1 — Uy € Wlsz(R, Qr 1), AN 2(uy—usp_y) €7 2S*(R™2,Qp_1)
This indicates that two units of decay in 7 are gained. On the level of Sobolev
spaces we argue as follows: since we are working with inhomogeneous Sobolev
spaces, we can localize the above estimate to unit cubes, as the £2 summability for

Nak—1(v) with respect to unit cubes is inherited from any of the v factors. But

v+4+1

in any unit cube @ the coefficients us;—1 have at most (1 — a) 2 ~ singularities
(where a = % ~ £) 50 that we can bound them in Sobolev spaces
< A2 < \: dist(Q, 0
Uk — o _ Uggp—1 — U o) S —dist(Q,
|k 1]l 1+20 Q) S Bst(0, 0) [uzk—1 — uol| rri+za(q) 3 (@Q,0)

where we used that o < 7. Then it suffices to establish the quintilinear estimate
H20¢+1 . H20¢+l . H20¢+1 . H2a+1 . H2a+1 c H2a

which in three space dimensions holds for a > % (a standard application of the
fractional Leibnitz rule and Sobolev imbedding, see [22], page 105). O
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7. CONCLUSION

We now prove Theorem 1.1. We first construct a blow-up solution inside the
cone as follows. We begin with the approximate solution us;_1 and the error egy_
given by Theorem 2.1 inside the cone. We extend them outside the cone to functions
having the same size and regularity, supported in r < 2¢. Then the relation

2 =4
€ok_1 = (*({9252 + (93 + ;ar)qu_l + u;k_l
is valid only inside the cone.
Using Propositions 6.5, 6.7 we iteratively find a solution
N=272,a+1/2
XelL™ Ly
for the equation (6.3) for ¢ < ¢ sufficiently small and
1

—<a<
g >

S

Then we set
v = Rflfle c Loo,N72H2a+1
and
U= Ugk—1 +V

Given the derivation of (6.3), the function u solves
(=07 + 92 + %&)u +u’ = (=07 + 0 + %8T)u2k_1 + udp_1 — €ak—1
which implies that the function u solves the nonlinear wave equation
(=07 + 02 + %&)u +u® =0

inside the cone.

The second part of the argument is to extend the above solution u to the exterior
of the cone K = {0 < t < tg, 0 < |z| < t} so that the blow-up occurs only at the
tip of the cone. For this we first observe that the above function w is close to wg
inside the cone and close to 0 outside, namely

lim [ [V (u(t) = uo(t))* + |u(t) — uo(t)|* da = 0
Ky

and
lim/ \Vu(t)|2 + \u(t)|6 dr =0
t—0 K¢

Hence given § > 0 we can choose t( so that the two quantities above are less than 6°.
We let w be the solution to the equation

2
(=02 + 0%+ 20 )w+w® =0
T

with initial data
w(to) = u(to), wy(to) = us(to)

Due to the finite speed of propagation we conclude that w = u inside the cone. To
conclude the proof of the theorem we will show that w cannot blow up outside the
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cone before time 0. For this it suffices to prove that the energy outside the cone
stays small,

(7.1) /K V()2 + [w(t)]® dz < 6

see [17], [18].
This is proved using energy conservation. The energy £(w(t)) is conserved in
time. At time ¢y we have

E(w(to)) = E(ulto)) = EW) + O(5)
hence at time ¢ we must have a similar relation. But the energy inside the cone is

already close to this, so we obtain

Jul®

1

On the other hand, we have the Sobolev inequality

/|u|6d33§ / |Vul|? dz
K¢ K¢

t

with a universal constant (independent of t). Combining the two inequalities above
we see that for each t there are two possibilities. Either we have

A
1 2 2
S(up + |[Vul) dr 2 1
e 2

The first alternative holds at ¢ = t3. Then a continuity argument shows that it
must hold at all ¢, since the above integral is a continuous function of ¢ for as long
as it stays small.

1
i(uf + |Vu)?dx <6

or
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