Guide to Math 241

Part I. Solving PDEs in bounded regions

Step 1. Apply separation of variables to get ordinary differential equation(ODE)s for
each variable.

Step 2. Interprete boundary condition(BC)s as restrictions for the corresponding
ODEs, then solve each ODE that has 2 restrictions as an eigenvalue problem.

Step 3. Plug in the eigenvalues you get from step 2 and solve the rest of the ODEs, so
you can form the general solution.

Step 4. Determine the coefficients in the general solution by initial condition(IC)s.

In step 1, we have the following cases:
(1) One-Dimensional interval: 0 <z < L

For heat equation %—1; = k%, let u(z,t) = X (z)T'(t), the ODEs are:
T'(t) = —kXT(t)
X"(x) = -AX(x)

For wave equation ?;T;‘ = 02%, let u(x,t) = X (z)T'(t), the ODEs are:

T"(t) = —A\T(t)
X"(z) = —AX(z)

(2) Two-Dimensional rectangle: 0 <z <L, 0<y<H

For heat equation 2% = kAw, let u(z,y,t) = X ()Y (y)T(t), the ODEs are:
T'(t) = —kXT(t)
X'(2) = —pX(x)
Y'(y) = —(A = w)Y(y)
= X(2)Y (y)T'(t), the ODEs are:
(

. 2
For wave equation ?97? = c?Au, let u(z,y,t

T//(t
X"x) = —pX(z

Y'(y) = -\ = w)Y(y)
For Laplace’s equation Au = 0, let u(z,y) = X (2)Y (y), the ODEs are:

X" (x) = -AX(x)
Y(y) =AY (y)



(3) Two-Dimensional disk(annulus) or a sector of a disk(annulus), where the
spacial part is described by polar coordinates (r,0)

For heat equation % = kAu, let u(r,0,t) = R(r)©(0)T'(t), the ODEs are:
T'(t) = —kXT(t)
©"(0) = —uo(0)
r2R"(r) + rR(r) + (A\r? — p)R(r) = 0
For wave equation %%‘ = c?Au, let u(r,0,t) = R(r)©(0)T(t), the ODEs are:
T"(t) = —c2\T(t)
6" (6) = —uo(0)
r2R"(r) + rR'(r) + (M? — w)R(r) =0
For Laplace’s equation Au = 0, let u(r,0) = R(r)©(0), the ODEs are:
0"(0) = —16(0)
2R (r) +rR'(r) — AR(r) = 0

(4) Two-Dimensional sphere or a sector of a sphere, where the spacial part is
described by spherical coordinates (¢, 6)

For heat equation % = kAu, let u(¢,0,t) = ®(¢)O(0)T'(t), the ODEs are:
T'(t) = —kXT(t)
©"(6) = —uo(0)
(sing @'(¢)) + ()\singi) - Si§¢)¢(¢) =0

For wave equation ‘?9%‘ = ?Au, let u(¢,0,t) = ®(¢)O(0)T(t), the ODEs are:

T"(t) = —*\T(t)
O"(6) = —uO(6)
(sing @'(6))' + (Asing -~ )a(6) = 0

sin ¢

For Laplace’s equation Au = 0, let u(¢,0) = ®(¢)O(0), the ODEs are:
0"(0) = —16(0)

A
sin ¢

(sing @'(¢)) — == ®(¢) =0



(5) Three-Dimensional cylinder(cylindrical shell) or a sector of a cylinder (cylind-
rical shell), where the spacial part is described by cylindrical coordinates (r,0, z)

For heat equation %—7; = kAu, let u(r,0,z,t) = R(r)©(60)Z(2)T(t), the ODEs are:
T'(t) = —kAT(t)
6" (6) = —u0(0)
Z"(z)=-vZ(z
2R (r) + rR'(r) + [(A = v)r® — ] R(r) = 0
)

For wave equation ?;T’t‘ = ?Au, let u(r,0,z,t) = R(r)0(0)Z(2)T(t), the ODEs are:

6" (6) = —6(0)
Z"(2) = —vZ(2)
r2R"(r) + rR'(r) + [\ = v)r? — y]R(r) = 0

For Laplace’s equation Au = 0, let u(r,60,z) = R(r)0O(8)Z(z), the ODEs are:
Z"(z) = NZ(2)
6" (0) = —u6/(0)
r2R"(r) + rR (r) + (A\r? — p)R(r) = 0

(6) Three-Dimensional ball(spherical shell) or a sector of a ball(spherical shell),
where the spacial part is described by spherical coordinates (r, ¢,0)

For heat equation %—7“; = kAu, let u(r, ¢,0,t) = R(r)®(¢)0(0)T(t), the ODEs are:
T'(t) = —kXT(t)
0"(6) = —0(6)
(TQR,(T))/ + (M2 —V)R(r) =0
(sing ®(4)) + (1/ sin ¢ — ﬁ)@(@ —0
For wave equation %%‘ = ?Au, let u(r, ¢,0,t) = R(r)®(¢)©(0)T'(t), the ODEs are:
T"(t) = —cA\T(t)
6" (0) = —u0/(0)
(?”ZR,(T'))/ + (W2 = )R(r) =0

(sing @/(9)) + (vsing — <)@ (g) =0

sin ¢
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For Laplace’s equation Au = 0, let u(r, ¢,0) = R(r)®(¢)O(0), the ODEs are:
0"(6) = —\O(0)
(r2R'(r)) — uR(r) =0

. / / . o —
(sing ®'(¢)) + (,usmqﬁ sinqb)(l)(d)) 0
In step 2, we have the following cases:
(1) For ODE X"(z) = -\X(x)
If X(0) =0, X(L) =0, then
n?n? . nmx
)\n:?, Xn(l‘):SIHT7 n:1,2,
If X'(0) =0, X'(L) =0, then
n?n? nmwx
)\n:?, Xn(l'):COST, n:071,"'
If X(~L) = X(L), X'(~L) = X(L), then
n?m? nmwx . nmx
Ap = 72 Xn(z) = AncosT +B”SIDT’ n=0,1,---
If X(0) =0, X'(L) = 0, then
(n— 1) (-
Ap = 72 , Xp(z)=sin 7 , n=1,2,
If X'(0) =0, X(L) =0, then
(n— %)27r2 (n— %)mc
Ap = 72 , Xp(z) = cos 7 , n=1,2,

(2) For ODE 72R"(r) + rR'(r) = —=AR(r)

Setting 7 = e’ will change this equation to R”(t) = —AR(t), therefore we can relate it to the
previous case.

If R(a) =0, R(b) =0, then

2
nmwln £
)\n:<m>, R, (r) = sin 7 n=1,2,.

Int
a

If R'(a) =0, R'(b) =0, then




If R(a) = R(b), R'(a) = R'(b), then

9 2 2nmln - 2nmIn —=
h’la lna lnE
If R(a) =0, R'(b) =0, then
1 2 1 T
_1 _ Wrpe
Ay = ((n g)ﬂ) , Ry(r) =sin n 2)311“, n=12,
hla lna
If R'(a) =0, R(b) =0, then
1 2 1 z
_ _Wype
A\p = <(n §)W> , Ru(r) = cos n 2): na, n=1,2,
In 2 In o

(3) For ODE 72R"(r) +rR'(r) + (M? — ?)R(r) =0

If |R(0)| < +o0, R(a) =0, then
2
A, = (ZjT”)  Ro(r) = Ju(Vr), n=1,2,---

where J,(2) is Bessel function of the first kind, and z, , is the n-th zero of J,(z), v can be any
non-negative real number, not necessary an integer.

(4) For ODE (sin¢ ®'(¢)) + (using — 25)0(¢) =0
If |®(0)] < 400, |P(7)| < 400, then
pn =n(n+1), On(¢) = B (cos¢), n=>m

where P(z) is associated legendre function(sperical harmonic) of first kind, m and n are
non-negative integers.

(5) For ODE (r2R'(r)) + (M2 —n(n+1))R(r) =0

If |R(0)| < +o0, R(a) =0, then

z,
= () = (R, 6=

a

where Zny Lk is the k-th zero of Jn+%(z).
(6) For regular Sturm-Liouville problem:

(p(2)¢' ()" + a()$(x) + Ao(2)p(z) =0, a<w<b
p(z), ¢(x) and o(x) are continuous for a < z < b and p(z) > 0, o(z) > 0.

If B1gp(a) + P2¢’(a) = 0, Bip(a) + B2¢'(a) = 0, then we can list eigenvalues in an increasing
order A\; < Ay < ---, for each eigenvalue \,, we have a corresponding eigenfunction ¢, (z), and
they are related by Rayleigh quotient.



In step 3, we have the following cases:
(1) For ODE T'(t) = —AT(t), the solution is T(t) = c;e™

(2) For ODE X"(z) = -\X(x)

If A > 0, then
X () = ¢ cos VAz + cosin V Az
If A =0, then
X(x)=c1+ cx
If A <0, then

X(z) = creV N 4 ¢re VA

or we can write it as

X (z) = ¢ cosh VA + ¢ sinh vz

In all the cases above, we can do a shift for x, i.e., replace x by = — a for a suibable a so as to
fit the boundary restrictions.

(3) For ODE 72R"(r) +rR'(r) = —AR(r)

If A > 0, then
R(r) = ¢1 cos (ﬁln 7") ~+ co sin (\F)\ln r)
If A =0, then
R(r)y=c1+colnr
If A <0, then

X (z) VAoV

=cry’

In all the cases above, we can do a scale for r, i.e., replace r by - for a suibable a so as to fit
the boundary restrictions.

(4) For ODE 72R"(r) +rR'(r) + (A2 —v®)R(r) =0, v >0

If A > 0, then
R(r) =¢ J,,(ﬁr) + CQYV(\/XT)

where Y, (2) is Bessel function of the second kind.
If A =0, the equation becomes the one in case (2).

It A < 0, then
R(r) =1 L,(V=Ar) + co K, (V—=Ar)

where I,,(z) is modified Bessel function of the first kind, K, (z) is modified Bessel function of
the second kind.



(5) For ODE (T’QR/(T))I + (Ar? =n(n+1))R(r) =0

If A > 0, then
1 1
R(r) = e1r~ 2 J,(VAr) + cor " 2Y, (VAr)
If A =0, then
R(r) =cr™ + cor 7t
If A <0, then

R(r) = clrfély(\/—i)\r) + czrféK,,(\/—i)\r)

In step 4, we have the following cases:

(1) If ¢, (z) are orthogonal functions with weight o(x), i.e.

b

and we expand f as
@) =3 Anga(a)

then

A — f;f(fc)¢n(x)0(a:)dx
m b
fa ¢%($)J(x)d$

In particular, for trigonometric functions, the weight function o(z) = 1; for Bessel functions,
the weight function o(x) = x.

(2) If ¢py,n are orthogonal functions with 2 variables ((x,y) or (r,6)), and we expand f as

f = Z Z Am,nqsm,n

I fomnda
"] G dA

then

where dA = dzdy = rdrdd.

(3) If ¢y, are orthogonal functions with 3 variables ((x,y, 2) or (r,8,2) or (r,¢,0)), and we

expand f as
f = Z Z Z Am,n,kém,n,kz

I b aV
T R AV

where dV = dzdydz = rdrdfdz = 2 sin ¢drdeds.

then




Part II. Solving PDEs in unbounded regions

Step 1. Apply Fourier transform (usually on z), to get an ODE.

Step 2. Solve this ODE.

Step 3. Take inverse Fourier transform of the solution in step 2, and express the result
as convolution of initial condition and Fourier inverse of a function.

Step 4. Compute the inverse Fourier transform of a certain function and write the
solution as an integration.

Note: If the domain of x is semi-infinite: 0 < x < oo, we first take odd/even extensions of ICs
according to BC(if BC is of first type, e.g., u(0,¢) = 0, then take odd extension; if BC is of
second type, e.g., %(07 t) = 0, then take even extension), then use the 4 steps above to solve
the PDE on —oco < & < oo with extended ICs.

Definitions:

Denote F as Fourier transform of x variables, i.e. F takes a function f(x) about x to a
function F(w) about w, by

F(w) = 1)) = 5~ / " f@)drda

Its inverse is denoted as F~!, which is defined by

Properties:

(1). Fourier transform and its inverse are linear:
Flerf + cagl = e1F[f] + 2F[g], FlerF + e2G] = 1T HF] + e2F 1G]
(2). Fourier transform and inverse Fourier transform are inverse to each other:

FUIL = f
(3). Fourier transform takes differential of z to multiplication by —iw:

of 82f}

7 gg) =~ F[55] = =291

(4). Fourier transform commutes with partial derivatives other than x:

8f}78 afy o

F| 5] = =715 fr"[ay]:a—y 1f]

(5). Inverse Fourier transform takes shift by a to multiplication by e?®:

TP (w+ )] =T F)



(6). Inverse Fourier transform takes multiplication to convolution:

FFG) = %”f*l[}?] el

where convolution (k) takes two functions f, g of  to a new function f * g of z, it is defined as

(f *9)(z) = /  @g(e - 1)z

Useful indentities:

) 2
3‘"_1[6_&“2] = \/;e_zlﬁﬁ

F e = 216,(z)

(2)

where () is the delta function, it is charactered by the property that when integrating with
a function, it evaluates the function at «, i.e. [% da(2)f(z)dz = f(a)

3)
Fcos aw] = 7 (0a () + 6_a(7))
(4)

g1 [sinaw} ) lz| < o
w 0 |z|>a«

—11,—alw 2
F e l]:x2fa2
(6)
f*(soz:f(x_a)

1 |zl <«

where Rect, (x) = { 0 |z
x| >



Part III. Finite difference numerical methods

For heat or wave equation on 0 < x < L, we adopt the following notations:

N : a sufficient large integer
L
Ar = —
TN
rj=jAzx, j=0,1,--- N
At : a chosen small increment of time
tmm = mAt, m=0,1,---

ugm) = u(xj,tm)

For a given PDE, we get a difference equation by:

placing —.o by (A2
ot At
g 70 4y 2 5l
replacing -5 by e
(m) (m)
us — U
replacing gu by %
x x
(m)

replacing u by u;

replacing other functions by their values at (x;,t,,).
So we can compute u\m Y (1 <j< N —1), from previous layers, then we compute u[()mH) and

J
ug\y,nﬂ) from boundary conditions by:

replacing (0,t) by u(()m+1)
5 (m+1) u(m+1)
lacing —(0.t) b ! :
replacing 83:(0 ) by Az

replacing u(L,t) by uxfnﬂ)
(m+1)  (m+1)
0 _
replacing %(L.t) by AL N1
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