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A unital associative subalgebra N C M enjoys

MMy @& * = My My

DEPTH TWO subalgebra N C M enjoys some-
thing like the reverse:

My Mo ="M

as natural M-N-bimodules (right D2)
and as N-M-bimod's (left D2). (Based on
Szlachanyi-L.K. 2001)

Example 1. (D2 Toy Model) M|N H-separable
ring extension if

MM N My @ ="My

e.g. Azumaya algebra and right f.g. proj. split
subalgebra.



Example 2. HOPF-GALOIS EXT'S. n =dmH
H = bialgebra, H-comodule algebra w/ coac-
tion M — M®H s.t. N = M H and isomorphism

B8:MNM — M®H, f(m@m') =mm'gy@m' ()

Then M @y M = @"pyMy If H has an an-
tipode, also B'(m®@m') = m(o>m’®m(1) is iso-
morphism, and M|N is left D2 as well.

Example 3. SEMISIMPLE ALG. M D N is D2
if for each simple V'

Ind¥ Res IndMV @ « =2 @, Indd v

Example 4. SUBGROUP H < G (viewed as
complex group algebras) is D2 if dn:

@ 15TY | X)g <nl@ 1% | X)a
for y € Irr(G) and ¢ € Irr(H).



Quasibase Picture of D2:

D2 condition is > ' fi o g; = idp g Where

fie Hom(M,M @y M) 2 (M ey MY =B
g; € Hom (M @n M, M) 2 End yMy := A
obtaining v; € A, ¢; € B s.t.

m@m =3 my(m)e;
i
Similarly 38; € A,b; € B:

m@m = > bjﬁj(m)m/
J

Example. NORMAL Finite Index SUBGROUP
H <G is D2. Let g1,...,9n be coset represen-
tatives, b; := g, ®g;1 satisfies hb; = b;h Yh € H
B = canon proj. onto g;H, sat.

Bj(hgh') = hB;(g)h" and 3, g;®g; 18:(9) = g®1
Vg e G



R = Cj;(N) = centralizer of NC M
(or "relative commutant”)

R-BIALGEBROID STRUCTURE ON A

R-R-bimod. struct. on A = End yMy;:
rea-r =ra(=)r

Usual ring structure.

Comultiplication
A A— A@RA = HomN_N(M®NM,M):

A(0) (m ®m') = ap)(ma) (m') = a(mm')
Counite: A— R, e(a) = a(lyy)

SO e(ay1)) - ) = a = aq) - e(a(y))

and rest of axioms of left bialgebroid (Lu 1996).



NONDEGEN. PAIRINGS A®Q B — R
[, ] = a(b1)b2, (afb) = bra(b?)

B=(M®n M) w/ ring structure
b = ¥l @ b20°, 15 = 1 ® 1 gets a right R-
bialgebroid structure via nondegen. pairing

ACTION of Aon M: arm = a(m).

If My is balanced, e.g. My = Ny & *:
invariants

MA={meM |VaceA:abm=a(l)m}=N
Galois Property: End My = M#A
SMASH PRODUCT:

(m#a)(m'#a') = ma(l)(m/)#a(z) oo
Galois Isomorphism: M ®r B — M ®pn M via

m®b— mbw/ inverse mm’ — >, mvy;(m') Qc;,
the right quasibase.



CONCLUDING REMARKS

1. D2 noncommutative analog of normality in
"separable 4+ normal = Galois’ for fields

2. D2 subgroup H < G is normal (Kiulshammer-
L.K. 2004). Proof: let g € G,K = ¢ 1Hyg,
show by Mackey theory that K " H = H soO
H1G.

3. Question: Are D2 (semisimple) Hopf sub-
algebras normal?
Ie. h(l)KS(h(z)) C K and S(h(l))Kh(Q) C K.



4. Answer affirmative in toy model case: H-
sep. Hopf subalg. K < H is normal.

PF. Consider ideal Ht = kere. Then KT =
HT N K contracted ideal. Property of H-sep.
ext. Al Bw/ I<A, Ag,pA f.g. proj. =

I=A(NB)=(NB)A

Hence (HT =)HKT = KtH = K < H (see
Montgomery's text)

5. General case: can show something similar
for contracting A-stable left ideals. For right
ideals we may have to use antipode for D2
Frobenius extensions (Bohm-Szlachanyi):

S(a) =Y 2B (a(y)-)

where FE, x;,y; IS @ Frobenius coordinate system
for M D N.



