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ABSTRACT. Two deformations of the same algebra A are compatible if one can in-
terpolate a continuous (in some sense) family of deformations between them. When
A has finite dimension this is equivalent to having the deformed algebras lie on a
common irreducible component of the variety of algebras of dimension that of A. If
the infinitesimals of the deformations are o, 3 € H?(A, A) then a necessary condition
for compatibility is the vanishing of the Gerstenhaber bracket [c, 3] € H3(A, A); the
bracket is thus an obstruction to compatibility. An analogous assertion holds for
complex manifolds (and is a consequence of the algebraic case). In general, there are
higher obstructions. As an application we show that while the quantum plane has a
deformation to the Weyl algebra, the analog of the quantum plane in characteristic
2 can not be deformed to a separable algebra.

If we have two deformations of the same algebra, then one can ask if there is,
in some sense, a continuous family of deformations (a ‘variety of algebras’) joining
them; when that is the case we will call the deformations compatible. We show that
there is a natural obstruction to compatibility, namely, the Gerstenhaber bracket
of the infinitesimals of the deformations. In the case of finite dimensional algebras
over a field, for example, this can be used to show that two deformations of a
single algebra A lie on different components of the variety of algebras of the given
dimension. It follows, in particular, that neither deformed algebra can be deformed
to the other.

This paper grew out of an attempt to decide whether the Donald— Flanigan
conjecture held for the eight-element quaternion group Q = {+1, +i, +j, £k}, where
ij = k and i? = j2 = k? = —1. The conjecture asserts that if p is a prime dividing
the order of a finite group G, then the group algebra F,G (which always has a non-
zero radical) can be deformed to a separable algebra. A proof that the Donald—
Flanigan conjecture fails for Q will be given in a separate note, using the obstruction
defined here. (There is a sketch at the end of this note.)

Compatibility of deformations is meaningful also in the category of complex
analytic manifolds, and one finds an analogous obstruction. Although the direct
proof is just as trivial, it is worth noting that one really does not need an inde-
pendent proof, since all the infinitesimal aspects of the analytic deformation theory
have been algebraized.
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1. Components of the variety of algebras. Suppose that A is an algebra over
a ring k and that we have two deformations of A, with multiplications * and *’ of
the form

a*xb=ab+tF(a,b) +t*Fs(a,b)+..., a* b=ab+uGyi(a,b)+u’G2(a,b)+....

Recall that the condition for associativity of * is that for all n > 0 we have Z;:ll F;o
F,_; = 6F,. (Here § is the Hochschild coboundary, and if F,G are any 2-cochains
of A with coefficients in itself, then F' o G(a,b,c) = F(G(a,b),c)— F(a,G(b,c))). In
particular, Fj o F is a coboundary. Now if F' is a 2- cocycle of A (with coefficients
in itself), whose cohomology class we denote by «, then the class of F o F' (which
is always a 3-cocycle) depends only on that of F' and may be denoted « o @ (the
Gerstenhaber square of ). It is the obstruction to finding an F» such that the
multiplication ab + tF(a,b) + t2F»(a,b) is associative modulo 3 (the coefficient
ring now being k[t]/t3, where k is the original coefficient ring). Now denote the
deformed algebras defined by * and *' by A; and A,, respectively. If they lie, in
any reasonable sense, on the same connected component of the variety of algebras
containing A, then not only are the cohomology classes of FF = F; and G = G,
tangent to that component, but the same must hold for any linear combination of
F and G. It follows, in particular, that the primary obstruction to F'+ G, viewed as
an infinitesimal deformation of A, must vanish. This obstruction is the cohomology
class of (F+G)o(F+@G). Now (F+G)o(F+G)=FoF+GoG+FoG+GoF =
FoF + GoG+ [F,G] where [F,G] = F o G+ G o F is the Gerstenhaber bracket,
cf [G1]. Since we started with two full deformations it follows that the classes of
FoF and Go@G already vanish, for we have Fo F' = §F5,Go G = §G3. So we have

Theorem 1. If two deformations of an algebra A lie on the same irreducible com-
ponent of a variety of algebras, and if the infinitesimals of these deformations are,
respectively, the classes a, 3 of the 2-cocycles F' and G, then [a, 8] = 0, i.e., [F,G]
must be a coboundary. [

It follows that the class of [F, G] may be viewed as an obstruction to deforming
A; to an algebra in the component of A, and hence to the compatibility of these
deformations.

The main ambiguity in what has been said is the meaning of a ‘variety of
algebras’. This is straightforward when A is a finite-dimensional algebra, say of
dimension N, over an algebraically closed field k. For if we choose a basis for A,
then it can be represented by its structure constants (relative to this basis) as a point
in affine N3 space over k. (Of course, many points may represent the same algebra;
the general linear group GI(N, k) operates on the space and the isomorphism classes
of algebras are its orbits.) The space of structure constants C is an algebraic variety
which is, in general, a union of various irreducible components. Having chosen a
basis for A, a deformation of A like A; above defines a new set of structure constants
which are now functions of { and may be viewed as defining a generic point of some
irreducible subvariety of C. This subvariety must then be entirely contained in one
or more of the irreducible components of C. (It may be contained in more than one.)
The theorem then gives a necessary condition that there exist a single component of
C containing the subvarieties definend by the two deformations A;, A,. Conversely,
if such a component exists then the deformations are compatible.
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In the infinite dimensional case, or over an arbitrary coeflicient ring &, it may
be that deformations provide the best way to define irreducible components of the
‘variety of algebras’. The deformations A; and A, may be said to lie on the same
component if there is a deformation with two parameters, ¢ and u, of the form
axb=ab+ ®1(a,b;t,u) + ®2(a,b;t,u) + ..., where ®; = tF; + uG1 and each ®;
is a homogeneous polynomial of total degree ¢ in ¢ and u which reduces to F; when
u = 0 and to G; when ¢ = 0. This is, in effect, an algebraic way of asserting that
there is a continuous family of deformations connecting the two original ones, i.e.,
that they are compatible.

The ideas above hold not only for associative algebras, but also for Lie algebras
and commutative associative algebras, except that one must use, respectively, the
Hochschild, Chevalley—Eilenberg and Harrison cohomologies. They probably carry
over to many other categories, where one may have to use more exotic means, such
as triples or operads, to define the appropriate cohomology. (The basic operation in
the definition of an operad, namely composition, arose first in algebraic deformation
theory, [G1, G2, G4]. The formal definition due to May comes from homotopy
theory, which in some aspects is not far removed from algebraic deformation theory.)

There exist, in general, higher obstructions to compatibility of deformations.
These follow precisely the pattern of obstructions to constructing a deformation
of a single algebra. Suppose that we have the deformations given by * and *’
above and that we have constructed a deformation with a single parameter ¢ of the
form ab + t(F + G)(a,b) + t*®2(a,b) + .... Then (F + G) o (F + G) = §®3 and
[F + G, ®3] = §P3, etc.. Writing ®2 = Fa + G2 + 0o, it follows that [F,G2] +
[G, F2] + [F + G, O2] must be a coboundary, so the class of this element (which is
guaranteed to be a cocycle) is the next obstruction to the compatibility of * and «'.
As with the deformations of a single algebra, we now have the following problem:
The obstruction class depends on the choice of ©, which is determined only up to
a cocycle, and not merely on the original infinitesimals (the classes of) F' and G.
Making the wrong choice could produce a non-zero obstruction where a cleverer
one might succeed.

2. The complex analytic case. The analogue of Theorem 1 holds for complex
analytic manifolds without separate proof because 1) all of the infinitesimal con-
cepts in that deformation theory can be captured purely algebraically using the
deformation theory of presheaves of algebras, [GS| and 2) the Cohomology Com-
parison Theorem of that paper in turn reduces that theory to the theory of a single
algebra. Compact complex analytic manifolds behave very much like finite dimen-
sional algebras. The deformations of a single such manifold M form, by Kuranishi’s
Theorem, a finite dimensional variety which may have several irreducible compo-
nents. Let T denote the sheaf of germs of holomorphic tangent vector fields on M
and AT be its exterior algebra. The graded Lie algebra structure on A 7" induces
a graded Lie structure on the total cohomology H*(M, A T') analogous to the Ger-
stenhaber bracket for the total Hochschild cohomology H*(A, A) of an associative
algebra A with coefficients in A itself. Infinitesimal deformations of the complex
structure are now elements of H'(M,T) = HY (M, \' T), these being in an al-
gebraic sense, of total degree 2. If we have two full deformations of the complex
structure, with infnitesimals the classes of cocycles F' and G, respectively, then the
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class of [F,G], which lies in H?(M,T), may be viewed as an obstruction to hav-
ing both deformations lie on a common component containing M of the variety of
complex manifolds.

3. Differential deformations. If A is an algebra with differential operators then
one can define ‘differential cochains’ to be ones which are cup products of differen-
tial operators. These are typically closed under the Hochschild coboundary, so one
can define ‘differential Hochschild cohomology’. Since differential operators are also
normally closed under composition, one can in these favorable cases define ‘differ-
ential deformations’. One can then also define differential compatibility. This raises
the question of whether two deformations which are compatible are differentially
compatible. This will, of course, be the case if all cochains are differential.

The operators may be purely algebraic. One can, for example, always take as
differential operators the polynomials in the derivations of A into itself. As a special
case, on the polynomial ring A = k[z4,...,%,] in n variables over an arbitrary co-
efficient ring k we have the differential operators 8; = 8/8x;. In characteristic zero,
all cochains are differential if one is willing to allow formal infinite sums of mono-
mials in the 8; and the variables. Moreover, inclusion of the complex of differential
cochains into the Hochschild complex induces an isomorphism on cohomology. The
cohomology of a polynomial ring A in characteristic zero is given by the theorem
of Hochschild-Kostant-Rosenberg (HKR) which asserts, in this case, that the coho-
mology of A is just the exterior algebra on the derivations of A (linear combinations
of the 8; with coeficients in A) where the cup product replaces the exterior prod-
uct. In finite characteristics there are more cohomology classes. For example, in
characteristic zero the class of F = 8, — 8, vanishes, since there F = —15§(82) but
in characteristic 2 it is not zero. Similarly, the class of 82 — 8, + 8, — 82 vanishes
in characteristic zero but not in characteristic 3. However, in characteristic p the
cochains of a truncated polynomial algebra k[z1,...,z,]/(z},...,2P) are all still
differential (and now one only needs finite sums). Note that the HKR theorem
implies, in particular, that if A = C[z1,...,z,], then H™(A, A) = 0 for m > n, but
this no longer holds in positive characteristics.

4. The quantum plane in characteristic zero and the Weyl algebra.. The
complex polynomial ring A = C[z, y] in two variables has two natural deformations.
For the first, set a xb = ab+ Y o0, (t*/i!)8,a0,b. (Denoting the original multipli-
cation by m : A® A — A, tacitly extended to be bilinear over C[[t]], this can be
written * = 7mexp(9; ® 8y). Although the series is infinite, the deformed product of
two polynomials is a polynomial in ¢.) With this we have zxy = zy + ¢,y *x = zy,
so xxy —y*xx =t. The deformed algebra is thus just the smallest Weyl algebra. It
is simple, but being infinite dimensional, it is not be separable, and its cohomology
does not vanish identically. (A separable algebra over an algebraically closed field
is just a finite sum of matrix algebras or ‘multimatrix algebra’; its cohomology in
positive dimensions with coefficients in any bimodule is identically zero.) However,
like any deformation to a separable algebra, the deformation from the polynomial
algebra to the Weyl algebra is a jump deformation: The value of £ is not important
as all non-zero complex values of ¢ give isomorphic algebras. The infinitesimal of
the deformation is the class of F' = 8, — 0.

For the second deformation, set ¥’ = exp(z8, ®y0, ). Here we have z+'y = e*zy
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and y ¥ £ = zy. This is the standard quantum plane with ¢ = e?. Different
complex values of ¢ in general give non-isomorphic algebras. The infinitesimal of
the deformation is the class of G = x0, — y0,. Surprisingly, but for trivial reasons,
we have

Proposition. The deformations of A = Clz,y| to the Weyl algebra and to the
quantum plane are compatible.

Proof. By the HKR Theorem, H3(A, A) = 0, so all obsructions vanish. [

In some sense, therefore, the Weyl algebra and the standard quantum plane lie
on a common variety of algebras. In fact, the same proof shows that all deformations
of C[z,y] form a single variety of algebras. The analogous assertion does not hold
for the finite analogs in positive characteristics.

5. Deformations of a truncated polynomial algebra in positive character-
istic. Suppose now that the characteristic is p and let A = k[z,y|/(z?,y?). This
has deformations analogous to the Weyl algebra and to the quantum plane, as well
as others. The simplest is to a direct sum of p? copies of the rational function field
k(t). (The coefficient ring must be enlarged by adjoining the deformation parame-
ter.) For note that k[z]/xP can be deformed to k(t)[z]/(zP — tP~'z), which is just
a direct sum of p copies of k(t), so k[z]/xP ® k[y]/yP deforms to direct sum of p?
copies. For the analog of the deformation to the Weyl algebra, it is simplest to
define the deformation by setting  * y = xy + ¢,y * ¢ = zy. It is then not difficult
but here not necessary to write a general deformed product a * b as a polynomial
in t. All we will need later is that the infinitesimal F' of the deformation again has
the form F = J, — 0,. We again have have z * y — y * ¢ = t. Now, however, we
have an isomorphism to the algebra M, of p X p matrices: Send z to the matrix
X = (e2a1+es2+- - -+epp—1) and y to the matrix Y = t(e12+2e23+ - -+ (p—1)ep—1,p).
These generate all of M,. The Weyl algebra may be viewed as one form of limit of
matrix algebras; letting p — o0, its generators can be represented by two infinite
dimensional matrices. Unlike the Weyl algebra, M, is separable. Similarly, it is
easiest to define the deformation of the truncated polynomial algebra A in char-
acteristic p to the finite ‘quantum plane’ simply by setting z ' y = qy ' ¢ with
g = 1+ t. The infinitesimal of this deformation is then G = 208, — yd,. We no
longer have an HKR Theorem. In fact, using only the primary obstruction, one can
show that in characteristic 2 the deformations * and *’ are not compatible.

Recall that FoG(a,b,c) = F(G(a,b,c)—F(a,G(b,c))and [F,G] = FoG+GoF.
In our case, a simple computation independent of the coefficient ring gives

(1) [F,G] = [0y ~— 0y, 20y ~— yOy] = 0y — (y0y — £0) ~— 0Oy,

Note that separable algebras are rigid because their cohomology is trivial; in
particular they have no non-trivial infinitesimal deformations. A separable or more
generally rigid algebra A (over an algebraically closed field) lies on a unique irre-
ducble component of the variety of structure constants. This component generally
will have subvarieties representing algebras which are not rigid but which deform
to algebras isomorphic to A; we have just seen such an example. But the points of
this component representing algebras isomorphic to A form a Zariski open subset.
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Proposition. In characteristic 2, the deformations from the truncated polynomial
algebra A = k[z,y]/(x?,y?) to separable algebras and to the quantum plane are all
mutually incompatible. In particular, one can not deform the quantum plane in
characteristic 2 to a separable algebra.

Proof. Since A has dimension four, the only multimatrix algebras to which it could
deform would be 1) the direct sum of four copies of k(t) and My = Ma(k(t)).
Clearly, deformations to distinct rigid algebras are incompatible, and a deformation
to a commutative rigid algebra can not be compatible with any deformation to a
non- commutative algebra. Therefore, we only have to show the incomopatibility
of the deformations of A to M2 and to the quantum plane. We show that the
obstruction cocycle [F, G| of (1) is not a coboundary.

Suppose, if possible, that [F,G] = df for some 2-cochain f. The 2-cocycle
a0y ~ Oy + b0y — 0y + cOy — Oy + dOy — O, takes the values a,b,c,d on
(z,z), (z,y), (y,z), (y,y) respectively, so adding to f a suitable 2-cocycle of the
given form (which does not change its coboundary), we may assume that f vanishes
on these arguments. Further, [F, G| vanishes whenever its first argument is y, and
in particular on (y,z,x), so we have §f(y,z,x) = 0. The left side is just f(yz,z),
which therefore vanishes, and we have similarly f(zy,y) = f(z,zy) = f(y,zy) = 0.
Finally, d f(y,z,zy) = 0. In view of the preceding, the left side is just f(zy,zy).
So all values of f vanish, which is impossible. [

In characteristics greater than two, the primary obstruction to compatibility (of
the deformations of the truncated polynomial algebra to the quantum plane and to
M,) becomes a coboundary, namely, of (282 — 8, —y0, — BZ) However, by using
the secondary obstruction one can show in characteristic 3 that the deformations
are still incompatible. Our direct calculation is tedious but it what one expects
is this: In characteristic p one can prolong the infinitesimal deformation F' + G
through the term in tP~!, but then, no matter how this prologation is done, one
meets a non-trivial obstruction. This would be consistent with the fact that in the
limit, when one gets to characteristic zero, there no longer is any obstruction, and
the deformations become compatible.

6. The Donald—Flanigan conjecture.

Let G be a finite group whose order we denote by #G. If k is a (commutative,
unital) ring in which #G is invertible, then Maschke’s Theorem asserts that the
group ring kG is separable. When k is an algebraically closed field this says that
kG is a direct sum of matrix algebras of various dimensions. If, however, p is a
prime which divides #G then F,G has a non-zero radical. (The sum of all the
group elements is a central element of F, and has square equal to zero.) The
Donald-Flanigan conjecture is a “modular form” of Maschke’s Theorem: it asserts
that if k£ is a field of characteristic p dividing #G then kG can be deformed to a
separable algebra. It has further been conjectured that the deformation can be so
chosen that passing to the algebraic closure of the coefficient field, the deformed
algebra becomes a direct sum of matrix algebras of the same sizes, and in natural
correspondence with, those of the complex group algebra CG. Such a deformation
is called a “strong” solution to the Donald—Flanigan problem for the group G,
while a deformation which is separable but which does not decompose as CG does
is called a “weak” one. It is possible for there to be both a strong and a weak
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solution (or conceivably several weak solutions) for a single group G. In fact, we
have just seen this. For if we denote by C, the cyclic group of n elements, then
Fy[Cy x Cs) is the truncated polynomial algebra in two variables, which can be
deformed both to a direct sum of four copies of the (algebraically closed) coefficient
field, the strong solution, and to an algebra of 2 X 2 matrices, a weak solution.
(As noted before, the “coefficient field” has actually been enlarged to contain the
deformation parameter.) For a bibliography on the Donald-Flanigan conjecture,
cf. [GSps|

Unfortunately, the conjecture fails for the 8-element quaternion group Q. Here
is the idea of our proof. Filter the group algebra B = F2Q by the powers of its
radical and let A be the associated graded algebra. Then B is a deformation of
A, [G3]. One can show rather readily that A can not be deformed to a direct sum
of M> plus four copies of the coeflicient field, so neither can the group algebra B.
In view of the dimension, the only other separable deformation of B would be to
M. However, one can also readily deform the associated graded algebra A to My
and one can show, using only the primary obstruction, that the deformations of the
associated graded algebra A to the group algebra B and to M, are not compatible.
Therefore, the group algebra itself can not be deformed to My. The reson for
reserving this to a separate note is that the calculations are so far both tedious and
not transparent.

This leaves us with the paradox that the prediction from the Donald—Flanigan
conjecture given in [GG] and proven in [FJL] is true even though the conjecture, as
stated, is not. Something subtler and making the same prediction may hold, but
at present we have no idea what it might be.
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