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ABSTRACT. Two deformations of the same algebra A are compatible if one can in-
terpolate a continuous (in some sense) family of deformations between them. When
A has finite dimension this is equivalent to having the deformed algebras lie on a
common irreducible component of the variety of algebras of dimension that of A. If
the infinitesimals of the deformations are o, 3 € H?(A, A) then a necessary condition
for compatibility is the vanishing of the Gerstenhaber bracket [c, 3] € H3(A, A); the
bracket is thus an obstruction to compatibility. An analogous assertion holds for
complex manifolds (and is a consequence of the algebraic case). In general, there are
higher obstructions. As an application we show that while the quantum plane has a
deformation to the Weyl algebra, the analog of the quantum plane in characteristic
2 can not be deformed to a separable algebra.

If we have two deformations of the same algebra, then one can ask if there is,
in some sense, a continuous family of deformations (a ‘variety of algebras’) joining
them; when that is the case we will call the deformations compatible. We show that
there is a natural obstruction to compatibility, namely, the Gerstenhaber bracket
of the infinitesimals of the deformations. In the case of finite dimensional algebras
over a field, for example, this can be used to show that two deformations of a
single algebra A lie on different components of the variety of algebras of the given
dimension. It follows, in particular, that neither deformed algebra can be deformed
to the other.

This paper grew out of an attempt to decide whether the Donald— Flanigan
conjecture held for the eight-element quaternion group Q = {+1, +i, +j, £k}, where
ij = k and i? = j2 = k? = —1. The conjecture asserts that if p is a prime dividing
the order of a finite group G, then the group algebra F,G (which always has a non-
zero radical) can be deformed to a separable algebra. A proof that the Donald—
Flanigan conjecture fails for Q will be given in a separate note, using the obstruction
defined here. (There is a sketch at the end of this note.)

Compatibility of deformations is meaningful also in the category of complex
analytic manifolds, and one finds an analogous obstruction. Although the direct
proof is just as trivial, it is worth noting that one really does not need an inde-
pendent proof, since all the infinitesimal aspects of the analytic deformation theory
have been algebraized.

Key words and phrases. deformations, varieties of algebras, Donald-Flanigan conjecture.

Typeset by AMS-TEX



2 MURRAY GERSTENHABER AND ANTHONY GIAQUINTO

1. Components of the variety of algebras. Suppose that A is an algebra over
a ring k and that we have two deformations of A, with multiplications * and *’ of
the form

a*xb=ab+tF(a,b) +t*Fs(a,b)+..., a* b=ab+uGyi(a,b)+u’G2(a,b)+....

Recall that the condition for associativity of * is that for all n > 0 we have Z;:ll F;o
F,_; = 6F,. (Here § is the Hochschild coboundary, and if F,G are any 2-cochains
of A with coefficients in itself, then F' o G(a,b,c) = F(G(a,b),c)— F(a,G(b,c))). In
particular, Fj o F is a coboundary. Now if F' is a 2- cocycle of A (with coefficients
in itself), whose cohomology class we denote by «, then the class of F o F' (which
is always a 3-cocycle) depends only on that of F' and may be denoted « o @ (the
Gerstenhaber square of ). It is the obstruction to finding an F» such that the
multiplication ab + tF(a,b) + t2F»(a,b) is associative modulo 3 (the coefficient
ring now being k[t]/t3, where k is the original coefficient ring). Now denote the
deformed algebras defined by * and *' by A; and A,, respectively. If they lie, in
any reasonable sense, on the same connected component of the variety of algebras
containing A, then not only are the cohomology classes of FF = F; and G = G,
tangent to that component, but the same must hold for any linear combination of
F and G. It follows, in particular, that the primary obstruction to F'+ G, viewed as
an infinitesimal deformation of A, must vanish. This obstruction is the cohomology
class of (F+G)o(F+@G). Now (F+G)o(F+G)=FoF+GoG+FoG+GoF =
FoF + GoG+ [F,G] where [F,G] = F o G+ G o F is the Gerstenhaber bracket,
cf [G1]. Since we started with two full deformations it follows that the classes of
FoF and Go@G already vanish, for we have Fo F' = §F5,Go G = §G3. So we have

Theorem 1. If two deformations of an algebra A lie on the same irreducible com-

onent of a ariet of algebras and if the in nitesimals of these deformations are
res ecti el the classes o, of the 2-coc cles F and G then o, | =0 ie [F,G]
must be a coboundar

It follows that the class of [F, G] may be viewed as an obstruction to deforming
A; to an algebra in the component of A, and hence to the compatibility of these
deformations.

The main ambiguity in what has been said is the meaning of a variety of
algebras . This is straightforward when A is a finite-dimensional algebra, say of
dimension , over an algebraically closed field k. or if we choose a basis for A,
then it can be represented by its structure constants (relative to this basis) as a point
in affine 3 space over k. ( f course, many points may represent the same algebra
the general linear group G ( , k) operates on the space and the isomorphism classes
of algebras are its orbits.) The space of structure constants is an algebraic variety
which is, in general, a union of various irreducible components. Having chosen a
basis for A, a deformation of A like A; above defines a new set of structure constants
which are now functions of { and may be viewed as defining a generic point of some
irreducible subvariety of . This subvariety must then be entirely contained in one
or more of the irreducible components of . (It may be contained in more than one.)
The theorem then gives a necessary condition that there e ist a single component of

containing the subvarieties definend by the two deformations A;, A,,. onversely,
if such a component e ists then the deformations are compatible.


















