
WORKSHEET 16

1. What is n! if n = 2, n = 3, n = 4, n = 5? If n = 0?

2. What is (n+2)!
n!

?

3. Show that the series
∑∞

n=2(−1)n
1√
n+1

is not absolutely convergent. We will show

later that it is convergent.

4. Show that the series
∑∞

n=0(−1)n
1

2n+1
is not absolutely convergent. We will show

later that it is convergent and the limit is π/4.

5. Use the ratio test to show that the series
∑∞

n=0
(−2)n
n!

is convergent. We will show

later that the limit is e2.

6. Use the root test to show that the series
∑∞

n=1
1
n2n

is convergent. We will show

later that the limit is ln 2.

7. Show that
(n+1)n+1

(n+1)!

nn

n!

=
(n+ 1)n+1

(n+ 1)nn
=

(n+ 1)n

nn
= (1 + 1/n)n

What is its limit? What does it say about
∑∞

n=1
nn

n!
or about

∑∞
n=1

n!
nn ?

8. Use the root or ratio test to decide whether the following series are absolutely

convergent or not.

•
∑∞

n=2
(lnn)n

n2

•
∑∞

n=4
(n−2)!
(−n)3

•
∑∞

k=7
(3k)!
k!(2k)!

•
∑∞

m=4(m ln(1 + 1/m))2m

•
∑∞
♥=3(−1)♥ tan−1

(
1
♥

)♥
•
∑∞
♣=3(−1)♣

(♣2+1)(3♣+3)
4♣+♣

•
∑∞
♠=4

♠!
ln(♠)♠/2

•
∑∞
♦=3

(♦+1)!
♦ ln♦

•
∑∞

α=10
α!

(2α+1)!
2α

Hard one: Suppose that an are positive numbers with limn→∞ n
√
an = 1/2 for even values of

n and limn→∞ n
√
an = 1/3 for odd values of n.
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• Does limn→∞ n
√
an exist?

• Can you determine whether the series
∑
an converges?

Hard one: In this problem we show that limn→∞
n

√
n!
nn = 1

e
. Consider the graph of ln x

between x = 1 and x = N .

• Show that ln(n!) =
∑n

i=1 ln i.

• Show that
∫ N
1

lnxdx ≤
∑N

n=1 lnn ≤
∫ N+1

1
lnxdx.

• Show that

N lnN −N ≤ ln(N !) ≤ (N + 1) ln(N + 1)−N − 1.

• Show that using the sandwich theorem that

lim
N→∞

ln(N !)−N lnN +N

N
= 0.

• Show that limn→∞
n

√
n!
nn = 1

e
.
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