
HOMEWORK 7

1. Let L/K be a finite Galois extension with Galois group G. We define an

algebra Vf as follows:

Vf = ⊕σ∈GLeσ

where the eσ are formal basis vectors of Vf over L. (I.e Vf is a |G| dimensional

vectorspace over L, and we call the basis by eσ). The multiplication is given

as follows:

xeσ1 · yeσ2 = xσ1(y)f(σ1, σ2)eσ1σ2

for every σ1, σ2 ∈ G and x, y ∈ L and for some f ∈ Hom(G× G, L×). Show

that the multiplication is associative if and only if f is a 2-cocycle.

These algebras are called crossed product algebras.

2. Show that if f(σ1, σ2) = 1 for every σ1, σ2 ∈ G, then Vf = Mn(K) where

n = |G|.

3. Compute H2(Z/2Z,C×) where Z/2Z acts by conjugation on C×.

4. This suggests that there is a non-trivial crossed product algebra if K = R
and L = C. Indeed, show that the quaternion algebra is such algebra.

5. On the other hand we know that H2(1,C×) = 0, therefore we do not ex-

pect any non-trivial crossed product algebras over C. Indeed, show that the

algebra

HC = C⊕ C · I⊕ C · J⊕ C · K

is isomomorphic to M2(C) (where IJ = K, JK = I, KI = J, ...).

6. Let R be a commutative ring. Consider the free Abelian group A generated

by all finitely generated modules over R, i.e elements of A are formal sums

of finitely generated modules: example: 2[M1] − 5[M2]. Let us quotient out

A by the following relations: [M1] + [M3] = [M2] if the modules fit into a

short exact sequence:

0→M1 →M2 →M3 → 0.
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The Abelian group we obtain this way is denoted by G(R).

Show that if R is a field, then G(R) = Z. (Hint: what can you say about the

dimensions of objects in a short exact sequence?)

7. Show that the complex

...→ Z[Cn]
1+t+t2+...+tn−1

−−−−−−−−−→ Z[Cn]
t−1−−→ Z[Cn] → Z

is exact by finding an explicit homotopy! (Here Cn is the cyclic group of

order n, and t is a generator)

8. Show that

Hk(Cn, Cd) = Cd

for k ≥ 0, every d|n where the action of Cn on Cd is trivial.

9. Show that

Hk(Cn, Cd) = 0

for every k > 0 and relative prime n and d and the action is trivial.

10. Let K = Fp and L = Fpl . What is Gal(L/K)? How many non-trivial crossed

product algebras do you expect over Fp?
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