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• You have an hour and twenty minutes for this exam.
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1.

a) (5 points) Give an example of a degree 4 field extension of Q which is not Galois.

b) (5 points) Give an example of a degree 4 field extension of Q which is Galois.

Justify your answers as well.
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2. Let A be an Abelian group of order 30 and B be an Abelian group of order 4. Is it possible that

A⊗Z B

is of order 8?
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Extra space for work:
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3. (10 points) Let F be a field. We know that all elements of F satisfy x10 − x2 = 0. How many such fields exist
(up to isomorphism)?
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Extra space for work:
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4. How many covariant functors exist C → C, where C is the following category:

• It has 2 objects, denote them x and y.

• The sets Hom(x, x), Hom(x, y), Hom(y, y) are all of size 1 and Hom(y, x) is empty?
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Extra space for work:
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5. Consider the group ring R[Z/3Z].

• (6 points) Use Maschke’s theorem to show that R[Z/3Z] is either isomorphic to R⊕C or R⊕R⊕R as rings.

• (3 points) Let M be the 1-dimensional R vector space generated by an element a0̄ + b1̄ + c2̄ of the group
rings. Show that M is a submodule of R[Z/3Z] as a left R[Z/3Z]-module iff a = b = c.

• (1 point) Conclude that R[Z/3Z] is isomorphic to R⊕ C as rings.
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Extra space for work:

10


