
HOMEWORK 9

1. Prove that Z/4Z⊕ Z/4Z is not isomorphic to Z/16Z as Z-modules.

2. How many Abelian groups of size 180 are there up to isomorphism?

3. Consider the ring of n × n matrices over C: R = Mn(C). Consider Mn(C) as a

module over itself where the addition is the usual addition and scalar multipli-

cation is the usual scalar multiplication. Show that Mn(C) is isomorphic to the

direct sum of n copies of Cn as modules over Mn(C) (where the module structure

on Cn is given by matrix multiplication on column vectors):

Mn(C) ∼= Cn ⊕ ...Cn.

4. Consider Z and the multiplicative system S = {1, 6, 36, 216, ...}. What is S−1(Z/20Z)

as an S−1Z-module?

5. Consider Z and the multiplicative system S = Z \ 5Z. What is S−1(Z/20Z) as an

S−1Z-module?

6. Consider the group algebra C[Z/3Z] as a left-module over itself. Show that it is

isomorphic to the direct sum of three (one-dimensional) submodules C1, C2 and

C3 where Ci is generated by the element 1 · 0̄ + ζ i31̄ + ζ2i3 2̄ where ζ3 is a primitive

third root of unity.

7. Find all similarity classes of 3× 3-matrices A over F2 so that A2 = id.

8. Find all similarity classes of 3× 3-matrices A over F4 so that A4 = A.

9. Let R1 = R[x] and V a two-dimensional vector space over R and fix a basis.

Consider the R1-module structure on V where x acts as the matrix

(
0 −1

1 0

)
(in the fixed basis). Prove that V cannot be decomposed as an R1-module as a

direct sum of 1-dimensional modules.

10. Let R2 = C[x] and V a two-dimensional vector space over C and fix a basis.

Consider the R2-module structure on V where x acts as the matrix

(
0 −1

1 0

)
(in the fixed basis). Prove that V can be decomposed as an R2-module as a direct

sum of 1-dimensional modules.
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