ALMOST POSITIVE CUR VATURE
ON THE GR OMOLL-MEYER SPHERE

J.-H. ESCHENBUR G AND M. KERIN

Abstra ct. Gromoll and Meyer have represernted a certain exotic 7-sphere 7

as a biquotien t of the Lie group G = Sp(2). We show for a 2-parameter family
of left invariant metrics on G that the induced metric on 7 hasstrictly positive
sectional curvature at all points outside four subvarieties of codimension 1
which we describe explicitly .

1. Intr oduction

Let G = Sp(2) bethe Lie group of unitary quaternionic 2 2-matrices. Consider
the subgroupU G G,

U=1(("1):("); 92 spl)g; (1.1)

which acts on G by left and right translations. D. Gromoll and W. Meyer [5] have
shown that this action is free and that the orbit spaceM = G=U is a smooth
manifold which is an exotic 7-sphere(homeomorphic but not di eomorphic to the
standard 7-sphere). If G is equipped with a Riemannian metric of nonnegative
sectional curvature whoseisometry group contains U, then by O'Neill's formula [1]
the orbit spaceM = G=U inherits a Riemannian metric of nonnegative sectional
curvature. Thus starting with the bi-invariant metric on G, Gromoll and Meyer
constructed a metric of nonnegative sectional curvature on the exotic sphere M .
In fact the curvature is strictly positive on some nonempty open subset of M .
However, as was obsened by F. Wilhelm [7], there is also an open subsetwith zero
curvature planesin the tangent spaceof eac of its points. But Wilhelm constructed
another U-invariant metric on Sp(2) (neither left nor right invariant) for which the
curvature of M is strictly positive outside a subsetof measurezeroin M (\almost
positive curvature"). In [4] the samefact was claimed for a much simpler and left
invariant metric on Sp(2); however, as was pointed out by the secondauthor, the
proof cortains a serious mistake (see Remark 3 at the end of the present paper).
The purposeof our paper is to correct this error. In fact we prove the following
result, someideas of which go badk to [3] (see Theorem 4.6 for details):

Theorem 1.1. There is a left invariant and U-invariant metric on G = Sp(2)
suchthat the induced metric on M = G=U has strictly positive curvature outside a
nite union of subvarietiesof codimension 1. The zer curvaturesetZ M can
be explicitly determined.
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2. Cheeger metrics on Lie gr oups
On ead Riemannian manifold, let us denote

X;Y) = MRX;Y)Y;Xi;
secX;Y) = (X;Y)IX ~Yj? (2.1)

for any two tangent vectors X ;Y ; the secondexpressionis the sectional curvature
of the plane spannedby X;Y.

Let G be a Lie group with a left invariant metric h; i of nonnegative sectional
curvature. Supposethat the metric is alsoright invariant with respectto a compact
subgroupK G, hencethe induced metric onK is bi-invariant. The Lie algebrasof
G and K will bedenotedg and k. We may cortract the metric on G in the direction
of the K -cosetsby viewing G as the homogeneousspace(G K)= K (where

K = f(k;k); k 2 Kg) and choosing the metric induced from the Riemannian
product metric on G sK (Cheeger contraction, cf. [2], [1]) where sK is K with
metric scaledby s> 0. A vector (X;X 9 2 g kis perpendicular to the K -orbit
(\horizontal") i X + sX%? k i.e. X%= s X, where Xy is the k-projection of
X . Using the Riemannian submersionG K ! G, (g;k) 7! gk !, a horizontal
vector (X; s Xy )2 g kismappedonto X +s X, = X» + (L+s HXx2g
where X, = X Xy 2 K. Vice versa, the horizontal lift of X = X» + X 2 gis
the horizontal vector

¥ = (X: s 'Xy); where
X = X, + X 2.2)

s+ 1
Thus the new (left invariant) metric is
hX:Yi, = hR;¥Pi
= hX;Yi+sh X s Vi
= hX:Yi+s Ry Y
= hX5;Yri+s 1(S+ 1)|’1><'k;Yki
= X, Yai+ s(s+ 1) Xy Yii
= hX;VYi: (2.3)
For the curvature terms we have
R:P)= (X;7)+s 3 (XY (2.4)

Since all terms are nonnegative, the left hand side vanishesif and only if both
summandson the right are zero. Thus a plane spannedby X;Y 2 g has zero
curvature in the newmetric, seq( ) = 0, if and only if se€~) = 0and [Xy;Y«] = 0.

Example 1. Supposethat the initial metric h; i on G is bi-invariant. Let g= k+p
be the orthogonal decomposition. Consider the above metric

hX;Yis = hXp; Ypi + shXy; Yid (2.5)
with s= =-. Thensec(~)=0 () [X;Y]=0,andhenceseg( )=10 ()

s+l °

[X;¥Y]=0; [Xi;Y]=0:

1The \if " statement is not obvious because of the nonnegative O'Neill term. However, in all
our examples starting with a bi-in variant metric on some Lie group, the vanishing of the curvature
implies that the O'Neill term also vanishes, see[3], p. 29f, Equations (1) - (4) or [8], [6]
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If (G;K) is a symmetric pair, i.e. the orthogonal complemernt p g satises
[p;p] K then jX; Yk = [Xi; Yid+ [Xp; Yol @and jX; ¥]p = [Xi; Ypl+ [Xp; Yi], hence
sea(~) =0 ()

0= [Xi; Vil = [Xp; Yp] = [Xi; Yp] + [Xp; Y] = [X; Y] (2.6)

Example 2. Let G K H achain of subgroupsand supposethat both (G;K)
and (K ;H) are symmetric pairs. Let g= k+ p and k= h+ q be the corresponding
decompositions. Start with the metric h; i; de ned by Example 1, depending on
a parameter s > 0, and de ne the metric h; i, by Cheegercontraction along H
(depending on a new parametert > 0) asin (2.3) where K is replacedby H and
h; i; takesthe role of h; i:

with t= ﬁ Thensee( )=0 () seg(~)=0and[Xn;YW]=0 ()
0= [X;Y]= XY = [Xp: Ypl = [Xq: Yol = [Xn; Ya]; (2.8)

where X = X, + Xg+ g Xnand Y = Yp + Yq + o1 Yh likein (2.2).

3. Zer o cur vature planes on Sp(2)

Let us considerthe chain G K H for G = Sp(2), K = Sp(1) Sp(1) and
H= Spl)=1f(9); g2 Sp(1)g. The pairs (G;K) and (K;H) are symmetric,
corresponding to the rank-one symmetric spacesS* andFS3. We start with the
bi-invariant trace metric hX;Yi = Retrace X Y = Re Xjy; ong = sp(2),
apply Cheegercontraction in the K -direction and Cheeger-cotract again in the
H -direction, de ning metrics h; i; and h; i, asin Example 2.

SinceG=K = S* aswell asK=H = S® and H = S2 have positive curvature,
the vanishing of the last three brackets in (2.8) meansthe linear dependenceof the

factors. In particular we may assumeY, = 0,i.e. Y = Yi = i

Y2

Case 1. Xp = 0,ie. X = Xo= y
2

From [X; Yk] = O we obtain that the imaginary quaternions x;y; aswell asxz;y»
are linearly dependert. Moreover, from [Xq; Yg] = [Xn; Yn] = O we seethat also
X1 Xg andy; Yy arelinearly dependert. Putting y = y;, we may assume

v=Y . x=0 (3.1)
0
X1 X
X2
Then 0= [X;Y]p = [Xp; Y] () y2=xyx lfory:=y;,
and 0=[X;Yk=[XkY% () XxX1= yi1,X2= YyY,forrealnumbers ; , hence

Case 2. X, 6 0,i.e. X = with x 8 0:

- Y . -y X
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sincewe require hX; Yi =

wherex;y 2 H, y imaginary and 2 R; we have

0.
Case 2a. = 0, hence
-y . - X .
Y = yx 1 X= : (3.3)
Case 2b. 6 0, hence(without lossof generality) = 1.

Then [Xn;Yh] = 0i y+ xyx Yandy xyx ! are proportional which means
xyx 1= y. Comparing the norms on both sideswe get

xyx 1= y; (3.4)
and

vy=vy = Y y;><*=x=y : (3.5)

Lemma 3.1. The zero curvature planesin g= TG for G = Sp(2) and the metric
h; i, are spanned by X ;Y 2 g with X'; Y given by either (3.1) or (3.3) or (3.5).
4. The Gr omoll-Meyer  sphere

The metric h; i, on G = Sp(2) is invariant under the action of U (cf. (1.1)) and
henceit inducesa metric on the orbit spaceM = G=U. Considerany

a b

9= . 4 2 G: (4.2)
Sinceg is unitary, the rows and columns are unit vectors, in particular
jaj? + jb* = 1. (4.2)

The vertical spaceat g of the submersion : G ! G=U is Ty(U:g) = gVy with
Vg = fvg; v 2 Im Hg where

v O v 0 _ ava v avb

— 1
Vo= 9 o009 ov ~ bva bw v (4.3)
Thus accordingto (2.3), a vector gX 2 TG is horizontal for i
0= hX;vgiz = AX;vgis (4.4)

for all v 2 Im H. Note that hX’;v4i1 is just a multiple of hX';vgi if one of the
componerts of X' = X, + Xy are zero. Now we discusswhich of the zero curvature
planesin G = Sp(2) (seeLemma 3.1) can be horizontal at any g 2 G. By a slight
abuseof language,a plane ~ spannedby X'; Y 2 g will be called horizontal at g if

hX;vgip = hY';vgis = 0 (4.5)
forall v2 Im H.
Case 1.
Lemma 4.1. A plane of type (3.1) is nowhere horizontal.

Proof. hY;vgi = hy;ava vi = haya y;vi vanishesforallv2 Im Hi y = aya,
and likewisehX; vy4i vanishesfor all vi y = byb. But this implies jaj = jbj = 1in
contradiction to (4.2).
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Case 2a.

Lemma 4.2. If a plane of type (3.3) is horizontal at g then either a= 0 or b= 0
or

det(l Ad(al) Ad(b 1) =o0: (4.6)
Proof. The matrix X is horizontal at g if and only if
0= hX;vgi = 2hx; bvai = 2hbxa; vi 4.7)
for all v 2 Im H. This is equivalent to bxa 2 R. Hence,eithera= 0or b= 0 or
bx = ra for somenon-zeror 2 R. In the latter casewe have, in particular
Ad(bx) Ad(a); (4.8)
Ad(x) Ad(b 1) Ad(a); (4.9)

provided that b& 0. On the other hand, the matrix Y is horizontal at g if and only
if

0= hy;vyi = higj? Ad(a)y v+ jbi?Ad(bx)y Ad(X)y; Vi (4.10)
for all v2 Im H. Sincey 2 Im H, this means
0 = jaj?Ad(a)y+ jb?Ad(bx)y y Ad(x)y (4.11)
(4:8)

= Ad@@y vy Ad(x)y
=’ Ad(ay y Ad(b ')Ad(a)y
where we have also usedjaj’ + jbj? = 1 (4.2). If a 6 0, we obtain from the last
equality
Ad(a)y 2 ker(I  Ad(a 1) Ad(b 1))
and in particular
det(l Ad(a ) Ad(b =0 (4:6)

Lemma 4.3. There existsa plane of type (3.3) which is horizontal at g if and only
if either (4.6) holdsor

a=0; jlm bj % or b=0; jlm aj %: (4.12)

Proof. Suppose rst a;b6 0. If (4.6) is satis ed, there is a non-zerow 2 ker(l
Ad(a ') Ad(b ). Then dening y = Ad(a Y)w and x = b 'a, we obtain a
horizontal plane of type (3.3) at g. The converseconclusionwas done before.

Now supposeb= 0. Then jaj = 1 and Equation (4.11) becomes
Ad(a)y vy = Ad(X)y: (4.13)

Geometrically, this equality meansthat Ad(a) rotates y by the angle 5 (the three
vectors Ad(a)y; y; Ad(x)y form the sidesof an equilateral triangle). Hence(4.13)
has a solution (x;y) if and only if the rotation angle of the rotation Ad(a) is

3. This in turn is equivalent to "~ (a;1) &, i.e. jIm g % Inserting the
solution (x;y) into (3.3) de nes a horizontal plane of type (3.3). The casea= 0is
similar.
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Case 2b.
Lemma 4.4. If a plane of type (3.5) is horizontal at g, then
jaj = jb = 123 (4.14)
andw := Im a 'b satis es
tw 2a lwa;wi = 0 (4.15)
Proof.
hvg;Y+i = hava+ bvb 2v;yi = hv;aya+ byb  2yi (4.16)
hg; Y i = hava bwbjyi = hv;aya Dby (4.17)
Thush¥;Vyi = 0i oneof the following equations holds:
aya+ byp = 2y;
aya byp = O

The rst of these equationsis impossible by the triangle inequality together with
(4.2):
jaya+ bybj jayaj + jbyb  (ja* + jH%)iyi = jyi < j2yi:

Thus we are left with the secondequation,

aya= byb, (418)
which implies jaj = jbj.
Note that we have also shown that Y, cannot be horizontal. Thus we need only
considerX = X and¥Y =Y in (3.5), and
1_

XYy X y (4.19)

which meansthat x is imaginary and nonzerowith x ? vy.
Now let X'; Y be as above spanning ~. By the precedingremark we have

v=Y ;ox= 1 (4.20)
y Xy
with y ? x 2 Im H. Thus accordingto (2.5) we getfor all v2 Im H
0= hX;vgi1 2hx; bvai + shy;ava+ bvb  2vi
2hoxa;vi + shaya+ byb 2y;vi
toxa 1+ s(aya 1 2y);vi; (4.21)

where we have used2a = a ! and aya = byb = %aya ! from (4.14) and (4.18).
Putting p= a b=s, we obtain

Imapxa 1=2y aya (4.22)
From aya ! = byb ! we seeyp = py, thusp 2 Cy := R+ Ry and thus the left
multiplication with p presenesC, and Cf, . By (4.19) we havex 2 Cf, and therefore
px 2 CJ . Conjugating (4.22) by a ! we obtain
2a lya y = Im(px)?y; (4.23)
tea ya y;yi = O (4.24)
Sincew = Im sp 2 Cy is a multiple of y, we may replacey by w in Equation (4.24)
and obtain (4.15).
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Remark 1.

2a'ya

Geometrically, (4.24) meansthat the angle betweeny and a 'ya is =3 = 60°.
Thus the rotation angle of Ad(a ') (and of Ad(b 1), see(4.18)) must be =3,
hence” (1; a) =6, or in other words,
jimaj 1
jaj 2
Lemma 4.5. Supmsethat a;b2 H satisfy (4.14), (4.15) and (4.25). Then there
exists a horizontal plane of type (3.5) at g= (25).

(4.25)

Proof. First supposethat p= a b = sp is real which in view of (4.14) means
a= b By (4.25), the rotation angle of Ad(a ?!) is =3, hencethere exists a
nonzeroy 2 Im H which is rotated precisely by the angle =3 and thus satis es
(4.24). Put x = 2a 'ya y? yanddene X;Y asin (4.20). This matrix pair is
of type (3.5), and it is perpendicular to Vy by (4.17) and (4.21).

Now supposethat w = Im p 6 0O; in this case(4.15) implies (4.25). Then we
choosey = wandx = Im p %(2a 'wa w) ,compare(4.23). Sincew 2a 'wa 2
CJ (it isimaginary and perpendicular to w = y), wealsohavep *(w 2a 'wa) 2
Cf, ;hencex ? y andthusxyx = y. De ning matrices X; Y using (4.20), these
are of type (3.5) and perpendicular to Vy by (4.17) and (4.21).

Remark 2. Clearly, the relations (4.6), (4.12), (4.14), (4.15) and (4.25) must be
invariant under the action of U. In fact, if u= ((9,);(%q)), we have u:,g = g =

@ with &= gag * and b= gbq *.
Now we have proved the following

Theorem 4.6. Let G = Sp(2) with the left invariant metric (2.7) andU G G
de ned by (1.1). The orbit sppce M = G=U inherits a Riemannian metric such
that the canonical projection :G! M is a Riemannian submersion. Let

Z=fp2M; 9 TpM : sec() = Og:
ThenZ = Z;[ Z,[ Z3[ Z4 wher

'z, = f 230 . ab6 0 det(l Ad(a ') Ad(b?')=0g;

1z, = f2ab ja=jb; wi=Ima *o?w 2a'wa jima jaj=2g;
1z = f 232 :b=c=0;jima 1=2g;

1z, = f 23 a=d=0jimb 1=2g;

where all matrices 22 are suppsel to belongto Sp(2).

Remark 3. The mistake in [4] is in the third line of the proof of the Theorem,
page 1166. The computation of hvg; Xi holds only for X 2 k but X may have a
nonzerop-componert aswell. Thusthe matrix X in (4), p. 1166,is too special and
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must be replacedwith the more generalX = er erXX 1 for arbitrary r 2 R, and
instead of (5) Im (bxa) = 0 we obtain (59 Im (bxa) = r(y aya), while Equation
(6) (aya y+ bxyx b xyx ! = 0) remainsunchanged. We have 15 variables,
(a;b) 2 S7,x 2 H,y 2 Im (H), r 2 R, with two arbitrary real constarts (the lengths
of x and y), and 6 constraint equations (5% and (6) which reducethe number of free
variablesto 7. Thus the solution setis likely to project onto a subsetwith positive
measurein the (a;b)-spaceS’; this would imply that the metric consideredin [4]

fails to have almost positive curvature.
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