Section 5.2, Problem 16

The point x = 0 is a regular singular point of the differential equation
2zy" + 5y’ +xy = 0.

We use the method of Frobenius to obtain two linearly mdependent series solutions about x = 0.
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Note that when finding the derivatives, the indices remain y = 0 to oo since we cannot assume that

r is an integer and thus the power series might not have a constant term (or any low order terms,
for that matter) that becomes zero upon differentiation.
Substituting into the differential equation, we have:
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From the terms in front of the sum, we have 7(2r + 3)cg = 0 and (2r? + 7r + 5)c; = 0. However,
we can assume that ¢y # 0, since if ¢g = 0 then the first term of our series is zero and we have the
wrong r. (That is, we can decrease r by 1 and begin the series at the next term.) Thus, the indicial
equation is r(2r +3) = 0, so the indicial roots are r = 0 and r = —3. Since neither of these satisfy
the equation for ¢, it must be that ¢; = 0.

—c
The root r = 0 gives us one solution: the recursion is ¢, = /{:(Tk?)) for k = 2,3,4,.... This gives
co = —ﬁco, c3=0,c4= %co, etc.

—Cp_
The root r = —% gives us another solution: the recursion is c¢; = I{:(Tki%)’ for k = 2,3,4,....
This gives co = —%co, c3=0,c4 = %CO, etc.

Therefore, the general solution is:
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y = Ax—3/? (1—3}2+x4—|—--->+B<1—az2+:U4+---).



