Quantifier Rank Spectra of Scattered Sentences of
L‘wl,w

by Nathanael Leedom Ackerman

Abstract

In this talk we show that, assuming the existence of a nice meta-
language, there is a set Z C w; which is unbounded in w; where for
every a € Z there is a scattered sentence S, € L, . such that the
quantifier rank of S, is less than or equal w * 2 but the supremum of

the quantifier ranks of countable models of S, is a.
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TALK SLOWLY AND WRITE NEATLY!!

1 Background on Vaught’s Conjecture

In previous talks we went through the proof that given any
sentence of L, ., the collection of countable models which

have quantifier rank « is either countable or has size 2%.

Definition 1.0.1. A sentence o € L, ,, is called Scattered
if for all & € w; the number of countable models of o with

quantifier rank « is countable.

Definition 1.0.2. Let 0 € L, ,. Define the Quantifier
Rank Spectrum of o tobe grs(o) = {a: (IM)M = o,|M| =
w, qr(M) = a}

Theorem 1.0.3. 0 € L, ,, ©s a counterezample to Vaught’s
conjecture if and only if o is scattered and the sup(qrs(o)) =

w1.
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We can then ask the question “is it possible to find sen-

tences o, € L, ,, such that a < sup(qrs(c,)) < wi?”.

We can think of such a o, as an “Approximation” to a

counterexample to Vaught’s conjecture.

2 Trees

We will want an infinitely branching tree in the background

of the theory we are considering.

Background Trees

Definition 2.0.4. Let Ly = {r,<;} U {level, : n € w}
where 7 is a constant, level,, are unary relations, and <; is

a binary relation. We will write x <; y instead of <y (z,y).

Definition 2.0.5. Ty € L, ,(Lr), the theory of infinitely
branching trees, consists of the conjunction of the following

L1 sentences

o (Vr)levely(z) < x=r
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o (Vz,y)x <1y — Vo, levelipi(z) Alevel;(y)
o (Vo,y,2)(x <1y) N(r<12) >y=2
o Vo)x £r — (Fy)r <1y

o (Vy)(F*w)y <1 @

Definition 2.0.6. Let < be the transitive closure of <;.

TSy \/(32’0,2’1, 0y z0) (20 = YN (20 = ) /\ Zi+1 <1 Zi

new 0<i<n

Also definez <y <yAx #y.

Definition 2.0.7. Let M = Tr. We call r™ the root of

M. If M = level,(x) we say x is on level n (level(x) = n).

Closed Tuples

Definition 2.0.8. Let M |= Tp. We say x C M is closed
if M E (Va € x)(Vb)a <1 b — b € x. Wesay M |
Closed(()x) if x is closed.
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Tree Partial Isomorphisms

Definition 2.0.9. Let Ly C Ly be a language and let
M, N be Lk structures such that M, N = Tp. Then p :

M — N is a Tree Partial Isomorphism if p is a partial

isomorphism from M to N and M = Closed(()dom(p)).

Definition 2.0.10. We say (I, : v < «) is a Sequence of

Tree Partial Isomorphisms from M to N if
o (Vy<fB<a)lgClI,.

o (Vv < a)(Vp € I,) pis a tree partial isomorphism from
M to N.

e lf 0+1<a,pe€ lsg, ae M and dom(p) U {a} is
closed then there is a b € N such that p U (a,b) € I3

e If 3+1< a,pe lgy, b e N and range(p) U {b} is
closed then there is a a € M such that pU (a,b) € I

We call the last two conditions are tree back and forth prop-

erty and if such a sequence exists we say M =L N.
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Theorem 2.0.11. Let T = (I; : i < wx ) be a sequence of
tree partial isomorphisms from M and N. Then there is a
sequence J = (J; 1 i < «) of partial isomorphisms from M

to N

Proof. Let s € Jg if and only (3p € I..3)s C p. Then for
each v < 8 < «a, J3 C J, and if p € Jg, p is a partial
isomorphism.

Next suppose we have s € Jgi1, s € p € L(41), and
a € M. If level,(a) then @ = {a = ay,ap_1,...,a0 = 1}
where level;(a;) and a;41 <1 @;. Because p € I,.51n41, We
can find b € N such that b= {b = b,,b,_1,...,by = r} and
P =pU{(a;,b):i<n} e Lz SosUl(ab) e Js.

We get the other direction (were we are given a b € N
and find an a € M) in exactly the same way. Hence J is a

sequence of partial isomorphisms. ]

Corollary 2.0.12. If M =L N then M =, N.

Wi

Subtrees
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Definition 2.0.13. Let Lp = LyU{P} where P is a unary

relation.

Definition 2.0.14. Let Ts,(P) € L., »(Lp) be the con-

junction of
o I
o (Vz,y)P(y) Ny <1z — P(y)

o (Vz)(3*y)y <1 A—-P(y)

Countable Substructures

Definition 2.0.15. If M | Tyu(P) let PM = {x € M :
M = P(x)}
Theorem 2.0.16. If (T'r, <) is a countable tree (see 7?7 for

a definition) then there is a unique countable model M =

Tour(P) such that (PM,<) = (Tr, <).

Proof. Because any element of M has infinitely many ele-

ments extending it which don’t satisfy P. ]

Height

Definition 2.0.17. Let M |= Ty (P) and b € M. We de-
fine the P-Height of b (height()P(b)) recursively as follows.
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o If M = —P(b) then height(yP(b) = —o0

o If M = P(b) and (Vo <; b)M |= —P(x) then height(,P(b)
0

e height(yP(b) = sup{height(}P(z) +1:2 <; bA P(x)}
if it is defined.

e height()P(b) = oo otherwise.

Spectrum

Definition 2.0.18. Let M = T,;(P). We define the P-
spectrum of M to be Specp(M) = {height(yP(b) : b € M}

Definition 2.0.19. Suppose M [ Ty ,,(P) and suppose
b = (by,---,b,) € M is a tuple. We define P-Height
Type of b to be a function htypep(b) : (x1,...,z,) —
w1 U {—00,00} such that (Vi < n)M = htypep(b)(z;) =
height (P (b;)

Slant Line

We want to think of the height of an element as determin-
ing the complexity of its infinity type. However tuples of

the same height which are on different levels differ in the
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complexity of their infinity type slightly.

We define the notion of a slant line to take into account

these differences.
Definition 2.0.20. A function f : w — w; U {—00,00} is
a slant line if for all 7 € w

o f(i) > f(i+1)

e If f(i) is a successor ordinal then f(i) = f(i +1)+1

Here we consider —oo > —oo and oo > oo and we let
Sl_s0, Slso be slant lines which have the constant value of

—00, 00 respectively.

If f is a slant line then we say f < « (for an ordinal «) if

f(@) <aforaliecw

Definition 2.0.21. Let M |= Ty(P)Alevel(a) = level(b) =
n. Let f be a slant line. We say that a and b have the same
P-height up to f (height(yP(a)|f = height(yP(b)|f) if either

e height(yP(a) = height()P(b) or

e height(yP(a) > f(n) and height(yP(b) > f(n)
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Height up to a Slant Line

Definition 2.0.22. Let M, N = Ty (P), a = (ag, -+ ,a,) €
M,b = (by,- -+ ,b,) € N be closed tuples such that M |
a; <1 a; & N = b; < bjforalli,7 <nandlet f be aslant
line. We say that a, b have the same P-height type up to f
(htypep(a)|f = htypep(b)|f) if

(VO < i < n) height()P(a;)|f = height(yP(b;)|f

Models of height o

Definition 2.0.23. Let Lp C Ly and let T F Ty(P) and
let X C {—00,00} Uw;. We define Mx(Tk) ={M : M =
Tk, | M| = w,Specp(M) C X}. We will omit Tk when it is

clear from context.

Definable Height

Definition 2.0.24. Let Ly = Lp U {H<} where Hc is a
binary relation. We also define as shorthand H_(a,b) <

H-(a,b) N H<(b,a) and H(a,b) < H<(a,b) N —~H_(a,b).

Definition 2.0.25. The theory Treignt € Lo, (L) is the
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conjunction of the following:

Background Trees — T (P)

Linearity  (Va,y)H<(x,y) V H<(y, z)
H(z,y) N H<(y, )] — H<(z,2)
a<xAP(x)NH(x,y)] — H(a,y)

Transitivity Va,y, z)

[
[

(
Tree Ordering  (Vx,y,a)
(

Base Case Va,y)-P(x) — Ho(x,y)

Height Defined Correctly

Theorem 2.0.26. If M |= Treignt then
o M = (Va,b)H<(a,b) = height(yP(a) < height()P(b)

o M = (Va,b) height(yP(a) < height(yP(b)Aheight(yP(a) #
oo — H_(a,b).

Proof. This is by induction on the height of a. [l

Full Trees

Definition 2.0.27. Try; € Ly, w(Lu), the theory of full

trees, is the conjunction of the following:

Comparing Heights THeight

Fullness  (Vz,y)H-(z,y) — (3¥°2)H_(z,2) Nz <1y

If M | Tryy we say M|, is a full tree.



2 TREES 12

Theorem 2.0.28. Suppose M = Tpy witha € M. If <
height(yP(a) then M = (3%°b)b <y a and height(yP(b) = (3

Proof. If B < oo this follows from Theorem 2.0.26. If § =
oo this follows from the fact that (height(yP(a) = oo) <
(the tree extending a in PM is ill-founded) < ((3*°b)b <1 a

and the tree extending b in P is ill-founded) O]

Height Determines Model

Theorem 2.0.29. If M, N = Tpui(P) and Specp(M) =
Specp(N) then M|p, =0 N|1,-

Proof. Let I = {p : p is a tree partial isomorphism in Lp
and p preserves height}. I then satisfies the tree back and
forth property because both M and N are full. []

Condition on oo Equivalence

Notice even if Specp(M) = Specp(N) and M, N | Tryy

we do not in general have M =,, N. The reason is that

on ill-founded branches H<(x,y) does not describe heights
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accurately. Rather on ill-founded branches H<(z,y) intro-
duces an arbitrary linear order. So, for any countable model
M | Tpyy with co € Specp(M), there is a set of 2 many
countable models M; where M; = Tpu, M; 2 M; if i # j
but M;|, = M|L,.

Corollary 2.0.30. If M, N |= Tpyy; and Specp(M) = Specp(
{—oco}Ua then M =, N.

Proof. We know that M|, =. N|z, by Theorem 2.0.29.
But by Theorem 7?7 we know that there is a formula ¢, €

L., »(Lp) which defines H< in M and N. O

3 Base Predicates and Archetypes

Abstract Structure

Before we introduce the structure we want on our trees it
is worth discussing “abstract structure” in general terms.

In this section we will discuss two types of “abstract struc-

N) =

ture”, collections of base predicates and collections of archetypes.

' Base Predicates | We will eventually need some

way to relate the heights of our elements to our language.

We do this in a very abstract way via something we call
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“Base Predicates”

Definition 3.0.31. Let Ly C Lk be a language and Tk €
Ly o(Lr). We say BPx C Lig — Ly is a collection of base
predicates for Ty if Tk satisfies the following. (We omit

mention of Tx when it is clear from context)

(Truth on Base Predicates)

For all A € BPy there is a complete quantifier free formula
o4 € Ly, w(BPg U Ly) such that

Tx = (Yx)A(x) — pa(x)
(Uniqueness of Base Predicate)
For all A,A" € BPg, Tk F (Vx)A(x) N A/(x) or Tk F
(Vx)(=A(x) v ~A(x))

(Closed Domains)
For all A € BPyg, Tk - (Vx)A(x) — Closed(()x)

(Uniqueness of Domains)

Forall A € BPy, T = (Va1 ..., 20) A(T1, . @0) — Ny @i #

Lj
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(Completeness for Base Predicates)

Tr = (V%) Vieoo (Fy1, - - ) \/AeBp,\dom(A)|:n+|x\ AX, Y1, Yn)

(Amalgamation for Base Predicates)
For all A, B,C € BPx if T F (Vx,y)A(x,y) — C(y) and
Tx F (Vy,z)B(y,z) — C(y) then there exists a D € BPg

such that Tk F (Vx,y,2z,w<*)D(x,y,z,w<") — (A(x,y) A
B(y,z))

(Homogeneity for Base Predicates)
If A€ BPg and Tk F (Vx,y)A(x,y) — B(x) then Tk +
(V%) [B(x) — (37y)Ax,y)]

Theory of Base Predicates

Definition 3.0.32. If BPyx is a collection of base predi-
cates for T € L, (L) then we define Th(BPg,Tk) €
L., »(BPg U Lr) to be the conjunction of

® (VX) View(Fy1, -+ Un) Vaenp jdoma)=n+ix] A Y15 -5 Un)

o (Vx)[B(x) — (I¥y)A(x,y)] where A, B € BPx and
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Tk = (Vx,y)A(x,y) — B(x)

o (Vx)A(x) <> pa(x) for all A € BP

Theory of Base Predicates is Categorical

Theorem 3.0.33. If BP is a collection of base predicates
for T and T* € L, (L") where BP U Ly C L* and T*
Th(BP,T) then Th(BP,T) = Th(BP,T*) and BP is a

collection of base predicates for T™.

Proof. This is immediate from the definition of Th(BP,T).
[l

So the theory is important because of how it interacts with

the other relations.

Trivial Base Predicates

Definition 3.0.34. Let BPr = {A,(x) : p(x) € Ly, w(L7T)
is a complete quantifier free formula and F (Vx)p(x) —

Closed(()x)}

Definition 3.0.35. Let TF” € L, (Lt U BPr) be the

conjunction of
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o Ip
o (Vx)A,(x) < ¢(x) for each A € BPr

Theorem 3.0.36. BPr is a collection of base predicates

for TEL.

Proof. This is immediate from the definitions. ]

Archetypes

Definition 3.0.37. For the rest of this paper we fix a lan-
guage Ly C Lk and a theory Tx € L (Lk), and a col-
lection of base predicates BPx C Ly — Ly for Tx. We also
fix Mg C{M =Tk : [M| < w}.

Definition 3.0.38. If M C {M | Tk : |M| < w} then
define S(M) = (J{Specp(M) : M € M}

Forces

Definition 3.0.39. Let ¢(x,y), ¥ (y, z) be “abstract prop-

erties” of elements of M. We say that p(x,y) Forcesp,
Dy, 2) (0(%,¥) g ¥(y,2)) if

(VM € Mg)(Va,b,c € M)M = ¢(a,b) = M = (b, c)

We say that the domain of p(x,y) is x,y
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Definition 3.0.40. Let ATx = AT(Tx, BPx, Mx) be a
collection of “abstract properties” of elements of models of
Tx. We say that ATk is a Collection of Archetypes (for
Tk, BPx and My ) if it satisfies the following.

(Truth on Atomic Formulas)
For all ¢ € ATk, ¢(x),d(y) IFx (V quantifier free formula
0 € Lo w(Li))0(x) = 0(y)]

(Completeness of Archetypes)
For all o,7 € ATy, if (IM € Mg)M = (da,b)o(a) A
7(a,b) then 7(x,y) IFx o(x)

(Existence of Empty Archetypes)

There exists ¢ € ATk such that for all M € My, M E ¢
and dom(yp) =0

(Trivial Amalgamation)
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For each o, 7 € ATy there exists a T'rivial, -(r,x,y) € ATk

such that
o o(r,x) AN7(r,y) kg (3%2)Trivial, - (r,x,y, z)

(recall that r is the root of the tree)

(Base Predicates Imply Archetypes)
For all A € BP, A(x) IFg (Jdo € ATk)o(x)

(Archetypes imply Base Predicates)

For all 0 € ATk there is an A € BPy such that o(x) IFg
A(x)

Lemma 3.0.41. For all ¢ € AT

o(x) IFx (Vy) \/(Hzl, e, Zn) \/ U(x, Yy, 20, 5 2n)

new V(@ y,21,.-. %) IF K H(2)
Proof. This follows from (Extension to Base Predicates)

and (Base Predicates Imply Archetypes). O

We eventually want our archetypes to be generalizations
of actual L, types. So we will want an archetype to

completely determine all necessary properties of its domain.
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However, while working with as much generality as we are
in this section it is hard to pin down exactly what this
would mean. As such the requirements on a collection of
archetypes are there to capture as much as can be said

without knowing substantially more about our theory.

Collection of Archetype for Full Trees

Definition 3.0.42. Lets consider a collections of archetypes

BP __

Definition 3.0.43. Let ATr, = {(f,A,)(x) : (3IM E
Tr)M = f = htypep(a) A ¢(a) A Closed(()a) (where
A, e BPp)}. It y(x) = (f, Ay) € ATryy; then

e When B € L, ,(LypUBPr) is quantifier free, 1(x) IFx
B(x) if and only if F (Vx)p(x) — B(x)

i 'Qb(X) H_{—oo,oo}le htype(x) = f

It is not hard to see that this is a collection of archetypes
relative to BPr up to M, u{—occ,cot (TFun)-

4 Definable Collections of Archetypes

Extra Information
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Definition 4.0.44. Let Y be a countable set not previously
mentioned. We say £ = (L, <g1), eix, % : o € ATk)
is Extra Information (For ATy, BPg up to M) if

o E1x C S(Mg) x Y U{0}

e < is a partial quasi-order on EZ

o cig : Mg UATKx — Powerset(ELk)

e For all p € ATk, p*7 : dom(p) — ETx

and £Zx satisty the following properties

Archetypes

e For all p € ATk, eix(p) = range(p°?)

o (Vo € ATk)p(x) kg height()P(z) = a & (Jy €
V) (z) = (a,y)

o If M € Mg, ¢ € ATk, then M E (Ix)p(x) <
eig(p) C eig(M).

Models

o (VM € Mg)eig(M) is linearly quasi-ordered
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o (VM € Mg)(Ve,y € ELk)r <ez y ANy € eig(M) —
x € eig(M)
o (VM € Mg)3Aa,y) € EIk)eix(M) = {z : v <¢7
(o, y)}
o (V(a,y) € EIk)(IM € Mpg)eig(M) = {x : x <¢71
(o, y)}
Order
o If (wkxa+mn,z),(w*B+m,y) <¢r z and § < « then

(wWxB+m,y) <ez (Wxa+n,x) and (Wxa+n,x) Lez

(w*B+m,y)

Summary

Up until now the only properties of elements which
we have discussed are their height and their level. How-
ever, as our theories become increasingly complicated it is
not in general the case that the height and level of an ele-
ment completely determine its L -type. Extra Informa-
tion gives us a way to talk about other properties elements

of our models might have.

Archetypes up to a Slant Line
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Definition 4.0.45. Let 0,7 € ATx. We say that o and
T are compatible (o||7) if (IM € Mg)eix(o) Ueig(T) C
ez'K(M).

Definition 4.0.46. Let o(x1,...,x,), (21, ..., 2,) € AT

and let sl be a slant line. We say that o and 7 are the same

up to a slant line sl (o|sl = 7|sl) if

o g(xy,...,xn), T(Y1, - yn) IFx A(x1, ... 20) < Aly1, .-+, Un)
for all quantifier free formulas A € £, ,(Lk).

and for all 7+ < n either
o 0% (x;) = 78 () or

® 0(T1,...,Tn), T(Y1,- - Yn) IFK height(yP(z;) > sl(level(w;))
and height(yP(y;) > sl(level(y;))

We define eix(o|sl) = {(a,y) : 3z € dom(o))o*(z) =
(a,y) and o(x) IFg o = height()P(z) < sl(level(x))}

Summary

Intuitively two elements which are on different levels of a
tree contain the same information about the spectrum of

their model if they are on the same slant line. So two
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archetypes o and 7 are the same up to a slant line sl if
they give the same answers to questions which only require

information below sl.

Fix Extra Information

Theorem 4.0.47. For the rest of this paper we fix FExtra
Information ELx = ((ETk, <g1), eik, T o € ATg) for
ATK, BPK up to MK

Definable Collection of Archetypes

Definition 4.0.48. We say ATy is a Definable Collection
of Archetypes (with respect to T, BPy,ELk up to Mg ) if

it satisfies

(Prediction)

For all 0,7 € ATk with 7(x,y) IFx o(x) there is an 7n.(a)

such that
o (VM € Mg) M [ (3x,y)7(x,y) = M = (Ja)n(a)

and there is a A, ,(x,y,w~",z,a) € BPg such that

<w

o Tk F (Vx,y,w¥,z,a)A,.(x,y,w ", z,a) — A,(a,x, z)

(where Trivial, ,(a,x,z) IFx A,(a,x,z) and A, €
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BPy)
o Trivial, ,(a,x,z) N A, -(x,y,w<*,z,a) kg 7(X,y)

(Prediction Up To A Slant Line)

For all 0,0',7 € ATk such that 7(x,y) IFx o(x), ¢||7 and

olsl = o'|sl there is an 7,y (a) where

o (VM € Mg)eig(7|sl)Ueig(0") C eixg (M) = eir(n:q) C

. . <
and there is a base predicate Ay -s1(X,y,w™", 2, a) such

that

o T F Agjsira(X,y,w™,z,a) — Ay(a,x,z) (where Trivial,, , »(a,x,z) IFk

A,(a,x,z) and A, € BPx)

o Trivial,, , »(a,%X,2) \ Asjsi0(X, Y, w, 2,a) kg (37" €

AT)T (x,5) AN T'|sl = 7]sl.

(Truth on Height)
For all ¢ € ATk, ¢(x), ¢(y) IFx htype(x) = htype(y)

We don’t want our base predicates to be able to tell us
anything explicitly about the height of our elements (be-

cause we want every base predicate to be realized in every
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model). But, the base predicates can give us information
about the relative heights of two elements (in some way).
So in the statement of prediction we can think of 7, as some
archetype disjoint from o but with elements with heights
which are the same as those in 7. Then A4, ,(x,y,w<%,z,a)
is the base predicate which says “look at the tuple a and
use it as a guide for what the heights of the tuple y should
be”.

As we will see (Prediction) allow us to show that a
model is determined by the archetypes it realizes. (Predic-
tion Up To A Slant Line) though, while similar to (Pre-
diction), will be used to show that any two models which
realize similar archetypes are in fact similar. This will al-
low us to get a lower bound on the quantifier rank of our

models.

Extra Information Homogeneity

Theorem 4.0.49. Suppose o(x), 7(x, y) € ATk, 7(x, y) IFk
o(x) and eigx (1) C eixg(M). Then M = (Vx)o(x) —

(F*y)7(z, y)

Proof. This follows immediately from (Prediction) and (Ho-
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mogeneity of Base Predicates) []

ATYPE

Definition 4.0.50. Define ATYPE(M) = {¢ € ATk :
ei(¢) S ei (M)}

If M, N € M and sl is a slant line, we say ATY PE(M)|sl =
ATY PE(N)|sl it

(Vo € ATYPE(M))(3Y € ATYPE(N))(¢|sl = ¢|sl)
and
(Vi € ATYPE(N))(3¢ € ATY PE(M))(¢|sl = ¥|sl)

Lemma 4.0.51. (V¢ € AT)¢p €¢ ATYPE(M) & M =
(3z)¢(x)

Proof. This follows from our definition of £Zx. [l

ATYPE =

Theorem 4.0.52. If M|N € Mg and ATYPE(M) =
ATYPE(N) then M = N.

Proof. First notice that as M and N are countable it suf-
fices to show that M =, N.
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Definition 4.0.53. Let I(M,N) ={f: M — N s.t.
e f is a tree partial isomorphism

e There exists 0y € ATk and a € M,b € N such that
M | of(dom(f),a), N = oy(range(f),b)}

We need to show that (M, N) C I(M, N) satisfies the
tree back and forth condition. Let f € I(M,N), a € M
such that dom(f) U {a} is closed.

Let 0’ € AT be such that M = o'(dom(f),a,a’) with
a C a' (which we know must exist by Lemma 3.0.41).
But then we have by (Completeness of Archetypes) that
o'(x,a,a") IFg o¢(x,a). So by Theorem 4.0.49 N |= (3b, b’)o’(range(f), b, b’)
and hence f U (a,b) € I(M,N).

The case where we are given a b € N and we need
to find an @ € M is done analogously. Hence I(M,N)
has the tree back and forth property and M =1 N. So
M=, N. []

Corollary 4.0.54. If M, N € My and eig(M) = eig(N)
then M = N.

Sup of Spectrum
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Theorem 4.0.55. |S(Mg)| < [Mg| < max{w, |[S(Mk)|}

Proof. First notice that |{eix(M) : M € Mg} = |ETk]
by the conditions on extra information. Further, by Corol-
lary 4.0.54 if eig (M) = eig(N) then M = N, so |[Mg| =
|EZ|. Because |Y| < w (in the definition of Extra Infor-
mation) we know that |[S(Mg)| < |EZk| < [S(Mg)xY| <
max{w, |S(Mxk)|}. O

Restricted Archetypes

Theorem 4.0.56. If eig (M) C eig(N) and sl is a slant
line with sl < w x~ C Specp(M) then ATY PE(M)|sl =
ATY PE(N)|sl

Proof. First notice that ATYPE(M) C ATYPE(N). So
it suffices to show that for every ¢ € ATY PE(N) there is
a1 € ATY PE(M) such that ¢|sl = ¢lsl.

Let §) € ATx be such that dom(0)) = 0 and eig(0) C
eir(M). Then o(x) IFx . Now by the Other conditions
on extra information we know that for all ¢ € ATY PE(N)
eig (¢|sl) C eigx(M). So, by (Prediction up to a Slant Line)

we then know there is a ¢ satisfying eix (¢) C eig (M) and
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Y|sl = p|sl. O

a-Equivalence

Theorem 4.0.57. If M, N € Mg, eixg(M) C eig(N) and
w*y C Specp(M) C Specp(N) then M =L_ N

—w*y
Proof. We need to define a sequence of partial tree isomor-

phisms from M to N of length at least w * 7.

Definition 4.0.58. Define I.(M, N) = I; as follows:
Lyscin ={f: M — Ns..

e f is a tree partial isomorphism

e There exists a slant line sl, oy, 7 € ATk and a €

M,b € N such that
—sl<wx((+1) and si(|dom(f)| +n) > w*(}
— M = o¢(dom(f),a), N |= 7¢(range(f),b)
— oy|sl = 7y|sl
We need to show that (I, : i < wx*7y) satisfies the tree
back and forth property. Let wx(+n+ 1 < w %~ and let

[ € Lycin+1, a € M such that dom(f) U {a} is closed.
Let 0’ € AT be such that M = o'(dom(f),a,a’) with
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a C a’ and o'(x,a,a") IFg of(x,a). We know o'||7y by
assumption so (Prediction up to a Slant Line) tells us there
is an archetype 7,4 and a base predicate Ay s such

that whenever
(*) N [ Trivial,,, , - (c,range(f), b, d)AA, o« (range(f), b, b, c,d,e)

then N = 7/(range(f),b,b’) for some 7 € ATy where
b C b’ and 7'|sl = o’|sl.
But we also know eig (0'|sl)Ueig(77) € N by Theorem
4.0.56 and so N = (3¢)n,5(c). Hence N = (3¢, d)Trivial,, (c).r,(c, range(f)
and by (Homogeneity of Base Predicates) N satisfies (x)
for some b,b’,c,d and e. So if we let b be as above then
g = fU(a,b) € Lyysn (because sl(|dom(f)|+n+1) =
s1(|dom(g)| + 1))
We do the case where we are given b € N and we find

a € M analogously. Hence we have proved that (I, : p <

_T
—wky

N. []

w * 7) has the tree back and forth property and M

Quantifier Rank of Models

Theorem 4.0.59. If w*~y € Specp(M) then the quantifier
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rank of M is at least v (qr(M) > )
Proof. For all # < «y there is a 0g € ATx such that

o 03(x) IFg (Fz)w * B < height(P(z) < w* (8 + 1)

o M = (3x)05(x)

By the definition of Extra Information there must be a
(w* B+ n,y) € eig(M). Let Mz be the model such that
eig(Mg) = {i € €Ik 1 i <g (w* B +n,y)}. Then by
Theorem 4.0.57 My =, ; M and M =3 My so qr(M) > (3
(as Mg # M). But as 3 was arbitrary we have qr(M) >
. n

Vaught’s Conjecture

Summary

Notice that if X C X' C w; U{—o00,00} then any defin-
able collection of archetypes up to Mx/(T) yields a defin-
able collection of archetypes up to Mx(7T) by restricting
(EZr,<e7) to {(a,y) : @ € X}. So, as X gets larger, the
statement “there exists a definable collection of archetypes
for Mx(T)” becomes stronger. Hence the strongest state-

ment we can make of this form is “there exists a definable
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collection of archetypes for M,, {0 001 (1) (for some T')”.
This statement is significantly stronger what we will need
for two reasons.

First, it assumes that there is a single definable collec-
tion of archetypes which works for all {—oco} U a. But as
we will see, to construct the scattered sentence S, we will
only need a theory with a definable collection of archetypes
up to {—oo}Ua and we will not care what the models look
like that have larger spectra. Hence, we do not require a
single collection of archetypes for all {—oo} U «.

Second, the existence of a definable collection of archetypes
for an Mg where co € X is a very strong assumption.
Much of the work in studying trees as they relate to Vaught’s
conjecture comes from trying to deal with the ill-founded
branches.

In what follows we will develop a method that will al-
low us to ignore ill-founded branches all together. However

the cost will be a strict upper bound on our quantifier rank.

Vaught’s Conjecture

Theorem 4.0.60. Suppose T has a definable collection of
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archetypes for My_ soyuw, (T'). ThenT has wy many count-

able models.

Proof. We know that every countable model M must have
Specp(M) C {—00, 00}Uw; and hence My sy, (T). By
Theorem 4.0.55 we therefore know that 7" has [{—o00, 00} U

w1| = w1 many countable models. []

The central argument of the proposed counterexample of
Robin Knight 77 is (essentially) a construction of a defin-
able collection of archetypes for {—o0, 00} Uw; (that these
condition follow from slight modifications to the theory ©
in 7?7 is proved in 77 (my thesis)).

Extra Information for Full Trees

Definition 4.0.61. Define £EZpy; = <(8IFu”7 '<Full); el Full, L,OEI :

o € ATpuy) as follows
o ETpy = {(ayn) :a € {—o0} Uwy,n € w}

e (B,m) <¢1 (a,n) & f+m < a+n (where co+n = oo
and —oo +n = —oo for all n € w).
o v*(z) = (a,n) such that p(x) IFg height(,P(z) = o

and level(z) = n.



5 PAIRS OF ARCHETYPES 35

o cig(M) = {(a,n) : (Ja € M)height()P(a) = a,level(a) =
Theorem 4.0.62. EZpyy is extra information for Ty (P)
fOT M{—oo}Uw1 (TFull)

Proof. The only conditions which aren’t self evident are
those in Models. To see that these are satisfied notice that
if M |= (Ja)height()P(a) = a and level(a) = n then for all
B < asuch that f+m < a+n (withm >n), M = (Ib<
a)height()P(b) = 3 and level(b) = m. O

Notice here, for the first time, we actually need that our

trees are full (and not just that we can compare heights).

Also notice that £7 gy is not extra information up to My syuw, (Trun)-
This is because eig (M) only determines M|z,, and M|z,

only determines M if co & Specp(M).

5 Pairs of Archetypes



